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INTEGRATION OF NONLINEAR EQUATIONS BY THE METHODS OF ALGEBRAIC GEOMETRY

I. M. Krichever ' UDC 513.015.7+517.944

A method discovered in the late 1960s (see [1]) for integrating nonlinear partial dif-
ferential equations in the Zakharov—Shabat form is based on the possibility of representing
a number of such equations in operator form [2]

g a
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where L; and L, are linear differential operators in the variable x whose coefficients are
matrix functions of x, y, and t. Originally this method was associated with the inverse-
problem method of the scattering theory. A general scheme for using it was described in
[2]. The use of the scattering theory restricted the possibilities of integration to the
class of rapidly decreasing solutions.

An investigation of the periodic and almost-periodic solutions of the Korteweg—de Vries
equation, the first equation for which a representation of the form (0.1) was found, revealed
its deep algebrogeometric nature. (A detailed description of the results obtained along this
line and a complete bibliography are given in [3].)

In the present paper we propose a general scheme for constructing periodic and almost-
periodic solutions of Eqs. (0.1) by using the methods of algebraic geometry. (A brief de-
scription is given in [4, 5].)

These methods enable us to find and express in explicit form, in terms of the Riemann
® function, all stationary solutions of Egqs. (0.1), i.e., solutions that are independent of

the variables y, t, and, consequently, to give a classification of commutative rings of dif-
ferential operators in one variable.

The construction is based on the concept of the algebraicity of a differential operator,
which means that it has a family of eigenfunctions, parametrized points of the nonsingular
algebraic curve R, which has "good" analytic properties on R . The inverse problem of re-
constructing an operator from such a family is solvable in the case of operators in several
variables as well (see also [6]).

I take this opportunity to express my deep gratitude to S. P. Novikov for his constant
interest in the work and his valuable advice.
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1. THE NOVIKOV EQUATION

We consider a system of nonlinear equations in the coefficients of the operators
n m

a* ‘P
L= Y@ g L= Ym0 o

a==0 =0

which is equivalent to the condition that they commute, i.e., to the condition*
[Ly, L] = 0. (1.1)

We assume a priori that this is a set of equations in the class of germs of matrix functions
u?(xL vg(zL 1 i, i<, of a real variable. Anticipating some later results, we may point
out that, as will be shown in Sec. 4, all of their solutions admit of a meromorphic contin-
uation to the entire complex region and, in addition, almost all the solutions are condi-
tionally periodic functions.

First of all, we stipulate that in all operators, unless otherwise specified, the lead-
ing coefficients are constant, nonsingular diagonal matrices ul (z) = ¢;8ij, Um () = b:8;;. 1In
addition, for those i, j for which ci = cj (the set of such pairs will be denoted by A) we
set uy, (z) = 0.

Since commutativity of the operators is "equivalent" to the existence of a "sufficiently
large" number of joint eigenfunctions, we introduce the formal solutions of the equation

Ll\Y (.‘L‘, k) = Y (=, k) un, (1.2)
which have the following form:
¥ k)= (3 5@ h)eses, (1.3
8=<0

where k is a formal variable and the £g(x) are matrix functions.

LEMMA 1.1. There exists a unique formal solution of Eq. (1.2), denoted by ¥(x, k; xo),
which satisfies the "normalization" conditions By = 8ij, g4 (zo) =0, s>1, (i HeA.

Proof. The matrices £g5(x) are determined successively from the equations obtained by
equating the coefficients of k™S, s = —m + 1, . . «» 0, 1, . . ., on the two sides of Eq.
(1.2).

These equations

[-3

n
aa.—l

Zua ZCL F§3+1=§s+nun (1.4)

a=o

=0

can be converted to the form

0 = [u,, Enis] = nu, %gw_l + (terms containing only &;, j<<n 4 s —1).

Consequently, from the s-th equation we find those elements §2u(IL for which (i, j) & A, and
the elements %gi’;n_,, if (i, ) A. This assertion not only completes the proof of the lem-
ma but also enables us easily to derive the following

COROLLARY. The series (1.3) is a solution of Eq. (1.2) if and only if it is repre-
sentable in the form

k4 (Iv k) =Y (x’ k; -%) y:| (k: -7/'0)1 (1-5)

*These equations were integrated completely by S. P, Novikov and B. A. Dubrovin for the case
in which L, is a second-order operator with scalar coefficient (see [3]). Equations (1.1)
in the case when one of the operators with matrix coefficients is of first order were con-
sidered by B. A. Dubrovin (see [3]).
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-]
where the series A4 (k, zy) = 2 a,(z0)k~* has nonzero matrix elements of the coefficients ay (z)

only for the indices (i, ])EE A

Proof. ' Let us verify that the series given by the right-hand side of Eq. (1.5) satis-
fies Eq. (1.2). We have

LY (z, k) = K'Y (z, k; zd) u A (k, zo) = kK"¥ (z, k) un,
since [A(k, Xo), up]l = 0.

For any solution ¥(x, k) we take as our series A(k, xo) the series Y~ (z, k; zo) ¥ (Z0, k).
We can verify at once that this satisfies the requirements of the corollary.

Hereafter we shall assume that all ¢;5%c;, if i%j; i.e., the set A consists of the
pairs (i, 1).

THEOREM 1.2. The operators L; and L. are commutative if and only if in the coeffi-
cients of the series

WL (x4, by 20) LY (20, Ky 20) = A (By o) = A (k)
the only nonzero elements are diagonal ones and these are independent of xo.

Proof. 1If the operators are commutative, then the series L,¥(x, k; X,) satisfies Eq.
(1.2). To see this, we note that [ LY (x, k; x0) = L,L\¥ (z, k; z) = KL% (z, k; zo) up.

As a corollary to Lemma 1.1, L,¥ (z, k; zo) = ¥ (z, k; z0) 4 (k; z,). Now we make use of the
fact that V¥ (z,k;z,) "™ jg of the form (1.3) and satisfies (1.2). This means that ¥ (z, k;
z,) eEx =W (z, k; zo) B(k, o). Then A (k, z)= Bk, 20) 4 (k, z0) Bk, z)) = 4 (k, o). Here we
make use of the fact that both series have diagonal matrices as their coefficients.

Now let us prove the sufficiency of the conditions of the theorem. Since L,L,¥ (z, k;

zo) = K'Y (z, k; 7)) A (k)u,, it follows that [L,, L] ¥ (z, k; 2,) = 0, which is sufficient to make
the operator [L,, L2] vanish.

COROLLARY 1. The ring of operators which commute with the given operator is commuta-
tive. , '

Proof. Let [L;, Lz] = 0, [L,, La] = 0; then LY (z, k; zo) = ¥ (z, k; o) 4, (k), Ls¥ (z, k3
zo) =¥ (2, k; xo) 4o (k), and [Ly, Ll ¥ (z, k; o) = 0. This means that [L,, Ls] = O.

COROLLARY 2. Equations (1.1) have an infinite set of first integrals polynomially de-
pendent on the matrix elements uJ () and uvg (z) and their derivatives.

Proof. As stated in Theorem 1.2, the first integrals of the system are matrix ele-
ments of the coefficients of the series

Y1 (g, k; 2) LY (x, k5 z) 2‘, Ak,

r
From Eqs. (1.4) it follows that the matrix elements of the series iir‘F(x,k;x)are
T

polynomially dependent on the matrix elements ué and their derivatives.

COROLLARY 3. The matrix elements v;(x) are polynomially expressible in terms of the
matrix elements y! (z), their derivatives, and the first integrals of the equations Ad, —m

< sg 0.

Thus, the system of nonlinear equations in the coefficients of the operators L; and L,
in (1.1) turns out to be equivalent to a family of systems of equations in the coefficients
of the operator L, alone, parametrized by the sets of arbitrary complex constants A, —m <
s 0. These last systems will be called Novikov equations, since in the case of the
Schrédinger operator —(d?/dx?) + u(x) they coincide with the equations which describe the
stationary solutions of higher analogs of the Korteweg—de Vries equation, the importance of
which was first noted in [7].

As will be shown in the proof of Theorem 1.3, only a finite number of the integrals
Aéi are independent.

It should be noted that the proposed scheme is different from the schemes for construct-
ing the polynomial integrals of the higher analogs of the Korteweg—de Vries equation in [7,
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8, 23]. Formulas relating sets of Novikov integrals and Gel'fand-—Dikii—Lax integrals are
given in [9].%

THEOREM 1.3. Suppose that the coefficients of the operator L satisfy Novikov equations
for which the constants ‘A?,-—nzsg s < 0, determining them ineclude at least one nonzero con-
stant with index s which is relatively prime to n. Then the operator L has a family of
characteristic vector functioms y{(x, P), i.e., Ly(x, P) = E(P)y(x, P), parametrized by points
of the nonsingular algebraic curve R, P& ®. The function E(P) is meromorphic on R and
has I poles, P, . . ., P7, of multiplicity n. Furthermore, ¥(x, P) satisfies the follow-
ing conditions:

1) for all x it is meromorphic on R outside of P,, . . ., P7, and its poles Dy, . . -,
Dy are independent of x;

2) in a neighborhood of the point Pj the vector function 1 (z, D) ¢ k(P)x-%) ig analytic,

k(P)==];/é%£2, and its value in Pj is equal to a vector with a single nonzero j-th
i
coordinate, which is equal to 1.

For almost all solutions of the original equation the divisor D, + . . . + DN is non-
special, and its degree is equal to g + . — 1, where g is the genus of the curve R.

Proof. For the formal variable E we consider the nl-dimensional linear complex space
% (E), whose basis is constituted by the j-th columns of the matrices ¥(x, kjr; Xo), defined
in accordance with Lemma 1.1, 1<j<<L 0 r<<{n—1, where c¢kjr = E (¢; = u}). By Corollary
3, the coefficients of the operator L and the constants A%l determine the operator La,
which commutes with L. Consequently, L; induces on ¥ (E) a finite-dimensional linear op-
erator L;(E), for which the selected basis is characteristic. The characteristic polynomial
of the operator is equal to

! ng
I Il — 47 @)
=1 r==1.
The coefficients of this polynomial are symmetric functions of the variables kjr, and,
consequently, they are Laurent series in the variable E~'. We shall prove that they are
" polynomials in E.

Since these polynomials are expressed in terms of A s<<m (nl —1) = N, all the other
integrals of the Novikov equations are consequences of these. The vanishing of the coeffi-
cients of the powers of E~' enables us to write the linear combinations crAij’ where r =

him + h.n K N [we denote the number of such pairs (h,, hz) by N(m, n, )], in terms of in-
tegrals with lower indices.

COROLLARY, Every Novikov equation has a set of mZ(nl — 1) — N(m, n, !) independent
polynomial integrals.

We introduce a new basis in % (£), formed by st(x, E) columns of the matrices Cj(x, E),

r
determined by the normalization .;..ch(zo,E) = §,;I, where 1 is a unit matrix and 0 r<<n —1.
z

N .
LEMMA 1.4. The matrix elements of the matrices ;i" Ci(zy, E) are polynomially expres-
sible in terms of the matrix elements uy(xo, ggug(xﬂ,“.,and the variable E.
Proof of this lemma can be obtained by repeatedly using, for reducing the order of the
derivative, the equation

n n—1
d L
uﬂ;;? Cj(z’ E) = EC](x, E) — Zua,(z) —d—z-a-cl (xy E)?

a=0
which is satisfied by virtue of the definition of £ (£).

COROLLARY. In the new basis the matrix elements of the operator L%J(E) are polynomi-
ally dependent on the variable E.

*In the present paper we shall not discuss the question of Hamiltonian mechanics related to
Eqs. (1.1). I. M. Gel'fand and L. A. Dikii have informed the author that their Hamiltonian
structure is investigated in [24].
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This means that the characteristic polynomial of L,(E) has the form Q(y, E), where
Q( -} is a polynomial in two variables.

The following lemma reflects a well-known fact concerning self-adjoint operators: Op~
erators which commute with each other are functionally dependent.

LEMMA 1.5, The operators L and L; are algebraically related by the equation Q(L.,
L) =

Proof., The eigenvalues of the operator L,(E) are given by the equation
Q(y, E) =0, (1.6)

Therefore, Q (Ly L)Y (z, k; 20) = Q (y, E) ¥ (z, k; x0) = 0.

As has already been noted more than once, a linear differential operator vanishes if
and only if the one-parameter family of functions ¥(x, k; xo) belongs to its kernel.

The statement of the lemma for the case of the operator L = —(d*/dx? ) + u(x) was first
obtained by A. B. Shabat for a reformulation of the method of proof of the fundamental
theorem of [7].

Now we shall consider E a complex number. Equation (1.6) defines the algebraic curve
R, and the correspondence (y,"E) =P =R — E specifies a function E(P) on it.

For large values of E the expans1on of the eigenvalues of the operator L:(E) in Laurent
series in the variables (E/cj)”'/® coincides with the series AJJ(k r). By the hypothesis of
the theorem, these eigenvalues are distinct. Consequently, they are distinct for almost all
values of E. Moreover, it follows from the foregoing that the preimage of the "point at
infinity" of the completed complex plane { = C{Joo for the mapping E:®R — C consists of
the 7 points P;, « « +y P7, where the local coordinates in a neighborhood of these points
are constituted by the functions kj* (P) = (E (P)/c;)-un.

To every eigenvalue of the operator Lp(E), i.e., to a point P of the curve R, there
corresponds .an eigenvector which is unique to within a proportionality factor.

Selecting the normalization for which its first coordinate in the basis cjs(x, E) is
constant, we can easily verify that its other coordinates are meromorphic functions on the
curve R, which depend, in general, on the choice of the initial point Xo. We denote this
characteristic vector function by ¢(x, P; xo0):

d) (z! P; zﬂ) = 2 A'js (xm P) cja (z’ P; xo), ku (Io, P) = 1.
i, 8

In order to obtain the required eigenfunction ¢(x, P), we proceed as follows. The co~
ordinates of the vector function @ (z,, P), equal to the values of the logarithmic derivatives
of the coordinates ¢(x, P; Xo,) at the point xo,, are independent of the choice of normaliza-
tion of the eigenvector of L,(E). They are equal to the ratio of the coordinates Azg(xo,
P)/A,S(xo, P), which means that they are meromorphic on .

x

We can verify at once that the function (z, P) =S a(z, P)dz satisfies all the require-
ments of the theorem. %

For almost all solutions of the original Novikov equation, Eq. (1.6) specifies an al-
gebraic curve with no singularities, and in order to complete the proof of the theorem in
this case, we need only find the number N of poles of the function y(x, P). To do this, we
construct the matrix F(x, E), whose columns consist of the coordinates of the vectors vy (z,
P), % (z, Py), ..., 4"V (z, P;), where the Pj are the points at which E(P{) = E. The function
g (z, E) =(det|F (z, E)|)* is independent of the order in which the points Pj are numbered
and is a rational function of the complex variable E. Its zeros are those points E for
which the functions y(x, Pj) are linearly dependent, i.e., the points for which the eigen-
values of the operator L,(E) merge into one another. The multiplicity of a zero of g(x, E)
is equal to the multiplicity of the branch point v of the curve R. (The multiplicity of a
branch point is one less than the number of sheets of R that merge at that point.) The
poles of g(x, E) coincide with the images of the poles of Y(x, P) and with the "point at
infinity" E = ». We have

Nv=2N + Nx.
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Let us find the multiplicity of the pole at infinity. It is equal to twice the multiplicity
of the product of the diagonal elements of the matrix F(x, E). In the local parameter
E(P)"/n the multiplicity of a pole of the corresponding coordinate w(r)(x, P) is equal to
r. This means that the multiplicity of a pole of g(x, E) in the parameter E(P) /M s equal
to2(L+ .. .4+ (n—1)) =n@m —1)I. Consequently, N, = (n —1)2. As is known (see
[10]), the genus of a curve is equal to half the sum of the multiplicities of all branch
points minus the number of sheets plus 1. The multiplicity of branching at the points Pj

is equal to n — 1, and therefore

2g=v+(n—1)l—2nl4+2= Jv—nl—142.
Then ‘

N =Dv—nltl=2g+2—2.

~

If the curve R has singularities, then there exists a birational nonsingular curve X,
which is isomorphic to it, i.e., a mapping aR - R, which is an isomorphism almost every-
where. The functions 7*E and 7*y satisfy the requirements of the theorem. If P& R, then
7*E(P) = E(w(P))). This completes the proof of the theorem.

Solutions of Novikov equations for which the curve specified by Eq. (1.6) has singu-
larities may be regarded as the limit of solutions of general type, for which the points of
the corresponding curves merge with one another. However, we shall give a closed algebro-
geometric description for them, analogous to the description given in [11] for a well-known
class of nonreflective potentials of a SturmLiouville operator (see also Appendix II to

(3.

COROLLARY. On the hypothesis of Theorem 1.3, the degree N of a nonspecial divisor of

the poles of the function y(x, P) is equal to g+ 7 — 1 + d, where d is the number of points
Eiy « .« ., E4d for which .

det | F (z, E)|=0 (1.7)

Proof. The points E;, . . ., Ed are images under the mapping E: & - C of the singu-
laritigs of the curve R. When we remove these singularities, i.e., when we pass to the
curve R, we will have identical functions Y(x, P) corresponding to all the preimages of one
singularity. Consequently, Eqs. (1.7) are satisfied. As in the proof of the theorem, mak-
ing use of the fact that g(x, E) vanishes not only at the images of the branch points but
also at the points Eif, we find that N=g+ 7 +d — 1.

2, COMMUTATIVE RINGS OF DIFFERENTIAL OPERATORS

In Sec. 1, to every operator whose coefficients satisfy Novikov equations we assigned
a set of data: a nonsingular complex curve R, which, in accordance with the ideology of
[3] we call the spectrum of the operator, a meromorphic function E(P), which has poles of
n-th order at the points P,, . . ., P7 and is called the spectral parameter, an effective
divisor D = IkgDg (i.e., a set of points with multiplicities %k, > 0), and also the points
E;y o+ o« .5 Ed, where N = Zkg = g+ 7 — 1 + d. ’

Our purpose in the present section will be to solve the inverse problem and reconstruct
the operator L from the set R, E, D, E,, ..., Ej).

First we construct the vector function yp(x, P), which will be an eigenfunction of the
operator L. We shall state the necessary theorem in the form in which it can be used in our
next section for solving the inverse problem for algebraic operators of several variables.

In a neighborhood of the points P,, . . ., P7 of the nonsingular curve &R we fix the
local parameters zj(P), Zj(Pj) = 0. By analogy with the space % (D) of meromorphic func-
tions on R, associated with the divisor D (f (P)= £ (D), if D + Dy > 0, where Df is the princi-
pal divisor of f), we introduce the space A(q, D), where q is the set of polynomials qj(k).

The function ¢(g, P) belongs to A(q, D) if:

1) outside of the points Py it is meromorphic, and for a divisor of its poles Dy (the
multiplicity with which the point Dg occurs in Dy is equal but opposite in sign to the mul-
tiplicity of the pole of the function in it) we have Dg + D > 0;
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2) in a neighborhood of Pj the function @ (q, P)exp {—g; (%; (P)} is analytic, k; (P) =
73t (P). -

THEOREM 2.1 (Akhiezer). For a nonspecial divisor D > 0 of degree N > g, dim A (g, D)
=N-g+1.

It should be recalled that by nonspecial divisors, which form an open set among all
divisors, we mean those divisors for which dim £(D)=N —g+ 1.

A logarithmic differential d® (q, P)/® (q, P) is an Abelian differential on ®,and,
therefore, the proof of the theorem is in large measure a repetition of the proof of Abel's
theorem and the solution of Jacobi's inversion problem (see [12]). We shall omit it not
only because it has been given repeatedly in many studies (see [3, 13-15]), even though
in somewhat different form, but also because it can easily be obtained from the explicit
formulas for ¢(q, P) given in Sec. 4.

In the present section we shall confine our attention to the case in which all the
polynomials qj(k) are equal to k(x — xo). For simplicity, instead of ®(q, P) we shall
write ¢(x, P).

If on the curve R there exists a meromorphic function E(P) with poles of multiplicity
n at the points Py, . . ., P7, then as the local parameters zj(P) we take f’qLE(PL

COROLLARY. For a nonspecial divisor D > 0 there exists a unique vector function
¥(x, P) whose coordinates v, (z, P) & A (z, P), a matrix with columns v(x, Plexp(—%k(P)(x —
xo))lpj is unique, and at the points E;, . . ., Ed, d = N — g—1—1, Egs. (1.7) are satis-
fied.

Proof. We select an arbitrary basis in the space A(x, D). The conditions on the co-
ordinates of Y(x, P) become a system of linear equations. Their number is equal to the di-
mension of A(x, D).

n
i3
THEOREM 2.2. There exists a unique operator L = Z Ug (X) i— such that

&
a=0
L (z, P) = E(P) Y (z, P), u = ¢;6;;.
 Its coefficients satisfy Novikov equations.

Proof. We construct for the function Y(x, P) a series of the form (1.3). As the col-
umns of the matrices Zg(x) we take the coefficients of the z? in the expansion of a neigh-
borhood of Pj of the analytic function

¥ (z, P)exp (—k; (P)z — z,)).

LEMMA 2.3. For any series of the form (1.3) there exists a unique operator L such
that

LY (z, k) = K'Y (z, k) u, (mod O (k™Y)ek=-=2)),

Proof. The coefficients of L can be found successiﬁely from Eqs. (1.4) for s = - +
1, . . ., 0. If these are satisfied, this is equivalent to the required congruence.

We shall now prove that for the constructed operator L¥(x, k) = kP¥(x, k)up. To do
this, we consider the function Ly(x, P) —E(P)Y(x, P). This satisfies all the requirements
defining y(x, P) except one. Its values at all the points Pj are equal to zero. From the
uniqueness of Y(x, P) it follows that Ly(x, P) = E(P)y(x, P).

In order to complete the proof of the theorem, it is sufficient to show that there
exists a differential operator which commutes with L.

Let A®, P, ..., P;) be the ring of functions which are meromorphic on R and have
poles at the points P,, . . ., P7. 1In the case when R =C 1is the completed complex plane
and P = = is the "point at infinity," we find that A(C, =) is the ring of polynomials.

LEMMA 2.4, The function y(x, P) gives a homomorphism A from AR, P,, ..., P;) into the
ring of linear differential operators, where to the function H PP=sA X, Py, ..., P
there corresponds an operator A(H) such that

AH)Y (z, P) = H (P) ¥} (z, P)

18



The construction of the operator A(H) is completely analogous to the construction of
L. Its coefficients can be found from the congruence

AEH)E (2, k) =¥ (. k) ( 3 hsks) (mod O (k) ektx-=), (2.1)
s=0

where the elements hg of the diagonal matrices Rl ==k£5u are the coefficients of the k?
in the Laurent series expansion of the function H(P) in a neighborhood of Py.

Since A R, Py, ..., P;) is a commutative ring, its image A is also commutative.

In the definition of the function y(x, P), and therefore, of the homomorphism A as
well, we had a function E(P). In order to define A for any curve R with the indicated
points and for a divisor of degree N = g + I — 1, we stipulate that as E(P) we will always
select a function from A (R, Py, ..., P1) with poles of identical minimal multiplicity at the
points Pj. Moreover, A depends only on the equivalence class of D. Two divisors are called
equivalent, D v D', if D — D' is a divisor of some meromorphic function £(P) on R. The
vector functions Y(x, p) and ¢'(x, P), constructed for D and D', are related by the equa-
tion y(x, P) = B(P)y'(x, P), where BLij(P) = f"(Pj)f(P)éij; therefore, » = X',

Combining the results obtained in Secs. 1 and 2, we obtain the following.

COROLLARY. For any commutative subring of differential operators A in which there ex~
ists a pair of operators of relatively prime orders, there exist a nonsingular curve R with
the indicated points and a class of divisors (D) such that the homomorphism A defined by
them establishes an isomorphism A: 4 (R, Py, ..., P)— 4.

The space of solutions of Eqs. (1.1) is a complex linear space, which for relatively
prime n and m, by the corollary we have proved, is isomorphic to a fiber space over the
variety of the moduli of curves with I indicated points at which there exist functions with
poles of orders n and m whose fiber consists of the Jacobians of the curves.

By the Jacobian of a curve we mean a g-dimensional complex torus formed by the equiva-
lence classes of divisors of fixed degree (see [12]). We shall discuss this in more detail
in Sec. 4.

In the case n = 2 and . = 1, this result was obtained in [16].

We now ask: When does the curve R corresponding to the commutative ring A have a
fixed genus? The genus of R in terms of the ring A4 (R, P) is given as follows. Suppose
that n is the minimal possible multiplicity of a pole of functions belonging to 4 (R, P),
and pi, i =1, . . ., n — 1, are the minimal numbers for which there exists a function in
this ring with a pole multiplicity uijn + i. Then g = u, + . . . + up=-3.

LEMMA 2.5. The genus of the curve @ 1is no greater than g if and only if in the ring
A there exist operators of orders n, uin + 1, where u; + . . . + yup-; = g.

For almost all points P of the curve R we have n = g + 1. All other points are called
Weierstrass points, For almost all curves of fixed genus g at the Weierstrass points we
have n = g, y, = 2, yj = 1, i > 2.

COROLLARY. The fiber space M over the finite-sheeted covering M > M of the variety
of moduli of curves of genus g corresponding to the fixation on the curve of a Weierstrass
point whose fiber is the Jacobian of the curve is isomorphic to the space of solutions of
the system of equations

[L, L] =0, i=1,...,g—1, (2.2)

where L and Lj are differential operators with scalar coefficients of orders g, 2g + 1,
g+ i (i >2), respectively.

The differential equations (2.2) on the complex linear space of solutions of the equa-
tions [L, L,] = 0 give us the algebraic equations describing the variety M.

We must make a careful analysis of the possibilities of such an approach for the solu-
tion of the problem of unirationality of the complete variety of moduli of curves of genus
g, which is extremely important in algebraic geometry.
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3. ALGEBRAIC OPERATORS AND ZAKHAROV—SHABAT EQUATIONS

As we noted in the introduction, the possibilities of the inverse problem are consider-
ably broader than those of the direct problem, and its solution is always possible when
there exists for the operator the set of "spectral data" listed at the beginning of the pre-
ceding section.

In this paper we shall confine ourselves to operators of the form

n
8% a . a
I A (3.1)

a=g0

Definition. An operator L — 3/3y is called algebraic if there exist a curve R of
genus g with indicated points P,, . . ., PZ, an effective divisor D of degree g+ 7 — 1,
and a vector function ¥(x. y, P), P R, such that

2\
2) outside of the points Pj it is meromorphic, and for a divisor of its poles Dy we

have D 4 D, > 0;

3) in a neighborhood of Pj the function Y(x, y. P)exp(-kj(P)x — Qi (kj(P))y) is analy-
tic and its value at P; is equal to a vector with a single nonzero j-tg coordinate, which
is equal to 1. Here Zj(P) = kE‘(P) is a local parameter, and the Qj(k) are polynomials of
degree n.

 Remark. This definition of algebraicity corresponds to the properties of operators
whose coefficients are solutions of the general type of Novikov equations. It is not dif-
ficult to give a definition of the analogs of separatrix solutions of these equations (see
the corollary to Theorem 1.3).

We consider the problem of reconstructing an algebraic operator from its '"spectral
data.”

We. set the polynomials qj(k) appearing in the definition of the space A(q, D) equal
to qj(k) = kx + Qj(k)y; then, as a corollary to Theorem 2.1, we obtain the following.

COROLLARY. For fixed local parameters zj(P) and polynomials Qj(k) the conditions 2
and 3 uniquely define the function y(x, y, P).

n
) (¢4
THEOREM 3.1. There exists a unique operator L = E ua(x,yyéLa such that
r—— e —— R £1

=0

lij
(14 )ptenm=0,
where n is the maximal degree of the Qj(k).

Proof. As in the proof of Theorem 2.1, we comstruct for the vector function v(x, v,
P) a formal series with matrix coefficients, which has the form

¥ (@, 1 k) = ( 3 B, (2, y) k) ebxeaim, (3.2)
‘s=0
where Q(k) is a polynomial with matrix coefficients,
{ n
Q)= 2 Qi(k)8;;= 3 Quk™.
j=1 m=0
By the normalization condition £o(x, y) is a unit matrix.

LEMMA 3.2. For any series of the form (3.2) there exists a unique operator of the
form (3.1) such that

(L - 36;’) (2,5, k)==0 (modO(k™)e:=+Qb),
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Proof. The required congruence is equivalent to having the following equation satis-
fied:

n [] n
a(z—l -
Zuazcim§s+l=zgs+m0m: 3="‘n,---10- (3'3)
=0 =0 ’ m=0

From these equations we can successively find the matrices up(x, y).

Continuing the proof as in Theorem 2.1, we find that for the constructed operator
(L —3/3y)y(x, y, P) = 0.

We introduce an equivalence relation between the sets of 19cal parameters z: (P) and
the polynomials Qj(k). We shall say that (Zj(P), Qj(k)) and (Zj(P), Qj(k)) are equivalent
if when we set k;(P)=a_ik; (P) + ay + aikj* (P) + ... we find that

Q; (k) = Qi (ask + ao + ...) (mod k).

COROLLARY. The set of algebraic operators which have a fixed set of "spectral data"
R, Py, ..., P, D, is in one-to-one correspondence with the equivalence classes of the sets

(z5(P), Qj(k)).

We make use of an already proved theorem for the construction of the solutions of
Zakharov—Shabat equations.

n m 8B
Let the operators [L;=— Zua(z y t)_a_a- and L,= Z vg (2, Y, t)-—g be such as to satisfy
2 aza az
a=0 B=0
the commutativity condition
F) F) oL oL,
O=[L1—'-5';, Lz--g;]%[LnL2]=—ayl—a—t- ‘ (3.4)

We dssume that » > m ; then, since the right-hand side of the last equation contains an
operator of order less than or equal to n — 1 (it should be borne in mind that all the op-
erators under consideration have constant diagonal matrices as their leading coefficients),
it follows that L, and L, are commutative to within operators of order n — 1,

We can easily verify that the restricted commutativity of the operators L; and L., is
sufficient for carrying out the proof of Corollary 3 to Theorem 1.2; we have the following.

LEMMA 3.3. A system of nonlinear equations in the coefficients of the operators L,
and Lp, which is equivalent to Eq. (3.4), will be equivalent to a family of systems of
equations in the coefficients of the operator L; alone, parametrized by sets of complex num-
bers 4;, 0<s<Cm, i =1,..., 1L

The corresponding equations in the matrix elements u?(z,y,ﬂ are called Zakharov—
Shabat equations.

For every nonsingular complex curve R of genus g with fixed local parameters zs(P),
in a neighborhood of the indicated points Pj we construct (setting the polynomials qj(k)
equal to qj(k) = kx + Qj(k)y + Ry(k)t), for every divisor D > 0Oof degree g + 7 — 1, a

function ¢ (z,y,t,P) = A(r,y, ¢t,D) normalized as usual at the points Pj.

Regarding y and t in turn as parameters and making use of Theorem 3.1, we find the
following.

COROLLARY. There exist unique operators
n

L 3 a(! L . 6‘3
1=Zu“(z’y"}bx_°" 2=Zvﬁ(-€,y,t)m

a=0 f=o0

such that (L, — d/6typ (z,y, ¢, P) = 0, (L, — 0/dy) ¢ (z,y, t, P) = 0, where n and m are the degrees
of the polynomials Rj(k) and Qj(k), respectively. The operators L, and L, depend only on
the class of the divisor D.

8

2 Ly "]:0.

. 3 a7, 0 1 _ _ 8
Since [L1-—7g, Lg—-ﬁg]qix,yJ,P)..O, it follows that[Ll o
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COROLLARY. The coefficients of the operator L, constructed for the.set (R, P,... .,
P, D,z (P), Q; (k), R; (k))are solutions of the Zakharov—Shabat equations.

Remark. The set of constants parametrizing a Zakharov-Shabat equation is defined as
follows. 1If z4(P) is a 1o§a1 parameter in which the polynomial R: (k) equlvalent to RJ(k)
is equal to k", then the Ay are equal to the coefficients of the polynomial QJ(k) v Qj(k)

Let us consider the solutions of Zakharov—Shabat equations which are not dependent on
one of the variables y, t (e.g., y), i.e., solutions of equations equivalent to the opera-

[Ll at,Lz] 0. (3.5)

The coefficients of L, and L, depend on x and t. Among such equations is the Korteweg—de
Vries equation.

Suppose that on the curve R there exists a function E(P) with poles of mu1t1p11c1ty

n at the points P,. . . ., P7. As local parameters we take the functions gz; (P)= VCE(IH

By Theorem 3.1, the set of polynomials Rj(k) defines for each class of divisors (D) an alge-

braic differential operator (L; — 3/9t) and its eigenfunction y(x, t, P). Regarding t as

a parameter, we see that, as in Theorem 2.2, to the function E(P) there corresponds under
m

the homomorphism A an operator L, ==§:zm(z,0 gg; such that L,y(x, t, P) = E(P)y(x, t, P).
=0

COROLLARY., The coefficients of the operators L, and L. constructed for (R, E (P), D,
Rj(k)), satisfy Egs. (3.5).
~ 4. EXPLICIT FORMULAS AND EXAMPLES

It follows from Egqs. (3.3) [or (1.4)] that the matrix elements of the coefficients of
algebraic operators are rational functions of the matrix elements ElJ

To find the matrices £g, we express in terms of the Riemann 6-function the generators
of the linear space A(q, D), after which we obtain formulas for the coefficients of the ex-
pansion of the corresponding functions in a neighborhood of the points Pji.

We fix on the nonsingular algebraic curve R of genus g a basis of cycles
alg 0 oay agg bl’ ¢« s o bg )
with a matrix of intersections @;oa;=b;0 b; = 0,a;0b;=20;;, We introduce a basis of holo-

morphic differentials wj on R, normalized by the conditions (50%== 8ix» We denote by B the
%

matrix of b-periods, By = (ﬁo%. It is known that this is symmetric and has a positive def-

o
i

[~ 3

inite imaginary part.

The integral combinations of vectors in C8 with coordinates S8ik and Bix form a grid
determining the complex torus J (R) which we call the Jacobi manifold of the curve.

Let P, be an indicated point on R; then the mapping o: R - J(R) is defined. The co-
p
ordinates of the vector wk(P) are equal to S @
Py

For the matrix of b-periods, as for any matrix with a positive definite imaginary part,
we can construct an entire function of g complex variables:

O (1, ..., ug) = D) exp{ni(Bk, k) 2xi(k,u)},
rs2f .
where (k, u) = ku, + . . . + kgug.
This function has the following readily verifiable properties:
Oy, ooty + 4,00 05ug) =0 oo Ups ooy U, (4.1)
0 (uy + Bys « . .y Ug + Bg) = exp { — niBy — 2miug } 0 (uy, . . . up).
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In addition, for any nonspecial effective divisor D = Eleof degree g, there exists
i=1
a vector W(D) such that the function 6(w(P) + W(D)), defined on R, cut along the cycles
aj, by, has exactly g zeros, which coincide with the points Pj (see [18]);

Wi (D)= — ka<P)+———Bkk+2gﬁ(§ ooy tea;
R

For any set of polynomials q,(k), . . ., qz(k) there exists a unique Abelian differen-
tial of the second kind (see [12]) w (for the sake of simplicity, we do not write the in-
dex q for this) which has a singularity at the indicated point Pj on & of the form qu(z )

in the local parameter zj and is normalized by the conditions 43@ =0,

%

LEMMA 4.1. Let B be an arbitrary effective nonspecial divisor of degree g; then the
function :

p
_ (e (P)+ W(D)+V)
b (g, P)"exp(,g, o) e, (4.2)

where V=(V,,...,V,) and Vj==755-?ox is a generator of the one-dimensional space A(q, B.
1
Proof of the lemma can be obtained by simply verifying the properties of the function
¢(q, P). It follows directly from properties (4.1) that the right-hand side of Eq. (4.2)
correctly defines a function on ®; i.e., its values as we go around the cycles agi, b; re-
main unchanged. In a neighborhood of PJ, the function ¥(q, P) s an essential singularity
of the required kind, and a divisor of its poles coincides with D. (It should be noted
that formulas of this kind were first obtained by Its [19].)

For the eigenfunctions of operators whose coefficients satisfy the Zakharov—Shabat
equations, the polynomials qj(k) have the form qj(k) = k(x — xo) + Q3(k) (y — yo) + Ry(k)e
(t — to). The corresponding differential w and fts periods are equal to )

"_’=‘°2(3—-To)+°’0(y—yo)+ R(t‘—to)
V=T (z —z4) + Uy (y — yo) + T3 (t — 8,

where ®;, g, and wR are normalized differentials with singularities at Pj of the form
—~dz/z?, d(Q(l/z)), d(R(1/z)), and 2mU,, 2ail,, 2xiC, are the vectors of their b-periods.

1 4 =1,

As a local parameter zj(P) we take the function (S°h) - In this, the function o (P)

P
can be expanded in a series: ’

(0] (P) = @ (PJ) + ?)11125 (P) +. .. anzy (P) + . ooy
where 2mil’n; is the vector of the b-periods of the normalized Abelian differential with a

unique singularity at Pj of the form dz/z"** (see [12]).

COROLLARY. The coefficient & (z, yy, #;) of z? in the expansion in the neighborhood of
Pj of the functions

Y (z, y, t, P47 (24, Y10 by P) e 20

is equal to

.S

U (x—7 T (Y = Yo) - Uy (! — £ D
s e(méovm] U@ — 70) + T2y — ¥o) + Lat — 1) + W (D)) )
—sT dz® ;8 m -~ '
0( Y ¥, + Gt~ ) + Us(h— 1)+ W (D)
m==0 z2==0
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We construct the matrix E = §?($:y,0 for the effective divisor D of degree g+ ! —1,
D=P, + ...+ Py, substituting for ¥ in formula (4.3) the divisors Dy =Pi + . . . +
Pg~1 + Pg+i,

LEMMA 4.2. The matrices £g, which deflne from Eqs. (3.3) the coefficients of the al-
gebraic operators, are equal to

=E'E,. (4.4)

Proof. The functions $1(x, ¥y, t, P), given by formulas (4.2), into which the divisors
Dy have been substituted instead of B, form a basis for the space A(x, y, t, D). The vec-
tor function m(x, y, t, P) with such coordinates differs from the vector function ¥(x, y,
t, P) appearing in the preceding section only in the normalization at the points PJ
Therefore,

~_y

Y@yt P)=F" @yt P)
which proves Eq. (4.4). -

The vectors U, U,, U, give us rectilinear windings on the Jacobian torus of the curve
R.

COROLLARY 1. The Zakharov—Shabat equations constructed in Sec. 3 are conditionally
periodic functions of their arguments.

In order to obtain the formulas for the matrices Es(x) determining the solutions of
the Novikov equations. it is sufficient to set U, = Us = 0 in (4.3).

COROLLARY 2. Almost all solutions of the Novikov equations are conditionally periodic
functions. :

Now let us take a few simple examples.

Example 1. For operators with scalar coefficients, Egs. (3.4) are nontrivial, begin-
ning withn= 3, m = 2;
L—vﬁi#vuzﬂ L—zas—L z, ﬁ~*u(ut
2= V2 g T 0Ty Yy L), 1‘13?1"3‘ ( Y, Bz o4y &
The coefficient vo(x, y, t) is equal to (2/3)u,(x, y, t) + h. The corresponding Zakharov—
Shabat equations have the form

Ouy O%uy duy 6u 2a du &u, 2 3%u 2 du
GW ot 25 oz ﬁ ; : o u -

3 9t @z ' 3 Bz8 - 3 178z !
where a = 1/vy, B = 1/us.

Eliminating uo(x, y, t) from this system, we find that the coefficient v = vo(x, ¥y, t)
satisfies the Kadomtsev—Petviashvili equation (see [20])

3
wad i

o

‘ )
e + 5 {a + ko, + 7 (Vaxe +6vvx)}» =0.

In order to obtain the solutions of this equation, we must set Q(k) = vzk* + ¢, R(k) =
usk® + ¢,k + c2. From Egs. (3.3) it follows that

Vo (x, Yy t) = —2 a7§1 @y te, w(r,yt)=— 3;’1—& (., ¥, ) ey,
and therefore, h = ¢ — (2/3)c;.
By Lemma 4.2, the coefficient £,(x, y, t) is equal to

d 2L n 6 (P22 + Up(x —20) + Ua(y —ye) -+ Us (2 — &) + W (D))

d7 6 (P22 + Uz (y — yo) + Us (¢ — to) + W (D)) z=0
From the definition of the vectors %, and U, it follows that ?,= — U,, and therefore,
we finally find that the functions

c+2 InG(L;(a-—zo) + Ca(y — o) + Us (¢ — 1) + W, (4.5)

are solutions of the Kadomtsev—Petviashvili equation.
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In those cases when on the curve R there exist functions with singularities of second
or third order at the point P, which are equivalent to the equations U, =0, U; =0, the
function (4.5) will satisfy either the Korteweg—de Vries equation

O D 4 ke + o (Vs -+ B02) == 0,

or the equation

3 20 L 4 9%, 3 ([ dr
B axz*TaTTT'a?(v =) =0,
which for h = — %—ﬁ2== + 1 is a variant of the equation of a nonlinear string (see [21]).

(If in (4.5) we set U, =0, we arrive at the Matveev—Its formula [15].)

Example 2. For the first-order matrix operators
Li=u 2 1 ij 4 4.8
1=UL gm U (B Y t)y Uy =6y, Lo=vi—= + 0o (3 ¥, 1), v =didy

Egs. (3.4) are nontrivial beginning with 7 = 3,
From Eqs. (3.3) it follows that wu, = [u, §], vy = [1,, §]. In [2] it was noted that for

+ . c
the additional symmetry conditions & = §1 after a relatively simple substitution, Egs.
(3.4) for 1 = 3 reduce to equations describing the resonance interaction of three waves in
a nonlinear medium.

In order to obtain the solutions of these equations by our scheme, we must have exist-
ing on @R the antiinvolutions T,, T2, such that T; o Ty = Tyoly, T (P)= Py, T, (P;) = Py,
T, (Py) = Py, T,(Py) = P,. 1If the divisor D is invariant with respect to Tj, then, as we can
readily convince ourselves, § = ;.

In this case, general formula (4.3) can be simplified. We select the cycles aj, bj
in such a way that when Tj is applied, we have T;a; = —a;, T:b; = b;; then ¥y = 7% for all
3150, =30, Uy =c?, Uy =dl;¢ = Sp s, d = Sp uy.

The coefficients of the matrix ¢ are given by the formula

1

ER 8(0(P;)+ (3(z —zo) + ¢y — yo) +d (t — 1) ¥ + W (D))
3

(P} +{cly—v)+d(t—1)) 2+ W(D)) ’

LA
dx
which enables us to find £, from Eq. (4.4).
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CLASSIFICATION OF IRREDUCIBLE REPRESENTATIONS OF GROUPS
OF AUTOMORPHISMS OF BRUHAT-TITS TREES

G. I. Ol'shanskii UDC 519.46

INTRODUCTION

Bruhat and Tits [1] constructed, for an arbitrary semisimple algebraic group ¥ over
a local field, an object replacing the symmetric space of a real semisimple Lie group. This
so-called building is a semisimplicial complex of dimension equal to the relative rank v
of ¥, on which ¥ acts by automorphisms. For v = 1 it happens that the group of all auto-
morphisms of this building (analogous to the group of isometries of a symmetric group)
represents a new and interesting family of locally compact groups.* We shall give a series
of facts about these groups.

*For v>2 this group actually coincides with the original semisimple group ¥, and ¥ can be
reconstructed from its building, up to isogeny (this result was found by Tits). For v =1

a given building - is connected with infinitely many groups over various fields, and Aut J
is substantially larger than any of them.
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