
4.5. Hypothesis.  at = a* for all a ~ M ($). 

We leave the verif icat ion of this hypothesis in all the cases ,  where a t is known to us, to the r eade r  (see 
[1, Sec. 11]). 
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B A X T E R ' S  E Q U A T I O N S  A N D  A L G E B R A I C  G E O M E T R Y  

I.  M. K r i c h e v e r  UDC 517.9+513.015.7 

In the beginning of the 1970s Baxter  (see [1-5]) integrated the quantum-mechanics  model of a magnetic 
proposed by Heisenberg [6] and given the name of XYZ model. 

This model descr ibes  a sys tem of N interact ing par t ic les  with a spin equal to 1 / 2 .  Its Hamiltonian H 
acts in the Hilbert  state space ON, 

N 

and has the following form: 

N 

_ _  ~ 1 1 p 

Here Jx,  Jy,  and Jz are  rea l  constants ,  and rJJn are  spin opera to r s ,  

c/~ - - I  ® ... ® ~J ® ... ® I ,  

(1) 
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Baxter ' s  essent ial  a im was to investigate the so-ca l led  eight-vertex two-dimensional  model of c lass ica l  
s ta t is t ical  physics.  It turned out that this problem is intimately connected with the quantum XYZ model. 

The development of methods for the inverse problem of the dispersion theory applied to the study of 
quantum sys tems undertaken by L. D. Faddeev and his disciples allowed them to notice at a certain stage a 
remarkab le  para l le l i sm between Baxter ' s  basic formulas  and formulas ar is ing within the f ramework  of the 
method of the inverse  problem on the quantum level. This, as well as a ser ies  of other considerat ions ,  finally 
led Faddeev, Takhtadzhyan, and Sklyanin to the formulation of the quantum method of the inverse problem. 
This method includes in a natural  way all the essent ial  achievements of c lass ica l  s tat is t ical  physics and of the 
theory of one-dimensional  quantum sys t ems ,  thus the ideas of K r a m e r s - W a a n i e r ,  Onsager,  Baxter,  Bethe 's  
Ansatz ,  and many others.  

The basic relat ion in the quantum method of the inverse problem is the set of Baxter ' s  equations 

2~ (~ @ ~') = (~* Q 5~) R, (2) 

where ~ and Z1 are  (2 x 2) mat r ices  whose elements are operators  in the two-dimensional space ~ = C ~. The 
tensor  product is considered within the algebra of (2 x 2) matr ices  with operators  as coefficients.  The matrix 
R is a numerica l  (4 x 4) matrix.  

The elements of the matr ix  Z are  labelled with two pairs of indices: Zj~, i, j, a ,  /~ = 1, 2. The Latin 
indices re fe r  to the blocks of Z, and the Greek ones are  indices of elements of blocks. 

To each matr ix Z there corresponds  a monodromy matr ix ~ ,  which is a (2 x 2) matr ix whose elements 
a re  opera tors  in the space ~N (here, and fur ther  on, we shall essential ly adhere to the terminology and nota- 
tions of [8]), 

~ - i ,  ct . . . . . .  c~ N i(zl jl(z~ c1~ i N - 1  (zN (3) 

In all formulas  it will be understood that the summation is ca r r i ed  out with respec t  to repeated indices. 

If 3- and $-1 are  the monodromy matr ices  constructed according to the matr ices  Z and Z ~ sat isfying (2), 
they also sat isfy the relat ion 

R ($- @ $-~) : ($-~ @ 3-) R. (4) 

The name of t ransfer  matr ix  T is given to the operator  t r  $- in ~)N, where the t race is taken in the ring 
of (2 x 2) matr ices  with opera tors  as elements.  

To every  solution of Eqs. (4) there correspond commuting t ransfer  matr ices  iT, T 1] = 0. To verify it, it 
suffices to take the t race of the equality (4). 

Baxter  found the solutions of (2) for matr ices  of a special  form 
the e ight-ver tex model 

~ =  c b " (5)  

0 0 

corresponding to the interaction within the 

It turns out that elements of such matrices (up to a common factor) can be parametrized with the help of ellip- 
tic functions with three parameters k, ~, k, 

a = s n ( ~ + 2 ~ l )  , b =sn)~, c =sn2~l, d = k s n 2 ~ . s n  k . s n ( k +  2~1), (6) 

where sn ~ L- sn (;~, k) is Jacobi ' s  elliptic sine (see [9]) with a modulus k. 

With fixed pa ramete r s  ~ and k, the t ransfer  matr ices  corresponding to 5~ (~) commute for different val-  
ues of ~, i.e., 

iT (~), T (~)l = 0. (7) 

It follows f rom (7) that the coefficients of the decomposit ion of T(),) in ;~ commute among themselves ,  and hence 
so do any functions of them. Remarkably ,  it was found that among these operators  we have the Hamiltonian of 
the XYZ model 

d 1 
H = - -  ~n 2~] ~ In T (k) [~-0 ~- -~- f z ] V I N  • (8) 
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The p r e s e n c e  of an in f in i t e  c o l l e c t i o n  of o p e r a t o r s  be ing  i n t e g r a l s  of the  s y s t e m  and c o m m u t i n g  wi th  H c o n t r i -  
bu tes  to the  i n t e r e s t  of the XYZ mode l .  

In the  p r e s e n t  p a p e r ,  B a x t e r ' s  equa t ions  (2) a r e  d i s c u s s e d  wi thout  any r e s t r i c t i o n s  w h a t s o e v e r  c o n c e r n -  
ing the f o r m  of m a t r i c e s  5~. In the  f i r s t  s e c t i o n  we c o n s t r u c t  for  any  e v e n - d i m e n s i o n a l  m a t r i x  i t s  p a r a m e t r i z a -  
t ion  by m e a n s  of s o m e  a l g e b r o g e o m e t r i c  da t a  ana logous  to B a x t e r ' s  p a r a m e t e r s .  This  p a r a m e t r i z a t i o n  of the 
t e n s o r  R (Z ® ~ )  a l lows  us to i n t r o d u c e  in a n a t u r a l  way the c o n c e p t  of the r a n k  of s o l u t i o n s  of B a x t e r ' s  e q u a -  
t i ons .  I t  is  found tha t  a l l  the so lu t ions  of r a n k  1 up to a " c a l i b r a t i o n  e q u i v a l e n c e "  and s o m e  s i m p l e  s y m m e t r i e s  
c o i n c i d e  wi th  B a x t e r ' s  s o l u t i o n s .  In the t h i r d  s e c t i o n ,  a l l  the r e m a i n i n g  so lu t ions  a r e  found. T h e i r  r a n k  is  2. 

I t  is  i n t e r e s t i n g  to note  tha t  for  B a x t e r ' s  so lu t ions  i t  is  c h a r a c t e r i s t i c  tha t  m a t r i c e s  s a t i s f y i n g  (2) a r e  
p a r a m e t r i z e d  by e l l i p t i c  funct ions  wi th  the  s a m e  m o d u l u s ,  whi le  the equa t ions  t h e m s e l v e s ,  a f t e r  p a r a m e t r i z a -  
t ion ,  a r e  t r a n s f o r m e d  into  v a r i a t i o n s  on the add i t i on  t h e o r e m s  for  e l l i p t i c  func t ions .  F o r  s o l u t i o n s  of r a n k  2,  
the  e l l i p t i c  func t ions  no l o n g e r  have the s a m e  modu lus .  Thus Eqs .  (2) y i e l d  r e l a t i o n s  be tween  e l l i p t i c  func t ions  
wi th  d i f f e r e n t  m o d u l u s e s .  

i. "Vacuous" Vectors and Algebraic Curves 

Let ~ be an arbitrary even-dimensional matrix. We shall regard it as a (2 × 2) matrix whose elements 

are (n × n) matrices. Accordingly, the matrix elements of f~ will be labeled with two pairs of indices, f~}~, 

l_<i, j-< n, I_< ~, fl_<2. The operator ~ acts in the space C 2n generated by vectors of the form XQ U, 

where the vector U is two-dimensional, and X is n-dimensional, their coordinates being U s and Xi, respec- 

tively. In what follows, unless otherwise stated, all the vectors are assumed to be normed so that their last 

coordinate is equal to i, i.e., X n = U 2 = i. 

By a ~vacuous" vector of the operator ~ we shall understand a vector X Q U which under the action of 
f~ is transformed into a vector that is also a tensor product, i.e., 

( X •  U) ~ h ( Y Q  V), (9) 

w h e r e  h is  a n u m b e r .  In  t e r m s  of c o o r d i n a t e s ,  (9) t a k e s  the  f o r m  

~g~ X,  Us : h YjV~. (9') 

We m u l t i p l y  (9) on the le f t  by the c o v e c t o r  (V~) = (1, - v )  o r t hogona l  to V; thus V~V~ = 0. 

He re  v = Vt and we put s i m i l a r l y  u = U1. Then 

L X  = O, (10) 

w h e r e  L is  the o p e r a t o r  wi th  c o o r d i n a t e s  

L~ ~ ~ ----- g ~j~U~. (11) 

F o r  the e x i s t e n c e  of a v e c t o r  X s a t i s f y i n g  (10) i t  is  n e c e s s a r y  and su f f i c i en t  tha t  u and v should  s a t i s f y  
the  a l g e b r a i c  r e l a t i o n  

P (u, v) = det L ~ 0. (12) 

This  equa t ion  d e t e r m i n e s  in C 2 an a l g e b r a i c  c u r v e  F. 

In the g e n e r a l  s i t ua t i on  i t  can  be a s s u m e d  tha t  for  a l m o s t  a l l  u the r o o t s  v i (1 _ i -< n) of (12) a r e  d i f f e r -  
ent .  Then to e v e r y  poin t  z ~ F , i . e . ,  to e v e r y  p a i r  z = (u, v) s a t i s f y i n g  (12), t h e r e  c o r r e s p o n d s  a unique  v e c t o r  
X s a t i s f y i n g  (10) and X n = 1. 

A l l  the  o t h e r  c o o r d i n a t e s  X i a r e  r a t i o n a l  func t ions  of u and v and ,  t h e r e f o r e ,  m e r o m o r p h i c  func t ions  of  
z o n F .  

As  in the t h e o r y  of " f i n i t e - z o n e "  i n t e g r a t i o n  [10], one shows  tha t  the n u m b e r  of po les  of X(z) i s  equa l  to 
N = g + n -  1, w h e r e  g is  the genus  of the c u r v e  F. 

Equa t ion  (12) is  of the  f o r m  

P (u, v) = ~ aii u~v j = 0 ,  i ~ ~, ] ~ n. (13) 

In the  g e n e r a l  s i t u a t i o n ,  the genus  of the c u r v e  F d e t e r m i n e d  by (13) is  g = ( n -  1) 2 (see [12]). 

The funct ion h and the v e c t o r  Y(z) a r e  d e t e r m i n e d  by (9'). S ince  V2 = 1, we have 
i(z 

~ X~(z) U~ (z) = h (z) Y~ (z). (14) 
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The func t ion  h(z) is  equal  to the lef t  s ide  of (14) wi th  j = n. 

THEOREM 1. In the g e n e r a l  s i t u a t i o n  the o p e r a t o r  Z is  un ique ly  d e t e r m i n e d  up to a m u l t i p l i c a t i v e  nu-  
m e r i c a l  c o n s t a n t  by the c o e f f i c i e n t s  a i j  of the p o l y n o m i a l  (13) and by the m e r o m o r p h i c  v e c t o r s  X(z) and Y(z); 
the  d i v i s o r s  of the po les  of the l a t t e r  have a d e g r e e  n 2 - n = g + n - 1 and s a t i s f y  the e q u i v a l e n c e  cond i t ion  

D x  + Du N Dy  + Dr .  (15) 

P r o o f .  The e q u i v a l e n c e  cond i t ion  of the two d i v i s o r s  m e a n s  tha t  t h e r e  e x i s t s  a funct ion  h(z) m e r o m o r p h i c  
on F whose  pole  d i v i s o r  c o i n c i d e s  wi th  one d i v i s o r ,  wh i l e  the d i v i s o r  of the z e r o s  c o i n c i d e s  wi th  the o the r .  The 
funct ion  h is  d e t e r m i n e d ,  up to a m u l t i p l i c a t i v e  c o n s t a n t ,  by i t s  z e r o s  and po les .  

To e v e r y  d i v i s o r  D t h e r e  c o r r e s p o n d s  an a s s o c i a t e d  l i n e a r  s p a c e  M(D) of func t ions  having  a t  the points  of 
D po les  wi th  d e g r e e s  of m u l t i p l i c i t y  not  e x c e e d i n g  the d e g r e e s  of m u l t i p l i c i t y  in D of t h e s e  po in t s .  

The R i e m a n n - R o c h e  t h e o r e m  s t a t e s  tha t  

d i m M ( D )  ~ N  - - g  + 1, (16) 

and tha t  i f  the d e g r e e  N of the d i v i s o r  D ( i .e . ,  the n u m b e r  of poin ts  of D counted  wi th  t h e i r  m u l t i p l i c i t i e s )  is  
not  s m a l l e r  than g, then for  the d i v i s o r s  in the g e n e r a l  s i t u a t i o n  equa l i t y  is  a c h i e v e d  in (16) (see [11]). 

The d e g r e e  of the d i v i s o r  DX + DU is  equal  to n 2 = g + 2n - 1. A base  in the s p a c e  of funct ions  a s s o c i a t e d  
wi th  this  d i v i s o r  is  f o r m e d  by the func t ions  X i ( z ) U a ( z ) .  A n o t h e r  ba se  in the s a m e  s p a c e  c o n s i s t s  of the func-  

t ions  h(z)Yj (z)Vfi(z). 

Thus ,  the m a t r i x  Z connec t s  t h e s e  two b a s e s  wi th  each  o t h e r .  To find Z when X, U, Y, and V a r e  g iven ,  
i t  su f f i ce s  to use  (9') wi th  an a r b i t r a r y  cho i ce  of po in ts  z s (1 _< s -< 2n) in a g e n e r a l  s i t ua t i on .  

COROLLARY.  To the m a t r i c e s  ~ and ~ t h e r e  c o r r e s p o n d  the s a m e  p o l y n o m i a l s  P(u,  v) and " v a c u o u s "  
v e c t o r s  wi th  e q u i v a l e n t  d i v i s o r s  D X ~ D X, and D y  ~ Dy ,  if ,  and only if ,  they a r e  connec t ed  by the r e l a t i o n  

~ a  ,~ ~p~,~'q (17) 

w h e r e  G and G' a r e  (n × n) m a t r i c e s .  

This  fo l lows  f r o m  the f ac t  that  i f  the d i v i s o r s  D X and DX, a r e  equ iva l en t ,  then the "vacuous"  v e c t o r s  X 
and X '  a r e  c o n n e c t e d  by the r e l a t i o n  G 'X ' (z )  = f(z)X(z).  

Now we c o n s i d e r  the c a s e  when the p o l y n o m i a l  P(u,  v) c o r r e s p o n d i n g  to the m a t r i x  ~ has  i d e n t i c a l l y  
m u l t i p l e  r o o t s  v i fo r  a l l  u, i . e . ,  P(u,  v) = P/ (u ,  v), w h e r e  P(u ,  v) is  a p o l y n o m i a l  of d e g r e e  n'  in e i t h e r  v a r i -  
a b l e ,  and n = n ' l .  This  m e a n s  tha t  fo r  any  po in t  (u, v) of the c u r v e  F g iven  by the equa t ion  P(u,  v) = 0 the  r a n k  
of the  m a t r i x  L i s  n -  l .  Thus l l i n e a r l y  i ndependen t  so lu t i ons  X a (a = 1 . . . .  , l) of (10) f o r m  an / - d i m e n s i o n a l  
bundle ,  i . e . ,  a bundle  of r a n k  l o v e r  the c u r v e  F. 

We n o r m a l i z e  X a = (X a) by the cond i t ion  X i = 6 , 1 _< i -< l. In the t h e o r y  of " f i n i t e - z o n e "  i n t e g r a t i o n  the 
c o n c e p t  of the  r a n k  of a so lu t i on  was  i n t r o d u c e d  in [13, 14]. In ana logy  wi th  [13], we e s t a b l i s h  the fo l lowing  

a 
a n a l y t i c  p r o p e r t i e s  of the v e c t o r s  X a. A l l  the c o o r d i n a t e s  X i a r e  m e r o m o r p h i c  func t ions  on F having  N = l(g + 
n '  - 1) po les  T1, • • • ,  TN. The r a n k  of the m a t r i x  of r e s i d u e s  of X~ a t  i t s  po les  is  equal  to 1, i . e . ,  t h e r e  e x i s t  
s u c h  v e c t o r s  a s = (asa )  t ha t  resv X~ = a ~  resv~ X~. The s e t  of p a r a m e t e r s  (~s, a s )  is  c a l l e d  the s e t  of " T y u r i n ' s  

p a r a m e t e r s "  o r t h e m a t r i x d i v i s o r s i n c e ,  a c c o r d i n g  to [15] i t  de f ines  un ique ly  the f i t t ed  bundle  of r a n k  1 ( s tab le  
in the s e n s e  of  M u m f o r d ) .  

THEOREM 1 ' .  Le t  be g iven  the p o l y n o m i a l  P(u ,  v) and t h e r e b y  the c u r v e  F.  F o r  any m e r o m o r p h i c  m a -  
t r i c e s  x a ( z )  and Y~(z) (1 _< a _< I) whose  m a t r i x  d i v i s o r s  s a t i s f y  the e q u i v a l e n c e  r e l a t i o n  

D x  -4- D~ ~ Dy  -}- D~v, (15') 

t h e r e  e x i s t s  a unique (2n × 2n) m a t r i x  Z such  tha t  

~iaxa  rr b a j~ i~o~ = Y~V~gb, 

w h e r e  g~(z) is  the m a t r i x  that  b r i n g s  about  the e q u i v a l e n c e  (15').  This  m e a n s  tha t  g~ has  po les  a t  the poin ts  of 
the pole  d i v i s o r  U(z) and a t  the points  Ts. H e r e ,  res~g~ = aza resv~ g~. M o r e o v e r ,  g~ has  z e r o s  a t  the po les  of 

a T V(z),  and a t  the  poin ts  Ts i t  s a t i s f i e s  the r e l a t i o n  = = /~sbgb(Ts) = 0. The m a t r i x  d i v i s o r s  D X (Ts, ~ s a ) ,  D y  
(7~, flsb) have a d e g r e e  N = l(g + n '  - 1), 1 _< s _< N. 
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COROLLARY. The mat r ix  d iv isors  D X ~ D X, and Dy - Dy, a re  equivalent if, and only if, the c o r r e -  
sponding ma t r i ces  Z and ~ a re  connected by re la t ion  (17). 

2 .  B a x t e r ' s  E q u a t i o n s  

Let  5~ and ~1 be (4 × 4) ma t r i ce s .  According to Theo rem 1, these ma t r i ces  a r e  de te rmined  by the poly- 
non'rials 

a I u~v j 0, 0 ~ i, 1 < 2, (18) P (u ,v )  = E  auu~v j - -0 ,  P i (u ,v )  = ~  ij =- 

and by the meromorph ic  functions x(z),  y(z),  x1(zl), y~(z 1) having two poles each and sat isfying condition (15). 
Curves  F and F 1 de termined by Eqs.  (18) a r e  of genus 1, i .e . ,  a re  ell iptic curves .  F u r t h e r m o r e ,  

(X (u, v) Q U) = h (u, v) (Y (u, v) (D V), (19) 

~l  (X i (u l, v l) ~) U i) = hi (u i, v l) (y i  (u i, yl) ~ VI). (20) 

Here ,  capi ta ls  denote two-dimensional  vec to rs  whose second coordinate  is equal to 1, while the f i r s t  coord i -  
nate is denoted by the corresponding l o w e r - c a s e  le t ter .  Points of the curve  F will be denoted ei ther  s imply  by 
z, or  by (u, v); in the la t te r  case  it will be automat ica l ly  a s sumed  that the pair  (u, v) sa t i s f ies  the equation that 
defines F. 

Consider  the tensors  A t and A 2 given by 
ija Go lk~2 c~/C~D{~ 

Ai ~-- Al,pq~ ~--- ~v~ ~qv~kz, (21) 

A h ija D k l ~ i ' ~ c ~ l  jO: 
~--- , * ~ , ~ q ~  ~ ~ v ~  v • ( 2 2 )  

Each of these tensors  can be r ega rded  as a (2 × 2) mat r ix  whose e lements  a re  (4 x 4) m a t r i c e s .  The indices 
and ~ a r e  externa l ,  while the pairs  (i, j) and (p, q) a r e  internal .  

According to Theo rem 1, to the t ensors  A i there cor respond  curves  I ' i  de te rmined  by the equations 

Q~ (u, w) = 0, i = 1, 2, (23) 

of degree  4 in each var iable .  

If the t r ip le t  u, v,  w of numbers  sa t i s f ies  the conditions 

P (u, v) = 0, Pi (v, w) = 0, (24) 

it follows f r o m  (19) and (20) that  

A i (J~ (u, w) Q U) = h (u, v) h i (v, w) (yi (v, w) Q Y (u, v) Q gO, (25) 

where  

(u, w) = R -~ (x 1 (v, @ ® x (u, v)). 

consequent ly ,  (u, w) sa t i s f ies  the equation Ql(u, w) = 0, and the vec tors  :~(u, w) and Yl(v, w) ® Y(u, v) 
a re  "vacuous"  vec to rs  of A 1. 

Simi la r ly ,  we shall  cons ider  t r ip le t s  u, v, w of numbers  sa t is fying the equations 

The n 

where  

P l (u ,~)  = 0 ,  P(~ ,w)  = 0 .  

A~(X(Y,w) Q X l ( u , ~ ) Q  U) = h  l (u ,y )  h(y ,w)  ( ~ ( u , w ) ~  W), 

(26) 

(27) 

]2(u w) = R  (Y(~,w) @ y l (u ,~) ) .  (28) 

Thus,  the pa i rs  u, w enter ing in t r ip le t  (26) sa t i s fy  the equation Q2 (u, w) = 0. 

Bax te r ' s  equations a re  nothing else but the equality A 1 = A 2. 

Consequently,  the following proposi t ion has been proved; 

LEMMA 1. If ~, ~ 1  and R sat is fy  Bax te r ' s  equations,  the polynomials  P and 1) 1 "commute"  in the sense  
of comp~ositions, i .e . ,  Eqs.  (24) and (26) define the s a m e  curve  F with the equation 

Q (u, w) = Qi (u, w) = Q~ (u, w) = 0. 
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LEMMA 2. The  po lynomia l  Q(u, w) is r e d u c i b l e ,  i . e . ,  is d e c o m p o s a b l e  into a p roduc t  of two po lynomia l s .  

P roo f .  If  Q is  i r r e d u c i b l e ,  then f o r  a l m o s t  al l  va lues  of  u the equat ion Q(u, w) = 0 has four  d i s t inc t  r o o t s .  
Thus ,  the t e n s o r  A is of r a n k  1, and,  a c c o r d i n g  to the r e s u l t s  of the p r e c e d i n g  s ec t i on ,  to e v e r y  point  of 
t h e r e  c o r r e s p o n d  ~vacuous"  v e c t o r s  of  the t e n s o r  A = A s = A2, 

A (_~ (u, w) (~ U) : f (u, w) (]> (u, w) ~) W). (2 9) 

Comparing the "vacuous ~ vectors in (25) and (27), we find the equalities 

R (X (~, ~v) ® X ~ (~, ~)) = g (u, w) (X ~ (v, w) ® X (u, v)), (30) 
R (Y (~, w) (~ Y~ (u, ~)) = g~ (u, w) (y1 (v, w) Q Y (u, v)). 

Since the polynomials P(u, v) and Pl(u, v) "commute" in the sense of composition, the structure of the points 
(u, v, w) and (u, v, w) can be of two types, which are visually represented by the graphs below: 

a 

b 

Segments connect pairs satisfying corresponding equations. 

We shall show that the structure of type a) is impossible. Indeed, in this case to the pair xl(u, v I) and 
x(u, vl) , which by (30) satisfies the equation PR~X(U, vl) , x1(u, vl)) = 0 of the "vacuous" curve of the matrix R, 
there correspond two Nvacuous" vectors X(v I, w t) and X(vl, w2) , which contradicts their uniqueness. 

In the case b), the set (wl, w2, w3, w 4) is split up into two pairs, (wl, w 4) and (w2, w3) , that are singled out 
invariantly by the condition that the values of v and v which correspond to w i and wj formed into one pair should 
be different. 

Thus, the curve F splits up into two elliptic curves, F' and F", while the polynomial Q(u, w) is decom- 
posed into a product Q(u, w) = Q'(u, w) -Q"(u, w). The points of the curves F' and F" are the pairs ((u, wl), 
(u, w4)) and ((u, w2), (u, w3)), respectively. Hence the proof of the lemma is complete. 

Consider the curve F'. To any point of it, say (u, wl), there correspond uniquely points of the curves F 
and FI, (u, v I) and (u, vl) , respectively. Consequently, the curves F and F t are isomorphic to F'. Any elliptic 
curve can be parametrized with points z of the complex torus with periods (i, T) where Im T > 0. 

Let u(z) and w(z) be a parametrization of the points of F'; then (u(z), v(z)) and (u(z), v(z)) are aparametri- 
zation of the solution of (18). Since (v(z), w(z)) satisfies the equation l~1(v(z), w(z)) = 0, we have v(z) = u(z - ~) 
and correspondingly v(z) = u ( z -  ~h). 

With the p a r a m e t e r  z ,  Eqs .  (30) take the f o r m  

R ( x  (z - nl) ® x *  (z)) = g (~)(x 1 (2 - 4) @ x (~)). (31) 

Since the divisors of the left and right sides of this equation have to be equivalent, we have ~ i ~  ~ -~ m ÷ n~ 
where m and n are integers. 2 ' 

The equivalence of two divisors ?i and ~/~ on an elliptic curve means that ~7i ~-- ~7~ modulo the periods; 
with a shift by a vector 77 the divisor of the poles of a function having two poles is changed by 2~. 

According to (30), functions Y(z) and Yl(z) satisfy the same relation as X(z) and Xt(z). Thus, they coin- 
cide up to a shift, i.e., 

Y (z) = X (z + ~l~), (32) 
Y1 (z) : X ~ (z + ~12). (33) 
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F i n a l l y ,  E q s .  (19) and (20) t a k e  the  f o r m  

(X (z) (D V (z)) ---- h (z) (X (z -}- ~h) Q V (z -- ~1)), 
~Z ~ ( x  ~ (z) ® u (z)) = h~ (z)(x~ (z + m )  ® u (z - ,h)). 

The  e q u i v a l e n c e  r e l a t i o n  (15) m e a n s  t h a t  

~]~ ~--- ~] -I 2 

(34) 
(35) 

Now we consider the inverse problem. 

Let be given an elliptic curve F, i.e., a modulus k, arbitrary functions x(z), xl(z), and u(z)having each 
two poles on the curve, and also some points 77, Hi, and N2, differing by half-periods. Then relations (31), (34), 
and (35) define uniquely up to a multiplicative constant the matrices f~, f~, and R. 

Remark. In the case of n = 2, i.e., of matrices of order 4, giving polynomial (13) is equivalent to giving 
the modulus of the elliptic curve F and two functions with two poles on it, because for any such functions u(z) 
and v(z) there exists such a unique polynomial P of the second degree in each of the variables that P(u(z), 
v(z ) )  = 0.  

THEOREM 2. Matrices ~, ~ ,  and R defined by (31), (34), and (35) satisfy Baxter's equations. These 
solutions exhaust all the solutions in a general situation for which the polynomial Q(u, w) corresponding to the 
tensor A has not two identically degenerate double roots. 

Under the assumptions that the polynomial Q(u, w) has four different roots w i for almost all u, we have 
found that its roots are parametrized with elliptic functions in the following way: 

Here we assume that u(z) is an even function, for this can always be obtained by a shift of the origin of 
coordinates. Insofar as ~ and ~I differ by half a period, w 2 = w 3. 

Thus, as an addition to Lemma 2, it can be stated that in a general situation the polynomial Q(u, w) has 
either one or two doubly degenerated roots. 

We shall describe these two types of solutions of Baxter's equations as solutions of rank 1 and 2, respec- 
tively. 

In the case of rank i ,  arguing as under the assumption of simple roots of polynomial Q(u, w), we arrive 
at relations (31), (34), and (35). This proves that the conditions of Theorem 2 are necessary. 

To prove the thesis of the theorem, it remains to be proved that the vacuous vectors of the tensors A I 
and A 2 coincide. The coincidence of the vacuous vectors corresponding to simple roots wl and w 4 of the poly- 
nomial Q(u, w) follows from (31). To a double root w 2 = w 3 there corresponds a two-dimensional subspace of 
~vacuous" vectors. Comparing (25) and (27), we find that a base in this space is formed by the vectors 

X (--z) Q X' (z), X (z -- 'I) Q Xl (--z + ~) (36) 

and by the vectors 

R-'(X 1(-z) Q X(z)), B -~(X 1 ( z - n )  G X(- -z+n) ) .  (37) 

Thus, for f6, ~', and R to satisfy Baxter's equations it is necessary and sufficient that, apart from (31), (34), 
and (35) holding, the vectors (36) and (37) should be linearly dependent, that is 

R (X (--z) @ X ~(z)) ---- a(z) (X ~ (--z) QX(z)) -}- ~ (z)(X 1(z-~l) Q X (--z +~l)), (38) 

where a and fl are meromorphie functions. 

The fact that (31) implies relation (38) follows from a more general assertion: 

Assertion. If an arbitrary four-dimensional matrix R is defined by the relations 

R (X (z) (~ U (z)) = h(z)(Y (z) (D V (z)), (39) 
t h e n  we h a v e  
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(x (z) ® , u  (z')) = ~ (z)(Y (z) ® v (z')) + ~ (z)(Y (z' - ~) ® v (z + ~)), 

w h e r e  the v e c t o r  # e o i n c i d e s ,  up to ha l f  a p e r i o d ,  wi th  a v e c t o r  equ iva l en t  to (D X - DV). 

We shall leave this assertion without a proof, showing merely that the matrices Z, ~i, and R obtained by 

"calibration transformations" can be reduced either to Baxter's already known solutions or to solutions obtained 

from them by multiplying them by a certain matrix. 

Let GX, GX~ , and G U be arbitrary two-dimensional matrices; then a "calibration transformation" trans- 

forms an arbitrary solution ~, ~', R of Baxter's equations into a solution of the same equations, viz., 

----- (~x ® ~ )  ~ (G~ 1 ® GS~), (40) 
~ 1 ~  (GXI ® GU) X 1 (GX 11 ® ~1), (41) 

= (Gx~ @ Gx) R (G~ @ G-x~,). (42) 

Wi thout  lo s s  of g e n e r a l i t y ,  we can  a s s u m e  tha t  the d i v i s o r  of the po les  of u(z) i s  equ iva l en t  to the d i v i s o r  
of the po les  of s n z .  Le t  the d i v i s o r s  of the po les  of x(z) and xl(z)  be equ iva l en t  to those  of sn (z + X) and sn  (z + 
#) .  T h e r e  e x i s t  m a t r i c e s  GX, GXt , and G U unique up to a p r o p o r t i o n a l i t y  and such  that  

GuU (z) = fl (z) Sn z, GxX (z) = ]~Sn (z + ~), (43) 
Gx~X 1 (z) = f~ (z) Sn (z + ~), 

w ero veo or 

With  the he lp  of t he se  m a t r i c e s  we s h a l l  pa s s  f r o m  the m a t r i c e s  Z, Z ~, and R def ined  by (31), (34), and 
(35) to the  c a l i b r a t i o n - e q u i v a l e n t  m a t r i c e s  Z,  5~ ~, and f~. R e l a t i o n  (31) b e c o m e s  

/~ (Sn (z -~ )~ - -  ~h) ® Sn (z Jr ~t)) = g (z)(Sn (z q- ~ - -  ~1) ® Sn (z q- )~)). (44) 

If 7 h = V, then t~ is  a B a x t e r  m a t r i x ,  fo r  th is  r e l a t i o n  c o i n c i d e s  wi th  the f o r m u l a  (4.27) in [8] fo r  B a x t e r  m a -  
t r i c e s .  R e l a t i o n s  (34) and (35) a r e  t r a n s f o r m e d  s i m i l a r l y .  A f t e r  a " c a l i b r a t i o n  t r a n s f o r m a t i o n , "  (38) b e c o m e s  
the f o r m u l a  (4.28) of [8]. 

COROLLARY. If ~ = VI = r12, then R, Z, and 5¢* are calibration-equivalent to Baxter's solutions. 

With shifts by half-periods, the elliptic sine is so transformed (see [9]) that 

(4) Sn z -7 = a l  Sn z, G1 = , (45) 

When the v e c t o r  ~1 i s  sh i f t ed  wi th  r e s p e c t  to ~ by h a l f - p e r i o d s  II 1 = 1 / 2  and rl  2 = r / 2 ,  then ,  a c c o r d i n g  
to  (45), (46), and (44), the B a x t e r  m a t r i c e s  a r e  t r a n s f o r m e d  as  fo l lows :  

Ti: ~,  ~ , / {  --+ Z, (1 @ Gi) ~1,/~ (Gi @ t). (47) 

S ince  m a t r i c e s  G1 and G 2 c o m m u t e  up to a m u l t i p l i c a t i v e  n u m e r i c a l  c o n s t a n t ,  the t r a n s f o r m a t i o n s  Ti d e t e r m i n e  
a p r o j e c t i v e  r e p r e s e n t a t i o n  of the g roup  of  h a l f - p e r i o d s  in the m a t r i x  s p a c e .  

S i m i l a r l y ,  sh i f t s  by h a l f - p e r i o d s  of the v e c t o r  V2 d e t e r m i n e  a p r o j e c t i v e  r e p r e s e n t a t i o n  of the group  Z 2 x 
Z 2 in wh ich  the g e n e r a t o r s  ac t  a s  fo l l ows :  

r~: ~ ,  ~x, )7 --+ ~ (ai ® 1), ~ (G~ @ t), ~ .  (48) 

COROLLARY.  A l l  the s o l u t i o n s  of r a n k  1 of  B a x t e r ' s  equa t ions  a r e  c a l i b r a t i o n - e q u i v a l e n t  e i t h e r  to Bax -  
ter~s  s o l u t i o n s  o r  to s o l u t i o n s  ob ta ined  f r o m  t h e m  by m e a n s  of p r o j e c t i v e  t r a n s f o r m a t i o n s  of g roups  Z 2 x Z2, 
the  ac t i on  of the g e n e r a t o r s  be ing  g iven  by (47) and (48). 

3 .  S o l u t i o n s  o f  R a n k  2 

The e s s e n t i a l  p u r p o s e  of the p r e s e n t  s e c t i o n  is  to p rove  tha t  a l l  the s o l u t i o n s  of r a n k 2  of B a x t e r ' s  e q u a -  
t ions  a r e  c a l i b r a t i o n - e q u i v a l e n t  to the s o l u t i o n s  found by F e l d e r h o f  [16].* 

*The e x i s t e n c e  of s o l u t i o n s  o t h e r  than those  of B a x t e r  and a l s o  t h e i r  p a r a m e t r i z a t i o n  [see  (79) in the p r e s e n t  
pape r ]  was  c o m m u n i c a t e d  to the au tho r  by Z a m o l o d c h i k o v ,  who ob ta ined  t h e m  i n d e p e n d e n t l y ,  but s u b s t a n t i a l l y  
l a t e r  than F e l d e r h o f .  
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As shown in the preceding section, besides solutions of the Baxter type, Eqs. (2) can have solutions of 
rank2, i.e., solutions for which the polynomial Q(u, v) corresponding to the tensor A = A I = A 2 has two doubly 
generated roots for all u, 

Q (u, w) = (~z (u, w). (49) 

Cons ide r  Eqs .  (24) defining the polynomial  Q(u, w). If ui and u 2 a r e  roo t s  of the polynomial  (~(u, w) with 
a fixed w, while v~ and v2 a r e  roo t s  of Pl(v,  w), then it follows f r o m  (49) that 

P (u~, v~) = 0, k, m : i,  2. (50) 

We r e p r e s e n t  the polynomial  P(u,  v) in the f o r m  
2 2 

P (u, v) --~ ~ ri (~) v ~ ~-~ ~ q~ (v) u i. 
i = 0  i = 0  

It follows f r o m  (50) that  on the curve  F c o r r e s p o n d i n g  to ~,  t he re  c o r r e s p o n d s  to e v e r y  value of the funct ion 
r(u) a unique value of the function q(v), where  r(u) -- r2(u) / ro(u)  , q(v) = q2(v)/qo(v).  Thus on F these  functions 
a r e  connected by a r a t iona l  t r a n s f o r m a t i o n ,  and the cu rve  i t se l f  is de t e rmined  by the equation 

p ( r ( u ) ,  q (v)) = O, p (r, q) = rq - -  ar  - -  ~ q + 7 .  (51) 

The curve  r 1 that c o r r e s p o n d s  to the ma t r ix  ~ '  is de t e rmined  by an analogous  equation 

pl (r I (u), ql (v)) = 0, pl ~___ rq - -  a~r --  ~q  + 7~. (52) 

Since the polynomials  P and P1 com m ute  in the sense  of compos i t ion ,  the polynomia ls  p and p' c o m m u t e  
in the s a m e  sense ,  too. M o r e o v e r ,  it follows f r o m  it that  

r (u) : q (u) = r '  (u) -~ ql (u). (53) 

If to the mat r ix  ~ t he re  c o r r e s p o n d s  the polynomial  P(u,  v), then to the ca l ib ra t i on -equ iva l en t  ma t r ix  
the re  c o r r e s p o n d s  the polynomial  

( au + b av + b ~ (ctt + d) 2 (cv ' d) 2, P ( u , v ) : P \ ~ ,  c v + d  / ~- 

w h e r e G u = / : b  ) .  

Using ra t iona l  changes  of v a r i a b l e s ,  we obtain f inally the fol lowing resu l t .  

LEMMA 3. If ~ and ~t  a r e  solut ions of r a n k 2 ,  then,  up to a ca l ib ra t ion  equiva lence ,  it can  be a s s u m e d  
that  the c o r r e s p o n d i n g  F and F1 a r e  de t e rmined  by the equat ions 

P(u, v)=u~v 2 -  ~u ~ - ~ v  2 + t = 0 ,  (54) 
P l  (u, v) = u~v ~ --  ~lu ~ - -  ~lv~ + i = O, (55) 

Relation (56) is necessary and sufficient for compositions (24) and (26) of polynomials (54) and (55) to 
coincide. 

The choice of the pair of indices of the tensor A which are regarded as external is arbitrary. Hence, 
to the tensor Aipjq%, it is possible to construct a collection of polynomials Qmn(u, v), where corresponding m~ 

n = 1, 2, 3 are the numbers of the corresponding upper and lower indices. For instance, 

q i j~ Ql~ (u, w) = det (W A,qpUi) = 0 (57) 

{notations of  Sec.  1). Condit ion (57) is n e c e s s a r y  and suff ic ient  fo r  the ex i s tence  of such  v e c t o r s  Xja  and Ypfl 
tha t  

i jet 
ApqpXjczU i = hYppWq.  (58) 

In the new notat ions the old polynomia l  Q(u, w) be c ome s  Q33(u, w). 

Let  the ma t r ix  R be defined by the r e l a t ion  

B (XR (z) @ Ur~ (z)) = g (z)(YR (z) @ VR (z)), (59) 

w h e r e  z ~ FR is a point of the el l ipt ic  cu rve .  We in t roduce  such  polynomia ls  P ~  and P}{ that  

p~ (x. (z), vR (~)) = 0, (60) 
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@ (u~ (z), w (z)) = 0, (61) 

I f  Z and Z ~ a r e  d e t e r m i n e d ,  as  p r e v i o u s l y ,  by (19) and (20), then the p o l y n o m i a l s  p l l  and Pl~ a r e  d e -  
f ined  so  tha t  

p l l  (x (z), y (g)) = 0, P l  1 (x ~ (z), gl (z)) = 0. (62) 

In ana logy  wi th  the p r e c e d i n g  s e c t i o n ,  s u b s t i t u t i n g  i and q fo r  the  i nd i ce s  a and /3, we f ind tha t  the p o l y n o m i a l  
Q12(u, w) of the t e n s o r  A is  d e t e r m i n e d  by the c o m p o s i t i o n s  

t)11 (U, V) = O, P~ (v, w) = O, (63) 

pl~ ~ (u, ~) = 0, p H  (~, w) = o. (64) 

C o n s i d e r i n g  the p o l y n o m i a l  Q21(u, w), we find tha t  the c o m p o s i t i o n s  of  the p o l y n o m i a l s  p2~ and pl  ~ c o m m u t e .  
S i m i l a r l y  to L e m m a  3, we p rove :  

LEMMA 4. Up to a c a l i b r a t i o n  e q u i v a l e n c e  of the m a t r i c e s  g ,  -~ ,  and R,  i t  can  be a s s u m e d  tha t  the c o r -  
r e s p o n d i n g  p o l y n o m i a l s  a r e  

p i ~  ( u ,  v)  = u ~ v  ~ - -  "~u 2 - -  @2 + t = O, (65) 

p l l  ( u ,  v)  = u 2 v  2 - -  71u 2 - -  51v ~ + I = O, (66) 

P ~  ( u ,  v)  = u 2 v  2 - -  7 n u  2 - -  6Rv 2 + t = O, (67) 

w h e r e  

7 + 6 = T R + S R ,  7 ~ + 5  t = 7 ~ + 6 ~ "  

The s o l u t i o n s  of Eq.  (54) can  be p a r a m e t r i z e d  wi th  e l l i p t i c  func t ions  of  m o d u l u s  k = 1 ~ , ~ a f t  as  fo l lows :  

(6 9) 

u (z) = "sn (~, k) = ~n (~, 10 (70) 
V ~  ' v(z)  V ~ - a n ( ~ , k ) "  

This  can be v e r i f i e d  by s i m p l y  s u b s t i t u t i n g  t h e s e  e x p r e s s i o n s  in (56) and t ak ing  into a c c o u n t  the w e l l - k n o w n  
identities 

sn2z + cn:z = t,  k2sn ~ (z, k) + dn 2 (z, k) = 1. 

A l l  the  n e c e s s a r y  r e l a t i o n s  be tween  the  e l l i p t i c  func t ions  used  h e r e  and f u r t h e r  on can  be found in [9]. 

S ince  (54) and (65) d e t e r m i n e  the s a m e  c u r v e ,  we have 76 = c~ .  

U s i n g  an ana logous  p a r a m e t r i z a t i o n  of Eq.  (65), wh ich  can  d i f f e r  f r o m  tha t  of (69) by s o m e  v e c t o r  V and 
by a r e f l e c t i o n ,  we f ind tha t  the m a t r i x  Z is  d e t e r m i n e d  by the fo l lowing  equa l i ty :  

~ - ~ ) @ ( 7 ) ) : h l g ' 6  dn:z --~]')@\ t j 

This  m a t r i x  d e p e n d s ,  up to a m u l t i p l i e a t i v e  c o n s t a n t ,  on the  p a r a m e t e r s  a ,  fl, % 6, V, w h e r e  k = 1 / 4 Y f =  
1 / 4 ~ 6 ,  i . e . ,  

~ c = ~ ( c ¢ ,  8 , 7 ,  6, n), @ = , / 8 .  

F r o m  (71) i t  is  p o s s i b l e  to ob ta in  an  e x p l i c i t  e x p r e s s i o n  fo r  the  e l e m e n t s  of the m a t r i x  

~ =  e2b ec 
eC b 

\ed 0 0 a' / 

a = a s n ~ l  d n q ,  a '  = ~ s n q  d n q ,  

v = o -  n, c = a .  n ,  

d = sg~]  en~] ,  

e =  

where 

It can be verified that the elements of ~ satisfy the relation 

aa"  - -  b 2 -  c 2 - d 2 = O. 

(71) 

(72) 

(73) 

(74) 
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Consequent ly ,  for  ~,  5~ ~ , and R to be solut ions  of r a n k 2  of B a x t e r ' s  equat ions it is n e c e s s a r y  that  they should 
be of the f o r m  

5e = :~ (~, ~, 7, ~, n), ~ = ~ (~ ,  fl,  7,, ~ ,  ~ ) ,  
R = R (7]~, ~ ,  7~, ~ ,  ~ ) ,  

w h e r e  R ~  (a, f ,  7, 5, ~1) = ~% (a, [~, 7, 5, ~1), and that the p a r a m e t e r s  of these  m a t r i c e s  should be connected by 
re la t ions  (56) and (69). 

We r e t u r n  to the vacuous  vec to r s  of  A c o r r e s p o n d i n g  to the cu rve  F given by the equat ion Q33(u, w) = 0. 
C o m p a r i n g  the bases  in two-d imens iona l  spaces  of these  v e c t o r s  for  eve ry  point of F which  y ie ld  the equal i t ies  
(25) and (26), we find that  the fol lowing re la t ions  ought to be sa t i s f ied :  

R (X (++fi, w) @ X x (u, +____~)) =a++_ (X l (v, w) @ X (u, v)) -F ~+_ (X l ( - v ,w)  @ X (u, --v)), (75) 

R(Y(~_%~, w)(~YX(u,  ~__fi)) = ~ + ( Y ~ ( v ,  w ) @ Y ( u ,  v)) -9 ~+ (Yl (--v, w) @ Y ( u ,  --v)). (76) 

The mapping u, v ~ - 1 / v ,  1 / u  d e t e r m i n e s  an a u t o m o r p h i s m  of the f o u r t h - o r d e r  cu rves  given by Eqs .  (54) and 
(55), which is seen  to be a shift  by o n e - q u a r t e r  of the per iod.  It follows f r o m  (71) tha t  

g - U '  - -  ~ ~(u,v) 

The functions xl(u,  v) and yl(u,  v) a r e  s i m i l a r l y  connec ted  with each  o ther .  F r o m  (75) and (76) we find that  then 
the ma t r ix  R should sa t i s fy  

M-U~M = hB -1, (77) 

where 

M ~  0 - 1  
0 0 0 

and h is a constant. 

For R of the form (72) to satisfy (77) it is necessary and sufficient that we should have e 2 = 1 or 7R = 7R, 
I 

6 R = 5 R. 

Considering instead of Q33 the polynomials Q12 and Q21, we obtain analogous relations for the parameters 
of the matrices ~ and , viz. ~ =7, {~ = 6, c~ I =yl, 01 = 51. 

THEOREM 3. For Z, ZI, and R to be solutions of rank2 of Baxter's equations, it is necessary that they 
should be reducible by calibration transformations to matrices of the form 

5~ = 5~ (a, f ,  ~1), 5~I = Z (=1, fl, ~h), R = R (aR, fR, nn), (78) 

w h e r e  5~(a, f ,  ~1) = 2 ( a ,  f, c~, 8, ~1), ~ +  fi = c ~ 1 +  ~ = aR + fiR. F o r  any ma t r ix  Z ( a ,  f ,  0) the re  exis ts  a 
one-parameter family of matrices ~I and R satisfying Baxter's equations. 

All the statements of this theorem, except for the last one, were proved above. 

A direct proof of the latter is rather long and cumbersome. It can be avoided by combining the results 
obtained here with those of Felderhof. 

Formulas (73) with c~ = 7 yield a parametrization of all matrices (up to multiplicative constants) of the 
form (72) (e --- xl) whose elements satisfy relation (74). Felderhof discussed Baxter's equations precisely for 
matrices of this type. He found that for these matrices there exists a parametrization 

a = dn 0 + 9 sn 0 cn 0, a '  = d n  0 --  p sn 0 cn 0, b ~ e sn 0 cn 0, (79) 
c = cn0,  d =  sn0  dn0,  e ~ = p 3 -F k s. 

, i j  M o r e o v e r ,  if  ~ and the modulus k of the el l ipt ic funct ions a r e  cons tan t ,  the m a t r i c e s  ~ (0), ~1 = ~ (0), B~q 
2~q~ (0 --  0') sa t i s fy  B a x t e r ' s  equat ions .  

COROLLARY.  All  the solut ions  of r a n k 2  of B a x t e r ' s  equat ions a r e  ca i i b r a t i on -equ iva l en t  to F e l d e r h o f ' s  
so lu t ions ,  

It is impor t an t  to note that  the p a r a m e t r i z a t i o n s  (79) and (73) a r e  two d i f fe ren t  p a r a m e t r i z a t i o n s  of the 
s a m e  m a t r i c e s .  It would be mos t  i n t e r e s t i ng  to find out which  a l g e b r o g e o m e t r i c  objec t  c o r r e s p o n d s  to the 
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parametr iza t ion  (79) to the extent to which the concept of vacuous vectors  corresponds  to the parametr iza t ion  
(73). We s t ress  once more  that, as opposed to the case of Baxter ' s  solutions, the modulus of the curves of 
vacuous vectors  takes different values. 
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TANGENTIAL SINGULARITIES 

E. E. Landis UDC 517.27 

By tangential singularities we mean singularities of the position of a surface in affine or projective space 
with respect to its tangentially different dimensions. 

The goal of the present paper is the classification of tangential singularities of a smooth hypersurface 
and of the family of level surfaces of a smooth function. 

A line can have, with a surface in general position in three-dimensional space, orderof tangency i, 2, 3, 
4 (with a hypersurface in I~ n, up to 2n - 2; with a level surface, up to 2n - I). 

We classify points of a surface according to orders of tangency of their tangents and according to the 
disposition of sets of points with different orders in their neighborhoods. 

In the case of surfaces in three-dimensional space our classification consists of seven classes. A smooth 
curve of parabolic points (Pl) divides a surface in general position into elliptic (e) and hyperbolic (h I) domains. 
In the hyperbolic domain there is singled out a curve (h2) , on which asymptotic lines have inflection (curvature 
zero). This curve on a surface in general position is smoothly immersed; on it there are singled out isolated 
points of double inflection of asymptotic lines (h3) , points of transversal self-intersection (h 4) and points of 
tangency of lines of inflection with a parabolic line (P2)- 
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