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Abstract. In thispaperweconstructthe operatorfields of theRicinarin surfacesof
arbitrarygenus.Thecoirespondingoperatortheoryofmteractingstringscanbecon-
sideredasthedirectdevelopmentof Virasoro-Mandeistamtheoryfor g � 0 andits
unification with Polyakov-Belavin-Knizhniktheory

This review sumsup the resultsof threeauthors’papers[1-3]. Thetheoryof the

bosonicstringin criticaldimension‘1) = 26, whichwasproposedby Polyakov-Belavin-
Knizhnik andothers[4-6] isbasedon thepathintegralapproach.The g-loops contribu-
tionto thepartitionfunctions,to thestringamplitudecanberepresentedin this approach

in termsof finite-dimensionalintegralsoverthemodularspaceof Riemannsurfacesof
thegenusg.

On the otherhandthe ‘sold>> bosonicstring theoryby Virasoro-Mandelstamet al.
[7-8] hadexistedonly for the caseof <<genus g = Os’. This theory wasbasedon the

usualoperator’sapproachto thequantumtheory. Thecreationand annihilationopera-
tors for non-interactingbosonicstringwere introducedusingthe Fourierexpansionfor
the co-ordinatesX’~(a), 0 < a < 271. Then in the correspondingFock spacethe
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<<physical>>statescanbe definedusingthe actionof theLie algebraof the symmetry
groupof this theory— thegroup of reparametrizationof thecircle S’ (moreprecisely
the Virasoro-Gelfand-Fuksalgebrawhichis its centralextention). Eachof thesestates

generatestheso-calledVerma-module— the infinite-dimensionalhighestweightrepre-

sentationplaying importantrole in thewholetheory. All thosealgebraicobjectsarenot
clearlypresentedin thePolyakovet al. theory.

Themainpurposeof our papersistheconstructionof theoperatorfieldson theRie-

mannsurfacesof arbitrary genus.

The correspondingoperatortheoryof interactingstringscanbe consideredas the

directdevelopmentof Virasoro-Mandelstamtheory for g > 0 and its unificationwith
Polyakov-Belavin-Knizhniktheory.

1. TENSORSON THE RIEMANN SURFACES.ANALOGUES OF
THE FOURIER-LAURENT BASES. ALGEBRAIC FUNCTIONS AND
VECTOR FIELDS. SPINORS.

Let’sconsiderthesimpliestone-string<<diagrams>>(Riemannsurfaces)corresponding

to theworld sheetofthestringwhichcanin theintermediatemomentsbreakup intoafew
components,thanglue someof themandetc. Theadmissibleprocessescanbedescribed
in thefollowing way. The triple (F , P.. , P_) would be calleda <<one-stringdiagram>>,

where F-compactRiemannsurfaceofthegenusg � 0, P~,P~-two pointson it. The
holomorphicco-ordinatesin the neighbourhoodsof thesepoints would be denotedby

z~(Q), where z~(P~)= 0.

Thereexiststheuniquedifferential dk with the followingproperties:

a) it hassimplepoles at P~with the residues±1 and is holomorphicon F
outsideP~

b) thefunction Re k(z) issingle-valuedon F (i.e. all theperiodsof the differ-

ential dk on ‘y\( P~U P_) are purelyimaginary).

Thefunction Re k( z) would be denotedby r( z) and would becalled‘stimes’. We

shall denotethe curves ‘r(z) = const = 7~by C1., the domainsr~< T <~ r2 by
C~.2(Riemannannulus).Thecurves C1. for r —‘ ±00 tendsto smallcircles around
the points P±,respectively. In theneighbourhoodsof points P~the canonicalco-

ordinatesz~canbeintroducedsothatthedifferential dk would havetheform:

11 dk dz~/z~ (nearP~),( . dk=—dz_/z_ (nearP_).

For g = 0 wehave: F CP’ S
2,z~= z, z_= w z~1,P~ 0, P_ = oo. For

g > 0 thedomainsof definitionof canonicalco-ordinatesdo not intersect.
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REMARK. The general<<multistring diagrams>>canberepresentedby theset (F, P.~,

P.~,c~,c~),where P.
1.~,P_1 arethepointsof the surfaceF and c~,—c~arepositive

realnumbers,suchthat

(1.2)

Thereexiststheunique meromorphicdifferential dk on F with simplepoles at

P~1,P_~and the residuesc~,c~’atthesepointsand suchthat the function Rek(z) is
single-valuedon F. Again we shalldenotethis function by r( z) and call it <<times’.
Thetheoryof multistringdiagramswouldbeconsideredin detailinourpapersto follow.

Let’s considerthe tensorsof the weight A on theRiemannsurfaces. In local co-
ordinatesholomorphictensoroftheweight is definedasthevalueof theform:

f f(z)(dz)~’

with the following transformationlaw underthechangingof local co-ordinate

f(z)~f(z(w))(~ A
\ dw

The definitionof thetensorsof the complexweight A require the introductionof

someadditionalstructureson the Riemannsurfaces.We shallconsiderthem in some

specialcasesbelow. The definition and investigationof tensorsfor the integer A can
be obtainedwithoutanydifficulties. Theimportantcase A = f (spinors)requiresthe
introductionof a spinorstructure.

The most importantcaseswhich are necessaryfor theconstructionof the operator

theoryareasfollows:

A = —1 (vector fields)

A = 0 (scalars)

A = ~- (spinors)

A = 1 (differentials)

A = 2 (quadraticdifferentials)

Let’sdenotethe value

S ~-—A(g— 1)

by S= S(A, g). From theRiemann-Rochtheoremit follows that:
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LEMMA 1. For any ~-.~one-string.~’diagram (F, P~,P) in thegeneralposition, any

integerA, integern+ ~- (exceptfor thecaseswhich wouldbelistedbelow)thereexists

theunique,upto theconstantfactor, tensorf~with thefollowinganalyticalproperties:

a) tensor~ is holomorphicon F exceptfor thepoints P~,whereit possibly

hasthepolesoffiniteorders:

b) nearthepoints P~ithas thefonn

(1.4) f~= const~ + O(z~))(dz~)A.

Weshalldenoteby MA the space of tensors meromorphic on F with the poles only
at the points ~d:~

Theexceptionalcasesareas follows:

1
g=l, n=~-,

9>1,

In thesecaseswecandefine f~usingthefollowing asymptoticsnear P~.

~
(1.5)

A=l:f,=0(l)zdz,f~=0(l)zI’dz,l,~<~

The natureof theseexceptionsis verysimple. For g = 1 thereexistsholomorphic

non-zerodifferential dz on F correspondingto euclidianco-ordinatez on F. That’s
why anytensorcanbegloballypresentedin theform fA = f(z) ( dz) A where f(z)

is a scalarfunction. In this casethereexistsno actualdifferencebetweenthe tensorsof
differentweights.

For A I and g ~ I thereexist g holomorphicdifferentials. Thesedifferen-

tials togetherwith thedifferential dk which was introducedabove,generatethe (g +

1)-dimensionalspace,correspondingto the indices In~< ~-. The choiceof the basis
in this spaceis non-canonical;belowweshalluseconditions(1.5). Thecase A = 0 is
dual to A 1 and weshallusetheconjugatebasis.

Thereexiststhenaturalscalarproductof the tensorsof theweights A and (1 — A)

(1.6) (fA,
91_A) = .L, fAgl_A~
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From the definitions(1.4, 1.5) it follows that, after the appropriatechoiceof constant
factors,thebasesf,~’and f,~aredual

(1.7) (f~,fl_A) =

Let’s now considertheso-calledBaker-Akhiezerfunction which is widely usedin
thetheoryof periodicdifferenceoperatorswith scalarcoefficients(in particular,in the
theoryofperiodicTodalattice,discreteKdV equation[9, 10] andin thetheoryof general
commutativedifferenceoperators[11, 12]). This function F~(n~z) is definedfor any
triple (F,P~)and anysetof g pointsV = (‘y~+ . . .+ 19) in generalposition.It has

theasymptoticsnearpoints

F~(n,z) = const .z~(l+ O(z±)), nEZ,

andoutsidethem — simplepolesat thepoints ‘yr,... , 19• if all thesepolestend to the

points P~then

for g =
2q: F~(n,z) —+ f~(z)= F~

0(n,z),Vo= qP4 + qP_,

for g=2q+ 1: F~(n,z) ~ =F~0(n,z),V0=qP~+(q+ 1)P_.

Hencefor A = 0 our basis ~ is the particularcaseof theBaker-Akhiezerfunction

correspondingto the specialchoiceof the set of poles at points P~.For A ~ 0 the
considerationof thevalues

F~(n,z) = f~/f~

reducesthe generalcaseto scalarBaker-Akhiezerfunctions. The divisor VA of the

polesof this function for A ~ 0, 1 in generaldo not containthe points P~and arenot

special.Weshallcall tensorsf~(z) = FA( n, z) the ‘stensorBaker-Akhieserfunctions’.
It is thecommoneigenfunctionofthecommutativedifference(in respectto thevariable
n) operatorsandthecurve F is thecurveof <<spectralparameter>>.

The generaltheta-functionalformulae for F~(n,z) were obtainedin [11]. Hence

the exact formulae for our basictensors canbe easily obtainedfrom the soliton
theory. From theseformulae it follows that coefficientsof thedifferenceoperators(the

eigenfunctionsof which are f~( a)) are quasi-periodicfunctions of thevariable n.
Hence,onecanusetheavaragingprocedureand obtain thefollowing analogueof the

Fourie-Laurentexpansion.

THEOREM I. Let C7 be non-singulari For anysmoothtensor fA of theweight A on

C7 expansion

(1.8) fA(a) = ~f,~(cr) x (~-.fA1)fa1daF)
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is valid. Thesameexpansionis valid for the tensorsf)~(z) which are holomorphicin

theRiemannannulusCr,r. Theconvergenceofthisseriesisthesameasin theordinary
Laurent-Fourierseries.

(Thetheoremis valid for singularcontours C7 but smoothnessconditionsin these
casesareslightly morerigorous.Thetheoremisvalid independentlyof whetherthe C7

contouris connectedor noL)
Theimportantpropertiesof our basesf~(which immediatelyfollow from thedefi-

nition) are their almost-graduatedstructurein respectto themultiplication

— ‘~~‘ ()Aj~,k rA+p
(1.9) ‘~s Ins — ~_, ‘~n,ffi Jni~rn—k’

IkI�I

(1.10) [e~,f~] = ~ R~f~rn_k,9O =

kI<g>

Here and below we use the notations

(1.11) ~

For exceptional cases A,~i = 0, 1; I~I< ~ or ml � ~- the sumin (1.9, 1.10)must
includetheadditionaltermswith lkl = + ~ Iki = g0 + e where e = 1,2 (seeexactly

in [1, 2]).

DEFINITION. Analmost-graduated(N -graduated) algebra L (or module M over L)
is an algebra(or module)whichcanbeexpandedinto directsumof the subspaces

L=~L~, M=>~M~

sothat

L2L, E >
IkI<N

(1.12)
L.M1 E ~

IkI<N

Accordingto (1.9), we havethe commutativealmost-graduatedalgebra A’ of scalar

functionson F with thebasisA0 and the N = g0-graduatedLie algebraLr with its
basise~.
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All thespacesMA of the tensorsare N-graduatedmodulesoveralgebrasAr (N =

and IT(N=90,g>1).

Theotherexamplesof thealmostgraduatedmodulesin contextof thesolitontheory
are discussedby the authorsin their work [I]. Herewe shallbriefly consideronly the

simplest generalizations of the modules MA which are particularly important in the case
A = ~. The corresponding modules M~’~’depend on the set of data (F, P~,p, ~ v)
where: a is the line which connectsthepoints ~±; p: ~1 (F) —~ C~is the character

of the fundamentalgroup 711(F);p is an arbitrary complex number.
The module M~’~’

1’ is the space of the (multi-valued)tensorsof theweight A which
areholomorphicon F exceptfor thepoints P~andthe line a. Along this line a the
boundaryvaluesof suchtensorsmustsatisfythe following relation

f(z) = e2~”’f(z), a E a.

For each closed cycle ‘~ e 71~(F)the changingof f” E MP,~,Pwhenmovingalong

1~is the multiplication fA by the complex number p(’y).
The cases p( 1) = ±1 correspondto spinor structures on r.

LEMMA 2. If A = ~-, (e’ — p) isa half-integerandp is therepresentationin the‘sgeneral
position~,thereexiststheunique,up to theconstantfactor, spinor CI),,( z,p) �
whichin theneighbourhoodsofthepointsP~hastheformof

(1.13) i~(z,p)= const .z~”~(l+

For an integer p thetensor~ doesnotdependon a.

The representation p such that p( 1) = ±1 isin generalpositioniff (for generalF)

the corresponding spinor structure is even.
The analoguesof the almost-graduatedproperties(1.9, 1.10) arevalid forspinors

(1.14) cI~~(z,p)cD~(z,p) = ~

IkI�f

(1.15) [e~,11~~J= ~ ~

In casep(’y) = ±1(spinorstructures,p = p’) spinors CI~,aresquarerootsfrom the
meromorphicdifferentials.

Wecan unite the data p, ~ consideringthemasthecharacter

p:ir
1(F—(P~UP_))-->C’.
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2. RIEMANN ANALOGUES OFHEIZENBERG AND VIRASORO ALGEBRAS

The reparametrizationgroup— i.e. thegroup of thediffeomorphismsof the circle—

is anaturalgroupof symmetriesofthetheoryof closedbosonicstring. Its Lie algebrais
the algebraof thevectorfields on the circle. Foreachparametrizationp of thecircle,
thesubalgebrasZ÷,Z_, Z0 canbe introduced

(2.1)

where Z0 isonedimensionaland generatedby thevectorfield e0 = z ~, z = e’W and

subalgebrasZ~aregeneratedby thevector-fields

e0EZ÷, e~0~Z,n>0; e0=z0+1~_.

The algebraZ, as it hasbeenshownby Gelfand-Fuks[13], has a singlecohomology

class- centralextension,which is definedby thecocycle

(2.2) x(f,g) = —~-—J(f”g — g”’f)dz,
48iu s’

where f = f( a)~-, g = g(z) ~- are vector-fieldson thecircle. In this extentionthe

commutatorsof theelementshavetheform

[f,g] = (f’g —g’f) ~+ x(f,g) .t, [f,t] = 0.

- Thisextentedalgebrawould be called<<Gelfand-Fuksalgebras>>and denotedby Z,~.
At thebeginningofthe70-iesthisalgebrawasindependentlydiscoveredby physicists

(Virasoro,Mandelstamand others)in thecontextof constructingtheoperatorquantiza-
tion of the string. To be more precise,they havefound the Z-graduatedsubalgebra

L~of Z, which consistsof the centralelement t and all trigonometricalpolynomial
vector-fields(i.e. all finite combinationsof vector-fields e0 and t)

L~C Z~, L~= ~ L~= (e0), n~0,L~= (e0,t).

(2.4) nEZ —

[e0, em] = (m — n) en+m + ~ 12

This Z-graduatedalgebraL~is called<<Virasoroalgebras’. It has theobviousdecom-
position,correspondingto (2.1)

= + + L_.
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Themostimportantrepresentationsof theVirasoroalgebraaretheso-calledright <<Ver-
mamoduless’ ~ Themodule W,~has the<<highestvector>> ~pR whichsatisfiesto
thefollowing relations

(2.5) L~pRO eotP~~=h~VR,t~V~?=ckYI~.

Thespaceof therepresentationW~is thespaceof thefinite sumsof thebasisvectors

of theform:

~ fl1�~~2.�...�flk>O.

For the generalpairs (h, c) themodule W,~is irreducible. The reduciblemodules
W,~correspondto thepairs (h, c) such that Pn,m (e,h) = 0 where ~n,m is oneof

the<<Kac-polynomialss’.
Theleft Vermamodule W/~hasthegeneratingvector ~ L

pL~~ qIL~
0~qJL q~~L~=~pL

Thedetailsof therepresentationtheoryof theVirasoroalgebracanbefoundin [14].
Thesimpleandimportantexampleofthe reducibleVermamodulecorrespondsto the

<<vacuumsectors’,where h = 0 and c isarbitrary. If h = 0 thenthenon-trivial vector
i.jiR = ~~pR satisfiesthe relations:

L~~1”~0,e0
5’~~=—’P~~,t+’~=c41’~.

If W,~ is reduciblethenthe irreduciblerepresentationcanbeobtainedas the factor-
moduleof ~ overthe idealswhicharegeneratedby all the<<singular-vectorss’~~JJ?E

W,~suchthat L+’PJ~= 0.
The vacuumsectorin the stringtheory is irreducible. Hence,wemusthavein this

sectortherelatione_
1 = 0.

Let’s considernow the Heizenbergalgebrawhich is moresimple then the Virasoro

algebra.Thisalgebrahasthebasis a0,a , t, n> 0, with thefollowingcommutators

[an,am] = [a~,a~] = [t,a0] = [t,a] = 0,
(2.8)

[a0,a~] = ~n,m •~•

Thisalgebra A alsohas thedecomposition

A =A÷+ A0 + A_
(2.9)

(as) (t) (a).
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Theanaloguesof rightVermamodulesfor this algebraarewell-knownin theelementary

quantumtheory. The generating vector ‘l’~ in this caseis called<<in-vacuums’

(2.10) A~P~ 0, t’P~ ~~vac

The space of the representation of algebra A (Verma modules) is calledtheright (or in)
bosonicFock spaceof the scalartheory. Its basicvectorshavetheform

(2.11) a~. . .

The left (or out-) Fock space canbe defined in similar way. As it wasshownat the

beginningof 70-ies the physicists, the operators

(2.12) = ~- ~ : a0a_,~÷t: ; a~=

generateVirasoroalgebrawith centralchange c = 1, L~~ —ek. Here the <<normal
orderings’hasbeenused:

anam,: aa~ := aa~,

:a0a~:=: a~a0:= a~,a0.

The geometricalrealizationof VermamodulesoverVirasoroalgebrahasbeenpro-
posedby Feigin-Fuks[14]. Foranycomplexp thetensorsof theweight A onthecircle

with the <<multiplicator>> p

f = f(~)(dw)A,f(~+2~)= e
2~f(~)

canbedefined.In thespace M~of suchtensorsthe tensors

=

arebasic.
The finite linearcombinationsof the basicvectorsgeneratethemodule M~.Let’s

considertheright semi-infiniteforms— exteriorproductsof theform

(2.16) ~

suchthattheconsequence(n
1, n2,... , n8,...) becomesstablefrom somenumberon.

Thismeansthat for some k and k0,n3 = s+ k— 1 > k0. Thesimplestvectorsof such

form are

(2.17) = f~~A f~’4~A fk~P2A
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The action of the vector fields e0 on the forms (2.16) can be correctlydefinedwith the
helpof Leibnit.zrule for n~0. The attemptto definetheactionof e0 with thehelpof

thecommutator’srelationsleadsto the representationof thecentralextentionof L, i.e.
to therepresentationof theVirasoroalgebra(2.4) with thecentralcharge

c= —l2A
2 + 12A —2.

Thespaceof all right semi-infiniteforms isthedirectsum

— nuR
VVA~p “Apt,

keZ

where WA~~,kis generatedby Virasoroalgebrafrom vector ‘1’~1~(2.17). The cone-

spondinghighestweightequalsh~=~(p+ k—A) x(l —p—k—A).
In thesamewaythespaceof the left semi-infiniteforms canbedefined. Thespace

~ is thespaceof finite linearcombinationsof theleft semi-infiniteform:

(2.20) ... A f~’A ... A f~’A f~”

where m
8 = k — a + I for a> k0 for some k0.

W~= ~ W,,”T?,~,‘i’~= ... A f~A f~’1A fAP

kEZ

Thisconstructionoftherepresentationof theVirasoroalgebraisbasedonspecialFourier

basisin thespaceof tensorsonthecircle. Ourconstructionof theoperatorfields on the
Riemannsurfaces,thedefinitionsandinvestigationsoftheir vacuumexpectationvalues
(Greenfunctions)widely usedtheanaloguesof thesemi-infiniteform. At thismoment,
especially,theanaloguesof the Fourier-Laurentbases,which were introducedabove,

arenecessary.
To beginwith weshallintroducetheanaloguesof theHeizenbergandVirasoroalge-

brasin thepuregeometricalway.

Let (F, ~±) be an arbitraryone-stringdiagram.Thecommutativealgebra Ar of
themeromorphicfunctionson F with thepolesatthepointsP~hasthebasisA0 =

which wasintroducedin § 1. Theanalogueof theHeizenbergalgebraistheLie algebra

with thebasis a0, t thecommutatorsof which havetheform of

(2.22) [a0,am] = Inns t, [a0,t] = 0; 1mm = ~ f A~dA0.

~ c~

From(1.4) it follows that Inns = 0, ni- ml > const= N,

ni, mi> ~-; N g+ 1, ~> ~-, m~<

N=g+2,Inl,lm~< ~-.
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For g = 0, P.F = 0, P_ = oc weobtaintheordinaryHeizenbergalgebra.

The definition of the analogueof the Virasoroalgebrarequiresthe introductionof
the <<projectivestructures’on the surfaceF \(P÷U P_), i.e. the introductionof the

systemsoflocal coordinates,suchthat theyconnecteachotherwith thehelpof projective
transformationsfrom thegroup SL(2 , C) / ±1. Let’sdefinethecommutators

[en,em] = ~ + Xy,n ~

(2.23)

[e0,t] = 0,

wherethecoefficientsc~in (2.23)arethesameas in (1.10).Thecocyclex(f, g) for
thepairof vector-fields

ff(z)-~-, g=g(z)-~--
c9z

in thesystemof theprojectiveco-ordinateshasthe form
(2.24) x(f,g) —~— f(f”~— g”f)dz,

48irz ,

where ‘1 is thearbitraryelementof thehomologygroup

- [1]EH1(F\(P+UP_);Z).

Theformula(2.24)iscorrectlydefinedbecausethevaluef”g —g”f istrasformedasthe

1-formundertheprojectivetransformationof theco-ordinatea. Thecocycle x canbe
definedin any(non-projective)systemof the co-ordinateswith thehelpof theso-called

- projectiveconnectionR on F, which is holomorphicon F outsidethe points P~.
Suchconnectionis definedin anysystemof co-ordinatesasthefunction R(a), which
is transformedin thefollowing wayunderthetransformationof theco-ordinate:

2 ,,, ,, 2

(2.25) R(z) —* R(z(w)) (~)+ [~-7 — ~(~)] ,z’ =

Thedifferencebetweenthe two projectiveconnectionsis the quadraticdifferential.

In the arbitrary systemof theholomorphicco-ordinates,whereR~0, the cocycle
(2.24) canbepresentedin the form of:

(2.26) x(f, g) = ~ j( f”g — g”fx — 2 R( f’g — g’f) )dz.

Thecohomologyclassof thesecocyclesdoesnotdependon thechoiceof theprojective

connection(i.e. on thechoiceof projectivestructureon F) but for our purposethe
choiceof thecocycleis important.
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THEOREM 2. All almost-graduatedcentralextensionsof the algebra Lr (i.e. such
extensionsof the algebra Lr that x(e0,em) = Inns = 0 ~f In + ml > const) are
definedby theformulae(2.24)or(2.26), wheretheclassofhomology[I] istheclass

ofthecycle C7, whichseparatesthepoints P~and P_ on F. .

CONJECTURE.

H
2(LrR) =H

1(F\(P~UP_),R).

It mustbementionedthat the Riemannanalogueof the Heizenbergalgebrawhich
wasdefinedabovewith the help of the formulae (2.22),is also almost-graduatedif the

homologyclass [1] is theclassof thecycle C7.
Below we shallconsideronly almost-graduatedcentralextensionsof Lr and Ar

becausethis structuresare very importantfor ourfutherconstructions.
The complexconjugateanti-holomorphictheorycanbe constructedcompletely in

thesameway. Thestringtheoryinvolves(as for thecase g = 0) boththeholomorphic
andanti-holomorphicalgebras.-Butwe canconfineourselvesto the considerationof
holomorphicpart only becauseholomorphicandanti-holomorphicalgebrascommute
with eachother.

The Riemannanalogueof theVirasoroalgebrahastwo filtrationswhicharegenerated

by theTaylorexpansionsnearthe points P±,respectively
a) L~H...jL1jL~j
b) L~:...JL~JL;1D...
The space L is generatedby thevector-fields e1 where ~ � 9o + n (i.e. the

expansionof e1 near P~beginsfrom z~, k � n+ 1).
ThespaceL; is generatedby the vector-fields e1, 5 < m — g~.
Wehave 1L~L~’ L~

1 n’ mJ n4-rn~

The adjointalgebras

= ~L/L~
1 ,L~

both isomorphicto theordinaryVirasoroalgebra.
Thesimilar filtrations havetheRiemannanaloguesof Heizenbergalgebra.
ThealgebraL~,Ar andspacesof tensorand spinorfields havethedecompositions:

Ar=A++A0+A_ (A=0),

MA=M+,A+MoA+M_A (A=~-,—l,O,l,2),
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whereA~,L~,M+,A aregeneratedby thebasictensors(or spinors) ~A, n, whichatthe

point P.,. havethezeroof theorder � s( A)

s(A = 0) = I for A.,. (scalars)
s(A = —1) = 2 for L.,. (vector-fields)

= ~-) = 0 for A = ~ (scalars)

ThesubspacesA_,L_, M_,A aredefinedin the sameway.
In thedual spaces A —~ I — A the similar decompositionsare dual by definition

accordingto thescalarproduct(1.6). For A = I , 2 wehave

M1=M~1+M01÷M~1 (A=l,l-form)

M2 = M~,2+ M02 + M_2 (A = 2, quadraticdifferentials)

ThespaceM01 consistsof theholomorphicdifferentialsandthedifferential dk which

hassimplepolesat the points P~.The subspaceM02 is the spaceof the quadratic
differentialsholomoiphic exceptfor the points P±wherethey havethepoles of the

ordersnotgreaterthan1. Thedimensionsof thespacesM0 1,A0 equalto g + 1. The
dimensionsof thespacesL0 and M02 equalto 3g + 1.

ThesubalgebrasA.,., A_ are commutative.

Let’s definethesubspaces

- M±AC M~

asthespaceof all the tensorsof the weight A which areholomorphicon F exceptfor
thepoint P.,. or P_, respectively.TheintersectionM~,Afl M_ ,A consistsof thetensors

- which areholomorphic on F everywhere.The peculiarityof thecase A = ~- (for an

evenspinorstructure)is thepropertiesthat

+ M_~= M~,M÷~fl ~ = 0.

In thiscase

= M~.

The spacesM±~aredual to eachotherwith respectto the scalarproduct(1.6).

The analoguesof Vermamodulesfor thealgebrasAr, L~aredefinedwith thehelp

of thegeneratingvectorsand thefollowing conditions
a) A.,.~ = 0, (right (in) Fock space)

= 0, e90 = h’1’c~(right Vermamodule)
= c’P~~.

b) ‘I’,~~A_= 0, (left (out) Fock space)
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= 0,’I’~e_90= h’P~,(left Vermamodule)

=

The operatorbelongingto A~(A_)are annihilation operatorsof <<in-s’ (<<out-s’)
states.

From the existence of the filtrations of A’, L~which are generated by the Taylor
expansions at the points P~it follows that the closure of these spaces are isomorphic
to theordinaryfreeFock spacesandVermamodulesbutwith differentbasicstatesand

different Z-graduatedstructures.
The <<frees’ basicstatesaredefinedwith thehelp of thecanonicallocal co-ordinates

(1.1). ThetransformationmatricesU~from thebases4 to Am= aretriangular.
Thepowers4 correspondto the creationandannihilationoperatorsof the free(in) and

(out) statesfor r —~ ~oc. Hence,formally thematrix

s= u~’u+

definesthe analogueof the Bogolubovtransformationfrom the basisof free in-states
to the basisof freeout-states.But for g > 0 thematrix S is ill-definedbecausethe
elementsof theproductof theinfinite matricesU~,U,. are given by theserieswhich

seemtodiverge.
The basicelementsof theRiemannanaloguesof the Virasoroalgebracanbe rep-

resentedin termsof the generatorsof the quadraticexpressionsas in free caseg = 0
(Sugawara-typeconstruction).Therefore,the Riemannanaloguesof theVirasoroalge-

braare actingin theFockspaces(in- andout-). Thedifferentphysicalstatescorrespond
to the different Vermamoduleswith thedifferenthighestweights h. In particular,the

vacuumsectorsin theright andleft Fock spacescorrespondto h = 0 andaregenerated

by thevectors ‘f’~ and ~ respectively.The centralcharge c would be equalto
thedimensionof physicalspacec = V.

It mustbementionedonceagainthat in vacuumsectorsthe following relationsare
valid:

e90 I’~= 0, e~0-1 ‘

11vac = 0,

~1’v’~ce_go= 0, ~P~~e_
90+1= 0.

(We shall call them <<the regularity conditions of the vacuums’.)

3. THE RLEMANN ANALOGOUS OF THE HEIZENBERG AND
VIRASORO ALGEBRAS IN THE STRING THEORY

Thephasespaceof theclassicalV-dimensionalstringin theEuclideanorMinkovsky
spacesisthespaceof 2 ir-periodic functions X’~(a) and 2 it-periodic 1-form PM(a)
withPoissonbrackets

(3.1) {p”(a’),X~(a)} =
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whereA (a,a’) is the 6-functionon thecircle(which isascalarfunctionof thevariable

a and 1-form of thevariable a’) i.e.

(3.2) f( a) = f f( a’) A (a,a’) da’ -

Thisdefinitionis adeguateonly in the caseof freestring becausein this casethereare
no topological bifurcationsofthestring.

Fora one-stringdiagram(F, ~±) thecontourC.,. playstheroleof thestringposition

atthe fixed moment‘r.

Let X~(Q) , PP(Q) beanoperator-valuedscalarsand I-forms for Q C F which

commutewith eachotheratdifferentmomentsof <<times’ ‘r. Naivequantizationof (3.1)
givesus

(3.3) [x~(Q), Pv(QF)] = —i~”A,.(Q, Q’),

where A,. is the 6-functionon thecontour C,.. As it follows from the resultsof § 1,
this 6-function canbe representedin the form

(3.4) A,.(Q,Q’) ~-~--~A0(Q)dw0(Q’),Q,Q’ CC,..

Let’s expandX~and P~in ouranalogueof theFourierseries

X’~(Q)=
(3.5)

P~(Q)= >~Pdw0(Q).

Thedirectconsequenceof (3.3), (3.4) is thecommutatorrelations

(3.7) [P:,x,~j 7l’~’6m,n~

Thecoefficientsof theexpansionof the 1-form dArn ~1n 1rnnthL~naregiven by the
formulae(2.22). Thentheoperatorsa~whichare definedfrom the expansion

(3.8) (irP~+ c9aX
M)da—>c~dw

0

areequalto

(3.9) = itP +
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LEMMA 3. Theoperatorsc~satisfythecommutatorrelationsoftheHeizenbergalgebra

(3.10) [~,~]1nm7f”’

Thecomplexconjugatedifferentials,scalars,tensorsleadto thedefinitionof theop-

eratorso~which commutewith a~

X~’(Q)= .~A0(Q),P~(Q)=

P(Q)= (5aXP_irP1S)da=~~~n(Q),

~ = fl~1nm, {a~,ew~j= 0.

The Fock spaces of in- and out-states can be defined using the vacuum vectors W~,I’~C

and the conditions

311 c~v~c~ n>~,n=—~.(. ) qiL~ _~pL~ =0 n~—~-vac n vac n ‘ — 2

In theclassicalcasethedensitiesof theHamiltonianand momentumarethe linearcom-

binationsof thevalues

T= ~-(Xa+7iP)2 = I~2~ ~(x0._irp)2 =

Thedefinitionsof thecorrespondingquantumoperatorsrequire,asusual,the definition
ofthe<<normalorderings’.Let’s dissectthe integer(orhalf-integer)planeof pairs (n, m)
into two parts ~ suchthat ~ differs from the integerhalf-planem < n only in
thefinite numberof points. Thedefinitionof the normalorderingdependon thechoice

(3.12) ~ (n,m)E~,
~m~n’ (n,m) E ~

In [2] abit moregeneraldefinitionsof normalorderingwereconsidered.
Wecandefinethe quantumoperators

T(Q) = ~- : 12 := ~ : : dthn(Q)dWm(Q),

(3.13)

D(Q) = ~-: j2 := ~- ~ : ~n~m :

They arequadraticdifferentialson C,.. Hence,they canbeexpandedin the series

(3.14) T=~L~d
2fl~(Q),T=~L~d2c?.~(Q).

The quadraticexpressionsof L~through a~follow from (3.13).
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DEFINITION. Thenonnalordering is admissibleif theconditionsof theregularity of

vacuum

r usR — r usR — n. UI L r — u,L ~ —

vac — LIgo_1 vac — ‘•~~ ‘vac
1~—g

0— ‘vac~’~g0—

arefulfilled.

THEOREM3. The operatorset = —Li, where L~are givenbytheformulae(3.13),
(3.14)satisfythecommutatorrelations(2.23)oftheRiemannanaloguesofthe Virasoro

algebra with thecentral charge t = V. The cocycle Xmm dependson thechoice of
thenomiai orderingbuthiscohomologyclassdoesnotdependon this choice. For the
admissiblenormalorderingthecoffespondingprojectiveconnectionis holomorhphicon
F (for othernormalorderingit hasthepolesatpointsP~).

The proofof thetheoremis given in [2, 3], wheretheexamplesof the admissible
normalorderingarediscussed.

Let’sconsiderthegeometricalrealizationof themodulesovertheRiemannanalogues

of theHeizenbergand Vitasoro algebraswhichare similar to (2.16-2.21).The basesof
spaces of the right andleft semi-infinite forms canbedefinedby thesameformulae(2.16-

2;2 1) using the bases f~.We shall denotethesespacesby W~= ~ W~,W~=

~ W,~omitting in this denotationthe dependenceof thesespaceson the diagram
(F,P~) andthenumberp.

The almost-graduated structureof all modulesunderconsiderationprovidesthesim-

ple proofofthefollowing lemma.

- LEMMA 4. Theactionofthevector-fieldse0 onthespaceofsemi-infiniteformscanbe

correctlydefinedwith thehelpoftheLeibnitznile (andalsotheaction e0 on f~)for

nI >. g~.Thisactioncanbeextendedto therepresentationofour Virasoro-typealgebra

with thecentralchargedependingon thetensorweight A

t=c= —l2A
2+ 12A—2.

Thehighestweightoftherestrictionofthis representationonthesubspaceW~~(W~~)

generatedbyvectortP~R(‘Pt) isgivenbytheformulae(4.9) in [1].

For our purposes the most important casesareas follows:

A = ~-, c = I (for thephysicalscalarbosonicfields),

A = —1,2, c= —26 (fortheghostfields).
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Now weshall considerin detail the first case A = ~-. Let’s considerthefollowing
normalizationof the basicFourier-Laurent-typetensors

3 15 A — J 2~—S~1 +( . ) f~(z)— 1 ~AZ(I + O(z_))(dzDA, S= S(A,g)

Weshallcall it- <<in-normalizations’.It isuniqueup tothetransformationa.,. —~ qz~,f~
..., qn_Sf,,A. It is natural to call the normalization (3.16)—<<out-normalization>>.

(3.16) J~(z) = (~AY
1f~(z)= {+zn~S (1 +

Inparticular,forA = ~ wedefinef~= (I),,,f~ = ~n’ where n ishalfinteger.
Thegeneratingvectors ~P~(‘l’~’~)for any A in thegeometricalrealizationhavethe

form

(3.17) —

I.fI =(...Af,~_
1AfkA,) =

Below weshalluseonly <<in-normalizations’.

Regularityconditionsofthevacuum.
The generatingvectorsof theform (3.17)canplay therole of the in- (out-)vacuum

vectoronly if the numbersk,k’ is suchthatthecorrespondingsemi-infiniteform coin-

cides(up to theconstantfactor) with the exteriorproductof all thepositivepowersof
thelocal parameter

IOA >. (IA z~A z~A..

(3.18) <OAI = (...Az
2 Az_Al) = t’(H~<~,~A)

(in the latestequality at this momentwe considerthe product fln<k’ ~A as formal).
From theasymptotics(1.4),it follows that

(3.19) k= k(A) = S(A,g) = ~- —A(g—l),k’= k’(A) —S(A,g)

LEMMA 5. The vacuumvectors(3.18) satisfy the regularity conditions (2.29).
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Later we shall discussthe physicalmotivation of the regularityconditions(which

weregiven by A. Polyakovand othersin the different language).Laterwe shallcon-
sideralsothe problemof the regularizationof theproduct U ~ which formally is

n<k
diverging.

Thereexiststhenaturalscalarproductbetweenthespacesof theright and left semi-
infinite forms.Forthebasicforms f E W~,ge W~let’s considertheproduct f A g.
If thisinfinite (in bothdirections)form coincidesafterthepermutationwith thestandard

form (theexteriorproductof all basictensorsf~)thenwedefine

(3.20) (f,g)(—l)~, fAg=(—l)~i~z~,

wheree isthesignofthecorrespondingpermutation.In othercasestheproduct (f, g) =

0 would beequaltozero. The scalarproductsof anyelementsf E W~,g E W~can

bedefinedby the linearity. Thebasicforms are theexteriorproductsof thetensorsf~
in the <in-normalizations’.

LEMMA 6. If k and k’ are givenby the fonnulae(3.19) (i.e. the correspondinggen-
erating vectors(3.17) canplay the rolesof the vacuumvectors), their scaiarproduct

(‘f’t,’Yk1~0 iffA=~,k—_f,k’=_~.

A few -wordsshould be said about thenormalizationof the vacuumvectors. It is

naturalto definethevector 0 >= ‘~‘~ using<<in-normalizations’,and vector < 0 I =

‘f’~-using<<out-normalizations’.The normalizedout-vacuumdiffers from the vector
~ (which is takenin the <.in-normalizations’)up to factor

(3.21) <01= (H~~) ~

n<o

By thedefinitionwhich was introducedabove,we have (qIL, Pft) = I Therefore,

(3.22) (0~I0+)=(u~
\n<O

(Westill considertheproductin right-handsideof this equalityformally. It wasshown
by lengo (privatecommunication)that afterthe regularizationit coincideswith thede-
terminantof Dirac operator).

LEMMA 7. TheoperatorsLn actingin thespacesofright and leftsemi-infiniteforms
areself-adjointin respectto thescalarproduct (,) which wasdefinedabove, i.e.

(3.23) (f,Ln9) = (fL~,g), f E W~,gE W~
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Belowthenormalizedin- and out- vacuumswouldbedenotedby 0) (01.

Let’s considerthe spaces1-1k of the Dirac fermions. They are generatedby the
fermionoperators iJ,,, ~1’~with the half-integerindiceswhich satisfythe commutator

relations

(3.24) ~ = ~ = 0, ~ =

The<<vacuums>> OF), (0~I aredefinedby therelations

~vI°F) = ~IOF) = O,u >0,
(3.25)

(
0FI~ = (OFI~ = O,~LL<0.

If wesupposethat theoperators iJ.’,,, ~ havethe <<charges’1 or —1, respectively,then

(3.26) 7i~= ~ p-charge.

Thenaturalisomorphismbetween1i~and W{~,Wi~canbe obtained,if weconsider
thecorrespondences

—b 4~A (multiplicationon

(3.27) —÷ 4- (differentiation)

(OFI -. (u~<
0~‘~) <01, IO~) — 0).

Let (I),~ = ~~(z,p’) be, by definition, the dual half-differential (spinor). According

to (1.13)

(3.28) ~-~--- f ~=

Let’s introducethe<<fermionicoperator-fieldss’

~(z,p) =

(3.29)
~(z,p) = ~~w,p),~(z,p) =

THEOREM4. The chronological orderingproductof the operators~(a,p)~ ( w,p),

where i-( a) > r( tu) is definedcorrectly. For a —* w theoperatorexpansion

(3.30) ~(z,p)~(w,p) + I(z,p) + O(z — w)



652 KRICHEVER AND NOVIKOY

isfullfilled. Thecoefficientsoftheexpansions

(3.31) I(a,p) = ~a~(p)dw~(a)

satisfythecommutatorrelationsofthegeneralizedHeizenbergalgebra(3.32)

(3.32) [°~n(P)’’~rn(P)] =

Let’s definethe analogueS~(a,w,p) of the Sogerkernel.They are uniquelydeter-

minedby the following analyticalproperties.With respectto the variables z,w they

arethemulti-valuedtensorsof the weighL ~- (half-differentials)which aretransformed
alongthecontourson F accordingto therepresentationsp and p’, respectively.For
thefixed w the kernel S~is

a) holomorphicon F exceptfor thepoints P±and a w and the contour a

connectingthepoints ~

b) for theboundaryvaluesof S~,of contour a therelation

= e2’~S,~

is valid. -

c) in theneighbourhoodsof thepoints P~it hasthe form

S, a~O(l)(dz~)’1~.

The analyticalpropertiesof S~,in respectto w (for thefixed a) arethesameasfor

a aftertheinterchanging

p—,—p, z—’w.

Nearthediagonalz = w thekernel S, hastheform

(3.33) S (z,w,p) = + ds~(z,p) + O(z — w).
p z—w

LEMMA 8. a) theexpansion

(334) S~(z,w,p)= ~



VIRASORO-GELFAND-FUKSTYPEALGEBRAS 653

is validfor r(z) > r(w); b) theexpansion

(3.35) S~(z,w,p)= — ~ cI~(z,p)cI~~(w,p)
v�p+~-

is valid for r( a) <r( w). (Here ii — — p ~ Z inbothcases.)

The main term ds~(a,p) of theregularpartof the expansion S~nearthe diagonal
z = w is 1-differential, whichis holomorphicon F exceptfor thepoints~ where
it hassimplepoleswith theresidues±p.Forp = 0 thisdifferentialis holomorphicon

F.
Usingtheresultof lemmafor p = 0 weobtaintheequality

(3.36) I(z,p) = : : ~(z,p)~D.(w,p) + ds
0(a,p).

Thecomparisonof (3.36)and (3.31)gives

(3.37) cr~(p)= ~a~(p) : :

where

(3.38) a~= ~-LJ ~ a~= ~2—f A~ds0,

(3.39) a=.~~t’ I~I>~

1In_v_~I>~+l,InI�~-

Thedifferential ds0 is holomorphicon F. That’s why

(3.40) a~=a~(p)=0, InI>~, n=—~~.

(recall, that A_~= 1 accordingto ourchoiceof thebasis1,3).

DEFINITION. Thevacuumexpectationvalueoftheoperator H isgivenbytheformula

‘H’ = (O~IHI0~)
‘‘p /00 -

\p p
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Thevacuumexpectationvalueof theoperatorsequalsto ([3])

(3.41) (~(z,p)~(w,p))~=S0(z,w,p).

In themodernphysicalliteraturetheformula(3.41)is playing theroleof thedefinition

of thepropagatorof the fermionic fields withoutany constructionof thefields proper.
Thefollowing equality comesfrom (3.37)

(3.42) (a~(p))~= a~(p).

Forevenspinorstructurewehavefrom p = p~’that

S0(a,w,p) = —S0(w,z,p)

Therefore,ds0(a,p) = O,p p~’.

LEMMA 9. Foranevenspinorstructures

(a~(p))~= 0

for all integer(or half-integer)n.

TheusualVick Theoremis valid for the chronologicalproductof the fermionicfields

on anyRiemannsurface

(3.43) ‘Y(z1) ...W(z~)= ~± fI(’V(z~)P(z1)): flkP(zk) :,
I s,JEI k~I

where ‘P (a) arethefields ~(a,p) or ~i~( z,p). Here in additionto (341)we have

(~(a,p)~(w,p))=O, (~(z,p)i4’~(w,p))—O.

4. THE ENERGY-MOMENTUM PSEUDO-TENSOR AND OPERATORS EX-
PANSIONS

As it wasmentionedin § 3, theenergy-momentumtensordependson thechoiceof
thenormalordering.Now we shallintroducethe invariantvalue— theenergymomentum

pseudo-tensor.
Let’s considerthe chronologicalproductof thecurrentoperators.
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THEOREM 5. Thechronologicalproduct V~(z)I~(w), where r( z) > r( w), iscor-
rectlydefined.For z —‘ w thefollowingexpansionis valid

(4.1) ~Iz)I~(w)=V(~’~)2 +2D(z)+Q(z—w).

For anyprojectiveconnectionR, whichisholomorphicon F outsidethepunctures

P±~thecoefficientsoftheexpansionoftheoperator-valuedquadraticdifferential

T(a) = D(z) — ~R(z) = ~Lkd
2~lk(z)

havethecommutatorrelationsof the Virasoro-typealgebra (2.23,2.26),corresponding

to theprojectiveconnectionR.

The proofis given in [3].

DEFINITION. ThevalueT( a) is calledanenergy-momentumpseudo-tensor.

THEOREM6. The chronologicalproduct T(z)T(w), T( a) > r( w), is correctlyde-
fined.Forz—’v., wehave

(4.2) D(a)D(w) V ~ + 2D(a) + T~(z)+ 0(1). •
2(a—w) (z—w) z—w

The vacuumexpectationvaluesof theproductsI( z~)T(z,),..., canbeeasilyob-
tainedfrom thesedefinitionsand Vick theorem.Forexample,

(2~(a)I~(w)) lim lim ( ~(z)~(a~) — 1 ~ x
z

1-..z w1—.tv \\ z—z1J

x ~(w)~(w~)—
\ W—W1

UsingtheVick theoremweobtainthat

(4.3) (D~(z)I~(w))~=—S0(z,w,p)S0(w,z,p).

Theexpansion

(4.4) —S0(z,w,p)S0(w,z,p) = + R~(z)+ 0(a — w)
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definestheso-calledSegue-typeprojectiveconnectionR~(a). It mustbespeciallymen-
tionedthat this projectiveconnectiondoesnotdependon thepuncturesP~.The com-
parisonof the formulae (4.3), (4.4) and thedefinitionof T(a) gives

(4.5) (D(z))~=~R~(z).

EXAMPLE. Let g = 1. Wehave3 evenhall-periodsw~,a = 1,2,3, whichcorrespond
to 3 spinorstructures.TheSeguekernelhavethe form

S0(a,w,p)= a(a—w+w,~)e_h1~(~tL~)
a(z — w)a(t~)

Finally,weobtainthat

=

where a,P-elliptic Weiershtrassfunctions.This resultcoincideswith theresultof [16]
whereit wasobtainedfrom thedifferent approach,usingtheWard identities.

5. A FEW REMARKS ABOUT ~<GHOSTSECTOR>>

The Polyakov-Faddeev-Popovghost-fields in the string theory have the tensor
weights —1 and 2 andare fermionic. Weshalldefinethemby

b(a) = ~b~d
2Ll~(z), c(a) = ~c~e~(a).

ThecoefficientsC~,Cm havetheordinarycommutators

(5.1) [bn,bml+ = [cn,cm]+= 0, [bn,Cm]+ = 5n,m

As it wasshownin [17],thedefinitionsof theenergy-momentumof theghost-fieldand
theoperatorof theBRST-chargecanbeeasily generalizedfor thecaseof theRiemann

surfacesof thegenusg > 0 with thehelpof thebaseswhichwere introducedin § 1.
We do not considerin detail thesedefinitionsbut shallmakea few remarks.
The full Fock spaceincludesthe tensorproductof the<<physical and <<ghosts’sec-

tors. In particular,the vacuumvectorhasto bethetensorproductof the <<physicals’and
<<ghosts’vacuumvectors. The regularityconditionsof the ghostvacuumvectorhave

(accordingto the resultsof the § , 3 for A = 2) the form

I0
2)=’Pd~, k=k(2)=—g0-i-2,

(021 = ‘P,~, k’ = —k(2).
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(5.2) b~IO2)= 0, n� ge—i, c~I02)= 0, n< 90—1,

(5.3) (02Ib~ = 0, n� _9o + 1, (02lc~= 0, n> —g~+ 1.

The operatorsb~canberepresentedin thespacesof thesemi-infiniteforms W~,W~
astheoperatorsof the exteriormultiplicationson f~and theoperatorsc~canberep-
resentedas thederivation with respectto f,~.

As it wasemphasizedin § 3 thescalarproduct of the ghost-vacuummustbeequal

to zero

(5.4) (02102)=0.

Thenon-zeroexpressionscanbeobtainedonly in thepresenceof the insertions.For
example

(O2Ic_icociIO2)=1, g0,

(02Ib_~c~I02), g=1,
(5.5) —1

—90+1

(O2Ib90+2...b90_2I02)=(Hw~2) ~0, p>l.

The operatorsb~for I~I� ~ — 2,9 > 1, correspondto the holomorphicquadratic

differentialswhich are thebasisof the cotangentbundleoverthemodularspaceof the

surfacesof the genus 9. That’s why the squareof themodulusof the value(5.6) de-
finesthemeasureonthemodularspace.Theconnectionof thismeasurewith Polyakov-
Belavin-Knizhnikmeasurewill beconsideredin ourpaperto follow.

Oneof themainquestionsis the definitionsof theghostvacuumexpectationvalue
for arbitraryoperators.Thesameargumentsasfor (5.4) showthat

~(02IT’~i02)= 0.

Thevalue

/ go—

2

II b~I0
2)�0.

fl + 2

isnon-zero,butthereexistsambiguityin suchdefinitionoftheghost-vacuumexpectation
valueof TE~,c, beoausewe canarrangethe operatorsT~and b~in adifferentway.
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6. REMARKS ABOUT THE STATES WITH NON-ZERO MOMENTUM

Herewe shallconsideronly thecharactersp, which correspondto the evenspinor

structures,andtheintegervaluesof momentum.

Let’s definethe stateswith the momentump for a one-componentbosonicfield.
Considerthespaceofthespinorswith thecharacterp andthemultiplicator exp(2irip)
along the line connectingthepoints P~.This spacewasdenotedby MPaP and the

spacesof the semi-infinite forms,which had beenbuilt usingtheir Fourier-typebasis,
weredenotedby Wt’~ W~ - In the caseof integer p thedependenceof these

yP~~P rP~P
spacesonthe line a is absent.

Below it will be shownthat the stateswith integermomentump which we denote

by I~),(pIareequalto

(6.1) I~)= ‘V~J = A iVy,
u>p+

(6.2) (p1 (~~ ‘P~I

\~�~-~ /

Herethe generatingvectors ~PkR,
tpt belongingto the spacesWf~,Wi~were defined

in (2.17).
Themotivation of the factor in (6.2) is thesameas in caseof the definition (0 I It

follows from thedifferencebetweenthe<<in-s’ and<<out-s’ normalization.Thecorrespon-
dance

IO)—’lp),
(6.3)
(OI-~(pI

andthestructureof themodulesoverLr allowustoplot theso-called<<vertexoperators’

~ ~ -

In [3] the following properties

(64) a~Ip)O, n>~, afIv)pIp),

(pIa~0,m<—~, (pla_
1.p(pI

havebeenproved. Theseequalitiesare the consequenceof the representationof the

currentoperatorI( z, p) in the form

(6.5) I(z,p) = : ~ :p ~ + ds~(z,p),
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where : :~-thenormalorderingin respectto thevector p). Thevectors I~)and (~I
are annihilatedby the operatorfor n > 9o and n < —9o, respectively,and are the
eigenvectorsfor theoperatorsL9 and L

(6.6) L901p) = ~-Ip),(pIL_90 = .

The equalities (6.6) meanthe following

LEMMA 10. Theequality

‘

A(±p,P~,P_) = ~ = ~ (~,v)~’,p>0
p p

takesplace. The value A( ±p, P~, P_) depends on P.~., P.. as the tensor of the weight
p

2/2.

REMARK. If weredefine the vertex operator as the operator corresponding to the shift
of the indicesin out-normalizationand redefinerespectivelythenormalizationof the
vectorswe obtainthat

A(p,P~,P_)~A’(p,P÷,P_)

andthetensorweight of theamplituedin respectto the variablesp.~. will be equalto

P2.
7t~romtheresultsof thesoliton theorytheformula

O[p] ((L#_ ~-) (A(P+)

(6.7) ~7,,= E2v(P+,P_)
O[p] ((~+~-) (A(P~)_A(PJ))

follow, where 8[ p1 -theta-functionwith evencharacteristic;E( P~, P_)-Prym-form

92[m1(A(P~)—A(P_))

(~wi(P+)9i[m]) (~wiP_)9im1)

Let’s choosethelocal co-ordinatesa±so that E2 (P
1., P_) = I. Thenthe natural

regularizationgives

(6.8) fJ~)~= (0~I0~) = O[pj(O).
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Fortheintegerp weobtain

(6.9) ul(p P P ) = O[p](p(A(P÷) —A(Pj))
—

9[p](0)
Hereand above the value A( P) is the Abelian map from thedevisorto the Jacobian
torusof thecurve.

This is the situation for a one componentbosonicfield and the integer p. In the

D-dimensionalspacewehave

v-I

(~1v—— ‘

‘ / M=o

(in theEuclideanmetric = ~ = 1).

Thequestionhow to definetheamplitudein the caseof the Minkovsky spaceis yet

notabsolutelyclearfor theauthors.Thereare two possibilitieswhichwere briefly con-
sideredin [3].

In thefirst versionthedefinitionof A(p, P~,P_) goesthroughafew steps.Theam-
plitude mustbedefinedfirst for rationaland then for all the real valuesof momentum.

And finally onecanextendthe resulton the imaginaryvaluesafterthetransformation
p —* ip0. Forthe realizadonof this programit is necessaryto introduceinto the consid-

erationthecontour a betweenthe pointsP~and P_ - Therearedifferentpossibilities
atthispoint aswell. Onecanconsiderall possiblecontoursa ornon-intersecting<<time-
likes’ contours.In any caseit is necessaryto takethe avaragevaluewith respectto the

choiceof a. In thecaseof all possiblecontours a weobtain

(6.11) A(p P P ) = (9[p](A(P+) — A(P_))

\~ E(P~,Pj9[9](0) ,‘

- Thisformula canbe extendedover all complex(for integer p we shall choosethe for-

mula (6.11) insteadof (6.9)). Therefore,in the Minkovsky casethe amplitudehas the
form

(6.12)

where A is givenby the formula(6.11).
The secondversionof thedefinitionof A(5~P~,P_), which was briefly discussed

in [3] is basedon otherdefinition of the vertexoperator(or normalizedstate (pJ). If

suchoperatorcorrespondsto the shiftof indicesof basicform 4,, inout-normalization
for zerocomponentthenweobtainevenin thecaseof integer rj’~the formula

___ - ~ 1A(p’~P P )~
‘0 0’ — Ii. ‘. ‘ +‘ — I‘ /

Wehopethatour futurestudieswill showwhich of the two versionsis correct.
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