Let ™ (r, d, €), wherer > 0, d> 0, 0 < ¢ < 7,denotethe set of 21l convex open bounded polygons M (CE?)
such that:

1) the vertices of M belong to AR

2) the coordinate origin 0 belongs to M,

3) the distance of 0 from the boundary of M is greater than r,
4) the length of each side of M is greater than d,

5) the size of each angle of M is greater than = — e.

THEOREM. Let A(= o) be an invertible operator. Then I (>0) & > 0) He(e (0, 1)) HC > 0) VM (= MR (, d, &))
the operator Pyj+,APM is invertible as an operator in Hom (PN Ly (T), PM+«I(T)), and

3
E4

[(Papy AP HISC
where » = n(A), M+ « is the set of all points of the plane of the form m + n, where m « M.

COROLLARY. When the hypotheses of the theorem hold, it is always possible to choose a sequence of
polygons M, M (. d. &) such that the sequences PM,, PMp+n of projections converge strongly to the identity
operator, and hence the projection method using the system of projections {PMn' PMn'*'M} is applicable to the
operator A.
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RATIONAL SOLUTIONS OF THE KADOMTSEV ~PETVIASHVILI
EQUATION AND INTEGRABLE SYSTEMS OF N PARTICLES ON
A LINE

I. M. Krichever UDC 517.9

Recently, interesting rational solutions have been found for the Korteweg—de Vries (KdV), Kadomtsev—
Petviashvili (KP), Biirgers, and certain other equations (cf. [1-4]). For the KdV equation it was shown in [1]
that the set of all rational solutions is a degenerate family of finite-zone solutions obtained by deformation of
the Lamé potentials n(n + 1) ¥ (x) with respect to t using the KdV equation and its higher analogs. The first
solution of this type was obtained in [5]. In [1], the connection was first remarked between the dynamics of the
poles of these solutions and the motion of 2 Hamiltonian system of particles on a line.

In this note we set forth an algorithm for constructing certain rational solutions of the Zakharov—Shabat
equations. In the particular case of the Kadomtsev —Petviashvili equation, a more complete description of all
the rational solutions is given. The method developed allows us to completely identify the motion of the poles

of the rational solutions of the KP equation with the Hamiltonian flows arising in Moser's theory [6] of 2 system
N

of N particles on a line with Hamiltonian # — _;_ Zp’;-}- 22 (5 — 2 -
i=1 i<j
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: n m N
1. Assume given a set of polynomials Q) =3 ety R(k)=3 riki, g1 (k)= Nk, hy=1 | complex numbers ng,
i=p

i=0 1=0

and rectangular matrices Ag = a%, l<i=<lgofranki, i, =N.
8
There exists a unique function v, y, t, k) of the form

vtk =(1+ L——-(’q:’(k‘) £)) exseamuenoon

such that the coefficients of its expansion at the points »g of the form
Ytk = N, =0 (e — %)
=0

N-—1
satisfy the system of equations Natit; @y, )=0. The coefficients of the polynomial ¢(z,y,t, )= 3} b;(z.v, 1) K
5 . i=0

moreover turn out to be rational functions of the arguments.

: " . m .
THEOREM 1. There exist unique operators I,= Zui @ v t);d—i. L= Z”i(" Y ‘)d‘d;? such that (Ll _g%)‘p =
=0 o =

(Lz—%) v=0, The coefficients of these operators are differential polynomials in the functions bj(x, y, t) and
hence are rational functions of their arguments.
COROLLARY. For the operators constructed above, the equality [L,—a%, Lz—a% =0 holds.

The systems of equations for the coefficients of the operators 1y and I, which are equivalent to the last
equality are calledthe Zakharov—Shabat equations,

2. Let Q) =0, R(k) = k%, Ig = 1. The function ¥(x, t, k) defined by these data and the polynomial g (k)
satisfies the nonstationary Schrédinger equation

(%—%——u @, :t))tp(:r, t, k) =0. o
N
The potential u(x, t) is equal to —2 3z —=;))2. The function y(x, t, k) can be written in the form
j=1
S kx+ket
Yz, t, k)= (1 + Z a; {t, k) (= —7; (t))"l) stk (2)
=1

where the aj(t, k) depend rationally on the variable k.

THEOREM 2. Equation (1) has a solution of the form (2) if and only if the matrices A and T with matrix

2(1—d;) 2(1—83) 285, . . F ]
VT = L g _ =0,
— =, KT Ty ;E,ej Er—y satisfy the equatmn[ = —T,A|=0

elements A, =28, +

This matrix representation for the equations of motion of the Hamiltonian system of N particles on 2 line

N

with Hamiltonian H = % 2 -+ 2 2(z,—z;* was found in [6] and used to prove the complete integrability of the
=1 i<j
system,

There are thus 2N parameters: the coefficients of the polynomial q; k) and the points »g, 1 <s = N de~
termining the function #(x, t, k), which give the generic solution of the equations of motion for a Moser system
of particles. This result allows us to find explicit formulas for the solutions of the last equations. Formulas of
this type were first obtained in [7]. The method developed makes it easy to obtain analogous formulas for all
the higher Hamiltonian flows (cf. the formulas of the following paragraph).

Introduce the matrix ® with matrix elements

-1
hjxg) .

M=

; XN . )/
0 =+ 2005 + i (3 i)

=1 i

i
-]
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COROLLARY. If xj(t) are the coordinates of the particles of a Moser system, the equality Il z—z; ()=
det© holds. =t :

3. The Zakharov—Shabat equations in the case of the operators I = &/dx* + u(x, y, t), L, = &/dx® +
Sfud/dx + wix, y, t) imply that the function u, y, t) satisfies the KP equation

1 oo (2o
T

T am\ot ' & Er
THEOREM 3. The function u, y, t) is a solution of KP equations depending rationally cn the variable x
_— N
and decreasing to zero as x — <, if and only if « (z, y,t) = —2 2‘ (z—=z; (4 t)?, and there exists a function
=1
N

Vi@ Yt k)= (1 + X oy ) o G )
=1

satisfying the equation <%——Ll>\p - (%—Lz)w =0.

COROLLARY 1, The dynamics of the poles of the rational solutions of the KP equations with respect to
the variable y coincides with the motion of the Moser system, and is given with respect to the variable t by the

higher Hamiltonian F3 = /s Sp A3 or, what is the same, by the matrix equation [Ta‘- — T, A] = 0, where T, =
385y ,_3 a —bik)

s (Ii'_ T,) ¥ (xi - xk)a

-3 7
T /2AT, TJ'k=

COROLLARY 2. The general rational solutions of the KP equation which decay as x — « are given by the
equation

dz =
u@,pt)y=2 E?ﬁln det 8, )

where C:)si(x, y, t) = Bgilx, y) + 3nzs+1t.

The solutions which are nonsingular for all real x and y were found in [4]. We remark that the decay con-
dition in the variable y is a consequence of the decay condition in the variable x.

COROLIARY 3. The dynamics of the poles of the rational solutions of the KdV equation, i.e., the rational
solutions of the KP equation not depending on the variable y, coincides with the Hamiiltonian flow determined by
F; restricted to the fixed points of the initial Hamiltonian flow. The number of these poles is equal ton(n + 1) /
2, and the solutions themselves are given by Eq. (3) if we put

P Pt gaml Ghxadt

s 523m-2i=5 3+l g, (h) K=0.
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