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OBSTRUCTIONS TO THE EXISTENCE OF s!-ACTIONS.
BORDISM OF RAMIFIED COVERINGS

UDC 513.83
I. M. KRICEVER
Abstract. In this article the author proves that the values of the multiplicative genera
Ag under discussion, where K = 2, 3, ..., are obstructions to the existence of nontrivial

Slactions on a unitary manifold whose first Chern class is divisible by k. The effective com-
putation of these obstructions is carried out for algebraic manifolds. Simultaneously, formu-
las for the bordism class of a ramified covering are obtained.

Bibliography: 8 titles.

This article consists of two parts which look quite heterogeneous at first glance; never-
theless, they are connected by a unique approach. In the first part, the results of [1] re-
ceive further development. We recall that in [1], for each Hirzebruch genus 4: U, — Q,
an invariant analog was constructed: a homomorphism A°: US — K(BG) ® Q from the
bordism ring of manifolds with actions of a compact Lie group G into the rational K-func-
tor of the universal classifying space BG. The study of “equivariant Hirzebruch genera™ per-
mitted us to express the value of & on the bordism class of a G-manifold through invariants
of its fixed submanifolds. The little-effective cumbersome formulas for the general case be-
came extremely simple for the symmetric analog of the classical genus T’ y: the two-param-
eter genus 7, ,, whose value on the bordism class of complex projective space CP” is equal
to T, x'y"". (Note that this definition of T, , differs from that given in [1] by substi-
tution of —y for y.)

In this article, for the Hirzebruch generad,, k = 2, 3, . . ., given by the series
kte?j(e¥* — 1) we shall prove the following result:

THEOREM 2.2. If the action of a compact connected Lie group G on a manifold X
whose tangent bundle has first Chern class c,(X) € H*(X, Z) divisible by k is nontrivial,
then

AL(X,6) =0;
in particular, A, ([X}) = 0.

The proof of this theorem, as the proof of the results of [1], is based on arguments
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784 I. M. KRICEVER

on the analyticity of functions connected with equivariant genera. To explain the fundamen-
tal idea, consider an S*-manifold X with isolated fixed points X,. Assume that the represen-
tation of S! in the fibers of the tangent bundle over xgis T | 7'si, where 1/ is the jth
power of the standard one-dimensional representation of S*; then A‘zl([X, S']) € K(CP™)
®Q = @[[n — 1]] coincides with the Laurent series expansion in a deleted neighborhood
of 1 of the rational function
a isi
A = 9 ] 2.
T i=1 M st —1

Therefore U(n) does not have a pole at 1. It turns out that if ¢, (X) is divisible by %,
then U(n) is analytic at all the roots of 1, hence everywhere. Since A(0) = () = 0, it
follows that ¥(n) = 0 and, in particular, 4,([X]) = 0.

As is known, an algebraic manifold X given in CP” by a system of homogeneous poly-
nomials P, (xg, - - . , x,,) is uniquely determined up to diffeomorphism by the powers
m;, 1 <i<s. In §3 we obtain explicit formulas which reconstruct the bordism class of X
starting from the numbers m; (see also [2]) and, in consequence, also its multiplicative
genera. Together with Theorem 2.2, these formulas prove the following theorem.

THEOREM A. If the coefficient of (t — 1)" in the expansion (in powers of t — 1)
of the function t~2TI_, (#™i — 1) is different from zero, then there exist no nontrivial ac-
tions of S* on X.

The methods we develop allow us in §4 to pass to the second part of the paper and
to solve the problem of reconstructing the bordism class of a ramified covering. More pre-
cisely: the projection p: Y — X of a ramified n-fold covering of X with ramification
along a submanifold F determines a bordism class [¥, p] € U, (X) ® Q. If v € U2(X) is
the cobordism class dual to F in X, then we have

THEOREM 4.1. The cobordism class dual to [Y, p] is equal to

v = 0 ;
PEypev= U(X)®e,

where

>0 ] n
gy =73, I———f}:i i

n=0

The formulas for genera of a ramified covering and, in particular, the signature formu-
la of Hirzebruch [3] are a simple consequence of this theorem.

It should be noted that although most results carry over to other theories practically
without changes, for the sake of definiteness we assume that manifolds, group actions on
them and bundles are unitary, unless otherwise stated.
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§1. Basic definitions and necessary information

As we have already said, this work continues the research started in [1]. To make the
presentation of results self-contained as far as possible, all the necessary information con-
tained in [1] is gathered in this section. ;

1. Two collections (1) = {1} and Z?) = {£)},1 <i <r, of G-bundles over
G-manifolds X, and X, respectively are said to be bordant if there is a collection Z = {¢;}
of G-bundles over a G-manifold W whose boundary is isomorphic with X, U —X, such that
the restriction of §; to X(j),j = 0, 1, is isomorphic with §,(i). In the usual way, the disjoint
union of collections of G-bundles turns the set of classes of bordant collections such that the
real dimension of their basis is # and dim. §; = y; into a group Uf w =0, .., u,).
The subgroups Uf o are naturally identified with bordism groups of G-manifolds.

As fundamental invariants of a collection of G-bundles we have the values taken on
its bordism class by “equivariant characteristic homomorphisms”

XG . Us,u, —PU-’”lk (BG),

defined for each characteristic class in the cobordism of collections of vector bundles x €
U* (M=, BU(,)).

For each G-space X, we denote by X, the set (X x EG)/G. Analogously, for a G-
bundle £ over X we define a vector bundle & over X;. Then to a collection = of G-bundles
there corresponds a collection Z; of bundles over X;. The value of x€ on a bordism class
[Z] € Uf u is given by

% (Z) = p: (X (Z0)),

where p,: U*(X;) — U*""(BG) is the Gysin homomorphism induced by the projection p:
X; — BG. In what follows, the homomorphism US — U™*(BG) corresponding to the
characteristic class 1 € U° will be denoted by x§.

Consider an arbitrary G-manifold X. As it is known (see [4]), there exists an equivari-
ant embedding of X into some G-module A. We denote by A the maximal direct summand
of A whose restriction to a normal factor # of G does not contain trivial suimands.

THEOREM 1.1. Assume that a collection Z; of G-bundles is obtained by restriction of
G-bundles = to a G-submanifold F, which is fixed under the action of H. Then

e(3¢) X (2) = D pale ((— ve)e) % (Zs6)],

where p, is the Gysin homomorphism induced by the projection p,: F o, — BG, (-v,) is
the G-bundle over F, whose sum with the normal G-bundle v, of F, in X is equal to the G-

bundle A x F,— F, and e( ) is the Euler class of a bundle.

To solve the equation in x° () given by Theorem 1.1 in the case when H coincides
with G (this will be assumed throughout this section), we introduce the localization
UX(BG)g of the ring U*(BG) at the multiplicative set & of Euler classes of bundles associa-
ted with representations A of G having no trivial summands.

We denote by x€ the composite
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G x6 N
U, = U*(BG) - U (BG)g.
By Theorem 1.1,

E) =3 -—(-ATpsv le ((— vs)e) X (Zso)]-

Since v; + (—v,) is the G-bundle A x F, — F, we have
ps(e(A6)) = e ((vs + (— vs))o) =€ (vsg) € ((— Vs)a)-

Therefore

@)= Ses [ 122, 1)

s e (V)

To interpret correctly each term in the right side of this equality, we shall show that
for a G-bundle { over a trivial G-manifold F having no trivial summands in the representa-
tion of G in the fibers and for every class x € U*(F x BG), the formula

X 1.2
P ( e o) ) o
determines a class in U*(BG) Iz
As is known, for a G-bundle { we have the decomposition ¢ = ®i HomG(Aj, He Ai’
where the summation is over the nontrivial irreducible representations A; of G Let K=
Homg (4, §); then e(§g) =TI, e(x; ® A;¢).
We shall find e(x ® Ay;) for an arbitrary bundle k over F and a representation A of G:

e(xQAg) =[] (xm o+ S af,x;.o';> ,

m,i Lji>1

where the A, and p, are the Wu generators of k @ 1 and 1 ® A, = p*(As) respectively;
fv)y=u+v+Z,5, ¢ u‘v’ is the formal group of “geometric cobordisms™. We recall
that to each homogeneous symmetric polynomial P, of degree n in the Wu variables of a
bundle, there corresponds a characteristic class of degree n. Thus,

e(xQAc)=r"(e(A)) + D} BooPol oo’ Mmoo )Par(ceny Opy ..

0,0’
We denote by o(k, A) the sum in the right side of the equality. It is important to
note that the degrees of all characteristic classes P_(. .., X, . . . ) are greater than zero.
Therefore the series

m

1 S\ (— z( o (%, A) \'
e(x®8y) (e (3g) P (e(8g)/
contains only a finite number of summands different from zero. This already makes it evi-
dent that expression (1.2) is correct.
2. Consider the category of pairs consisting of a G-bundle {, over a trivial G-manifold

such that the representation of G in its fibers does not have trivial summands and a collec-
tion Z = {{;} of G-bundles, 1 <i{<r, over the same base. We shall denote by Rf' u the
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bordism groups in this category, where n is the real dimension of the total space of {, and
M= (y, -, M), where g, = dimg §;.
In the notation of the preceding subsection, for each fixed submanifold F of a G-

manifold X, the pair (v, Z;) gives a bordism class belonging to Rf’*. Their sum determines

the image [Z] € Uf’* under the homomorphism of bigraded rings
ﬁG : Uf_. _— R?,..
Now (1.1) leads us to the corollary:
COROLLARY. For each characteristic class x € U"(Hf=l BU(u,)), the homomorphism

X% : RS, U (BG)g,
given on (§,, Z) by the formula

X (Zg)
X D =n (=22),
;o e (goa) /
satisfies the equation X¢ = X o 6.
For the group S?, all the irreducible representations nt, j=0, £1,..., are obtained

by tensoring the standard one-dimensional representation 1 by itself j times. In addition,
e((n™g) =g (mg(u)) =[uln = U (CP%),

where g(u), the logarithm of the formal group of *“geometric cobordisms”, is equal to
Zr_o (ICP"1/(n + 1) 1. The ring U*(CP")g is isomorphic with U*[[u]] ® Q[u"'].
Assume that {, and the {; are decomposed in sums

L= ; % Q' L= D%, @',
m

We denote by )\fl and )\}mi the Wu generators of the bundles «;, and Kjmi respectively.
Then, if the characteristic class x is given by a product of symmetric polynomials
Pxy,...,xy,;), we have

LeMMA 1.1. The value of X€ on the bordism class of the pair §o> 2) is equal to
HPI ("'7 f([u],‘m‘, Z’;m‘)v . ')
i

£[ Fasy . 33)

P

3. Let us consider the functorial properties of the homomorphisms x¢ with respect to
the group homomorphisms a@: G; — G. By means of ¢, each G-bundle is naturally trans-
formed into a G bundle. This transformation defines a transfer homomorphism:

L1 ] - Uf.‘. .

a#:UG

THEOREM 1.2. For every characteristic class x, the diagram
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vl 2, v (8G)
.c#l ,}a'
Ul 25 5l -+ U (BGy)

is commutative.

4. By a theorem of Dold, to each Hirzebruch genus, i.e. homomorphism #: U, — Q,
there corresponds a transformation of functors A: U*( ) — K( ) @ Q such that % coincides

~

with the composite U, — U* 2> Q.
LEMMA 12. The value of 7 on the generator u € U*(CP™) is equal to
k@) =g (Inn) = Q[iIn—11] =K (CP*) ® Q,

where g, is the functional inverse to the series

o AICPY) an
n2=o n+1

DEFINITION. The equivariant Hirzebruch genus corresponding to a rational genus A:
U, — @ is the homomorphism

KO =K% :US—~K(BG)® Q.

For the trivial group {e} consisting only of the identity, niel assigns to each &-mani-
fold X the number A([X]); therefore from Theorem 1.2 we obtain the following proposition.

Lemma 13,  The value of a genus h on the bordism class of a G-manifold X is equal
to e(h%( [X, G1)), where €: K(BG) ® Q — Q is the augmentation.

§2. Obstructions to the existence of S'-actions
We define the rational genera 4,, k = 2, 3, . . . , as the series kte'/(e** — 1).
From the viewpoint of the theory of characteristic classes, the value of a genus given
by the series t/h(t), h(t) =t + Z_, q,ri q; € O, on the bordism class [CP”] is equal to
the coefficient of £* in the series (t/h(t))""' 1. As was proved in {6], we have h(r) = g;' ().

THEOREM 2.1. If for an S'-bundle & over X the difference ¢, (X) — ¢, (§) is divisible
by k in H*(X, Z), then the series Ak(p,(e(g’s ) € Q[[n — 1]] coincides with the expansion
about 1 of some polynomial in the variables n and 1~}

PROOF. Assume that ES': RSY, — U™"*/(CP™) is the homomorphism defined by
the condition in the corollary of Theorem 1.1 in the case when the characteristic class is e,
the Euler characteristic. If 7\7 and 7\‘ are Wu generators of bundles «;, and Kjpm such that
$o = Z %, ® 7land ¢t = z, ® n’m then, by Lemma 1.1, for the bordism class
0,81 € R*_l,. we have

| HOIIrauy, . A
Ao ES (G, L) =Arop| 2
’ ‘ [T 7, %)
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To find the series in  — 1 that appears in the right side of the equality, we must ap-
ply the homomorphism 4, to the coefficients of the formal group f(u, v) which thus be-
comes f (4, v); replace u by 4 k(u) Under the composite A x ° Py, the symmetric poly-
nomials in )\7m and >\” go to rational numbers which may be different from zero only if the
degree of the polynomials is not greater than the dimension of the F-basis of {, and §.

Since g3} () = (¢¥* — 1)/ke’, we have

(A +rp @ 4ry @) —1

=g=1 =
fa (@ 0) =5 @a W)+, ) = — s

where we have introduced the notation 7, (f) = EARD _
By Lemma 1.2,

R
A1) =g gy @) =5} G1om) = =2

The series Hu) turns into

€4, @A, (nm)
e

—l=7—1.

Thus the series Zk ° Esl([fo, ¢]) is obtained from

M O ) — 1 k't (447, O5))

. * k. k-~
mi  EVPAE (L) s n =140 (R

i N4y (3 ) — 1 it (L, (5)
m.t h“d+u@h» Ls 1
dim F ki i
X 2 (_-1) ( ) fk( l)
i=o —1

by substituting some rational numbers for symmetric polynomials in )\;m and )\}?l. Here
7@ = (1 + ry(0)* — 1. This implies

LEmMMA 2.1. The series ‘Zk o ES 1([1'0, ¢1) coincides with the expansion about 1 of
the function
II¥'

ll#m

m

R(n"),

where R(n) is a rational function having poles at the j;th roots of 1.

Therefore 4, ° p,(e(gsl)) has the form
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LG
i
H nl'ms

> R (%), Q1)

Here X, n/is and Z., n/ms are the decompositions into irreducible representations of the
representations of S! in the fibers of the normal bundle over the fixed submanifold F, . and
the restriction of £ to F; respectively.

We denote by %(n) the rational function (2.1). Since A ° p.(e(gsl)) € Qf[[n]1,
A(n) does not have poles at 1. Our immediate task will be to prove that there are no poles
at the roots of 1. To this end we shall use Theorem 1.1. Below, F; will denote a fixed
submanifold of the action of a cyclic subgroup of order n of S*. In the notation of Theo-
rem 1.1,

Asopi(e(Es)) = H Z‘, Ao psife ((—v) +E)s)]- 2.2)

’ll

The first factor on the right side of this equality is I/Xk(e(Asl)). Since A = Z, 7/d does
not contain trivial representations of Z_, the j; are not divisible by n.

Now consider an arbitrary S*-bundle ¢ over an S!-manifold F such that the action of
the subgroup Z, is trivial on it. { can be represented as a sum of S!-bundles §,,0<r<=
— 1. The generator of Z,_ in the fibers of ¢, acts by multiplication by exp(2wir/n); there-
fore its action on ?r =, ® 7" is trivial. Since {, = E; ® 7", we have

Aropi(e Qo)) =Aeop([Ie € ®m)).
r 7
If A]” denotes the Wu generators of E;, then

Avopr(e(ts)) =Aropr (ﬂ (AT, lu],))

74
S P (.., AP,

Xh p H (147, (Am»k b — A"k P i=0
—_ ° ! = Q
el (T N (A;"» e I a+n@m

where u, = dimg §' and P( ...,A",...)is the symmetric series. We denote by p; €
U*(BU(u,)) the characteristic class defined by the symmetric series
P‘(Xx, ceey xu’)

H(i+’k (%) ’

and by p,, we denote the product )¢ p; € UX(II7Z3 BU,)), w = (g, - - - » ipq), 0
<i,<p,. This characteristic class gives the homomorphism

PY :RY, U (CP)g.

As in the proof of Lemma 2.1, we use the corollary of Theorem 1.1 to obtain the following
statement immediately from the above formulas:
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LEMMA 2.2. The series A, ° P_,([$,, Z]) coincides with the expansion about 1 of
the function
I,
Ik

! — « Mo ("), (2.3)
mr

n

r

where M () is a rational function with poles at the j,th roots of 1.

Then 4 k° p!(e(g'sl)) coincides with the expansion about 1 of the rational function

ST ™Q. (), 24)

where the rational function @ (1) has the form of a sum of functions (2.3) over all the
fixed submanifolds of the S'-manifold F. Its expansion about 1 coincides with the series
4 £ ° pil (E; s e e E;_l). Therefore @ (n) does not have poles at 1. We shall prove that
it does not have poles at the nth roots of 1.

In fact, the projection a of the group S' onto the factor group S*/Z, = S? induces
a map «: CP® — CP® such that a*(n) = #". Since the action of Z, on each E', is trivial,
Z’: is the image under a* of some bundle ?; By Theorem 1.2,

Ao 03 @* T, ..., * L) =aZio 05 &y ... Tacd),
and if Q:,,(’f)) is a rational function whose expansion about 1 coincides with
P71 (S A N
then Q_ (1) = @, (n"). Since O (n) does not have poles at 1, Q,(n) does not have poles
at the nth roots of 1. Therefore the sum (2.4) is regular at exp(2wip/n). If n is relatively

prime with k, then from (2.2) it follows that at those points A(n) is also regular. To prove
the regularity of A(n) at the remaining roots of 1 we shall use the following lemma.

LEMMA 2.3. Assume that over a point in the fixed submanifold F the representation
of St in the fibers of the S*-bundle ¢ over X is equal to 4 nisi, If ¢, (%) is divisible by k,
then all the sums o, = T j; are congruent modulo k.

Proor. The action of S! on { naturally induces an action of S! on the determinant
of ¢, a one-dimensional complex bundle ¢ which is the /th exterior power of {, I = dim ¢.
The representation of S! in the fibers of the S!-bundle £ over points of F, is n°s.

Now consider another action of S* on &. Since ¢,(8) = ¢4(§), we have ¢ = k¥, where
the one-dimensional bundle « is such that ¢, (x) = (1/k)c,(¢¥). As was proved in [7], there
exists a lifting of the action of S* on X to the total space of k which tums it into an S*-
bundle. This action induces an action on the space of the representation £. If 1°s is the
representation in the fibers of k over points of £, then the representation in the fibers of
£ over them is n*%s.

If we compare the two actions of S! on & and remember that representations in the
fibers of a one-dimensional bundle over fixed points are uniquely determined up to multipli-
cation of all of them by nN , we obtain
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Os= kbs 4N,
This proves the lemma.

When the variable 7 is multiplied by § = exp(2wifk), each term of (2.1) is multiplied
by 8Fiis"Zims). Under the assumptions of the theorem, all the exponents Z;, —~ Z; = are
congruent modulo %, as follows from Lemma 2.3. Therefore there exists NV such that #(67)
= 0¥ ().

The rational functions Q:.,("?) defined above have the same property. Thus, they are
regular at all the points exp(2mig/k), 0 <q<k—1. The functions Q  (n) entering in sum
(2.4) are regular at exp(2migl/kn), 0<I<n-1. From (2.2) it finally follows that ¥(n) is
analytic at all the roots of 1, and this implies the assertion of the theorem.

THEOREM 2.2. If the action of a compact connected Lie group G on a manifold X
whose tangent bundle has first Chern class ¢,(X) € H*(X, Z) divisible by k is nontrivial,
then

AZ (1X, G) =0;
in particular, A, ([X]) = 0.

PrOOF. In the case when G = S, the theorem follows from the fact that, as it ap-
pears in the explicit formulas, each term of (2.1) tends to 0 when n — 0 and when n —
o, So U(0) = A(>) = 0, and, by the preceding theorem, A(n) = 0. For an arbitrary com-
pact connected Lie group G we shall use Theorem 1.2 as follows. If AZ([X, G]) # O, there
is an embedding a: S — G such that a*A,f([X, G]) # 0; but this contradicts the equality
«*4Z(IX, G1)  §(Ix 8') - ™

2. Qrier case. Asw: ] in the Introduction, although for definiteness we only
consider unitz;  .ructure, all the -esults can be obtained for the orientable case practically
without changes. In particular if we note that the 4, -genus coincides with the classical A-
genus and the hypothesis of Theorem 2.2 in the case k = 2 coincides with the assumption
that X is a Spin-bundle, we obtain the following theorem.

THEOREM 2.2'. If the action of a compact connected Lie group G on a Spin-bundle
is nontrivial, then AS([X, G]) = 0, and, in particular, its A-genus is equal to zero.

This theorem was first proved in [8] by a fundamentally different method which
utilized the Atiyah-Singer index theorem.

§3. Multiplicative genera of algebraic manifolds

The effectivity of any obstructions depends on the effectivity of the way they are
computed. The language of formal group theory allows one to solve the problem of com-
puting rational genera of algebraic manifolds and therefore also to find the values on them
of the above-described system of obstructions to the existence of S'-actions.

In [2] a formula for a generating series of bordism classes of hypersurfaces given on
CP” by an equation of mth degree was obtained (Theorem 4.11). The same method can
be used to obtain formulas for bordism classes of an arbitrary algebraic manifold. However,
in order to simultaneously obtain the results which will yield the proofs of the theorems in
the following section, we shall use another way.
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Assume that an algebraic manifold X, is given by a system of homogeneous polynomi-
als Py (xg, - - - , x,) of degree m;, 1 <i<s. Without losing generality we can assume that
X, is in general position with the submanifold CP*~ ! given on CP* by Xg =X, =-""=
X, = 0,ie. X, NCP"! =& Then the projection p: CP"\CP*™! ~ CP""%, where
CP"™* is the submanifold having the last s homogeneous coordinates equal to zero, induces
a map m: X, — CP""*.

THEOREM 3.1. The cobordism class y(n;m,, . .. ,mg) € U%(CP™ %) dual to the
bordism class [X,,, 7] € U, (CP"™%) is equal to

L] s [u}ﬂli
fn-s (H u ) ’
i=1

where j,_.: CP"™* — CP% is the inclusion.

(n—s)

Proor. It follows immediately from the definitions that if j, ., is the inclusion of
CP™1 into CP"2, n, <n,, then

frn¥ o+ 5omy o, my=y (L my, ., m).

Therefore there exists a bordism class Y(m, , . . . , m;) € UP(CP™) such that

sy Mgy vy M) =y (0 My, ..., ms).

The space CPY\CP*! is naturally identified with the total space E(sn) of the sum of
s copies of the canonical bundle over CPV™°. Assume that r: X v — E(sn) is an embedding.
Then [Xy, 7] = po([Xy, r]), where the isomorphism p: Uk(E(sn)) — U (CPV™%) is in-
duced by p. The bordism class [Xy, 7] is equal to p*y(NV; my, ..., m) N [CPT5, fo],
where N is the Cech excision operator and fj, is the zero cross-section. (This follows from
the known formula p (p*(a) N b) = a N p(b).) Therefore the cobordism class dual to
[Xy> r] under the isomorphism Uw(E(sn)) — (7*(M(s1z)) is equal to p*y(V;m, ..., m) "
t(sn). As usual, M( ) and #( ) denote the Thom space and the Thom class of a bundle, re-
spectively.

On the other hand, the class which is dual to the inclusion of X in CPY is equal to
the Euler class of the bundle Z{_, #™i. In fact, the total space En™ is identified with the
(N + 2)-tuples of complex numbers (x,, - . . , Xy, ), |¥1% = 1, with the equivalence rela-
tion

(Kgs -+ XNy y)~ (2%, ..., 2XN,2MY), 2= SL,

The map (xg, - -+, Xn) = (Xgs - - - 5 X5 - - - s PmyfXgs - - - ,Xy)s - - - ) correctly defines
a cross-section of =i_, n™i which is transversal to the zero cross-section of CPY along X -
Therefore the image of the class dual to [X}, ] under the homomorphism f§: U*(M(sn))
— UX(CPV™) is equal to e(Z5_, n™).

Since f§(t(sn)) = e(sn), we arrive at the formula

@™ =y@W.m, ..., my- ] e(w.
=1

(20
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Finally,
s [ulp,,
vy oo my=T[ —»

u
{==1

and the theorem is proved.
For complex projective space CPY, the bordism class dual to u* is CPY~*. Therefore
if we denote by CP(u) the series Z7_, [CP"]u", the following corollary holds:

COROLLARY 1. The bordism class of the manifold X,, given by a system of homoge-
neous polynomials Pp, (xq, - . ., x,), 1 <i<s,is equal to the coefficient of u"™* in the

series s (]
[ T ] . CP (u).
- Y

The series CP(u) is equal to dg(u)/du. Therefore the value of a genus % on the bord-
ism class of X is equal to

4 § 1 n g;l (m:gy, (12)) dgy, (4) du
" .

2ni -5+1 b u du

The integral is carried out on the circle lul = ¢. By means of the usual substitution z =
g, (ln ) we obtain

1 - Al T -1
h ([Xa]) = E;@ (g (n O g gt (n™)dint. (3.1)
The contour C' is the circle :. ~ 1l = €.

COROLLARY 2. The value of A, on [X, ], where n + 1 ~ Zi_, m, = kd, is equal to
the coefficient of (t — 1)" in the expansion in powers of (t — 1) of the function

s
kn\std—l H (tm‘v_ l).
i=1
ProOOF. Since gjlk(ln £) = (¥ — 1)/kt, we have

km

n+ S i
¢ —
) _.___1_ dint
i=1 ktm‘ -

A Xal) = —— §> =

1 & pH1-sgkd s i
= —— ) — ™M _1)dlIn¢
2ni & (& — )+ H ( )

=1

- d
= HS§DT—H(zm*—1)dlnz
Z

2ns 1)n+l =

where z = ¢,

If x is a generator of H>(CP", Z) and j: X,, — CP" is an embedding, then ¢, (X)) =
(n + 1 -Z}_, m)j*x. This corollary and Theorem 2.2 yield Theorem A, stated in the
Introduction.
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We shall state formulas for the 7, , genus of algebraic manifolds. The value of the
T, y-genus on [CP"] is equal to I x'y"~E If in (3.1) we set
- £y
g, ny= £7=t
Wy
and substitute z for ™7, we obtain

COROLLARY 3. The value of the T, y genus on the bordism class of an aigebraic
manifold X, is the coefficient of (z — 1) in the expansion in powers of z — 1 of the func-
tion

1 (xz__y)lﬂ-l s zml'__ 1
r—y z i1 xz f—y
REMARK. Forx =1 and y = —1, 0 we obtain the formulas for the signature and

Todd genus of algebraic manifolds respectively.

§4. Bordism of ramified coverings

Assume that the finite cyclic group Z,, acts on a manifold ¥. We shall assume that
outside the set of fixed points, which is a submanifold (not necessarily connected) of real
codimension 2, the action of Z,, is free. Then the quotient of Y by this action is a smooth
manifold X, and the projection p: ¥ — X is a ramified covering over X with ramification
along the submanifold F of fixed points.

Our task is to compute both the bordism class of Y in terms of the bordism class of
X and the invariants of the normal bundle » over F, and the bordism class [Y, p] € U (X)
® Q. (Here and in what follows F and p(F) will be identified) If v € U?(X) is dual to the
bordism class determined by the inclusion of F in X, we have

THEOREM 4.1. The bordism class dual to [Y, pl is equal to
S (X)®Q

- v
g7t (n7g (v)

Proor. Letp;: Y, — X and p,: Y, — X be n-sheeted ramified coverings over X
with ramification along F. Assume that the normal bundles of Fin ¥, and Y, are isomor-
phic; then the bordism class [Y,, p,] — {Y,, p,] is equal to the class determined by the
projection of the manifold M obtained by gluing together the complements N, and —N, of
open tubular neighborhoods of F in Y, and Y, along an isomorphism of their boundaries.

The projections p,: N, — N and p,: =N, — N, where N is the complement of a
tubular neighborhood of F in X, induce a map g: M — M which is an n-sheeted covering.
M is obtained by gluing NV and —N along the identity isomorphism of their boundaries.

LEMMA 4.1. The bordism class {A?, g] EULM) ®Q is equal to n[M, id], where id
is the identity map of M into itself.

PROOF. A bordism class is uniquely determined by the numbers (cw(ﬁ’?)g*m, (ﬁ)),
where ¢ (M) = Ci,_gM) e, (M), w = (iy, . . ., 1) and c(M) are the Chern classes of the
tangent bundle of M; m € H’(M) and s = 2({, + - - - + i) = dim M. Here, as usual,

(a, (AD) is the value of a cohomology class on the fundamental cycle.
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Since g is 2 covering, we have the equalities

(ca (M) -g'm, {ID) = (g"(ca (M)m), {I)) = (ca(M)m, g.(ATD)

=n(c.(M)m, (M),
whence the lemma follows.

Assume that j: M — X is the natural map induced by the inclusion of N in X then
[Itz pl = j*([JT{, gl) = n([M, j1). Since evidently [M, j] is equal to zero, it follows that
[Yy,20] = [, 2,].

To complete the proof of the theorem it is enough to do the following: for each
bundle £ over F such that £* = v we construct a ramified covering Y such that the normal
bundle over F in Y is &, and we find the cobordism class dual to [Y, p].

Assume that f: X — CP" is a map such that f*(n) = £ (n is the canonical bundle
over CPV, where N is big enough). For an algebraic manofold X, given by a homogeneous
polynomial of degree n, which does not contain the point (0,0, . . ., 0, 1), f*X,, is well
defined and is a ramified covering over X. In the notation of the preceding section, the
class dual to [f*Xy,, p] is equal to f*y(V, n). The theorem follows from Theorem 3.1
and from the fact that f*(g™! (ng(n))) = v.

REMARK. Since v is the nth tensor power of a bundle, the series with rational coef-
ficients

1 __"_.:__CP.I(n_l)__g’i ”’_ie(v)
g (n (g le (VM) e (v) 2 3 n
' - (CPY n*—3n+3 ,
- —= e(v)+ .

defines an element in the integral cobordism ring U*(F).

COROLLARY 1. The cobordism class of a ramified covering Y is equal to

, -4 _.n
"[X]Te[(g-l(n-'g(e(v)» e(v)) np],

where €: U (F) — U, is the augmentation.

The formulas we have obtained allow us to find the values of rational Hirzebruch
genera on bordism classes of ramified coverings. Thus, for example, we have

COROLLARY 2. The value of T, ,, on the bordism class of a ramified covering is

(o<}
nTx.y ([XD + 2 ai-HTx,y (l-ei "N F])s
=0
where a, is the coefficient of £ in the expansion in powers of t of the function
1 1

fEU—t)" —y -ty
1 1 °

14— ty)"—— U —to"

In several cases it is convenient to write the formulas for the bordism class of a rami-
fied covering in terms of the invariants of the normal bundle over F in the ramified cover-
ing. Since e(¥) = g~ ! (ng(e(£))), by : orollary 1 we have
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COROLLARY 1'. The bordism class of a ramified covering is equal to

n{X)+e [(e (15.) ~ Fee (a)») n F] '

COROLLARY 2' (HIRZEBRUCH) If b, is the coefficient of £ in the expansion in power
series of t of the function

_arntrd—o
A+t —d—2"

then

Sign (1Y) =rSign (1X)) + ) b Sign([ef () N F).

1i=0
Received 26/MAR/75
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