
F o r  the c h a r a c t e r i s t i c  of funct ions  in 91, we r e m a r k  that  fo r  x _< 0 we have  qo(x; X a) = ~p(0; X 2) cos  Xx + 
~0'(0; X ~) s in  X x / X ,  and a l so  tha t  f o r  a r e d u c e d  s t r i n g  S we have by [6] ~0 (0; k S) = (Q(X) + Q I - X ) ) / 2 ,  q0'(0; x2) /x  = 
(Q(X) - Q ( - X ) ) / 2 i .  T h e r e f o r e ,  f o r  an a r b i t r a r y  F ~ 91 (F = srf, ] ~ ~X), Eq.  (3) takes  the  f o r m  (1) if we put h(x) = 
(f~l-x) - if2(-x))/2 f o r  x > 0 and h(x) = (fl(x) +f2{x)) /2  fo r  x ___ 0, so  that  h(x) E L2(-oo, ¢¢). C o n v e r s e l y ,  f o r  an 
a r b i t r a r y  h(x) E L2(-oo, co), it is ea s i ly  v e r i f i e d  tha t  the funct ion  (1) is the F o u r i e r  t r a n s f o r m  of s o m e  f ~ ~ 

Since fo r  a r educed  s t r i n g  S, the v e c t o r  funct ions  Cj(x) = (~0(x; z~), ~0'(x; z~)/zj) (sj e Z) f o r m  a s y s t e m  
which is comple te  in #s  (cf, [6]), ~ = ~ # s  co inc ides  with the c l o s u r e  of the l i n e a r  span  of the funct ions  Qj(X) = 
~ ¢ j  (x) . A s imple  ca lcu la t ion  shows that  up to  a cons tan t  f ac to r ,  Qj(X) co inc ides  with QlX)/ iX - zj) .  

We have t he r eby  obtained a new jus t i f i ca t ion  and, at the  s a m e  t ime ,  g e n e r a l i z a t i o n  (for the case  of an even 
weight) of the r e s u l t  of G u r a r i i .  

Akh ieze r  and G u r a r i i  have  a l so  obta ined a g e n e r a l i z a t i o n  of the P a l e y - W i e n e r  t h e o r e m  fo r  the t r a n s -  
f o r m s  which they c o n s i d e r e d  - f o r  an en t i r e  func t ion  ~ ~ ffa of d e g r e e  g(P)  + c~, the p ro j ec t ion  F of G onto 9l 
has  a r e p r e s e n t a t i o n  (1) in which h(x) = 0 fo r  [ x I > o~. This  r e s u l t  can be extended in the c a s e  when the 
s t r i ng  S is r e g u l a r ,  Joe., 5~ < co . In this ca se ,  Q(X) t u r n s  out to  be a funct ion of finite d e g r e e  (~ = a(Q) < ~) 
and thus s a t i s f i e s  the condi t ions  of G u r a r i i .  A r e p r e s e n t a t i o n  can now be obta ined f o r  a ~ ea a l so  when 
0 < ~ (G) < cr (P). Under  this  condi t ion,  C ~ ~ and G can be  r e c o v e r e d  us ing  a su i tab le  g e n e r a l i z a t i o n  of the 
P a l e y - W i e n e r  t h e o r e m  in the theo ry  of s p e c t r a l  funct ions  of  a r e g u l a r  s t r i n g  [9] (cf. a l so  [10]). 
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R A T I O N A L  S O L U T I O N S  O F  T H E  

F O R  Y A N G -  M I L L S  F I E L D S  

I .  M .  K r i c h e v e r  

D U A L I T Y  E Q U A T I O N S  

UDC 517.43 

In this  note  we p r o p o s e  a c o n s t r u c t i o n  fo r  a l a rge  c l a s s  of r a t iona l  so lu t ions  of the dual i ty  equat ions  [1]. 
T h e s e  equa t ions  a r e  equivalent  to  the condi t ion tha t  the o p e r a t o r s  (cf. [2]) 

c o m m u t e ,  where  X is the s p e c t r a l  p a r a m e t e r ,  Bi = Bi(zl ,  z2, ~1, z2) the connec t ion  coef f i c ien t s  in  the c o o r -  
d ina tes  z 1 = i/2(x 2 + ix1); z 2 = 1/2(x 4 + ixs); ~z; ~1 r e s p e c t i v e l y ;  (x 1, . . . .  x~) ~ R 4. F o r  SU(n)-connec t ions ,  B 3 = 
- B  +, B 4 = --B +. We r e s t r i c t  o u r s e l v e s  below to the c a s e  n = 2. 

I. C o n s i d e r  the l i nea r  space  L 2N+2 of p a i r s  of funct ions  (fi(X), f~(X)) r a t iona l  in having poles  at Xl, .... XN- 

A s s u m e  given funct ions  ai(z,  5 ,  X) = ai0 + ail(X - A i) and bi(z,  ~, A) =bi0 + bii(A - Xi) such  that  

Moscow State U n ive r s i t y .  T r a n s l a t e d  f r o m  F u n k t s i o n a l ' n y i  Analiz i Ego  P r i l o z h e n i y a ,  Vol .  13, No. 4, 
pp. 81-82,  O c t o b e r - D e c e m b e r ,  1979. Or ig ina l  a r t i c l e  submi t t ed  D e c e m b e r  28, 1978. 
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(~a I --~ ~2)ai : ( ~ 2  - -  O1)ai = 0 (~, - -  ~ i )  "~, 

(~,01 ~-  O~)b i = ( ) ~  - -  01)hi  = 0 (~, - -  ~,i) ~, z = (zl, z~). (~) 

The s y s t e m  of 2N l i n e a r  equat ions  depending on z,  ~ as  p a r a m e t e r s  is equ iva len t  to  the condi t ions  

and def ines  a t w o - d i m e n s i o n a l  subbundle Z in  R ~ × L ~l+~. 

We wr i t e  the v e c t o r  ffl, f~) in the f o r m  
N 

(f. b.) = L (b~°' a~o) ~ ÷ (9/v÷i, ~N+~.), 

SO tha t  f o r  each  i, one of the equat ions  in (2) ho lds .  The  r e m a i n i n g  equat ions  fo r  the ~0 i take the f o r m  

(2) 

2 a l o b j o -  bloa.io 
)~i - -  ~'.i ~J  4Z d i ~ i  = biotiN+2 - -  aioq'N+l'  di  = bi°ai l  - -  a i°b i i '  i = t ,  . . . ,  N .  (3 )  

We denote  by ~ ( z ,  ~,  ?~) the (2 x 2) m a t r i x  with r o w s  f o r m e d  by the  bas i s  so lu t ions  of  Eqs .  (2). ~I, is d e -  
f ined uniquely up to  mul t ip l i ca t ion  by a nons ingu la r  m a t r i x  g(z,  z-) not depending on X. 

THEOREM 1. Let  ~1 = ~" 6, ~, ~), R~ = ~" ~, e, 0) and B~ = --0~R~.R~ ~, B, = --0~R,.R,: ~, B~ = - - ~ . R ~  t, 
B~ = _ ~ . / ~ t  . Then ~ sa t i s f i e s  the equat ions  L~ ~I" (z, ~, M = 0, L~ ~I" (z, ~, X) = 0 

COROLLARY.  The o p e r a t o r s  L 1 and L2 c o m m u t e .  T h e i r  coef f ic ien ts  Bi define a self--dual connec t ion .  

R e m a r k  1. Changing  the bas i s  s e c t i o n s ,  i .e . ,  the r e p l a c e m e n t  ~ ( z ,  ~, X) = g ( z ,  z-),l~(z, ~, X), is equiva len t  
to  a gauge  t r a n s f o r m a t i o n  of the f~elds. 

II.  A v e r y  s imp le  se t  of funct ions  a i, bi s a t i s fy ing  Eqs .  (1) is g iven  by 

(~+,, b+~) = - ,..~ + t---~ i ~+ I - a '  ~ + ~ / A +  + ~ o '  o . 

H e r e  ~i ,  fib ci  a re  cons t an t s ,  A i E SL(2, C ) a cons tan t  m a t r i x .  (These  equal i t ies  m e a n  that  the row v e c t o r s  
a re  equal.)  

In this  c a s e ,  the m a t r i x  e l emen t s  of ~ ( z ,  ~,  X) a r e  r a t iona l  funct ions  of d e g r e e  2N in the v a r i a b l e s  z 1, 
D 

z 2, z 1, z 2. The f ie lds  B i a re  a l so  r a t iona l  funct ions  of z,  ~.  

E x a m p l e .  Let  N = 1, A 1 = f ,  X~ = 0. We then obtain a one - ins t an ton  so lu t ion  of the dual i ty  equat ions ,  
f o r  which ~ ,  fl define the cen te r ,  and the absolute  value  of the r e a l  negat ive  cons tan t  c in the d i m e n s i o n  of 
the ins tanton .  

R e m a r k  2. It can  be shown that  f o r  points  in gene ra l  pos i t ion ,  the above c o n s t r u c t i o n  co inc ides  with the 
"mul t ip l i ca t ion"  p r o c e d u r e  (cf. [2]) and t h e r e f o r e  conta ins  at a m i n i m u m  the (hN + 6 ) - p a r a m e t e r  f ami ly  of N-  
ins tan ton  solut ions  obtained in [3]. 

R e m a r k  3. An a l g e b r o g e o m e t r i c  c o n s t r u c t i o n  of all  ins tan ton  so lu t ions  was  obtained in [4]. However ,  
so  f a r  it has  not  g iven  an expl ic i t  p a r a m e t r i z a t i o n  of the mani fo ld  of "modu l f f  of N- in s t an ton  f ie lds .  The p o s -  
s ib i l i ty  of obtaining all  N- ins t an ton  f ie lds ,  i .e . ,  smoo th ,  a symp to t i c a l l y  longi tudinal  f ie lds in the f r a m e w o r k  of 
the above c o n s t r u c t i o n  and its g e n e r a l i z a t i o n s  (one of which will  be g iven  below) r e m a i n s  unanswered .  In o r d e r  
to  obtain  s m o o t h  f ie lds  on R 4, it is  n e c e s s a r y  and suf f ic ien t  that  the  m a t r i x  in the l e f t -hand  s ide  of Eq.  (3) be 
nons ingu la r  f o r  all z,  ~.  In this ca se ,  the d e t e r m i n a n t  of ~ ( z ,  ~, X) (which does  not depend on )t, as  fol lows 
f r o m  the def ini t ion of ~)  is n o n z e r o .  The las t  condi t ion  d e t e r m i n e s  a submani fo ld  in the space  of  p a r a m e t e r s  
)~i, ~i ,  fli, ci ,  Ai, i = 1, . . . ,  N, the d i m e n s i o n  of which is  unknown. 

R e m a r k  4. In o r d e r  to obtain SU(2) -connec t ions ,  the d imens iona l i ty  of the p r o b l e m  can  be doubled by 
adding the points  ?~"i+N =-l/-Xi, f o r  which we put ai+N(k) = b i ( - 1 / ~ ) ,  bi+N0~) = - ~ i ( - 1 / ~ ) .  In this  c a s e  h i +  N 
and bi+ N au toma t i ca l ly  sa t i s fy  Eqs .  (1). 

HI. The c o n s t r u c t i o n  p roposed  admi t s  a na tu ra l  g e n e r a l i z a t i o n  which p e r m i t s  c o n s t r u c t i o n  of " e i g e n -  
func t ions"  of the o p e r a t o r s  L 1 and L 2 which a r e  not r a t iona l  in ?~ as be fo re ,  but  a r e  r a t h e r  def ined on h y p e r -  
e l l ip t ic  c u r v e s .  
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The s imples t  general izat ion of a one-instanton solution (ef. Example 1) c a n b e  obtained as follows. Con- 

~N+2 

s ider  the hyperel l ipt ic  curve ~, defined by ~ = 1] (~ - ~J). It is a twofold cover ing of the ~. plane. The d i -  
j = l  

mension of the space L of rat ional  functions on ~, having poles of multiplicity N + 1 at two points 1 ~ on dif-  
ferent  sheets over a fixed point k 0 is equal to 2N + 2 - N + 1 = N + 3 by the R i e m a n n - R o c h  theorem.  

N 
L e t  a (z, ~, ~.) = Z as (z, ~) (~ - -  ~o) ~, b (z, ~, ~) = 2 bs (z, ~) (~ - -  ~o) s sa t isfy Eqs. (1) i n  w h i c h  t h e  r ight-hand side O(X - ~  0) 2 

s~O s~J 
is replaced by O(k - X0) N+I. The solutions of the equations 

a (z, Z, ~,)~ (z, ~, X +) - -  b (z, ~, ~,), (z, ~, ~,-) = 0 (t) I;~=M, 

where X ~ are the inverse  images on different sheets  of z, , (z, ~, p) ~ L, P ~ ~, fo rm a two-dimensional  sub-  
bundle 5~ in R 4 × L. We denote by ~b~(z, ~, P) and ~ ( z ,  ~, P) basis  sections of 5~ . 

THEOREM 2. Let the Bi(z, z-) be given by the formulas  in Theorem 1, where 

! / 
\,~ (~, ~, P;) ,~ (:, :, p;)  / ' 

Then the fields Bi(z, z--') sat isfy the duality equations. 

Here,  P~,  P0 ~ are  the inverse  images  on ~ of the points X = ~  and X = 0, respect ively .  

Remark  5. If the functions as(Z, z-) and bs(z,  z-) are chosen to be rat ional ,  the fields B i will also be r a -  
tional in the Variables z, ~. 

Remark  6. In [5], the inverse problem method was used to cons t ruc t  f ini te-zone solutions of the duality 
equations.  In this case ,  the eigenfunctions of the opera tors  L l and L~ are defined on a hyperell iptie curve,  as 
in this section,  but in cont ras t  to our construct ion,  they have essent ia l  s ingulari t ies  on the curve .  
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C L A S S I F I C A T I O N  OF V O N  N E U M A N N  J - A L G E B R A S  

M. M.  M e l ' t s e r  UDC 513.88 

In var ious  works on quantum field theory  (cf. [1, 2]), the problem is d iscussed of the utility of introducing 
an indefinite met r ic  (J -metr ic)  into an initial Hilbert  space ~ and considering,  in addition to the usual duality 
operation,  duality with respec t  to the J - m e t r i c .  The concept of a yon Neumann J - a l g e b r a  is therefore  natural,  
i .e. ,  a yon Neumann algebra  of opera tors  on the space -~ (cf. [3, 4]) with an additional involution induced by 
the J - m e t r i c .  

The purpose of this note is to descr ibe  yon Neumann J - a lgeb ra s .  

Let ~ be a Hilbert space with a J - m e t r i c  (cf. [5, 6]), .~ = .% ~ 9-, dim.¢~+ = dim S~_, ~ a Hilbert space 
i somorphic  to 9+ and ~_, and J± ,  i sometr ies  of 9~ onto s? . The J - m e t r i c  in ~ is defined with the aid of 

I 0 an opera tor  ] given in matr ix  fo rm by ~ = (0 -!)  ' where I is the identity opera tor  in 9 . Namely, [~, y] = 

(J~, y). The opera tor  ~0 defined by [A~, ~1 = [~, ~I%], ~, ~ ~ ~ (cf. [5, 6]) is called the J-dual  of A. An opera tor  

"Uzremdorproek t  w Planning and Prospec t ing  Institute of the Uzbek Republic. Transla ted  f rom Funkt-  
s ional 'nyi  Analiz i Ego Pr i lozheniya ,  Vol. 13, No. 4, pp. 83-84, October -December ,  1979. Original ar t icle  sub-  
mitted March 20, 1978. 
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