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The p r e s e n t  p a p e r  was  s t i m u l a t e d  by the r e c e n t  r e s u l t s  [1] on the c o n s t r u c t i o n  of s e l f - s i m i l a r  so lu t ions  
of the mod i f i ed  K o r t e w e g - d e  V r i e s  equa t ions  and the s i n - g o r d o n  equa t ions .  Such so lu t i ons  c a n  be d e s c r i b e d  
by o r d i n a r y  equa t ions  of P a i n l e v e  type  [2], for  wh ich  a c o m m u t a t i o n  r e p r e s e n t a t i o n  is found [1]. The p r o b l e m  
of c o n s t r u c t i o n  of s i m u l t a n e o u s  e igenfunc t ions  of a u x i l i a r y  o p e r a t o r s  r e d u c e s  to the R i e m a n n  p r o b l e m .  A c c o r d -  
ing to [1], the ana logues  of the d i s p e r s i o n  da ta  a r e  the t r a n s i t i o n  m a t r i c e s  at  the j u m p s  of this  func t ion  on 

anti--Stoke s ."  

The p r i n c i p a l  d i s t i n c t i o n  of the p r o p o s e d  s c h e m e  is  the u se  of Lax p a i r s  fo r  the i n i t i a l  p a r t i a l  d i f f e r e n t i a l  
equa t ions .  This  a l lows  one to uni te  in  one c o n s t r u c t i o n  the c o n s t r u c t i o n  of s e l f - s i m i l a r  so lu t i ons  and o the r  
w e l l - k n o w n  c l a s s e s  of e x a c t  so lu t i ons :  m u l t i s o l i t o n  and r a t i o n a l .  The g e n e r a l  so lu t ions  ob ta ined  in  the r e a l m s  
of our  c o n s t r u c t i o n  c o r r e s p o n d  to " so l i t ons  a g a i n s t  the backg round  of s e l f - s i m i l a r  s o l u t i o n s . "  T h e r e  is  no 
d i f f icu l ty  in  c a r r y i n g  o v e r  a l l  the c o n s t r u c t i o n s  to n o n t r i v i a l  a l g e b r a i c  c u r v e s  (mu l t i so l i t on  so lu t ions  c o r r e -  
spond in the a l g e b r o g e o m e t r i c  c o n s t r u c t i o n s  to d e g e n e r a t i o n s  of  t h e s e  c u r v e s  to r a t i o n a l  ones) .  This  w i l l  be 
done in  the d e t a i l e d  pub l i ca t i on  of the r e s u l t s  of th is  p a p e r .  

1. F o r  d e f i n i t e n e s s  we r e s t r i c t  o u r s e l v e s  to Lax '  equa t ions  for  o p e r a t o r s  w i th  s c a l a r  c o e f f i c i e n t s .  We 
note tha t  h e r e ,  as  a l s o  in  the c o n s t r u c t i o n  of f i n i t e - z o n e  so lu t ions  of r a n k  l > 1 (cf. [3, 4]), the c o n s t r u c t i o n  of 
s i m u l t a n e o u s  e igenfunc t ions  of s c a l a r  d i f f e r e n t i a l  o p e r a t o r s  u s e s  the v e c t o r i a l  R i e m a n n  p r o b l e m .  

Le t  ~s be the ang le  g iv ing  on the X plane the s - t h  r a y  def ined  by the equa t ion  

Rei)~m(exp(~k)--exp(2~i~ n t))]--0, t~]~, l ~ .  (1) 

Le t  us a s s o c i a t e  w i th  each  r a y  a c o n s t a n t  m a t r i x  G s such  that  Gskk = 1, and the e l e m e n t  G kl (k ~ l) c an  be non-  
z e r o  only for  those  i nd i ce s  for  wh ich  on the c o r r e s p o n d i n g  r a y  (1) holds  and for  wh ich  in  a ne ighborhood  of this  
r a y  the l e f t  s ide  of (1) d e c r e a s e s  upon c o u n t e r c l o c k w i s e  ro t a t i on .  We note tha t  i f  G kl  ~ 0, then  G/s k = 0. The 
i nd i ca t ed  c o l l e c t i o n  of r a y s  is  i n v a r i a n t  wi th  r e s p e c t  to r o t a t i o n  by 2 ~ / n .  Le t  ~(s) be the c o r r e s p o n d i n g  p e r -  
m u t a t i o n  of i n d i c e s .  We r e q u i r e  tha t  the r e l a t i o n  

/o o . . . o  t) 
~ i  0 . . , 0  0 

Go(s) = M-XGsM, 31= | 0  I . . .  0 0 (2) 

\ 0  : ; 0  

be satisfied. 

Let v st and Ps', 1 _< s' < Nn be two collections of complex numbers, invariant with respect to rotation by 

27r/n, and ~-(s') be the corresponding permutation of indices. To them we associate constant vectors a s, = 

(ash ..... O~s, n) and fis' = (fls'l, .... fis,n ) such that a~-(s') = °~s'M, fiT(S') = flS 'M. The pairs (vs', as,), 
(#s', fis') are called "Tyurin parameters" as in [3, 4]. 

To each collection of enumerated "data of the inverse problem" corresponds a unique vector-function 
~D(x, t ,  X) = (¢~, . . . .  '$n) such  tha t  

1 °. The funct ion  ¢ has the f o r m  v~x, t ,  k)~0, w h e r e  v(x,  t ,  M is a p i e c e w i s e  m e r o m o r p h i c  v e c t o r - f u n c t i o n  
on the ex tended  h p lane ,  and the m a t r i x  ~'0 = exp (kQx + hmQmt) ,  Qkl  = exp [ (2u i /n )k]6k l .  

2 °. Outs ide  ~¢, ¢ is  p i e c e w i s e  m e r o m o r p h i c ,  has  j u m p s  on the r a y s  r e  i~s ,  r > 0, whi l e  

~+~ (r) = ¢-~ (r)V~, (3) 
w h e r e  ¢_+s (r) = ~ (re~'%+-i°). 
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3 °. The poles of ,~ l ie at  the points  vs ' ,  and for the r e s i d u e s  of i ts  componen ts  one can  use  the r e l a t i o n  

%,z resvs,~/= as'k resvs, ~ ,  t < k, 1 ~ n .  (4) 

Moreover, let 

n 

>J ~,~*z (x, t, ~ , )  = 0. (5) 

4 ° . 

LEMMA 1. There  ex is t s  a unique v e c t o r - f u n c t i o n  ¢ s a t i s fy ing  the e n u m e r a t e d  r e q u i r e m e n t s  and n o r -  

rea l ized by the condi t ion  v(x, t, h) ~ (1, . . . .  1), h ~  ~. 

The p r o b l e m  of c o n s t r u c t i n g  $ is equ iva len t  wi th  the R i e m a n n  p r o b l e m  on c o n s t r u c t i n g  v(x, t, M. Condi -  

t ion  2 ° is t r a n s f o r m e d  he re  into 

V +s ( r )  = v - s  ( r ) G s  ( r ) ,  (3D 

whe re  ~ (r) = ~o (rei(Ps)GsTo * (rei %). The r e s t r i c t i o n s  on the f o r m  of G s a r e  su f f i c ien t  for the ex i s t ence  of a so lu t ion  
of the R i e m a n n  p rob lem.  In fact ,  we c o n s i d e r  the p iecewise  cons tan t  func t ion  G, equal  to Gs in  the s e c t o r s  
% -< ~ -< ~s + 5q~, 1 outs ide  them.  Then ¢1 = ¢ G-1 s a t i s f i e s  a l l  the r e q u i r e m e n t s  imposed  on ¢, except  for one: 
i t  has j umps  on the r ays  ~s + 6¢. F o r  s m a l l  6~ > 0, i t  follows f r o m  the r e s t r i c t i o n s  on the f o r m  G s that  the 
jump func t ion  G s (r) for ~s + 5~ d e c r e a s e s  exponen t ia l ly  as r - -  ~. The n u m b e r  of l i n e a r l y  independen t  s o l u -  
t ions  of the p r o b l e m  (3), (4), (5) is equal  to n. Condi t ion  (6) s ing l e s  out a v e c t o r - f u n c t i o n  ~ which  is unique up 

to p ropor t iona l i ty .  

The ope ra to r s  ~x, 3t and the ope ra to r  of m u l t i p l i c a t i o n  by A n t r a n s f o r m  ~ into a funct ion  sub jec t  to the 
s a m e  r e s t r i c t i o n s  as ¢, but v(x, t, M, which f igures  in  condi t ion  1 °, c a n  have a pole a t  h = 00. In  the s t a n d a r d  
way,  c o m p a r i n g  s i n g u l a r  pa r t s  one gets 

THEOREM 1. There  ex i s t  unique o p e r a t o r s  

L n =  u i ( z ,  t) Oix, L m =  ~-J ~ i ( x ' t )  O/x 
~0 i~O 

with  s c a l a r  coe f f i c i en t s ,  such  that  

L ~  = ~=¢, (0t -- L,~)¢ = 0. 

COROLLARY 1. The ope ra to r s  Ln and L m sa t i s fy  the equa t ion  

[Ln, Ot - -  Lm] = O. 

COROLLARY 2. Suppose in  the g iven  i n v e r s e  p r o b l e m  the T y u r i n  p a r a m e t e r s  a r e  a b se n t ,  i . e . ,  N = 0. 
Then  the c o n s t r u c t i o n  ind ica ted  leads  to a s e l f - s i m i l a r  so lu t ion  of Lax '  equat ion.  

The a s s e r t i o n  of the c o r o l l a r y  follows f r o m  the fact  that  for N = 0 the data  a r e  i n v a r i a n t  wi th  r e s p e c t  to 
the sca l e  group ,  which  means  ¢(x, t ,  k) = ¢(/3x, fimt, p - lM.  Simple  c a l c u l a t i o n  shows that  the n u m b e r  of p a r a m -  
e t e r s  i s  equal  to r e ( n -  1), i . e . ,  for mutua l ly  p r i me  n and m it is equal  to the d i m e n s i o n  of the space  of s e l f -  
s i m i l a r  so lu t ions .  

If a l l  Gs = 1, then the c o n s t r u c t i o n  ind ica ted  gives  a so l i t on  solut ion.  

R e m a r k .  Change of (5) to a s y s t e m  of condi t ions  ana logous  to [5] i nc ludes  in  this s c h e m e  a l so  the con -  
s t r u c t i o n  of r a t i o n a l  so lu t ions .  

I I .  T w o - D i m e n s i o n a l  S y s t e m s  o f  K d e V  T y p e  

Let  JJ(x, y ,  t, ~) be def ined by 1°-4 ° wi th  the one change in  1°: 

~F 0 (x, y, t, )~) = exp (~Qx ~- ~m,Qm,y _~_ ~mQmt)" 

Without  loss  of g e n e r a l i t y  one can  a s s u m e  that ms < m. Here  ¢~x, y,  t, ;Q ex i s t s  and is unique.  

THEOREM 2. The re  a l so  ex i s t  unique s c a l a r  ope r a t o r s  L m and Lml ,  whose coef f ic ien ts  depend on x,  y ,  
t, such  that  
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1 .  

2. 
3. 
4. 
5. 

( O y - -  Lm~ ) ~p = (Or - -  L~n) ~ = O. 

COROLLARY 1. [Oy - Lml  , 3 t -  Lm] = 0. 

COROLLARY 2. Fo r  N = 0, the solut ions  of the equat ions obtained a re  s e l f - s i m i l a r .  

For  m s = 2, m = 3 we get  a s e l f - s i m i l a r  solut ion of the K a d o m t s e v - P e t v i a s h v i l i  equation. 
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ASYMPTOTICS CLOSE TO THE BOUNDARY OF A SPECTRAL 

FUNCTION OF AN ELLIPTIC SECOND-ORDER 

DIFFERENTIAL OPERATOR 

Y a .  V. K u r y l e v  UDC 534.213 

1. Let  A be a pos i t ive-def in i te  el l ipt ic d i f ferent ia l  ope ra to r  in L 2 (M); M be a bounded domain  in R m, 
m _> 2. The ope ra to r  A is  defined by a d i f ferent ia l  e x p r e s s i o n  of the f o r m  

+ (1) 
A u  = - -  £o 3 (x)  Oxi a x j  - -  i 

~, j = l  4=1 

on functions sa t i s fy ing  s o m e  se l f - ad jo in t  boundary  condi t ion (Dir ichiet  or  of the th i rd  kind). It  wil l  be a s s u m e d  
• ' j i  i C C ¢  , that  a~ J (z) = a 0 (z), a 1 (z), a~ (z) ~ (@) the boundary  aM is infinitely d i f fe ren t iab le ,  and the o p e r a t o r  A is uni-  

m 
iJ(x)~i~j~CiSi2, C>0,  x ~ M .  f o r m l y  el l ipt ic ,  i .e . ,  ~ % 

i, j = l  

2. The fundamenta l  r e s u l t  of the p re sen t  note is the 

THEOREM. Let  A be a di f ferent ia l  o p e r a t o r  of the f o r m  (1), e(x, y,  ;~) be the s p e c t r a l  funct ion of the 
ope ra to r  A. Then  for  any e > 0 the re  exis t  cons tan ts  C~ '2 such  that  

- -  \ ~ n e q !  J 

for  ~ = ~ (z, y) ~ c ~  -(*/')-8, ~ -~ ~. 

We explain the use  of  the notation. T = T(X, y) is the geodes ic  d is tance  b e t w e e n x  and y ,  Tneg = Tneg(X , y) 
is the "negat ive  eikonal"  (cf. [4] for  m o r e  detail).  Fo r  n(x) >- CX -1/4, Tneg is defined as the geodes ic  length 
of a min imal  two-componen t  cu rve  joining x and y and having ve r tex  on aM, for  n(x) _< C)~-1/4, Tneg = {s2(x, y) + 
(n(x) + n(y))2} 1/2, whe re  s(x, y) is the geodes ic  d is tance  along aM between the pro jec t ions  on aM o f x  and y. 
Here  n(x) [ r e spec t ive ly ,  n(y)] is the geodes ic  d is tance  in the me t r i c  gene ra ted  by A,  f r o m  x to aM ( r e spec -  
t ively ,  f r o m  y to aM). p(x) = det  1/2 II a~j II, whe re  II a~j(x)H = II aioJ (x)[[-~. F ina l ly ,  Jm/2  (z) is the Bes se l  funct ion 
of index m / 2 .  The s ign  + in (2) c o r r e s p o n d s  to a boundary  condi t ion of the th i rd  kind, the s i g n -  to a Di r i ch le t  
boundary  condit ion.  
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