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Abstract

The universal Whitham hierarchy is considered from the viewpoint of topological field theories.
The r-function is defined for this hierarchy. It is proved that the algebraic orbits of Whitham hierarchy
can be identified with various topological matter models coupled with topological gravity. ©) 1994 John
Wiley & Sons, Inc.

1. Introduction

The breakthrough in low-dimensional string theory that took place in the last
two years is one of the most exciting results in modern mathematical and theoret-
ical physics. In [1], [2], [6], [19], and [20] the remarkable connections between the
non-perturbative theory of two-dimensional gravity coupled with various matter
fields (see [3], [16], [22], and [23]) and the theory of integrable KdV-type sys-
tems were found. This has led to a complete solvability of double-scaling limit
of the matrix-models that are used to simulate fluctuating triangulated Riemann
surfaces. Shortly after that Witten (see [46]) presented some evidence of a rela-
tionship between random surfaces and the algebraic topology of moduli spaces of
Riemann surfaces with punctures. His approach involved a particular field theory,
known as topological gravity; see [32], [37], and [38]. Further development of his
approach (especially, Kontsevich’s proof in [24] and [25] of Witten’s conjecture
in [46] and [47] of the coincidence of the generating function for intersection
numbers of moduli spaces with 7-function of the KdV hierarchy) has shown that
the two-dimensional topological gravity is the cornerstone of this new subject
of mathematical physics that includes two-dimensional quantum field theories,
intersection theory on the moduli spaces of Riemann surfaces with punctures, in-
tegrable hierarchies with special Virasoro-type constraints, matrix integrals, and
random surfaces.

In this paper we go on with our previous attempts in [30] and [31] to find
the right place in this range of disciplines for the Whitham theory which is the
most interesting part of the perturbation theory of KdV-type integrable hierarchies.
They were stimulated by the results of [45], where correlation functions for topo-
logical minimal models were found. It turned out that the calculations in [45] of
perturbed primary rings for A, models can be identified with the construction of a
particular solution of the first n “flows” of the dispersionless Lax hierarchy (semi-
classical limit of the usual Lax hierarchy). This fact made it possible to include the
corresponding deformations of primary chiral rings into a hierarchy of an infinite
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number of commuting “flows.” The calculations in [45] of partition function for
perturbed A,, models gave an impulse for the introduction a 7-function for disper-
sionless Lax equations into [30]. The truncated version of Virasoro constraints for
the corresponding 7-function was proved. Their comparision with [46] shows that
they are the necessary conditions for identification of “generators” of “higher”
flows with gravitational descendants of primary fields after the model is coupled
with gravity. They are not sufficient for n > 2. (The problem is the same as for
7-function of multi-matrix models. As was shown in [17] and [18], the 7-function
of multi-matrix models satisfies the higher W-constraints that uniquely define it.)
In Section 4 we prove the truncated version of W-constraints for 7-function of
dispersionless Lax equations. Therefore, the full dispersionless Lax hierarchy can
be really identified with topological A, minimal model coupled with gravity.

The results of [30} were generalized in [31] and [13] for higher genus case.
In [31] it was shown that self-similar solutions of the Whitham equations on
the moduli space of genus g Riemann surfaces are related to “multi-cut” solu-
tions of loop-equations of matrix models. In [13] the generalization of topological
Landau-Ginsburg models on Riemann surfaces of special type was advanced and
their primary rings and correlation functions were found. In [13] the Hamilto-
nian formulation (see [8], [9], [10], and [39]) of the Whitham averaging procedure
was used. In [12] the integrability of general Witten-Dijgraagh-Verlinder-Verlinder
(WDVV) equations (at tree-level) was proved with the use of the Hamiltonian ap-
proach to the Whitham theory.

Two- and three-points correlation functions

(1.1 (Dap) =Tap,  Capy = (Patpdy),

of any topological field theory with N primary fields ¢, ..., ¢ define associative
algebra

(1.2) babs = Claby »  Chg = Capu™ » Naun® = 68 ,

with a unit ¢,
(1.3) Naf = Clag -

It turns out that there exists N parametric deformation of the theory such that
“metric” 744 is a constant and three-point correlators are given by the derivatives
of free energy F(t) of the deformed theory

(1.4) Capy(t) = Oapy F(t) , Nap = O1apF(t) = const.

The associativity conditions of algebra (1.2) with structural constants (1.4) are
equivalent to a system of partial differential equations on F (WDVV equations). In
[12] “spectral transform” was proposed for these equations. It proves their integra-
bility, however (as it seems to us), the explicit representation of all corresponding
models remains an open problem.
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In Section 5 we will show that each “algebraic” orbit of the universal Whitham
hierarchy gives an exact solution of WDVYV equations. Moreover, the generaliza-
tion of W-constraints for corresponding 7-functions, that are proved in Section 4,
provide the evidence that the universal Whitham hierarchy can be considered as
a universal (at tree-level) topological field theory coupled with gravity.

In this introduction we present a definition of the Whitham hierarchy in a
most general form. All the “integrable” partial differential equations, that are con-
sidered in the framework of the “soliton” theory, are equivalent to compatibility
conditions of auxiliary linear problems. The general algebraic-geometrical con-
struction of their exact periodic and quasi-periodic solutions was proposed in [26]
and [27]. There the concept of the Baker-Akhiezer functions were introduced.
(The analytical properties of the Baker-Akhiezer functions are the generalization
of properties of the Bloch solutions of the finite-gap Sturm-Liouville operators,
which were found in a series of papers by Novikov, Dubrovin, Matveev, and Its;
see [7] and [49]).

The “universal” set of algebraic-geometrical data is as follows. Consider the
space M ¢~ Of smooth algebraic curves I, of genus g with local coordinates k;'(P)
in neighborhoods of N punctures P, , (k; P, =0)

(1.5) Moy = {Tg, Poks'(P), @ =1,...,N} .

This space is a natural bundle over the moduli space M,y of smooth algebraic
curves I, of genus g with N punctures

(1.6) Moy = T4, Pa, ki (P)— Moy = {Tg, Po} .

For each set of the data (1.5) and each set of g points v, ...,y on I'; in a gen-
eral position (or, equivalently, for a point of the Jacobian J(I';)) the algebraic-
geometrical construction gives a quasi-periodic solution of some integrable PNDE.
(For the given non-linear integrable equation the corresponding set of the data has
to be specified. For example, the solutions of the Kadomtsev-Petviashvili (KP)
hierarchy correspond to the case N = 1. The solutions of the two-dimensional
Toda lattice correspond to the case N = 2.)

The data (1.5) are “integrals” of the infinite “hierarchy” of integrable non-linear
differential equations, that can be represented as a set of commuting “flows” on a
phase space. Let 14 be a set of all the corresponding “times.” In the framework of
the “finite-gap” (algebraic-geometrical) theory of integrable equations each time
14 is coupled with a meromorphic differential dQA(P|.#), M € M n

(1.7 ta—dQa(P| M)

that is “responsible” for the flow. (dQ24(P|.#) is a differential with respect to the
variable P € I depending on the data (1.5) as on external parameters.)

In [28] the algebraic-geometrical perturbation theory for integrable non-linear
(soliton) equations was developed. It was stimulated by the application of the
Whitham approach for (1 + 1) integrable equations of the KdV type; see [4],
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[15], and [21]. As usual, in the perturbation theory “integrals” of an initial equa-
tion become functions of the “slow” variables et4 (e is a small parameter). The
Whitham equations is a name given to equations that describe “slow” variations of
“adiabatic” integrals. (We would like to emphasize that the algebraic-geometrical
approach represents only one side of the Whitham theory. In [8], [9], [10], and
[39] a deep differential-geometrical structure that is associated with the Whitham
equations was developed.)

Let Q4(k,T) be a set of holomorphic functions of the variable k (which is
defined in some complex domain D), depending on a finite or infinite number
of variables t4, T = {ta}. (We keep the same notation 4 for slow variables
gt4 because we are not going to consider “fast” variables in this paper.) Let us
introduce a one-form

(1.8) w=Y_ QukTdr .
A
onto the space with coordinates (k, 74). Its full external derivative equals
(1.9) dw = 6Quk,T)Adty,
A
where

(1.10) 6904 = OQadk + > _9pQudty, O =08/0k, 84=28/0ts.
B

The following equation
(1.11) bwAbw=0

we shall call the Whitham hierarchy by definition .
The “algebraic” form (1.11) of the Whitham equations is equivalent to a set of
partial differential equations that have to be fulfilled for any triple A, B,C

(1.12) D 4B,058,00 = 0
{A,B,C}

(summation in (1.12) is taken over all permutations of indices A, B, C and elABCH
is a sign of permutation).

The equations (1.11) are invariant with respect to an invertible change of vari-
able

(1.13) k=k(p.T), Opk #0 .

Let us fix an index Ao and denote the corresponding function by

(1.14) Pk, T) = Qu,(k,T) .

At the same time we introduce a special notation for the corresponding “time”

(1.15) tag =X .
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After that all £24 can be considered as the functions of the new variable p, Q4 =
Qa(p, T). The equations (1.12) for A, B,C = Ay have the form

(1.16) 0aStp — 0pS2a + {Q4, Q) =0,

where {f, g} stands for the usual Poisson bracket on the space of functions of the
two variables x, p

(1.17) {f.8} = 0:.f0p8 — 0:80,f .

The Whitham equations were obtained in [28] in the form (1.12). In [29] it was
found that they can be represented in the algebraic form (1.11). (We would like
to mention here the papers [41] and [42] where it was shown that the algebraic
form of the Whitham equations leads directly to semiclassical limit of “strings”
equations.)

The Whitham equations in the form (1.12) are equations on the set of functions
Qa(p, T) and give but a certain “shape” that has to be filled with a real content.
It is necessary to show that they do define correct systems of equations on the
spaces M o.N- For zero-genus case (g = 0) this will be done in the next section. In
the same section the construction (see [28]) of exact solutions of the zero-genus
hierarchy corresponding to its “algebraic” orbits is presented. The key element
of the scheme in [28] is a construction of a potential S(p,T) and a “connection”
E(p,T) such that after the change of variable

(1.18) p=pET), Q4(E, T) = Qu(p(E,T),T),
the following equalities
(1.19) QA(E,T) = 04S(E,T)

are valid.

In Section 3 the 7-function for the Whitham equations on the spaces Moy is
introduced. For all genera (the case g > 0 is considered in Section 7) r-function
can be represented in the following “field theory” form

(1.20) lnT=/JS/\dS.
r

Important remark. The integral (1.20) is not equal to zero, because S(p,T) is
holomorphic on I" except for the punctures P, and some contours, where it has
“jumps.” Therefore, the integral over I" equals a sum of the residues at P, and the
contour integrals of the corresponding one-form.

The 7-function is a function of the variables ¢4, 7 = 7(T). As will be shown in
Section 3, it contains full information about the corresponding solutions Q4(p, T)
of the Whitham equations. For g > 0 in 7 a geometry of moduli spaces is incoded.
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In Section 4 zero-genus Virasoro and W-constraints for 7-function are proved.
In Section 5 the primary chiral rings corresponding to algebraic orbits of Whitham
hierarchy are considered. The last section is preceded by Section 6 where, using
the ideas of [41] and [42], a “direct transform” for general Whitham hierarchy is
discussed. It turns out that the existence of a potential S is not a special property
of the construction of solutions. In a hidden form it is contained in the definition
of Whitham equations.

All the results that are proved for genus-zero Whitham hierarchy in the first
five sections are generalized for the arbitrary genus case in Section 7. We present
them without proofs mainly because they can be obtained more or less in the
same way as in genus zero case but require greater length due to pure technical
complexity.

2. Whitham Hierarchy: Zero Genus Case

In zero genus case a point of the “phase space” M g=oN is a set of points
Pa» @ =1,...,N, and a set of formal local coordinates k;!(p)

@.1) ka(p) = D Vas(p — pa)’

s=-1

(“formal local coordinate” means that r.h.s of (2.1) is considered as a formal series
without any assumption of its convergency). Hence, M,y is a set of sequences

(2.2) Moy = {Pa» Vas» @ =1,...,N, s = -1,0,1,2,...} .

The Whitham equations define a dependence of points of Moy with respect to the
variables ¢4 where the set of indices & is as follows

(2.3) g ={A=(a,i),a=1,...,N,i=12,... and fori =0,a #+ 1} .

As it was explained in the Introduction, we can fix one of the points p, with the
help of an appropriate change of the variable p. Let us choose: p; = oc.

Let us introduce meromorphic functions ,;(p) for i > 0 with the help of the
following conditions:

{24,i(p) has a pole only at p, and coincides with the singular part of an expansion
of ki(p) near this point, i.e.,

Qui(p) D Waislp — pa)™* = kilp) +0(1),
s=1

2.4)
Qa,i(oo)

0, a+l.

(2.5) Milp) = Y wiisp* = ki(p) + Oki") .
s=1
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These polynomials can be written in the form of the Cauchy integrals

l fx {1 4] T 143
2.6) Oui(p.T) = - § KaliaT)dza
riJec, P—Za

Here C, is a small cycle around the point p,.
The functions Q,;—¢(p), a # | are equal to

(27) Qa,O(p) = - ln(P - pa) .

Remark. The asymmetry of the definitions of €2, ; reflects our intention to
choose the index Ag = (1, 1) as a “marked” index.

The coefficients of €,;-0(p) are polynomial functions of v, ;. Therefore, the
Whitham equations (1.10) (or (1.16)) can be rewritten as equations on MO‘N. But
still it has to be shown that they can be considered as a correctly defined system.

THeOREM 2.1.  The zero-curvature form (1.16) of the Whitham hierarchy in
the zero-genus case is equivalent to the Sato-form that is a compatible system of
evolution equations

(2.8) Onka = {ka, R4} .
Proof: Consider the equations (1.16) for B = (a, j > 0). From the definition
of €, it follows that
(2.9) Okl — {kk, 04} = 8 — {Qa, 5} + O(1) .
Here and below we use the notation

O = Qu-k,, for A = (a,i>0),

(2.10)
Qo = Qgo—Ink, .
Hence,
(2.11) Oakd — {kk, 24} = O(ki™1) .
Therefore,
(2.12) Dakg — (ko Qu} = O(KY) .

The limit of (2.12) for j — oo proves (2.8). The inverse statement that (2.8) is a
correctly defined system can be proved in a standard way. So we shall skip it.

Let us demonstrate a few examples.
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Example 1. The Khokhlov-Zabolotskaya Hierarchy

The Khokhlov-Zabolotskaya hierarchy is the particular N = 1 case of our
considerations. Any local coordinate K ~!(p) near the infinity (p; = 00)

2.13) Kp)=p+d_ vp™
s=1

defines a set of polynomials:
(2.14) Qp) = [Kip)],

here [...]+ denotes a non-negative part of Laurent series. For example,
3
(2150 Y =k*+u, Q3=k3+5uk+w, where u =2v;, w=3v,.

If we denote 1, = y, t3 = 1, then the equation (1.16) for A = 2, B = 3 gives

3 3
(2.16) Wy = Zuy , Wy = Uy — Euux ,
from which the dispersionless KP (dKP) equation (which is also called the Khokhlov-

Zabolotskaya equation) is derived:

(2.17) %uyy + (u, — %uux)x =0.

The Khokhlov-Zabolotskaya equation is a partial differential equation and
though it has no a pure evolution form, one can expect that its solutions are
to be uniquely defined by their Cauchy data u(x, y,¢t = 0), that is a function of the
two variables x, y. Up to now it is not clear if this two-dimensional equation can
be considered as the third equivalent form of the Whitham hierarchy (we remind
that solutions of the hierarchy (2.8) formally depend on an infinite number of
functions of one variable).

Example 2. The Longwave Limit of the 2-d Toda Lattice

The hierarchy of the longwave limit of the two-dimensional Toda equation is
the particular N = 2 case of our considerations. There are two local parameters.
One of them is near the infinity p; = oo and one is near a point py = a. They
depend on two sets of the variables t,;, « = 1,2, s = 1,2,... and also on the
variable to. We shall present here only the basic two-dimensional equation of this
hierarchy (an analogue of the Khokhlov-Zabolotskaya equation).

Consider three variables t = tg,x = t11,y = t2,. The corresponding func-
tions are

(2.18) Q=In(p—a), Qi=p, YW= »
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Their substitution into the zero-curvature equation (1.16) gives
(2.19) ve=av, vw+ta, =0, w,=0.
From (2.19) it follows
(2.20) 6§yd> +8%e® =0, where ¢ =1Inv.
This is the longwave limit of the 2-d Toda lattice equation
(2.21) afy% = P "Pn . g¥Pn—Pns1

corresponding to the solutions that are slow functions of the discrete variable n,
which is replaced by the continuous variable ¢. The equation (2.20) has arisen
independently in the general relativity, the theory of wave phenomena in shallow
water, long radio-relay lines, and so on. A bibliography can be found in [40] where
a representation of solutions of (2.20) in terms of convergent series was proposed.

Example 3. N-layer Solutions of the Benny Equation

This example corresponds to a general N + 1 points case, but we consider only
one zero-curvature equation. Let us choose three functions

N .
(2.22) Q=p, W=p+> ——, Y=p*+u,
1T P~ Di

which are coupled with the variables x, y, t, respectively. (In our standart notations
they are

N+1
(2.23) X=ty, Y=Y tar, t=13.)
a=1

The zero-curvature equation (1.16) gives the system

224)  pu—(PDe+uw =0, vy =20ty +2D vy =0

Solutions of this system that do not depend on y are N-layer solutions of the
Benny equation. As was noticed in [48], the corresponding system

(2.25) P =P+ =0, vy =20wipde, u=2) v

is a classical limit of the vector non-linear Schrédinger equation
(226) i = Yo tui . =) Nl

(Using this observation in [48] the integrals of (2.25) were found.)
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In the second part of this section we consider “algebraic” orbits of the genus-
zero Whitham equations. By definition they are specified with the help of the
constraint: there exists a meromorphic solution E(p,T) of the equations

227 OAE = {E, 4},
such that
(2.28) {E(p,T),ko(p,T)} =0.

The last equality implies that there exist functions f,(E) of one variable such that
(2:29) ko(p,T) = fo(E(p,T)) .

In order not to be lost in a too general setting right at the beginning, let us
start with an example.

Example. Lax Reductions (N = 1)

Consider solutions of the dKP hierarchy such that some power of local param-
eter (2.13) is a polynomial in p, i.e.,

(2.30) E(p,T)=p" +upap" 2 + ... + up = k{(p,T) .

The relation (2.30) implies that only a few first coefficients of the local parameter
are independent. All of them are polynomials with respect to the coefficients u;
of the polynomial E(p, T). The corresponding solutions of dKP hierarchy can be
described in terms of dispersionless Lax equations

(2.31) O:E(p,T) = {E(p,T),U(p,T)},
where
(2.32) Qi(p,T) = [E/"(p, T)]+

(as before, [...]; denotes a non-negative part of corresponding Laurent series).
These solutions of KP hierarchy can also be characterized by the property that
they do not depend on the variables t,, f2,, t3,,.... We are going to construct an
analogue of the “hodograph” transform for the solution of these equations. It is
a generalization and effectivization of a scheme (see [43]), where “hodograph-
type” transform was proposed for hydrodynamic-type diagonalizable Hamiltonian
systems; see [8], [9], [10], and [39].
Let us introduce a generating function

(2.33) S(p) = Zt,Q(p) Zt,K’+O(K hy,

where ); are given by (2.14) and K = E Un (If there is only a finite number of
t; that are not equal to zero, then S(p) is a polynomial.) The coefficients of S are
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linear functions of #; and polynomials in ;. We introduce a dependence of u; on
the variables #; with the help of the following algebraic equations:

ds
2.34 —{g;) =0,
(2.34) dp (g5)
where ¢; are zeros of the polynomial

dE

dp

Remark. It is not actually necessary to solve equation (2.35) in order to find
qs. We can choose g, s = 1,...,n— 1 and ug as a new set of unknown functions,
due to the equality

= Duap ™ w = [[- 40
dp s=1
(2.36)
n—1
qn = _Zlqs'

Let us prove that if the dependence of E = E(p, T) with respect to the variables
t; is defined by (2.34), then

(2.37) O:S(E,T)=Q«(E,T) .
Consider the function 8,S(E, T). From (2.33) it follows that
(2.38) ISE) =K +O0K ™)y = %(E)+ 0K .

Hence, it is enough to prove that 3;S(E) is a polynomial in p, because by definition
; is the only polynomial in p such that

(2.39) Qlp) =K +O0K™").

The function 9;S(E, T) is holomorphic everywhere, except at g,(T), probably. In a
neighborhood of ¢(T) a local coordinate is

(2.40) (E-E(T)*,  EJT)=E(g(T)
(if g, is a simple root of (2.35)). Hence, a priori § has the expansion
(2.41) SE.T) = a(T) + B(TNE — EJ(T)"/* + ...

and the derivative 9;S(E, T) might be singular at the points g;. The defining rela-
tions (2.34) imply that 8, = 0. Therefore, 3;S(F) is regular everywhere except at
the infinity and, hence, is a polynomial. The equations (2.37) are proved.
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Let us present this scheme in another form. For each polynomial E(p) of the
form (2.30) and each formal series

(2.42) Q(p) =D _bp/
j=1
the formula
1 .
(2.43) t = ;resoo(K “(p)Q(p)dE(p))
defines the variables
(2.44) tk=tk(u,-,bj), i=0,...,.n—-2, j=0,...

as functions of the coefficients of E, Q. Consider the inverse functions

(245) u,-=u,-(t1,...), bj=bj(t],...).

Remark. In order to be more precise let us consider a case when Q is a
polynomial, i.e., b; = 0, j > m.From (2.43) it followsthatt; =0, k >n+m—1.
Therefore, we have n + m — 1 “times” t;, k = 1,...,n + m — 1 that are linear
functions of b;, j = 1,...,m and polynomials in u;, i = 0,...,n — 2. So, locally
the inverse functions (2.45) are well-defined.

THEOREM 2.2,  The functions ui(T) are solutions of the dispersionless Lax equa-
tion (2.31). Any other solutions of (2.31) are obtained from this particular one with
the help of translations, i.e., u(t;) = u(t; — t?)‘

Consider now the general N case. Let E(p) be a meromorphic function with a
pole of order n at the infinity and with poles of orders n,, at points p,, a« = 2,...,.M
. (We would like to mention that the case of negative n, # 0, which means that E
has a zero of the order —n,, can be considered as well, but we are not going to
do it here in order to avoid some technical complications.)

M  n,

(2.46) E=p'+upap" > +.ctug+D Y Vas(p—pa)*.

a=2 s=1

Consider a linear space of such functions, i.e., the space of sets
Nne) = {upi=0,...,n=2; voe,5=1,...,n4)},

(2.47)

a = 1,....M, n = n.

If N = M, the function E(p) defines the local coordinates at the points p, with
the help of the formula

(2.48) a(p) = E(p) , a=1,....,N .
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Therefore, 4'(n,) can be identified with a subspace of My

(2.49) N C Moy .

THeOREM 2.3.  The subspaces N y(n,) are invariant with respect to the Whitham
equations on Mgy that coincide with the flows

(2.50) OAE(p,T) = {E(p,T),Q(p,T)},

where k, and Q4 are defined with the help of formulae (2.48), (2.6), respectively.
General solutions of (2.50) are given in an implicit form with the help of the
following algebraic equations

ds
(2.51) E(qs,r)=o, where S(p,T) =Y (ta — DU(p,T) .
A

which have to be fulfilled for all zeros q; of the function

(2.52) Z—E(qs) =0.
P

The proof is the same as the proof of the previous theorem. Its main step is
the proof that from the defining relations (2.51) it follows that

(2.53) OaS(E,T) = Qu(E,T).

DEefFINITION.  The particular solutions of the Whitham hierarchy that corre-
spond to the algebraic orbits (2.50) and for which 13 = 0 will be called homoge-
neous solutions.

An alternative formulation of this theorem can be done in the following form.
Let Q(p) be a meromorphic function with its poles at the points p,, i.e.,

oG M <«
(2.54) Q) =) _biip + YD bajlp—pa) .
j=1

a=2 j=1

The formulae

Lres. (e POPME@) . >0

ta,i

(2.55)

res,(Q(p)dE(p))

define “times” t,; as functions of the coefficients of Q(p) and E(p) (which has the
form (2.46)). Consider the inverse functions

(256) Vas = Va,s(t[i,i) s ba,j = baﬁj(tﬁ,i) .

ta,O
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(recall that index @ = 1 corresponds to the infinity p; = 00).

CoROLLARY 2.1.  The inverse functions v, (tg,;) are solutions of Whitham equa-
tions. In particular, (for all N)

2
(2.57) ulx,y,t) = ;umz(h,l =Xt =Y 131 =1,..)
is a solution of the Khokhlov-Zabolotskaya equation (2.17) and
1
(2.58) o, y,1) = o Invy,,(x =ty =t1,t = t2p,...)
2

is a solution of the longwave limit of the 2-d Toda lattice equation (2.20).

(We would like to emphasize that in the formulae (2.57), (2.58) all the “times”
except the first ones are parameters.)

The inverse functions (2.56) define the dependence of the functions E(p, T) and
O(p,T) on the variables t4. The differential of the potential S(p, T) equals

(2.59) dS(p,T) = Q(p, T)dE(p,T) .

From (2.53) it follows that

_ dQu(E,T)
(2.60) O40(E,T) = 4 -
In particular,
dp(E,T)
2.61 WOE,T) = —— .
(2.61) O.Q(E,T) JE

The derivatives with fixed E and p are interelated with the help of the following
formula:

df

(2.62) Oaf(p.T) = Oaf(E,T) + iF

6AE(p’ T) .
Using (2.61) and (2.62) we obtain

CoroLLARY 2.2.  The functions Q(p,T) and E(p,T) satisfy the quasi-classical
“string equation”

(2.63) {Q,E}=1.

(This corollary was prompted by [41] and [42], and we shall return to it at
greater length in Section 6.)
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3. The 7-Function

In the previous section the “algebraic” solutions of the Whitham hierarchy in
zero-genus case were constructed. It was shown that for their “potentials"”

(3.1) S(0,T) =Y (14 — DU(p, T)

A
(where 1 are corresponding constants) the following equalities
(3.2) Qplka, T) = 0pStka, T), B =(B,1)

are fulfilled. In this section we define with the help of S(p,T) the -function
corresponding to the algebraic solutions of the Whitham equations.
The 7-function of the universal Whitham hierarchy (in zero genus case) would
be by definition
In~(T) = F(T),

1 N o 5 . .
(3.3) F = 3 Zresa (Zta,ikﬁde(p, T)) + F5,054(T) ,
a=1 i=1
Fai = tai = o -

where res, denotes a residue at the point p, and s, is the coefficient of the ex-
pansion

N
a=1

(3.4) S(p.T) =) (Zia,iki,) + th0lnky + 5 + Ok™")
i=1
Here and below we use the notation

N
(3.5) ho=— Zta,o .
a=2

The 7-function can be rewritten in a more compact form. Let us make cuts con-
necting the point p; = oo with the points p,. After that we can choose a branch
of the function S(p,T). The coefficient s, equals

1
(3.6) fo = ]5 In(p - po)dS .
27i J o,

where o, is a contour around the corresponding cut. The function S has jumps
on the cuts. Its H-derivative is a sum of delta-functions and their derivatives at
the points p, and one-dimensional delta-functions on cuts. Therefore, (3.3) can be
represented in the form:

3.7 F=/JS/\dS.
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(The integral in (3.7) is taken over the whole complex plane of the variable p. It
is non-zero because S(p, T) is holomorphic outside punctures and cuts, only.)

THEOREM 3.4. For the above defined T-function the following equalities are

fulfilled:

(38) 6a,iF(T)
(3.9 Oa0F(T)

res,(ka dS(p,T)), i>0,

Sq -

Proof: Let us consider the derivative 94 for A = (a,i > 0). It equals

N o .
(3.10) 204F = resqa(kidS) + 3 > resglisikpd ) + I50Q4(pp) -
B=1 j=1

We use in (3.10) the equality

(311) aASg = QA(pﬁ) .
From
N
(3.12) res,(24dS2g) =0
a=1

it follows that

(3.13) ress(khd,) = res(kidp)),  j>0.
Besides this,

(3.14) Qa(pp) = resp(Qad In(p — pp)) = resq(kids0) .

The substitution of (3.13), (3.14) into (3.10) proves (3.8). The proof of (3.9) is
absolutely analogous.

The formulae (3.8), (3.9) show that the expansion of S(p, T) at the point p, has
the form

N o 00
- i~ 1 _;
(3.15) S(p,T) = DD Foikle + Faplike + BooF + Y _ ~aFka’ .
a=1 i=1 j=1

From (3.8), (3.9) follows:

CoroLLARY 3.3.  The second derivatives of F are equal to

(3.16) i pF(T) = resy(kidQp), A=(a,i>0),
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(317) 6&085‘0F(T) = ln(pa - pﬁ) .

Hence, the expansion of the non-positive part (2.10) of 4(p) at the point pg
has the form

(3.18) M = 0p0F + Y 505 FKG .
j=0

Therefore, the 7-function that depends on the “times” only, contains complete
information on the functions 4.

4. Truncated Virasoro and W-Constraints

In Section 3 it was shown that any solution of the Whitham equations (g = 0)
corresponding to an algebraic orbit can be obtained from the “homogeneous”
solution with the help of translations 7, = 14 — 1. In this section we consider
7-functions of homogeneous solutions, only.

The truncated Virasoro constraints for the 7-function of the dispersionless Lax
equations (2.31) were proved in [30]. The proof was based on an invariance of
residues with respect to a change of variables. The same approach can be applied
for the general N-case, also. In this paper we use another way that was inspired by
the N — oo limit of loop-equations for the one-matrix model (a review of recent
developments of the loop-equations technique can be found in [35]).

The function E(p) of the form (2.46) represents the complex plane of the
variable p as D-sheet branching covering of the complex plane of the variable E,
D = Y, n,. The zeros g; of the differential dE, dE(g,) = 0, are branching points
of the covering. Hence, any function f(p) can be considered as a multi-valued
function of the variable E. Let p;(E), i = 1,...,D be roots of the equation

(4.1) E(p)=E.

The symmetric combination of the values f(p;)
3 D
(4.2) FEY =D fp)
i=1

is a single-valued function of E. Let us apply this argument to the function QX (p),
where

_dS(p)
(4.3) Q(p) = dE(p)

S(p) is the potential of the homogeneous solution of Whitham equations. The
defining algebraic relations (2.51) imply that Q(p) is holomorphic outside the
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punctures p, (that are “preimages" of the infinity E(p,) = o0). Therefore, the
function

N

(4.4) OK(E) = > oK (p)

i=1

is an entire function of the variable E. In other words, the Laurent expansion of
the function QX (E) contains only positive powers of E, i.e.,

N
4.5) reéSco (ZQK(pi)E'”+' dE) =0, m=-1,0,1,... .
i=1

The residue (4.5) at the infinity of the complex E-plane is equal to a sum of
residues at the points p, i.e.,

N
(4.6) > resq ((QF(ka)E™*'dE) =0, E=ka .
i=1

From (3.15) it follows that the function Q(p) has the expansion

1 & i—n - —Jj=
@.7 Oka) = — > itaika " + tagka™ + D B jFka’ ™
@ =]

j=1

at the point p,. The substitution of (4.7) into (4.6) for K = 1 gives obvious
identities:

N
Zta,() = 0, m = -1,
a=1

(4.8)

N
Z a¢1r,mr1¢,,F = 0 . m

a=1

o,1,....

(For Lax reductions, N = 1, the equalities (4.8) imply that F does not depend on
tu,tom, ... .) For K > 1 the relations (4.6) lead to highly non-trivial equations. For
example, the case K = 2 corresponds to the truncated Virasoro-constraints.

THeoreM 4.5. The t-function of the homogeneous solution of the Whitham
equations (corresponding to the orbit N'(n,)) is a solution of the equations

N 1 0 ln.,—l
Z_ Z ita,iaa.i—n,,F + nataplan, T3 E }O(na - j)ta,jta,n,,—j
a=1la \; 2 j=1

i=n,+1
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N

(4.10) Zizzta,aa,F+ 20=0;

a=1Na =

N 1 mna—l
Z E (Z ltalaal+man t+ = Z aajFaamn —-J )

i=1 Jj=

4.11)
=0, m=1,
The equalities (4.5) for any K can be written in the form
N
4.12) D onk K NirTta, - lisla, 0o F - 0aje F = 0,
= 1

where the second sum is taken over all sets of indices I = {it}, J = {ji}
such that

(4.13) sz— Z Jk—m+K—2n,, m>-1.
k=s+1

and [i] denotes
(4.14) lil=i, if i+0 [0]=1.

For N = 1 the equations (4.12) coincide with a nonlinear part of the Wy con-
straints.

At the end of this section we present the truncated Virasoro constraints for
N =1 and n = 2 in the form of the planar limit of loop-equations for a one-
matrix hermitian model.

Consider the negative part of Q(k) (N = 1,n =2)

(4.15) Wy =0 (k) = %ztlk_] £ 0y P
- -

and introduce

(4.16) V) =Y Ruk?
i=1
where
+1
(4.17) fy = gi—tzm -

2i
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Then

(4.18) Qk)=V'(k) =Wy
and (4.6) is equivalent to the equation

ViOWE ., _ 1o
(4.19) R d¢=-Ws,

where C is a small contour around the infinity. Equation (4.19) is a planar limit
of the loop-equation for a one-matrix hermitian model (see [35])

VEOWE . Loy &, i W
(4.20) }(c—__k—.ﬁ d¢ = 27// +;k P

In (4.20) #'(k) is the Wilson loop-correlator that by definition is equal to

1
4.21 YW = < > _ ~uV(X) gy i
( ) tr = trk Xe d

k—X
where X is a hermitian M X M matrix.

Remark. As was shown in [5], the double-scaling limit of the n — 1 matrix
chain model is related to the n-th reduction of the KP-equation. The dispersionless
Lax equations (2.30), (2.31) are their classical limit. Therefore, the negative part
W o of the series (4.7) for N = 1 and arbitrary n has to be related to the planar
limit of some Wilson-type correlators for multi-matrix models. Therefore, higher
“loop-equations” (corresponding to K > 2) are to be fulfilled for them. It would
be interesting to find a direct way to produce the corresponding equations in the
framework of the multi-matrix models.

5. Primary Rings of the Topological Field Theories

Topological minimal models were introduced in [14] and were considered in
[34]. They are a twisted version of the discrete series of N = 2 superconformal
Landau-Ginzburg (LG) models. A large class of the N = 2 superconformal LG
models has been studied in [33], [36], and [44]. It was shown that a finite num-
ber of states are topological, which means that their operator products have no
singularities. These states form a closed ring %, which is called a primary chiral
ring. It can be expressed in terms of the superpotential E(p;) of the corresponding
model

Clpil OFE
= E = ~—dp; .
dE =0 i d 8p,- dp

(5.1 R

In topological models these primary states are the only local physical excitations.
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In [45], it was shown that correlation functions of primary chiral fields and
integrals of their second descendants can be expressed in terms of perturbed su-
perpotentials E(p;, 11,12, ...). For the A,_; model the unperturbed superpotential
has the form:

(5.2) Ey=p".
The coefficients of a perturbed potential
(5.3) E(p)=p"+ Un2P" 2+ .+ Uy

can be considered as coordinates on the space of deformed topological minimal
models. In [45] the dependence of u; on the coordinates ¢1,...,t,_; that are “cou-
pled” with primary fields ¢; was found. It was shown that the deformation of
the ring #

(5.4) Rt1,....tn-1) = CIpl/(dE(p.11,...,1n-1) = 0)

is a potential deformation of the Frobenius algebra (in the sense that was explained
in the Introduction).

In this section we consider the application of the general Whitham equations
on Mo to the theory of potential deformations of Frobenius algebras. They are
based on the following formula for the third logarithmic derivatives of the 7-
function. Let E(p,T) be the homogeneous solution of the Whitham equations
(2.50) corresponding to an algebraic orbit A (n,), i.e., E(p) has the form (2.46)

M ng
E=p'+unop" 2 4. Huo+ D9 Vaslp—pa) .

a=2 s=1
The formulae (2.55), (2.56) define the dependence of E(p) and of the “dual” func-

tion Q(p) on the variables #,4.

THEOREM 5.6.  The third logarithmic derivatives of the T-function of the ho-
mogeneous solution of the Whitham equation corresponding to an algebraic orbit
Nny) are equal to

dQAdQBdQC
5.5 3 F = E 2
(5:5) Dac 3 resq:( dQdE )

where q; are zeros of the differential dE(q,) = 0.

Proof: Let us suppose that A = (a,i > 0). (The case when A,B,C are
equal to (a,0),(8,0),(y,0) can be considered in the same way.) From (3.8) it fol-
lows that

(5.6) OcOAgF = resy(kl dOcSg) = —resa(OcQpdQy) .
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Here the derivative OcQ4(E, T) is taken for the fixed E. As was explained in
Section 2, the function E(p,T) is a “good” coordinate except at the points gs(T’)
where local coordinates have the form (2.40). Hence, at the point g5(7’) the function
Q4 has the expansion

Qp(E,T) waoT) + we (THE — E{T)"? + -+,

(5.7

E(T) E(g(T),T) .

The sum of all residues of a meromorphic differential equals zero. Therefore,

(5.8) BacF = D _1esy,(0cp dQy) .

qI
From (5.7) it follows that in a neighborhood of the point g
dQp

(5.9) Ocflg = _8CESE +0(1) .
Therefore,
Qad2

(5.10) resy, (0l dUa) = —res,, ((%Es%ﬁ) .
From (2.50) it follows that

dQ
(5.11) OcE; = 0,E;—<(qs) .

dp

The string equation (2.63) implies

dp
5.12 NE, = ——(gq5) -
(5.12) y) Q(q )

Substitution of (5.11) and (5.12) into (5.10) proves the theorem.

For each algebraic orbit #(n,) let us define a “small phase space” (see moti-
vation in [46]). It will be a space of times #, with the indices a belonging to the
subset g,

(5.13) I ={l@,)]a=1i=1,...,n—La=2,...,N,i=0,....n,} .

Let us fix all the other times #4:

(5.14) ttw = 0, tippr = 7, i = 0, @ > f'l+1;
thi = 0, a = 2,....N, i > n4.

Comparision with (4.7) shows that in this case

(5.15) op)=p
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in the formula (2.55). In other words, ¢, as functions of u;, v, are given by the
formulae

t a,l

%resa(kEi(p)pdE(p))) >0
(5.16)

I

ta0 res,(pdE(p)) .

Inverse functions define the dependence of the coefficients of E on the vari-
ables t,

COROLLARY 54. Let

61D R =F (it =~ =0, A% o)
n+1
be the restriction of F = InT on the affine space that is A, shifted by t) 5.1 =
m Then
dQ, dQ, dS2,
(5.18) 82 F = Zresqx ( dpdE ) .

Let us summarize the results. Each meromorphic function E(p) of the form
(2.46) defines a factor-ring

(5.19) Re = R/(dE = 0)

of the ring 2 of all meromorphic functions that are regular at the zeros g; of the
differential dE. The formula

(5.20) f.g = Zresq: (f(ng@dp) . flp), glp)C R,
qs 14

defines a non-degenerate scalar product on %g. The scalar product (5.20) supplies
R by the structure of the Frobenius algebra. In the basis

dQ,
5.21 . =
(5.21) ¢ dp
the scalar product has the form
i
(522) (Bubs) = 1 = Wy

o

where [i] is the same as in (4.14). Our last statement is that the formulae (5.17)
define in an implicit form the potential deformations of these Frobenius algebras.
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The case N = 1 covers the results of [45]. As was mentioned in the Introduction
an integrability of WDVV equations was proved in [12]. The results of this section
can be considered as an explicit construction of their particular solutions.

The “coupling” process of the ring #g with topological gravity corresponds
to the process of “switching on™ of all the times of the Whitham hierarchy. It
follows from the recurrent formula for the third derivatives of 7-function. First of
all, let us present the formula
Ny ng )
PR D ey LU

(523)  Quis0dE =

It can be proved in the following way. The right- and left-hand sides of (5.23) are
holomorphic outside the punctures. Hence, it is enough to compare their expan-
sions at the points p,. The coefficients of the expansion of (4 are given by the
second derivatives of F (3.18). Therefore, (5.23) is fulfilled.

Let us define for each a = (a,i > 0) € A, the fields

an, Mg +i
(5.24) oplda) = =40 -
The substitution of (5.23) into (5.8) proves the recurrent formula for the correlation
functions for the gravitational descendants (see [46])

(5.25). (o p(badapoc) = (o p-1(ba)p)n*{dcoBOC) |

where o, oc are any other states. (The integrability of general descendant equa-
tions was proved in [12].)

Remark. This paper had already been written when the author got a preprint
(see [11]) in which the Frobenius algebras and their “small phase” deformations
corresponding to the Whitham hierarchy for the multi-puncture case had been
considered.

6. Generating Form of the Whitham Equations

In this short section (or rather long remark) we would like to clarify our con-
struction of the algebraic solutions of the Whitham equations and the definition of
the corresponding 7-function. It was stimulated by the papers [41] and [42] where,
with the use our approach in [30], the v-function for the longwave limit of 2-d
Toda lattice was introduced.

Let Q4(k, T) be a solution of the general zero-curvature equation (1.16)

(61) 8,493 — 9824 + {QA,QB} =0.
They are compatibility conditions for the equation

6.2) OaE = {E,Q4} .
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Therefore, an arbitrary function E(p, x) defines (at least locally) the corresponding
solution E(p,T) of (6.2), E(p,x) = E(p,ta, = x,t4 = 0,A * A). In the domain
where 9,E(p,T) # 0 we can use a variable E as a new coordinate, p = p(E, 1).
From (2.62) it follows that in the new coordinate the equations (6.1) are equivalent
to the equations

(6.3) O0aQ(E, T) = 0gW(E,T) .
Hence, there exists a potential S(E, T) such that
(6.4) QAE,T) = 04S(E,T) .

Due to this potential the one-form w (1.8) can represented as

(6.5) w=68S(E,T)— QUE, T)dE ,
where

_ OS(E, T)
(6.6) OE,T) = —8E .
Hence,
6.7) bw=6E N 6Q .

The formulae (2.59}42.62) that are valid in the general case prove that the func-
tions £ and Q as functions of two variables p, x satisfy the classical string equation

(6.8) {Q,E}=1.
They show that
(6.9) 040 =1{0,04} .

A set of the pairs of functions Q(p, x), E(p, x) satisfying the string equation is a
group with respect to the composition, i.e., if Q(p,x), E(p, x) and Qy{(p, x), E (p, x)
are solutions of (6.8), then the functions

(6.10) O(p.x) = 01(Q(p,x), E(p, x); E(p, x) = E(Q(p, x), E(p, x))

are the solution of (6.8), as well. The Lie algebra of this group is the algebra
SDif f(T?) of two-dimensional vector-fields preserving an area. The action of this
algebra on the potential, 7-function (and so on) in the framework of the longwave
limit of 2-d Toda lattice was considered in [41] and [42].

The previous formulae can be used in the inverse direction. Let E(p,x) and
QO(p, x) be any solution of the equation (6.8). Using them as Cauchy data for the
equations (6.2), (6.9) we define the functions E(p, T), Q(p, T) that satisfy (6.8) for
all T. After that the potential S(p, T) can be found with the help of the formula

P
6.11) S(p,T) =/ O(p.TdE(p,T) .
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Let us revise from this general point of view the definition of the 7-function
corresponding to the solutions of the Whitham equations on Mo y. As was shown
in Theorem 2.1, the local parameters k, proper are solutions of the equations (6.2).
Therefore, they define a set of local potentials S,(k,) such that the relations (3.2)

Qplha, T) = 9pSalke, T),  B=(B1),

are fulfilled. On the other hand, let us consider the solutions E(p,T), 3(p,T) of
the equations (6.2) with the initial data

6.12) E(p.x)=p, O(p,x)=x.

They are holomorphic outside the punctures p,(T). Hence, a “global” differential
dSo(p, T) exists that is also holomorphic outside the punctures p,(T). Let us define
a one-form on the space with the coordinates ¢4

§lnr = % a]:] (Z:: reso (ki dSe(p,T)) dt,;
(6.13)
+ﬁ }{ya In(p — pa)dSo(p,T) dta,O) ,
where o, is a contour around the cut connecting p; = oo and p,. It is easy

to check with the help of the formulae (3.11)«3.14) that é1n 7 is a closed form.
Therefore, locally there exists a 7-function. What are advantages of algebraic
solutions?

As was shown in Section 3, for algebraic solutions there exist constants #3 such
that the sum

(6.14) S(p.T) =D (ta— 12)Qu(p,T)
A

is a “global” potential coinciding in neighborhoods of p, with local potentials S,.
This provides the possibility of defining explicitly with the help of formula (3.3)
the 7-function and not only its full external differential (6.13).

7. The Arbitrary Genus Case
7.1. Definition

The moduli space M &N 18 “bigger” then Mo. In the approach in which the
“times” of the Whitham hierarchy are considered as a new system of coordinates
on the phase space it is natural to expect that there should be more flows in the
Whitham hierarchy on M, y. We shall increase their number in a few steps. But
at the beginning let us consider the basic Whitham hierarchy in the form that has
arisen as a result of the averaging procedure for the algebraic-geometrical solutions
of two-dimensional integrable equations. In this hierarchy there is the same set of



THE 7-FUNCTION OF THE UNIVERSAL WHITHAM HIERARCHY 463

the “times” (2.3) and this is the only part of universal Whitham hierarchy on M, y
that has a smooth degeneration to the zero-genus hierarchy.

Let I'; be a smooth algebraic curve of genus g with local coordinates k, '(P) in
neighborhoods of N punctures P,, (k;'(P,) = 0). Let us introduce meromorphic
differentials d(24 on I'y such that:

1. dQ4i>0 is holomorphic outside P, and has the form
(7.1) dQy; = diki, + Olkz ")

in a neighbourhood of P,;

2. Qq0, a = 1 is a differential with simple poles at the points P, and P, with
residues | and —1, respectively

dQo = dko(k;' + Okz")
(1.2)
d%o = —dkiki' +O0Gk");

3. The differentials d{)4 are uniquely normalized by the condition that all their
periods are real, i.e.,

(7.3) Imfdm -0, ceH(T,2).

The normalization (7.1) does not depend on the choice of basic cycles on I',.
Therefore, dS14 is indeed defined by data M eN-

Below, for the simplification of formulae we consider the complexation of the
Whitham hierarchy on M g~ that is the hierarchy on the moduli space

(74) M;,N = {ng Pa’ k(;](P)’ aiv bi e H](rg,Z)} £

where a;, b; is a canonical basis of cycles on I, i.e., the cycles with the intersec-
tion matrix of the form g;a; = bib; = 0, a;b; = 6;;. In this case the differentials
dQ4 should be normalized by the usual conditions

(7.5) fdQA=0, i=1,..g.

Both types of hierarchies can be considered absolutely in a parallel way.

Now we are going to show that generating equations (1.11) in which Q, are
integrals of the above-defined differentials are equivalent to a set of commuting
evolution equations on M o (or M o, respectively). Let us fix one point P; and
choose as the “marked” index A¢ = (1, 1). The multi-valued function

P
(7.6) mm=mﬂm=/de, PeT,
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can be used as a coordinate on I" everywhere except for the points II;, where
dp(I1;) = 0. The parameters (2.2), i.e.,

{pa =p(Pa)a Vas, €= 1,---,N7 § = _1’0, 1,2,}

and additional parameters

Il

(7.7 s plIly), s

I

.28,

(7.8) vl = fdp, i = 1,...¢g,
b;

are a full system of local coordinates on M .

THeoreM 7.7. The zero-curvature form (1.20) of the Whitham hierarchy on
M,y is equivalent to the compatible system of evolution equations

(79) aAka(p, T) = {ka(pv T)’ QA(p9 T)} s

(7.10) daU? = 0,Uf, where Uf = ]{ dQ, ,
b;

(7.1H) Oams = aAp(ns) = axQA(Hs) .

In [12] where the application of the Whitham equations for generalized Lan-
dau-Ginsburg models was considered for the first time, it was noticed that the
construction of solutions of the Whitham equations that was proposed by the au-
thor in [28] can be reformulated in the form that actually includes new “additional”
flows commuting with the basic ones (7.11). It is to be mentioned that only g of
them are universal. Let us introduce a set of g new times f41,...,%, that are
coupled with normalized holomorphic differentials d<2

(7.12) fd(zh,ﬁa,-,k, ik=1,..,¢g.
a;

TheoreM 7.8. The basic Whitham hierarchy (7.11) is compatible with the
system that is defined by the same equations but with new “Hamiltonians” dQ .

The proofs of the two theorems above do not differ seriously from the usual
considerations in the Sato approach, so we shall skip them.
7.2. Algebraic Orbits and Exact Solutions

Let us introduce finite-dimensional subspaces of M e~ that are invariant with
respect to the Whitham hierarchy. Consider a normalized meromorphic differential
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dE of the second kind (i.e., dE has no residues at any point of I',) that has poles
of orders n, + 1 at the points P,. (Normalized means that

(7.13) j{idE=0

for the hierarchy on M o~ and that dE has real periods for the hierarchy on Myn.)
The integral E(p) of this differential has the expansions of the form

(7.14) E(pp = p"+ u,,_zp”_2 +4ug + O(p'l) ,
(1.15) Ep) = 3 vaslp— pa)*+0(D)

s=1
at the point P, and the points P,, a # 1, respectively. The formula (2.48), i.e.,
«(p) = E(p), a=1,... N,

defines local coordinates k! in neighborhoods of P,. Therefore, we have de-
fined the embedding of the moduli space A,(n,) of curves with fixed normalized
meromorphic differential dE into M,y

(7.16) W olng) C Min .

The dimension of this subspace equals
N

(7.17) D =dimNg(n,) =38 -2+ (na+1).
a=1

There are two systems of local coordinates on A (n,). The first system is given
by the coefficients of the expansions (7.15), (7.15)

(7.18) {ui,i=0,....n=2; pay Vass=1,..., na)},
and by the variables (7.7), (7.8), i.e.,

Wszp(ns), s=1y---728; Uf:fdp’ 1=1,,g
bi
The second system is given by the following parameters

(7.19) U€=de, i=1,...,8,
b

(7.20) E,=E(g;), where dE(¢)=0, s=1,....D—g.

Using the first system of coordinates it is easy to show that
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THEOREM 7.9.  The restriction of the Whitham hierarchy on N o(n,) is given
by the compatible system of equations (2.50)

BAE(pv T) = {E(P, T)7 QA(P’ T)} .

(We would like to recall now that besides #,; the set of “times” ¢, includes the
times #; that are coupled with the normalized holomorphic differentials d.)
Let dH; be a normalized differential that is defined on the cycle 4, i.e.,

(7.21) de,- =0.

For each set H = {dH;} of such differentials there exists a unique differential dSy
such that dSy is holomorphic on I', except for the cycles a; where it has “jumps”
that are equal to

(7.22) dSg(P) — dSy(P)

(7.23) f; ,- ds

TueoreMm 7.10.  For any solution of the Whitham equations on N 4(n,) there

exist constants tg and constant differentials dH; (i.e., they do not depend on T)
such that this solution is given in an implicit form with the help of equations

dH(P) P € qa,

It

0.

dp

(7.25) S(p,T)

Y (ta — 1P, T) + dSy .
A

The relations (7.25) imply that
(7.26) dS = QdE ,
where Q(p) is holomorphic on I'y outside the punctures P, and has “jumps”

dH{(E)

T4E Ee€a,

(71.27) Q" (E)-Q (B) =

on cycles a;.
In this section we consider the solutions of the Whitham hierarchy correspond-

ing to the constant jumps only, i.c.,

(728) dH,'(P) = tQ,,'dE(P) .



THE 7-FUNCTION OF THE UNIVERSAL WHITHAM HIERARCHY 467

In that case dQ is a single-valued differential on I',. Let us present an alternative
formulation of the construction of such solutions.
Consider the moduli space

(7.29) N o(ng) = {T, , dQ , dE}

of curves with a fixed canonical basis of cycles, with a fixed normalized mero-
morphic differential dE having poles of orders n, + 1 at points P, and with a fixed
normalized differential dQ(P) that is holomorphic outside the punctures.

The coordinates on this space are the variables (7.7), (7.8), (7.18)

P
{71-.?’ Ui s Ui, Pa, va,Sa}

and the coefficients of singular terms in the expansions
w .
op) = D _bip +00p7,
=1

(7.30)

o

Qp) = X bajlp—pa) +0(p—pa) .

j=1

The formulae (2.55), i.e.,

fi = %resa(kZi(p)Q(p)dE(p))), P> 0
(7.31)
tao = rese(Q(p)dE(p))

and the formulae

(7.32) th,,-=}{dS, i=1,..,8, dS=QdE,
a;

(7.33) lgi=— dE , tE,i=fan i=l,...,g.
b,‘ bi

define times ¢4 as the functions on the space %(na).
The differentials dQ2g;, dQg,; that are coupled with the times tg;, tg; are
uniquely defined with the help of the following analytical properties:

1. The differentials dQg;, dSp; are holomorphic on the curve I', everywhere
except for the a-cycles, where they have “jumps"”. Their boundary values on a;
cycle satisfy the relations

dQg; —dQg; = 6;,dE,
(7.34)
dﬂé,i - dQé,i = 5,',]‘ dQ N
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2.
(735) fdQE»i=fdQQ.i=0’ j=1,...,g.
a; a;

In the same way as was done in Section 2, it can be shown that the number of
“times” is equal to the dimension of #(n,). Therefore, the “times” 74 can be
considered as new coordinates on Ag(n,), i.e.,

(7.36) T, =T T), dQ=4dQ(T), dE=dE().
TueoreM 7.11.  For the differential

(1.37) dS(E,T) = Q(E,T)dE

the following equalities

(7.38) OAS(E,T) = QA(E,T)

are fulfilled.

Remark. From the definition of the times (7.31), (7.32), (7.33) it follows that

N o 8
(7.39) ds = Z Z 1o dQq; + z e Qs + texQek -
a=1 i=0 k=1

We shall give here a brief sketch of the proof (7.38) for A = (Q, k) only, because
for all the other A the proof is essentially the same as the proof of Theorem
2.2. Consider the derivative g S(E, T). From the definition (7.37) it follows that
904S(E,T) is holomorphic everywhere except for the cycle a,. On different sides
of this cycle the coordinates are E- and E* = E~ — tg;. Hence, taking the
derivative of the equality

(7.40) QE™ —top) ~QET) =tgy , E” €a,
we obtain
__dgQ
7.41 t - =—=,
(7.41) O xQ" — OgxQ iE

Therefore, OgxS(E,T) = Q.

COROLLARY 7.5. The integrals E(p,T) and Q(p,T) as functions of the vari-
able p = Q; satisfy the Whitham equations (2.50) and the classical string equa-
tion (2.63).

(In both the theorems the set of times t4 includes all the times t,;, t5;,
tei to,i.)
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7.3. The 7-Function

The T-function of the particular solution of the Whitham equation on %(na)
that was constructed above is defined by the formula

In7(T) F(T),
(7.42)

F

1 g
Fo(T) + — Zf texEdS —f thidS + thitesEr
47Tl k=1 a; by

where Fo(T) is given by (3.3), i.e.,

o<

N
Z res, (Z taiki dS(p, T)) + 14,05.(T) ,
a=]

i=1

Fo =

B —

(the first integral in (7.42) is taken over the left side of the g cycle and E;, = E(P;)
where P, is the intersection point of a; and b; cycles).

Remark. The differential dS is discontinuous. Therefore, its integral over by-
cycle depends on the choice of the cycle. The last term in (7.42) restores the
invariance (i.e., F depends on the homology class of cycles, only).

THeOREM 7.12.  For the above-defined T-function the equalities (3.8), (3.9) are

fulfilled. Besides this,
1
P (tE,kEk -}( dS),
2ni b

(7.44) OpuF = - ( f EdS),
27'” a

L‘ ({ QdS - ztgykt;,,k) .
4mi \J g

The proof of all these equalities is analogous to the proof of (3.8), (3.9) and
it uses different types of identities that can be proved with the help of usual
considerations of contour integrals.

(7.43) OnsF

(7.45) OoiF

CoroLLARY 7.6.  For A = (a, i) the second derivatives Bf,,BF are given by the
formulae (3.16), (3.17). Besides this,

1
(7.46) FnuraF = " (Ek5(E,k>;A + Qibona — }( dQA),
il by

1
(7.47) Ocipa = o ( / EdQA),
Qg
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1
(7.48) B(ZQ,k);AF = 57—1-; (}; QdQA - aA(tE,kth,k)) .

We would like to mention that in particular the formula (7.46) gives a matrix
of b-periods of normalized holomorphic differentials on I',

(7.49) FonnF = = )[b dQ,j .
(for the particular case this relation was obtained for the first time in [13]).

THEOREM 7.13.  The third derivatives of F(T) are equal to

dQ . dQg dQic
(7.50) 6,343cF = E resg, (——) + NABC -
o dQdE
where
nasc = 0 if A,B,C #= (0,k),
1 dQadQp .
= —¢ ————— if ALB * L k) .
TAB(Q.K) " j{ T dE i (Q,k)

7.4. Virasoro Constraints

In this subsection we present “Lg, L_;” constraints for the 7-function of the

homogenious solution of the Whitham hierarchy on ‘/?;,(na).
Consider the differential Q°dE. It is holomorphic on I', outside the punctures
and cycles a; where it has jumps

(7.51) (Q*dE)* — (Q*dE)™ = 2tg;QdE = 2tg, dS .
Therefore,

N 1 &
(7.52) > res(Q*dE) + o D textnk =0.

a=1 =1

The expansion of Q near the puncture P, has the form (4.7). Its substitution into
(7.52) gives

Ny
2 -

a=] "

00
( Z ita,iaa,i—n,,F+nata,0ta,n,,

i=n,+1

ny—1

1 1 <
+= D ja = Majtan—i | + 57 D tExtni = 0.
3 v ,](na ]) a,jlan, j) i £ E ktnk
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In the same way the consideration of the differential Q?E dE proves an analogue

of L_; constraint:

L1 g 1 & 1

(7.54) Y D itaiBaiF + 5= > traOpiF + Etﬁ,o =0;
a=1 j k=1

ne <5 2xi

Remark. In order to obtain higher “L,-¢” Virasoro constraints one has to
introduce p-gravitational descendants of the “fields” d{2g that are holomorphic
differentials on I except for the a;-cycle where they have “jumps” that are equal
to EPdE.

7.5. Landau-Ginzburg-Type Models on Riemann Surfaces

In this subsection we present the generalization of the results of Section 5 for
the case of Riemann surfaces of an arbitrary genus. Let us consider a genus g Rie-
mann surface I', with fixed canonical basis of cycles and with fixed meromorphic
normalized differential dE, i.e., a point of the moduli space #,(n,). The same
formulae (5.19), (5.20), as in genus zero case, define a Frobenius algebra %r, s&

(7.55) Rr a5 = R/E = 0)

where % is a ring of all meromorphic functions that are regular at the zeros g; of
the differential dE. The formula

(7.56) (f,g) = Zresq: (%d
P

s

p), flp), gpyck,

defines a non-degenerate scalar product on .@[‘g,dE.

For any g a “small phase” space is the space of times ¢, with indices a € &' &n,
where #5n is a union of &,,, (that was defined in Section 5)

Am={a=(@dla=1,i=1,....n—-1;a=2,...,N, i=0,...,n,}
and indices (h, k), (E, k). In the basis

dQ
(7.57) by = —
dp
the scalar products have the form:
(7.58) <¢a¢b> =MNab = [l][J] 6a,ﬂ6i+j,na s a,be ﬂsm
(7.59) (PExDhs) = bks

otherwise it is zero (here [i] is the same as in (4.14)).
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Let us consider the Whitham “times” t, that were defined in (7.31), (7.32),
(7.33) for the choice dQ = dp, i.e.,

taj = %res,.(k;"(p)pdE(p)), a,i>0€ Ay ;
(7.60)
tap = Tes.(pdE(p));
(7.61) thi = fpdE, k= 1,...,8;
ai
(7.62) thi = —¢ dE, tgx = ¢ dp, k = 1,....g.
bk bk

Remark. This paper had already been written when the following result was
proved. Let us consider the one-point case, i.e., #(n) C M e~~=1 and let us suppose
that we restrict our consideration on the space of real M-curves I'. That means that
we consider curves with anti-holomorphic involution 7 : ' — T and 7(P,) = P;.
Then the following statement is valid.

THeOREM 7.14.  The restriction of the map
(7.63) N g(na)—{ts,a € o3}

onto the space of M-curves with one puncture is one-to-one correspondence with
some domain in real space with real coordinates t,.

The proof of this statement will be published later.

Let us fix the values ¢,; = t(;‘k and consider the restriction of F = InT on the
affine space that is &5 shifted by

0
vt = tp,k = tp,k .

n+l’

Then from the statement of Theorem 7.7 it follows that

dQ,dQ,d0
(7.64) B2 F = ;res‘h (W) ) a,b,c € lim .

CoroLLARY 7.7.  The dependence of the Friobenius algebra corresponding to
N o(ny) on the coordinates t,, a € A is a potential deformation.

In [13] the particular case of this statement was proved. It corresponds to the
Whitham hierarchy on moduli space of genus g curves with fixed function E(P)
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having a pole of order n at only one point P;. (This moduli space is a subspace
of A ¢(n) that is specified by the conditions ¢, = 0.) The differential-geometrical
interpretation of Whitham coordinates that was proposed in [13] is valid in a
general case as well.

Let us denote a subspace of A"¢(n,) corresponding to the fixed values of 7,; =

tox by Ng(ng|th,). A system of local coordinates on its open submanifold 9 is
given by (7.20), i.e.,

N
E, = E(g), where dE(g)=0, s=1,...D-g=2g-2+) (n.+1).
a=]

Submanifold & can be defined as a submanifold on which the values E; are dis-
tinct. The formula

D-g 2
(7.65) ds? = Zresq, (%) (dEs)
s=1

defines a metric on 9 C A g(n,,ltgyk). The scalar products of the vector-fields
0, = ai a € /5 with respect to this metric have the form:

il

a

(7.66) <8aab> =TNab = a,ﬂ5i+j,n,, s a,be &{sm

(7.67) (OExOhs) = ks ,
otherwise they are zeros. The proof of (7.66), (7.67) is based on the formula (5.11)

daQ
(7.68) O4E, = —2.

dp
and formulae (7.58), (7.59). Consequently, in the Whitham coordinates ¢,, a €
/5m the metric (7.65) has constant coefficients (i.e., ds? is a flat metric and the ¢,
are flat coordinates).
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