
Let  us e s t ima te  the in teg ra l  of ~Pk(X). 

2 
I & (x) I < -b" ' 

g~ (r=)  - -  ~I, (:~) = Ik (:~). 
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T h e r e f o r e ,  
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Hence 

S e t  M~ = {x: gk (x) =~ 0}. 

I g~ (x) d~t = k31 ?~ (x) dl~ ~ I -- e~ 
k 

X X 
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c~ c~ 

@ k8 3 Since ~ li(Mk) c o n v e r g e s ,  by the B o r e l - C a n t e l l i  l e m m a  g(x)= ~, gk(x) con -  We have ~ (M~) ~< + - ~  = - ~ .  
k ~2 ~ k~2 

v e r g e s  # - a l m o s t  e v e r y w h e r e .  But by v i r tue  of {2), ] (~)= ~, f~(x) c o n v e r g e s  un i fo rmly ,  and f(x) is cont inuous.  

Summing  ove r  all  k >- 9 in (3), we obtain g(Tx) - g ( x )  = f(x) a l m o s t  eve rywhe re .  In addition, g(x) >- 0 and 

__oo, 

s ince  ~k -~ 0. This p roves  the t h e o r e m .  

lo  
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A L G E B R A I C  C U R V E S  A N D  C O M M U T I N G  M A T R I C I A L  

D I F F E R E N T I A L  O P E R A T O R S  

I .  M. K r i c h e v e r  

In [1] we have p r e s e n t e d  the a l g e b r a i c - g e o m e t r i c  cons t ruc t i on  of the exac t  solut ions  of the Z a k h a r o v -  
Shabat equat ions which a r e  condi t ional ly  pe r iod ic  functions of the i r  a rgumen t s .  By the Z a k h a r o v - S h a b a t  
equat ions  [2] we mean  nonl inear  d i f fe ren t ia l  equat ions  which can be r e p r e s e n t e d  in the f o r m  

0 0 

The condi t ion of the commuta t iv i ty  of two o p e r a t o r s  is equivalent  with the p r e s e n c e  of a " suf f i c ien t ly  
l a rge"  (here we do not define this concept  m o r e  exact ly)  co l lec t ion  of funct ions ,  s imul t aneous ly  conve r t ed  by 
them into ze ro .  In [1] we have cons ide red  o p e r a t o r s  with s c a l a r  coeff ic ients  and we have p roved  that  f o r  them 
suff ic ient  co l lec t ions  a re  the functions @(x, y, t, P), where  P is a point  of a nonsingular  complex  curve  given 
by its analyt ic  p r o p e r t i e s  on ~ and having  an e s sen t i a l  s ingu la r i ty  of a spec i f ic  f o r m  at s o m e  fixed point. In 
the p r e s e n t  note we cons ide r  functions which have e s sen t i a l  s ingu la r i t i e s  in l points .  This br ings  us to o p e r -  
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ators whose coefficients are l × i matrices. Without examining physically interesting examples (see [2]), we 
shall show that the solutions of the corresponding equations, constructed with respect to such functions, can 
be explicitly written in terms of Riemann' s e functions. 

i. Let ~ be a nonsingular complex curve of genus g with the distinguished points Pt ..... Pl- We con- 

sider the functions ~(x, y, t, P), PE~, satisfying the conditions: 

i. ~(x, y, t, P) is meromorphic on 8~ outside the points Pj, the divisor D of its poles does not depend on 

x, y, t, is nonspeoial and has degree g + l-l. 

2. In the neighborhood of Pj it has the form 

exp (kix ~- Qj ~kj) y -~ R i (kj) t)- ( ~ -~ ~ ~{ (x, y, f) ~). 

Here  zj = 1 /kj  is a loca l  p a r a m e t e r  in the ne ighborhood  of P~, Q~ (}) = c~} ~ ÷ . . .  + c~, ~ (}) = b~k ~ ÷ - . .  + b~ a r e  
po lynomia l s .  

As ment ioned  in [4], f o r  l = 1 these  condi t ions ,  t oge the r  with the n o r m a l i z a t i o n  ~0 = 1, d e t e r m i n e  uniquely 
~'. S imi la r ly ,  f o r  l > 0 the no rma l i za t i on  }i0 = 6ij d e t e r m i n e s  uniquely  the funct ions  el(X, y,  t, P). 

THEOREM 1. T h e r e  ex i s t  unique o p e r a t o r s  

- -  = L = =  v~(x,y,t) L~ =- u= ( x , y , t )  dx  = 
¢=0 ~=0 

0 0 
such  that  Liq~= ~ - m ,  L~m = - ~  m, whe re  4~ is a v e c t o r  whose  i - th  componen t  is ~i(x, y, t, P). 

The m a t r i c e s  u~(x, y, t) a r e  d e t e r m i n e d  f r o m  the s y s t e m s  of equat ions  

S The e l emen t  ~isJ of the m a t r i x  ~ is equal to . the coef f ic ien t  of zj of the expans ion of ~i(x, y, t, P) in the ne igh-  
borhood  of Pj. The m a t r i x  c 7 is equal  to c~8~j. One can find s i m i l a r l y  the m a t r i c e s  vfl(x, y,  t,  P).  

COROLLARY 1. The o p e r a t o r s  L 1 and L 2 sa t i s fy  Eq. (1). 

If on the cu rve  ~ the re  exis ts  a m e r o m o r p h i c  funct ion E(p), having poles  at the points  Pj (the r ing  of 
these  funct ions  will  be denoted by A (9~, P, . . . . .  Pt)~, whose  L a u r e n t  s e r i e s  expans ion  at  Pj has  p r inc ipa l  pa r t  
Qj(kj),  then ~(x, y, t, P) can  be r e p r e s e n t e d  in the f o r m  ~0(x, t, P)exp (E(P)y).  

0 OLz 
COROLLARY 2. Under  the a s sum pt i ons  made ,  we have L~¢0 = E¢o, L2¢0 ---- ~ ¢0 and so [L2, L~] -- Ot 

Now, if t he re  ex is t s  H ( P ) ~  A (~, P1 . . . . .  &), equivalent  to Rj(kj) in Pj ,  then O(x, y, t, P) = O0(x, P) exp (E 
(P)y + H(l~)t). 

C O R O L L A R Y  3. The funct ion ~0 sa t i s f i e s  the equal i t ies  LtO 0 = EO 0 and L2O 0 = HO 0, while the o p e r a t o r s  
sa t i s fy  the equat ion [L 1, L 2] =0.  

Thus ,  each  d i v i so r  of d e g r e e  l + g - 1 g ives  a h o m o m o r p h i s m  XD of the r ing  h (~, P~ . . . . .  Pz) into the r ing  
of l i nea r  d i f fe ren t ia l  o p e r a t o r s  with l × l m a t r i x  coeff ic ients .  

R e m a r k .  We note tha t  the c o n s t r u c t e d  solut ions  of the Eqs.  (1), as well  as  XD, depend only on the c l a s s  
of the d iv i so r  D s ince  going o v e r  to an equivalent  d iv i so r  D'  r e d u c e s  to  the mul t ip l i ca t ion  of • by a cons tan t  

mat r ix .  

THEOREM 2. If in the c o m m u t a t i v e  r ing  A of l inea r  d i f fe ren t ia l  o p e r a t o r s  with m a t r i c i a l  coef f i c ien t s  
t h e r e  ex i s t  two o p e r a t o r s  with r e l a t i ve ly  p r i m e  o r d e r s  and with nons ingu la r  leading coef f ic ien t s ,  then t h e r e  
ex is t  a cu rve  ~,  points  Pi,  • • -, Pl,  d iv i so r  D such  that  h D gives  an i s o m o r p h i s m  be tween  A(gL P~ . . . . .  Pl) and 

A. 
P 

local  p a r a m e t e r  zj in the ne ighborhood  of Pj we s e l ec t  the funct ion .f c0~, where  P0 is a f ixed 2. As a 

Po 

point ,  w2 is a n o r m a l i z e d  d i f fe ren t ia l  of the second  kind with s e c o n d - o r d e r p o l e s  at  the points  Pl . . . .  , Pl. We 
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denote by 2viU the vec to r  of its b per iods  (for all n e c e s s a r y  informat ion and miss ing  definitions we r e f e r  to 
[5]) and by 2~iV and 27riW the b per iods  of the different ia ls  co(Q) and c0(R), equivalent in Pj with d(Qj (1/zj)) and 
d(Rj(1/zj)),  r espec t ive ly .  We also introduce the vec to r s  2viukj ,  which a re  the b per iods  of the di f ferent ia ls  

dz i 
having a unique s ingular i ty  at  Pj of the f o r m  k~ ~ .  

We cons ider  the functions Xis j (x, y, t), given by the fo rmulas  

=~ ~ o~'~llj ... 0 s)ls i ~. j " 

The summat ion  is taken with r e s p e c t  to all the col lect ions ~ , . . . ,  ~s such that  ~, k~ k = s .  The vec to r s  Z i 
k=l ~-{-g--1 

c o r r e s p o n d b y A b e l ' s s u b s t i t u t i o n t o t h e d i v i s o r s  p~ ~ .  . . -~pg_ l -~  p~, i ~ i ~ l ,  w h e r e  D =  ~ ,  Ps. 

Explici t  exp re s s ions  fo r  the ma t r i c e s  ~s(X, y, t), in t e r m s  of which the solutions of the Z a k h a r o v - S h a b a t  
equations a r e  expressed ,  a re  given by the following theorem.  

We have the equality L = ~x~,, where the e lements  of the m a t r i c e s  ~s a re  given by the THEOREM 3. 
equality 

e o  ~ o  

In par t i cu la r ,  for  the K a d o m t s e v -  Petviashvi l i  equation given in [1] we obtain that  its solution is given by 
the fo rmula  • , 

• ~ ~ 
u (x, y, t) ---- c - -  2"~-~x ~l (~, y, t) = c -~- 2"~'~x~ ln @ (Ux -]- Vy -~ W~ -b g) .  

1Q 
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