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One constructs all the decreasing rational solutions of the Kadomtsev—Petviashvili

equations. The presented method allows us to identify the motion of the poles

of the obtained functions with the motion of a system of N particles on a line

with a Hamiltonian of the Calogero-Moser type. Thus, this Hamiltonian system

is imbedded in the theory of the algebraic—geometric solutions of the Zakharov—

Shabat eqﬁations.

The fundamental purpose of the present paper is the comstruction of all rational solu-

tions, decreasing for X—=©9 | of the KadomtsevPetviashvili (KP) equations

38U,

y LJZ dx

s+ h(budy - $5)=0.

This equation, describing the quasi-one-dimensional waves in a weakly dispersing medium,

has been obtained for the first timein [1]. It belongs to the type of so-called Zakharov—

Shabat equations i.e., equations upon the coefficients of the operators

L= L wm g
equivalent to the operator equation
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then the corresponding Zakharov-Shabat equations have the form
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Eliminating urtxw%,t), from this system, we obtain the KP equation [3].

o/

o

One knows a procedure for the construction of exact quasiperiodic solutions of this

equation by the methods of algebraic geometry [4, 5]. It has been proved in [6] that the

equations upon the coefficients of a collection of linear differential operators of N vari-

ables, equivalent to the condition of their commutativity, can be reduced to problems of
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algebraic geometry if the number of the operators in this collection is equal to n+1{ |,
The last statement refers to the local solutions of the indicated equations. In the present
paper it is proved that the class of the exactly integrable solutions of the Zakharov—Shabat
equations can be can be selected by nonlocal requirements on the functions under comsideration,
namely the requirement of the rationality of the obtained solutions. It should be mentioned
that such a nonlocal requirement was the formulation of a problem by Novikov [7], who has
proved the complete integrability of the Korteweg—de Vries equation in the class of quasi-
periodic functions with a finite number of prohibited zones for the corresponding Sturm—
Liouville operators.

Making use of the method of the inverse problem in scattering theory, a large class of
nonsingular rational solutions of the KP equation has been found in [8].

The suggested method of integration of the KP equation in the field of the rational func-
tions allows us to identify the motion of the poles of the obtained functions with the motion

| -
of a system of N particles on a line with the Hamiltonian H=’§’Z;P3 +2‘Z_j(3€i-x(;) > and

with flows given by the "higher Hamiltonians," obtained by the integration of the initial
system in [9]. Thus, the Moser theory of the Hamiltonian system is imbedded in the theory
of algebraic—geometric solutions of the Zakharov—Shabat equations, as the theory of special
solutions. The connection between the motion of the poles of the rational solutions of the
Korteweg—de Vries equation and the motion of a discrete system has been discovered for the
first time in [10], stimulating subsequent investigatiomns in this domain.

1. Rational Solutions of the Kadomtsew—Petviashvili Equations

Let Litx,%,t) be a solution of the KP equation, depending rationally on the variable
X and decreasing for X—=©9, It turns out a posteriori that in this case LL(’I,\A,t)
will be a rational function of all of its arguments.

Expanding u(J:Jd,t) in a Laurent series in the neighborhood of its pole :rjtu, 1)
insertingit into the KP equation and comparing the two principal singular terms in all the

N
terms of the left-hand side, we obtain easily that u,(’.X:,.\J ’t)=—2;vx—xd. (-ﬂ ,1'_))-2 ]

THEOREM 1.1. The function U.Ut,%,t) is a rational (with respect to the variable L)
solution of the KP equation, decreasing for X—>O0J if and only if \x(mwg,t)=~—22;
j:
(m—xj(a,t))-a and there exists a function \.,/(’JC,\J,'J[, K) of the form

5o 2 3t
\y_(x,g,t,m=(1+zr—‘—9———a( LK) ke (1.1)
A:

e LAY

such that

Li_“’:-qu ’szzﬁ-\y '

2 2 3,0 L
Lfﬁa + u(x,\g,t) , Ly tolUsg +wix,yt),
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Before we proceed to the proof of the theorem, we formulate a lemma which will allow
us to identify the dynamics relative to | of the poles Ij(g,t) with the motion of a Moser

system of particles.

LEMMA 1.2. The nonstationary Schrddinger equation

d 2 3 2 _ .
by~ LTl ¥ =0 o

has a solution W(&,%,t) of the form (1.1) (where ! must be considered a fixed parameter)

if and only if the matrices T and A

- (1 Oix) 2
/\jk"'PJSj" T ;CK ’ szb—g'xj ;
2~ SIK {
Tp= (x; = Xp° 26:{K(Z——Gc}—xs)2) .
satisfy the matrix equation

[%—T,/\]=O . (1.3)

Proof. Inserting the expression for Y into the left-hand side of the equality (1.2},

we obtain

N
(Z o B ) el«x+t«2g+k3t =0
- (X-xF X-X; ’
=] 4 4
where the vectors O=(dy,..., oy) and ﬁ)—_-(ﬁ;,... , py) are given by

a=Aa+2kla+ €, B= ——T)a

a={0y,...,0, €0=(2,...,2),I is the identity matrix.

The equalities O=0 , ﬂ,:O are consistent for all K 1if and only if (1.3) holds. Thus,
the lemma is proved.
The representation (1.3) of the equations of the motion of a Hamiltonian system of par-

ticles with the Hamiltonian H=‘—irpa +ZZ,(CX —gc) has been found in {9]. Therefore,

from Theorem 1.1 and from the proved lemma we obtain the
COROLLARY. The dynamics relative to Y of the poles Ij(g,t) of the rational solutions
of the dynamics of a Moser system of N particles on a straight line.

Proof of Theorem 1.1, The sufficiency of the conditions of the theorem is obvious,

Indeed, if \{/(ir,g t ,K) exists, then the operator [L — ’ L. bt ] , containing differ—
entiation only with respect to X, annihilates \y('x Yy t K) for all K. Consequently, its
kernel is infinite-dimensional and the operator is zero. . As mentioned above, the latter means

that LL('.X:,xa,t) is a solution of the KP equatiom,.
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Let WU (X 'Z{’ be a raticnal solution of the KP equation, decreasing for X——~09 . Then,

w(x,y, t):"ZX(I Xy, t) As in Lemma 1.1, in terms of the functions Xy (H,t) one defines
the matrix functlons /\(H t) and T(\d t).

We consider the function \}/(l,\d,t,l{) of the form (1,1), where QJ(LA,J[,K} are determined
from the equation Ao +2vlo + eo=0 . A direct computation shows that then

(b\é (i pd ) Kxﬂzgﬂ% (1.4)
i=1 % ’ '

(A _ T ¥ \ Kx-ruzgﬂét

At CX- X, s (1.5)

J

a..

where

p=lrg Tl ,"X"(at “T*’_/\E?g) ,

_ I ) 3-8
szx 36 (%( xb))—' ;-

)
éprlying to the right-hand side of the equalities (1.4) and (1.5) the operators Jf — Lz

and ‘b‘g‘ Li ., respectively, we derive that the commutativity of these operators is equiva-

lent to the fact that ﬁ)FO and ‘8““—‘0 . Thus, the theorem is proved. In addition to Eq.
(1.3) defining the dynamics with respect to La of the poles Ig(%,t‘) , We obtain the equation

on the dynamics of lj(ld,t) with respect to { in the form

-, +%f\T, AJ=0. (1.6)

The system of the Eqs. (1.3) and (1.6), defining the functions IJ-(%,t) . is equivalent to
the KP equation in the class of rational functions.
The solution of the Kadomtsev—Petviashvili equation, having N poles, depends on 2N

initial data: xJ(O,O) and (gngﬂ(o,(».

In [9] one has introduced "higher Hamiltonian systems" Hp:Tij dx /\p , H2=H . For
Hamiltonian flows corresponding to higher Hamiltonians there exist matrix commutation repre-
sentations. 1In particular, equation (1.6) is equivalent to the Hamiltonian system of equations
for the Hamiltonian Hs .

COROLLARY. The dynamics relative to t of the poles of the rational solutions of the
KP equation are identicalwith the motion of a Hamiltonian system with the Hamiltonian H3°

Theorem 1.1 reduces the problem of the construction of the rational solutions of the KP
equation to the construction of the simultaneous eigenfunctions of linear operators. These
functions, having the form (1.1), can be reduced to another form. Since the vector Q is
determined from the equality Ao +2kla + eo:O; it follows that CLJ(LA,T,,K) depends ratiocnal-
ly on the variable K. The poles Q. (ij,t,K) coincide with the zeros of the characteristic
polynomial q/l(K)=dDI(2KI+/\§. By virtue of (i.3) and (1.6), this characteristic polynomial

does not depend on ‘j and t . Consequently,
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e G kgt
\y(ac,tj,t,m—(iwL G0 le
The degree of the polynomial Q((CI‘/,%,T_,K) is strictly smaller than N=d19q/i(!’\).
In the next section it will be proved that for almost all solutions of the KP equation

there exist N numbers Rg, R;#* &; such that 'S%W(x!‘éﬂts“\\(:ys: 0. The collection of 2N

parameteré (&g and the coefficients of the polynomial C%(K\) determine uniquely the func-

tion \I/(QC,LA‘,T,,K) and, therefore, also LL(OC,LA,T,).

Making use of this result, we arrive at the following theorem.
THEOREM 1.3. TFor almost all solutions of the KP equation, depending rationally on X

and decreasing for X-——o<, we have the formula
: 2
wix,y,b=2g5tn L0, (1.7)

where the matrix elements @és are given by

.

- RSN I S TR
a2y + It s e, )

COROLLARY. The solutions of the KP equation which depend rationally on {C are rational
functions of all of its arguments.

2. Rational Solutions of the Zakharov-Shabat Equations

The construction of the rational solutions of the Zakharov-Shabat equations is carried
out in two steps. First one constructs a class of functions \},’(I,LA,JL,K) and then one estab-
lishes operators for which \.i/('x,lj,t,K) are "proper."”

Assume that the following collection of data is given: the polynomials
n m
Qu=cpk™ ot , Rz k™ v,

S L 1 .
the points ¥®g, X;# ¥X;j, the rectangular matrices A =(’QS{J) . 1$LSL5 , 14d$h5 , the ranks

{

g Then, for any polynomial

Guo=t b b N=T L

there exists a unique function

, ‘ o q/l‘I,LJ,t,K) Koo +Q(mg+P~‘m>t

such that the coefficients of the expansions at the points &s .

oo

VALY Lw= 32;0 Sjs (x,y ,U(K—aes)‘i

satisfy the system of equations

Lo
e 0»{;@;,5 wc,%,tho.‘ (2.1
Here we assume that d,Ua qV(:X:, Y ,JL, kKY<SN=1 . we denote by kqu’s (X, le ,T,) the polynomials

~kxe-QKy— Ruat b; Q& ke + Quy+Rt

Bs = =
oj,s i okF 9, k)

k=%,
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for 0(21 ,

—kx-Quy— Rt i
\P _ e 4 bd K + QK+ Ryt
0]y i w © :

k=%,

[

The Eqs. (2.1) can be rewritten in the form

N- hy h’s
5 S $
QLOX‘! (JZ=_{ O'i.z kPﬁJ,S) - éZ:l—-\PD",S O'LJ * (2‘2)

N-L
Thus, the coefficients of the polynomial q/(x,lj,t,K):"Zu)(,alx,lé,t)Ku , determined from the
&

equations (2.2), are rational functions of their arguments. Their poles coincide with the
zeros of the detetrminant of the matrix S , defined by the left-hand sides of the equations
(2.2) (the rows of the matrix are indexed by O while the colums by the pairs ((-, 5Y, 1g
L g P/s )e

We note that from here there follows the possibility of the representation of \V(IXI,\J,

L,k) in the form

ajlyte RR’S) Kx+Qu<)g+R(k)t

y ey, tio={ i+2_—ac x(gt)e ’

where ﬂ(ac CCH‘ t))—OOMI dﬂ/t@

THEOREM 2.1. There exist unique operators

n m .
=) v R
L= é xy t>bjct i, évt(ac,ld,t)bx{
such that (Li b‘d)\y (L —‘?_)1-_‘)‘{’ 0. Their coefficients are differentiable polynomials

of the functions Xu(’x,\é,t) and, consequently, they depend rationally on their arguments.

Proof. We consider the expansion of \if(lx,\d,t'm in the neighborhood of infinity:
kx+Quoy+Rwt, , 5
-5
\y(ac,ldv,t,m:e 4 (1 +SZ:T§S(:r,|d,t)K ) (2.3)

The functions E x, Y, 1) are linear combinations with constant coefficients of XQ(CIZ,LJ,T,);

gy, =Xy ,{x y,b, .

The coefficients of L‘l are obtained from the system of linear equations

n t -] N
i = (2.4)
é}u; LZ=6CL dxi-t Esn_ {Zﬁctim '

(S=-n+i,...,0;8=0,j<0).

This sytem is equivalent to the congruence
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e -0y »
((Lf%\j)\{ftx,‘gi,m)em =8 = 0fmod0c), (2.5)

The congruence (2.5) means that the function

Q’/(x,nﬂ,t,m= (L,_%)\y(‘x,\j,t,m
has the form

g,y ke ks Quiy+Rwt
Q”Wx) v

where the degree of the polynomial Q(X,Ld,t,m does not exceed N ~— 1.

\T/(:Jc,td’,t,m=

Since the linear conditions (2.1) are invariant relative to the action of linear opera-
tors, it follows that they hold also for the coefficients of the expansion of the function

\T/’(&,tﬁ,t,K) . An equivalent system of homogeneous equations on Xd(’x,\d,t) is q/=(11,lj,t,K)=
N4

Za)(,a(ir ,\ﬂ ,,t)Ku , whose left-hand sides coincide with the left-hand sides of the nonhomo-

o=

geneous equations (2.2). The rankof this system is N; therefore, its solution is necessarily

the zero solution. Consequently, \?(m,\d,t,K)=O or <L1—§g)“{/:0 . The operator L2 is
constructed in a similar manner.

COROLLARY. The constructed operators satisfy the equation

[Lx_?ﬁ% ’Lz-b_bt—]zo :

In order to obtain the rational solutions of the Kadomtsev—Petviashvili equations it is
necessary to take Qu=«* s RiKy=K® in the scheme we have presented for the construction
of the rational solutions of the general Zakharov—Shabat equationmns.

From Eqs. (2.4) it follows that mx,%,‘u:—Z% XN—HI,%,D- Therefore, the poles of
U,(x,\j,t) coincide with the poles of XN-UJ"’%’JL) or, which is the same, with the zeros of
the polynomial det © . By virtue of the fact that Lk(i!l,%,t) is the total derivative of a
rational function, the residues at these poles are equal to zero. Thus,

™M

5 2
m'x,\é,t):Z_——z——:nggzﬂndﬂI@. (2.6)

=1 (x- océ.ud,t))2

For fixed \j and 1 , the number M of the poles of the function u(x,g,t) is equal to the
degree of the polynomial det @ . The degree of the polynomial \qu’s is equal to J , there-
fore, for example, for the matrix of general position A , satisfying the conditions Aai‘i:O
for J) mi(i,s) , this number is equal to M=Z_m(£,s) . From here, a 2N parameter family
of rational solutions of the KP equation, having N poles, is given by the functions \‘/(DC,

\j,t,K) , for which condition (2.1) has the form

_b_ puemend
M\y(ﬁc,%l.m\ws 0 . (2.7)

In this case the matrix @ will have the form (1.8) and, in combination with the equality

(2.6), we obtain the proof of Theorem 1.3.

341



The solution of the KP equation and the general position correspond to the confluence
of the points &g. In this case the conditions (2.7) turn into the general conditions (2.1).

3. Rational Solutions of the Lax Type Equations. The Korteweg—de

Vries Equations and the Boussinesq Equation

We present briefly the general scheme for the construction of the rational solutions of
the equations of the Lax type. These equations describe the solutions of the Zakharov—Shabat
equations, independent of the variable % and, consequently, they are equivalent to the operator

equation:
d
h{”L,ﬂ%]ZO. | (3.1)

The equations of Korteweg—de Vries and of Boussinesqg

Hu,=Buug +Upry (3.2)
Ru L Ru 4 3 (AU
I Tt Y o (U3E=0 (3.3)

also belong to them. We consider the function \y(agt,K) of the form

(e, kK .
\V(r,t,»«>=u+&m_) kxRt

djug g e, t, k< degg, =N

We assume that the coefficients of the expansion of \V(I,t,K) at zero,

o0
yix,t = ;T%(x,t)x*

satisfy the conditions

QJ-.L(UC,’[)—‘—O , (3.4)

where ji is the i-th number not divisible by n, 1< L&N .
For this function, as for the proof of Theorem 2.1, we obtain

LEMMA 3.1. There exists a unique operator
m .
— d* _
L, Z_olri,mc,t)wL . m=degR

such that (Li_ 5%_)\{/: 0.

Expanding qfﬁr,t,K) at infinity, one can construct a unique operator Ldz such that

(L, & hyee, t k) & ™= Dmod 0 (ch)

This equality means that
— _,n
vy, b =L, « )\y(m,t,m

has the form
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gt ,®
G, (K

Conditions 3.3 are invariant relative to the action of linear operators and relative to

+Rit ~
e** , deg § <N .

multiplication by k" and, therefore, they hold also for the coefficients of the expansion
of the function \T/(ill,t,H) . As in Sec. 2, we find that from this we obtain the following
lemma.

LEMMA 3.2. There exists a unique operator
L i
LZ:Z ui(I,t)%{ such that Lz\.y(x,t,m =Kn\y($,t RY.
=0

COROLLARY. The constructed operators satisfy the equality (3.1).
Example 1. If n=2 R = Ha, then each polynomial Ch(K) of degree N defines a pair

of operators

2 :
L,=ppe tuix,h) and |, >dﬂZLi=3 .

The function LL(I,t) is a solution of the Korteweg—de Vries equation (3.2).

As in Sec. 2, for W(X,L) we obtain the formula

LL(It be‘l E]Ldﬁl@ Z. {oc= x(t) y G2

PN-2i-5  FIN+L Ly 3t |
where @LS= 3NS5 PN+l mi

In order to obtain the last equality it is necessary to replace the expressions for

Si(x,t) in terms of )(OL(I,t) (Zj{d(x,t)&(u = qm,’t‘x) in Eqs. (3.4). They become

ox=e,

where XC ( XO, R XN—Q) , while the s-th coordinate of the vector €, 1is equal to ji—l-
afe x+13t
SKis KX+t . The number M of poles of these solutions is equal to N(—I\éﬂl

Example 2. If n=3, R(K)=K2i{ , then each polynomial ¢,(K) of degree N yields a
solution WiX,l) of the Boussinesq equation (3.3). Equality (3.5) holds for them, in which

. 2,

s gm Qkx+w~1>t gz_ i, N=0(mod?2)
LS e HN-31-5 3 K ,m=
Yox LS 7S M4 n=t(mod?)

2
The number of poles of Wx,1) is equal to ﬁ(—zﬁ& if N is even and to __(l‘l;;"_ﬁ__ if N is odd.

4. Rational Solutions of the Novikov Equations

We have already mentioned that the algebraic—geometric construction of the quasiperiodic
solutions of the Zakharov—Shabat equations gives solutions of the commutativity equatlons of

the extended algebra of operators, containing in addition to the operators L and L.
g bg 2
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also the rings of the operators of the form L ZlWL(x\j t)axL isomorphic to the ring of
functions on a nonsingular complex curve and having a unique pole at an isolated point, We
show that the constructed rational solutions of the Zakharov—Shabat equations are separatrices
of the family of quasiperiodic solutions in the following sense: there exists a ring of
operators, commutative among themselves and with L-{'b_ag s Lz“b*bf , which is isomorphic to
the ring of functions on a singular curve, birationally isomorphic to a complex line with

a unique pole at "infinity."

Multiplication by any polynomial P (K gives a linear operator in the spaces of series
of the form §=2:§j (‘Jl,Lé,t)(K-— &)W . We denote by O{, the ring of the polynomials for which
=0
the corresponding homomorphisms form invariant subspaces, given by the equations (2.1),

THEOREM 4,1. If \y(ac,t,g,m is the f crion defmed in Sec. 2, then for any polynomial
Pwe Ol there exists a unique operatorLP= U. {x, LA t)b . such that |, \{f(I,lA t =P yix, ‘j

As a consequence of this we obtain that these operators commute among themselves and

with the operators L. S‘g— ) L'a 3 -
The proof of the theorem is entirely similar to the proof of Lemma' 3.2,

For example, if the conditions (2.1) have the form —Q—\ywcgtm =0, then ot
I T k=R &

‘ 2
is a ring of polynomials such that b’K'PiK) is divisible by D(K* R, If we set t=0 and
lZ]:D , i.e., we consider the function

(2,1
\ytut,m:(fr O’Q ) et”

¥

satisfying the conditions E_R \i/(J: K)‘ = {), where d&gq/ < dﬂ»(‘%:N , then, by Theorem 4.1, it
will give a homomorphlsm A from tf‘lkg ring OL,“ =(®;,...) , into the ring of the ordinary
differential operators.

The coefficients of these operators satisfy ordinary differential equations which are
equivalent to the condition of their commutativity . These equations are called Novikov

type equations,

Their general solution has been found in [4, 5]. Applying the methods of these papers,
one obtains easily the following theorem.

THEOREM 4.2. For any subring A of the ring of the linear differential operators

isomorphic to 01?51 , there exists a polynomial % (K} such that the function \VUQlL} cor-

responding to it and to the conditions g%{“\{/k_&;‘o , gives a homomorphism of A and le
Ts

The corresponding solutions of the Novikov equations are rational functions,
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LIMIT STATES FOR MODIFIED NAVIER—STOKES EQUATIONS
IN THREE-DIMENSIONAL SPACE

0. A. Ladyzhenskava UpC 517.99

One gives the description of the limit set XXLR (when T -—=oe) for all.the trajec-
tories (solutions) of the system

Wy, S = v T

A4 +K2='_i-1rK?\(—K+ ‘jmdp"?~ div T=0
where §=}L°+/u,%i;f(x,t)d-><, w;=const> 0, satisfying the boundary condition TY‘BQ:U at

< v

the boundary of the bounded domain & and emanating at 1=0 from the points of
the sphere KR=FiU)a(ﬂ€3@DJﬁﬂzQSR}. In particular, it is proved that for R
greater than some R, , the semigroup V;,TZ)G .» which corresponds to this prob-
lem can be extended to a group VhteRi , possessing a series of interesting

properties.

In [1], for the two-dimensional Navier—Stokes equations

T, SIAT U, =-Vprfoo,  divp=o, (L)
in a bounded domain ch;E? , with the boundary conditions
Vigy =0
19Q = (2)

we have considered the following question: what flows canbe seen by an observer during the
lapse of a very large (mathematically infinite) period of time, if ) and Q) are fixed

and the initial fields %(x,0) take all values from the Hilbert space ﬁ(gl) ? 1In the case
of small Reynolds numbers, the ansﬁer is simple: he will contemplate the unique stationary

solution of the problem (1), (2). However, as it is known with the increase of the Reynolds

o

“The statements in [1] hold also for other boundary conditions; for example, for periodic
conditions with respect to one or both variables X..
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