We have considered a concrete differential operator in order to simplify the exposi-
tion. A similar proof of Proposition 3 can be given for an operator L generated by a dif-
ferential expression with constant coefficients and arbitrary uncoupled boundary conditions
when |2/ — n| > 5. This proposition also holds for convolution operators provided n — m —
2n+ > 5 (n- > n+)‘

We also note that inequalities of type (46) in the statement of Lemma 3 are exact, so
that it follows from Proposition 2 that the bound for the order of summability in Theorems
1, 2 is also exact.
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HOLOMORPHIC BUNDLES OVER RIEMANN SURFACES AND THE KADOMTSEV—
PETVIASHVILI EQUATION. I

I. M. Krichever and S. P. Novikov UDC 513.015.7+517.944

Introduction

The Kadomtsev—Petviashvili (KP) equation was first derived in [5] as a physically natu-
ral two-dimensional analog of the well-known KdV equation; it arises in the study of sili-
tons and other KdV solutions which are subject to slow perturbations in the direction trans-
verse to that of the main wave. As a physical model, the KP equation has the same degree of

universality as the KdV.

The KP equation has a Lax commutator representation (see 3, 4])
a 8 oL s = 3

where L:;;;—Q—U(x, y, t), A:ai;—{——z-U—}—W(x,y, t) which after elimination of W(x, ¥, t) leads

to
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3 oU o U 1 ar | ;U
0=+l + 700 &+ %)) - (2)
This is a special one of the Zakharov—Shabat equations (1). There is no comprehensive theory
of these equations. One knows a whole series of finite-dimensional classes of exact solu-
tions with remarkable mathematical properties (see [1, 4, 6-8]). However, during discus-
sions of [4], S. P. Novikov and V. E. Zakharov conjectured that the KP equation has "alge-
brogeometric” exact solutions which generalize the known finite-gap or multisoliton solu-
tions of KdV (see [2]) in that they depend on several arbitrary functions of one variable.
This conjecture originated as follows: paper [4] presented particular, solitonlike solu-
tions, which contained an arbitrary function as parameter. The present paper is concerned
with the discovery of solutions depending on arbitrary functions. We use here techniques
developed by Krichever in [9], which are devoted to commuting ordinary differential opera-
tors of not necessarily relatively prime order.

1. Matrix Analog of Multiparameter Baker—Akhiezer Functions. Stable Bundles
over Riemann Surfaces

Recall that the scalar Baker—Akhiezer function ¥(x, P; Xo) is defined on a Riemann sur-
face T of genus g, P& T with distinguished point P, = = and local parameter z = k ' near
Po; it has the following characterization.

a) ¢ is meromorphic '\ P, and has g poles Yi, - . ., Yg, which do not depend on x.

g . o
b) ¢ =-exp [ 2 kl(xi——xio)] (1 + 3 & (@) /f‘s) has the asymptotic behavior k + « ag P -+ P,
A =
(see [6, 10]).

We introduce a matrix (noncommutative) analog of this function. Consider first of all
an 7 x I matrix function ¥, (x, k; x,) where x = (x;, . . ., Xg), which satisfies:

1) ¥y (X, b3 X0) = 1

2) the matrix functions Ai::%;}‘FalzzAi(x,k) are independent of X0, depend polynomially
on k, and satisfy

0A. dA .
- === [Aiv AJ]

dx; dzj

(3

This much is obvious: if the Aj(x, k), are given, subject to (3), then there is a
unique matrix function W, (x, k; %,) such that ¥o = 1 for x = xo with 4; =:q%x;Y6{ Below we will
always put Xo = (0, . . . 0) and ¥ (x, %; 0) =%¥,(x, k). Now let there be given an arbitrary
(nonsingular) Riemann surface I' of genus g with distinguished point P,, which we will often
denote by » = P,. The local parameter on I near P, is written z = k™'. We pick an unor-
dered collection (y) of distinct points (yy, ...,V on T, and a collection (a) of complex
(I — 1)-vectors a,, ..., & where o; = (0t; 1, . ., %, i-1)- :

Remark. There is a connection between such parameters and the theory of holomorphic
bundles. The complete set of parameters will be called "A. N. Tyurin's parameters." Ac-
cording to [11], they define a stable (in the sense of Mumford) Z~dimensional holomorphic
vector bundle of degree lg over I', together with an "equipment," i.e., a collection of holo-
morphic sections 7y, ..., %; defined up to multiplication by a constant matrix 4 (v, ..., M) —>
(g, - . ., ) 4. The points Y1, - .- Yi¢ are the points at which the sections nj are linearly
dependent; at each y{ we have

{—1
M (Vi) = 3 @i, m;(v). (4)
=1
For 7 = 1, these parameters lead to the g-tuple (Vi . . ., y2) & ST" = J (I).

We next pose the following problem: to find a vector function (of dimension 7) y(x, P)
on the Riemann surface I', meromorphic except at Po = », with these properties:

1. The poles of y have order 1, do not depend on x and lié at v...,Vie . It is re-
quired that the residues ¢; ;(x) of the functions «;, b = (s, ..., V1), at yi be related by
by vi
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Pi, j (X) =&, j Qi 1 (X), (5)
where the aj,j are constants, independent of x.

2. In the neighborhood of Py = =, the vector function P(x, P) has a representation

b, P) = (3 & @) k) By x, 5), ©

where §,=(1,0,...,0), k =k (P).

Following the ideas of [9], which in turn relies on the method of Koppelman [13] (see
also [14]), we can show the following: 1) a vector function § with the desired properties
(from now on we call it the Baker—Akhiezer vector function) always exists, and is uniquely
determined by ¥o(x, k) and the Tyurin parameters (y, «); 2) the determination of ¢ is ef-
fected by a Muskhelishvili-type [15] singular integral equation on the circle §' (a small
circle on T', viz., the boundary of a neighborhood of Py) with a Cauchy-type kernel. The
kernel may be computed explicitly from the surface I' and the point Po. In the hyperelliptic
case, the formulas become considerably simpler. The integral equation is solved separately
for each x; condition 1) on the poles and residues of % uniquely selects a solution and de-
termines the dependence of ¥ on x.

Remark. One can construct a whole matrix \ﬁ(x,P) with ¢ being its first columm @ﬁ
= . The other columns are obtained in the same way as jP, except that the vector §, = (1, 0,
.. 0 =e¢ 1is replaced by ¢; =(0,...,1,...,0) to get ¥; (in formula (6)). As P + P,, we
have

¥ = (I + ; g (x) k—s) Vo (x, k).

Aside from the Tyurin parameters (y, a), there is arbitrariness of our construction also in
the choice of ¥,, or equivalently in the choice of the matrices Ai(x, k), which depend poly-
nomially on k and satisfy the compatibility conditions (3). Let us look at some interesting
cases involving three parameters x; = X, Xz =y, Xs = t. The following examples will be im—
portant for us.

Example 1. Let 7 = 2, and seek the matrices Aj(x, k) in the form

0 1 “ 090
Al:(ls—l—u O):%—l—(u 0)7 u=u(.1:,y,t),

k ~ ~
Az:(o ) HyY=%+7 ()

where u, %, p, § depend a priori on x, y, t, and P, §, vy are 2 x 2 matrices. From (3) one
finds:
Tie="Taa =P =0, Y1 = Tae Pu = Poa,
u=u(z1t, pu=put) Pn=pu(®i), @G=_aqi),
Qu,y = Geoy = Vit Yo = Vi (¥ &), Parx = f22 — duu = G120
(qu + 922) = 0, — gu,x = G2 — U2,

U — Gar,x = U (¢ — Q22)y P21 = Gz + 2. (8)
These relations easily imply:
a2 1 9
sE =5 3z% qun=2a(, )+b(y t)+ecd),
Gor = — a (2, )+ by 1), 2012, 2 = — Us.

By imposing some supplementary conditions on Yo, we can remove the "inessential" functiomal
parameters: one may assume that $=0, p;; =0.

In all cases, one gets from (8):
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— Q12 = —zt— T o), U= Qu,xt U, x = (813 — Qa1 o) + UQ12, 5 = — __i‘(uxa.x + 6uu -+ @ (1) ug). (9)

1

In the special case ¢ (f) =0 we have an important corollary: if ¥ =py =0 the matrix

¥, (x, k) is determined by one function u(x, t) which satisfies the KdV (Korteweg-—deVries)
equation

Uy = — %(Guux + Uy (10)

The function ue(x) = u(x, 0) determines u(x, t). It is this special case which we will use
to construct solutions of the KP equation, so we take ¢ (£} =0 in the future.

Example 2. Let 7 = 3 and seek the Ai(x, k) in the form

0 00
Ay = ( ) 0 O 0
ko i 0
0 01 . . ~ kE 0 0
Azz(li 0 0)+d=x2+d, A3=(0 k O)m
0k O 0 0 &

where d(x) is a 3 x 3 matrix, u(x) and v(x) are functions x = (x, y, t). From (3) one finds
the set of equations

dyg = dig = das =0, dyg,x = U - dyys hoyx =V — dpp + dyy =0,
— doy, « = 1, Gag,x= oy — d3a, dog,x=dag— dyp=0, uy — dg1, 5= (11)
=U (dll - d33) + den vy d33,x =V (dgz — dag) — d31 R dgl,

- d33,x = U — d3s.

These equations lead to

» 2
dSZ::u_L-gx" a ""dll_va dﬁl’*"—'(u—%’ 3 Uxxz d211x7
5 -
duyx == gUn Gn=0+-gv, Trd=3dy+2 =¢(y)
Thus, we find
2 2 3
Wy = = Ugy = 3~ Vxax 7 ~g" Wer Uy = 2uy - Vax = Ty (2u 1 vg). (12)

Introduce w{x, y), where w, =v, w, = 2u + v,. From (12) we obtain

3wy = ‘5‘65(“" Waex + 2w3c) ; (13)

For v = wx, this is the Boussinesq equation:
]
Bvyy = 57 (— Usex + 4005). (14)

Equation (14) can be integrated completely by inverse scattering, and is known to have a
large number of explicit exact solutions. This equation has order two in y, and y is a time-
like parameter. There are then two arbitrary functions w(x, 03, wy(x, 0), which completely

determine Yo, if ¢ = Trd = 0. Thus, in the present case the matrix ¥, is defined by solu-
tions of Eq. (13). :

Example 3. Let 7 > 3. The matrices Aji(x, k), where x = (x, y, t), which are of in~
terest to us will be sought in the form

0 . . . —)\ /UéO. .00
“ : U 1t ...00
Ay=n41{ 0 : ( . (15)
0 01
Hpyy  Hyoews ,ié’_‘,(
v e 0 kO .00
AO—KZ—}*V Aq:’ﬁ -—f—-f)
where ?, p are (I x 1) matrices, and the functions ug, ..., U depend on %, v, t. Note that
the matrix s has the property. %' — %k.1. For 7 > 3 neither of the matrices #? and #% are

scalars (the cases I = 2, 3 are singular in this respect). To construct ¥, it is necessary
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to find a class of solutions of the compatibility equations {3). We will look at this in
more detail in the next paper. Here we note only that the "trivial™ case ug =p =9 =0
leads us to nontrivial solutions of the KP equation, which depend on a finite number of pa-
rameters: the Riemann surface ', the point P,= 1T and the Tyurin parameters (y, o), defin~-
ing the holomorphic bundle over T.

Remark. For I = 1 we have # =k and the functional parameters are inegsential. In
this case we recover the scalar Baker—Akhiezer function; for the corresponding solutions of
the Kadomtsev-Petviashvili equation see [6, 7].

2. Solutions of the KP Equation

We will be especially interested in the case where the Baker—Akhiezer vector function
Y({x, P) is annihilated by a linear partial differential operator with coefficients that do
not depend on the point of the Riemann surface I'. It turns out that this property depends
only on the choice of the matrix W,(x,%) but not on I', Py or the parameters (y, a). Ap-
i
¥;' , makes it possible to find a broad class of such matrices ¥o; these lead, in general,
to matrix linear differential operators Tqs 9 =1, « ¢« +s s, such that T =0 (or T =

parently, our construction, by permitting a choice of different classes of matrices A;=

-
Kg(th,Tqm:E v%ré%;, with %, (x) being 7 x I matrices, and Aq(P) an algebraic function of
X
Boo E
PeT.

The problem of finding solutions of the KP equation requires isolation of the case
where for x = (x, v, t) one has two scalar. operatars Tiy Tz of a form independent of 7 and
Yo,

a8 a
Tx" “‘A*azmaxdm U(x,y,t}&“Wf(x,y,t),
Ty=-tm L=l Uz, y,t (e
Te=5y— ——jﬁ;'*’ggg*" (2, 9,1)

such that Ty = Top =0 . In this situation, the equation [Ty Tolg =0 for all P=T im-
plies that the coefficients of T,, T, satisfy the KP equation,

Ty, 75l =0
or, after elimination of W,

i 8 jo0 . 1 , 8 i
G+ G+ U+ 55 =0

We now have the following result.

THEOREM 1. Let x = (%, v, £} and let the matrices Aj(x, k), depending polynomially on
k and satisfying (3) be chosen in the forms exhibited in Examples 1-3 of Sec. 1. Then the
Baker—Akhiezer vector function ¥ (x, P), is determined by the "inverse problem data": the
matrxx‘wg(x k), an algebralc curve I', a point P, I and the parameters (Vi,. - -» Vie» %ij}
( =1,..., 1&g j=14,.., 1—1), and it satisfies the equation

T == [ayw—a;;—-U(mny)]W 0,

Fop= [ 2 ——-;—;—av-——'—-——U-—me{x, %*}}‘? {}

where U(x, y, t) is some scalar function of x, y, t. Consequently, this function solves
the KP equation

3 a2f7 s, 4 ar | U
TaE T é’z{ 3 TR {55 T ))‘”‘”3‘

COROLLARY 1. a) For I = 2 every stable holomorphic bundle, i.e., a selection of Tyu-
rin parameters (v, @)} over the curve I' with distinguished point Po = =, together with an ar-
bitrary solution u(x, t)_of the KdV equation generates a solution of the KP equation (see
Example 1 of Sec. 1). b) For 7 = 3, every set of Tyurin parameters (y, ) over the curve
I with distinguished point Py = «, together with an arbitrary solution w(x, y) of the Bous-
sinesq equation (14) generate a solution of the KP equation (see Example 2 of Sec. 1).
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Proof of the Theorem. We study the Baker—Akhiezer vector function 1b(x,y,L;P) and
find operators T, and T which annihilate . By definition, near P,, where z = k (p) is
the local parameter, % has the form

0P = (3 800 1) ¥l ),

op 2p oMp b Y- .
where &, = (1,0,..., 0). For Bz ' 922 ' Bz ' Bt Ay “© have the expansions

B! = (Bo + &k AL + O (57,
P, V5! = (8o + Bk 4o + O (K,
B! = (B -+ EA + BhT) A3 + O (7Y, a7n
Pux U5" = (80 + &b (Aix + AD) + 281 h724; 4 O (B7),
Voo Uo = (Bo + Bk + §h72) (A + 24104; + ArAiz+ Arax) +
+ 38 ATE ™ + 381k Ay + O (K7).

Formulas (17) and the explicit form of the matrices Aj, i =1, 2, 3, show, after a little
calculation, that

(-5 v (G-

have the representations

(a_w _ 82_"’) ¥l = Up¥3t + 0 (k™)

oo
(G —Z8) vt = (30 S+ W)t 4+ 0 (7,

where U = U(x, v, t), W= W(x, y, t) are scalar functions.

The functions

/8 02 a lid 3 a
WP = (g — gm — U)o b P)=(Gr—gm— g U —W)%
have the same poles ¥i,- .. Vigs as ¥ ; the residues of their components @; at these poles
satisfy (5) with the same constants aj,j. Asymptotically, @q(¢ =1,2)behave as k + « just
as in (6), but with £, = 0. TFrom this it follows that ¢, =0 and ¢, =0, by analogy with
[7]. This proves the theorem.

For the potential U(x, y, t) one has the formulas:

1 =2 Uz, y, t) = — (u-+28Y), & =EY, ),
=3 Uz, y, ) = —28, & = (Eh, &7, &), (18)
1>3 Uz, y, t) = =282, & =@&",..., ).
By no means all the parameters — the arbitrary functions which enter into ¥, (X, k), — are

"essential" in the sense that changing them will change the potential U(x, y, t). It is
trivial to see, at least, that all the parameters listed in Corollary la and b, are "essen-—
tial."

We postpone to the next paper the general question about the analytical form of our so-~
lutions for 7 > 1. Here we consider only the simplest case, in which T degenerates into a
rational curve with 31ngular1t1es, and everything may be computed through to the final for-
mulas

Example 1. Rational curve with double points and parameter ', z = k ! near P, = ,

Let the points V- .-y Va1 be given, and look for Yo in a form independent of functional
parameters, A, = ¥V, V5 =%, A, =¥, Vo' =82, 4; = ¥, ¥5" = 5. The Baker—Akhiezer vector
function is sought in the form

,'—\

H

§ (24, 0) (k — o)) Fo,
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where a,=1{(Gq,...,%y), & =(1,0,. .., 0). This function is completely determined by conditions
(5) and by the following requirements at the "double" points: i

l B 1 . l
Lo Nt =g Jetd) |, : (19)
=1 \i=1 =V

2. 'lp (x! Y, ti “7‘1) = '\p (.‘E, Y, t: “rz)
for all points %y, %13, %oy, Xog,- - -, ¥n1, ¥Ne (the points %3 ~%,; are "double").

The collection of parameters (y, o) and the double points determine the vector ¥ (z,¥, ¢,
P). Using (18), we find for the potential (k has been changed to —k in the matrix %)

Nl

U (z,y,1) = —2%(2%).

. J=1
In the case 7 = 2, we obtain

1
cos 8 —_l'/—k-— sin 6

Vo lz,y,t, k)= e-ku( ) y 0=VE@+ kt).

—VEsing  cosf

For real v, a, », we get real solutions of the KP equation, with U(x, y, t) expressed ra-
tionally in terms of the entries of the matrices ¥y(z, y, t, ¥) at the points km = {5 %re}

that is to say in terms of the exponentials e'mY, cos (Vb (x + Ent)), sin (Vkm (2 + knt)) for all
these points kp.

The simplest case N =1, 7 = 2 gives

wil__ g yl2 —a_(cos®, —a /Y 7 sin
Q) = ~— Qo (2’1 . oz = 32( — s. = VYS S) = - as2}vs (.Z' + ¥ t)
P2 o W2 — V%, siad, —a_ cos 0, s
s=1,2, 6, = V\—a (& + Ydb)-
If one puts of = —y,, then A, = —o;" = const.

Let %;, =% and %, —x, Let us solve the equation ¥ (X, %) = P (x,x%,). With 6; = Vo
(@ + %38), 0, = V%, (z + %ot), 1 : {
D= (dij) _ ( cos 6, ——x;l-sm 83) ) ( cos Oy — —Z—sm 54) ’

— V%, sin 6, €08 0, V %g sin 9, €05 3
Set % = %; — %o, 0;; = /(s —7;), i, j =1, 2. For the potential U(z,y,t)= —2%—(a,2+ @) We
find from the equation 1 (x, %,) =P (x, ®y) that

g0 @M e b (s
U('z7 Y, t) = 2 Fr azenny—:‘—(zf’y'y + bz(I, t) ’ (20)

where
4 = ‘511 — 8y, € =0y — 8yp, @y = (A — A'1) 511512, ¢y = (hy — A) 851022,

61 (11 t) = dn (512 - 611) + dlZ (6217"1 - ‘5117‘1 + 6127% - ‘Szzkz) -+ dZZ (622 - 621);
by (z, 1) = dyg (810201 — 820819hs) + (day — AgAadys) (81105 — 02100) + daa (83201:hy — 02,810hs).

The numerator and denominator under the derivative symbol in (20) are, for these special
solutions of the KP equation, linear combinations, with constant coefficients, of e, ¥,
cos 05 cos O,, sin Bscos B,, cos 0, sin 8,, sin O3 sin 0,, if 2, ——o;' and af =—7y,. If all A, %<0
and x, are real, then we have a real solution for which Uz, y,t)—> 0, y—> & co. Both trigono-
metric (%, > 0) and hyperbolic (%, <<(0) forms are possible.
2

If H 8;;<C0, then for fixed xo, to the solution (20) invariably has a singularity, and
i, j=1
at exactly one point y*(Xo, to). In the trigonometric case (%; > 0, %, >0}, we always have

2
H 8;>0. The presence of a singularity for given x, t depends on the solvability of
i, j=1
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2
hase, < by (x, t) under the comstraint, where b, (x, t)/c, <0, where @aCy = (M — Ag)? II 8 > 0.

-~

i, j=1
It can be shown that in the trigonometric case these special solutions will always develop
a singularity; it is confined to a region -|y| < const, bounded uniformly for all x and t.

Example 2. A rational curve T with more complicated degeneracies.

Again, let there be given points Vi, ...,y , and let some of the pairs of points
end %;, coalesce: %y —> %, i =1y, -« .y Ipe We look for W in the form

Ni
e 08 = (B0t 3 ool 0k — 3 Fole, 1,1, )

1 =1
l i ! J
Zasily;‘)]:asj(zasi\y:)l”, 2. 1<]<l_111<q<Nl
i=1 Vi==1 = q )
22,
P _ . .
ST NI 0, i=11,-..,10p,
\p (.’JE, Y, t, Kil) B '\p (.’E, Y, t, %iz), l%"—’- i]_, [N ip.

NL
. . : , 7] \
Again we find a solution U(x,yﬂ)::—-Q?;(Ela”j_
j=1
In the simplest case N =1,1=2,p =1, %;; =%;; =% we obtain solutions of the KP equa-
tion which are ratiomal in x, y, t, if % =0, af = — s, @ = — auk,, where A, = —a;, just
as in Example 1. Equation (2') takes the form

2, 2 =
_ﬂ_ﬂ:(go_ﬂ_&}<ﬁ“’“ \Fg‘) =(§o—~“—‘——*‘1) LT
R Yioo Yo\ Ok k=p i Ye 1tz z ,

where — Vs = ;\4;21 a; = (—‘ }"saslv aez): 50 - (170)7

0
Uz,y,t)y=—2 Fr (@22 + a22).

These rational solutions do not decay as X + ®, ¥y = yo, t = to, and are therefore not con-
tained among the known rational solutions (see [8, 10]).

Claim. Rational solutions are obtained for all N > 1, if one imposes, instead of con-
dition 2', the following condition 2" at the point » = 0.

" dp dN'lI)__
2", g, L0

Conjecture. 1) These are all the rational solutions of the KP equation which do not

decay as x -+ ». 2) For all even N there are solutions of this type which have no singular-
ities.

3. Multiparameter Variation of the Equipped Bundle. KP Solutions of Genus g =1, 1 =2

In the case [ = 1 there is, for the KdV equation, a well-known system of differential
equations in x and t for the parameters yi, . . ., Yo, and the potential u(x, t) can be ex-
pressed very simply through these parameters (see [2, Chap. II, Secs. 3, 4]). In the case
1 = 1, however, the use of these equations may be circumvented entirely because there are
explicit formulas for the scalar Baker—Akhiezer function in terms of the Riemann 6-function
(see [2, 10]). 1In the present paper, it is clear that the situation for 7 > 1 is much more
complicated: the computation of the Baker—Akhiezer vector function ¥ (x, P) has not been
carried through to the end, and it leads to the solution of a system of singular integral
equations on the circle, following the method of [9] (see Sec. 1). At least we do not need
to know the whole vector W% (x, P), but rather it is sufficient to know one coefficient in the
expansion of  ¥;* at Po, which then determines U(x, y, t) (see formula (18)). Hoping to
get a more explicit answer for U(x, y, t), we turn now to the computation of the x, y, t
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dynamics of the Tyurin parameters (y, o) the moduli of the holomorphic equipped bundle, and
we consider the resulting equations to generalize to the case I > 1 the Dubrovin equations
for the parameters yi, . . ., Yg in the 1 = 1 KdV case.

We study the Baker—Akhiezer vector function P (x, P), defined by the following data:
an algebraic curve T' of genus g, a collection of Tyurin parameters (i, . - ., Tig, @y - - -, Ggg),
a distinguished point Py =0 &I and the "input" matrix W¥,(x, k) (see (1), x = (z, ¥, £).

Let ¥ denote the Wronskian determinant of the vector ¢. The following are some ele-
mentary properties of the Wronskian matrix:

a) ¥, ¥! is a rational matrix function of P & I', of the form

0 10...00
0 01...00
PP e = i(x? P)
0 0 01
X1 Xz ... X1
(i.e., the scalar functions X, are rational);
b) for x =x, =0 the poles of the matrix W,.¥' =% (0, P) coincide with ¥1,- .., Vg,

and the ratioi of the residues of the Xj at the points yj coincide with the parameters
Qs %i,j = KiKL |P=?;' '

Definition. The dependence upon x of the poles of the matrix X and of the ratios of
the residues of the functions Xj at these poles will be called the x dynamics of the Tyurin
parameters (y, a).

Consider the Baker—Akhiezer vector function corresponding to the choice of the Aj in
the form 4; =, i=1,...,1l(g+1) —1 =N. It defines a multiparameter variation of the
Tyurin parameters. Thus:

THEOREM 2. There exists a commutative (g + 1) — l-dimensional group of transforma-
tions of the space of moduli of the equipped l-dimensional holomorphic vector bundle of de-
gree lg over a nonsingular algebraic curve of genus g. Its generators are meromorphic vec-
tor fields.

Note that the space of moduli is Z®g-dimensional. For I = 1 it is just the Jacobian
torus J(I'), which in this case is itself a group. For 7 > 1 the whole moduli space is no
longer a group. The group GL(Z, C), acts on this space by permuting the equipment. It is
important to realize that the action of our 1(g + 1) — l-dimensional group does not commute
with the action of GL(Z, C), and so is not defined on the space of moduli of bundles without
equipment. ' ‘

For one variable x, this dynamics was discussed in [9] (Sec. 3), and an algorithm for
the computation of the right-hand sides of the equations %iz =..., Qi = ... was given. In
the present paper we obtain, for genus g = 1 and 7 = 2, a peculiar analog of the "trace for-
mulas," which connects y, o with the potential U(x, y, t) of primary interest to us. This
makes it possible to close the system of equations for the (x, y, t) dynamics of the param-
eters Y, a. It should be mentioned that an explicit representation of U(x, y, t) in terms
of y; (x), @; (x) and u(x, t) has still not been obtained.

For the Wronskian matrix W (x, P), of the Baker—Akhiezer vector function 1 (x, P), intro-
duced for the construction of solutions of the KP equation with Z = 2 (see Theorem 1 of Sec.
2 and Example of of Sec. 1) we find

Bi=¥¥1=(", () +00,  U=—n—2

X — kO - )
By=¥ ¥ =, ) +0(Y), un=8 (21)
/ U
o kg
By= ¥ ¥ = Uk +O0G™).
kr— 3 - g Oy
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Using the technique of [9], we extract equatioms for ¥i, vz, a3, @ from formula (21):

{Ym = (_ 1)1 (0-2 - al)ily (22)
0, =02 —U 4 (— 1) € (v2 — 1) -+L(Po— ¥2) — L(Po— v1)s
{ Viy = (3 (23)
— Oy = — Vg,

Py = (— 1) (o0 + ) (2o — @)Y,
2

i
2

az = (0 — o1) + — a3— & (Po—17,)-+

, 24
+(— 1)1<a%+%)(C(Yl”—\’z)+§(P0—Y1)’—C(P0—‘Y2))- @4

dg(z)
daz
In [9], with just one parameter x, it was possible to regard U(x, 0, 0) as an arbi-
trary function of x, which then replaced the functional parameter u(x) in the matrix 4, =
L In the present case it is necessary to compute this U as function of y, o and of
the coefficient u(x, t) in the matrix ¥, ¥, = A;. To this end we use the commutativity of

the flows (22)-(24) with respect to x, y, t. Compatibility of (22), (23) in x, y yields
By — By = By, Bol = vy = (o — o)™t (B(Po — 1) — 8 (Po—72))» (25)
Uy=— (& +ad)y or U=— (af + az) + uo (2, 1) (26)

Using compatibility of the flows in x, t and y, t, we find a relation between uo(x, t) and
u(x, t), where u(x, t) satisfies the KdV equation

Here

= — ®(z), where ¥ is the Weierstrass function (see [12]).

1 ou 3u
ue = — = (6u55 + %)

(see Example 1 of Sec. 1). The KdV-type equation for ue is too complicated to give here.

The remaining parameters figuring in (24) assume the form

t v
0 — 01 = — (€ (Po—v1) — €2 (Po — Vo)l +—5-» (27)
~ e 1 [es—ad—2%, LU 1 , , , \ (28)
W3 = Zy — 5~ — —{'—(—a-l—_'l_%)—._, L+ 5+ e (26" (y1 — y2) — &' (Po — 11) — & (Po — T2)],

where Zy==( (y; —¥2) + 5 (Po—¥1) — & (Po— ¥2)y Zo =8 (Po—v) —F (P, — v2).  If the function-
al parameter uo(x, t) reduces to zero, then (22)-(24) become autonomous equations for the
Tyurin parameters 7Vi» Vo, Gy, Clo- In all cases, upon substitution of (25)-(28) into (22)-(24),
we obtain a set of commuting flows in the variables x, y, t, with uo(x, t) figuring explic-
1y on the right-hand sides.

CONCLUSIONS

Every solution of (22)-(24) from which U,v;, », — ®; @3, have been removed by formulas
(25)-(28), generates a solution of Kadomtsev—Petviashvili equation. This circumvents the
use of singular integral equations for g = 1, 7 = 2. 1In principle, this procedure extends
to all [ > 2, g> 1. but the formulas become very complicated.
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MATRIX SOLITONS AND BUNDLES OVER CURVES WITH SINGULARITIES

Yu. I. Manin UDC 517.944

Introduction

0.1. Let k = Ror C, let B be an algebra of matrices whose coefficients are k-mero-
morphic or differentiable functions (or germs of functions) of the variable x (or of the
variables (x, t), (x, t, y)). Let 8,=4a/dz, y_ﬁ/ay, 3, = d/ot: B—B. Denote by Hld.] the
ring of linear differential operators {zlb 01]b Continue 3y, 3t to derivations of

iz0

the left #-module B [d,] by the formula 4,(2b; 93) = % (9,b;)0%, and analogously for dy.

A pair of operators L, P = Bld:] is called a solution of the stationary Lax equation
(or of the Lax equation, or of the Zakharov—Shabat equation) if [P, L] = O (respectively,
if 9,L =[P, L1, 8P + 8,L =[P, L. For simplicity, we will sometimes refer to any one of
these equations as a Lax equation.

In this paper we construct a new class of solutions of multisoliton type of the Lax
equations. The separate solitons making up these solutions we will call matrix solitoms,
because the explicit formulas contain exponentials of the form exp (X;x + K,y + Qt), with
K:, Kz, © matrices, rather than scalars (which is the case with the known multisoliton so-
lutions, see, e.g., [4]). The order of these matrices, which we will call the rank of the
solution, is not at all related to the order of the matrices in the algebra 5: all of the
latter may in fact be scalars.

Let us introduce an elementary example of solitons of rank two, which shows an unusual
behavior.

0.2. The simplest Lax equation that has soliton solutions of rank two is 9,L = [P, LI,
where L — 8% + vd: - wo,+ 2, P = 0d:. + cdx +u; here o, c& R are constants, and u, v, w,
z are the unknown functions of x and t. Equating coefficients and eliminating u, we find
the equivalent system of equations

— 0 Wy = 2y — 20 — €O Wy, — 07wy = — Wi | 2Wper + VO — c0OTW, — 224,

1

- 1 1 -1
1Zt :Tvxxxx+'—2-vyx;—zxx+’§'vxw —— €W " Zy.

— @
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