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FORMAL GROUPS AND THE ATIYAH-HIRZEBRUCH FORMULA
UDC 513.83
I. M. KRICEVER

Abstract. In this article, manifolds with actions of compact Lie groups are con-
sidered. For €ach rational Hirzebruch genus A: 8, — @, an “‘equivariant genus’’ hG,
a homomorphism from the bordism ring of G-manifolds to the ring K(BG) ® Q, is con-
structed. With the aid of the language of formal groups, for some genera it is proved
that for a connected compact Lie group G, the image of 4~ belongs to the subring
Q CK(BG) ® Q. As a consequence, extremely simple relacions between the values of
these genera on bordism classes of Sl-manifolds and submanifolds of its fixed points
are found. In particular, a new proof of the Atiyah-Hirzebruch formula is obtained.

Bibliography? 10 items.

In [1] it was proved that the signature of every Sl-manifold X is equal to the sum
of the signatures of the submanifolds F_ of its fixed points:

Sign(IX) = 3} Sign([F).

As a unitary variant of this formula, there is a relation between the values of the
classical T, -genus of an Sl.manifold, i.e. an almost complex manifold on which the
action of §! preserves the complex structure in the stable tangent bundle, and its fixed
submanifolds:

Ty(X) = 3)(— 4T, (F3).

Here € is the number of summands in the decomposition of the representation of S! in
the fibers of the normal bundle over the submanifold F_ into irreducible representations
7' 5% (the action of z €S' in 7* is multiplication by 2*) with jg; <0. We shall denote
by 6: the number of the remaining summands.

The previous proof of both formulas in [1] is based on the index theorem of Atiyah
and Singer. In this article they are obtained as a consequence of a fundamentally dif-
ferent approach, whose essence is reduced to the study of the analytic properties of the
Conner-Floyd expressions.

We recall these expressions for actions with isolated fixed points (see [2], [3] and
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[4]; for an arbitrary action they were first obtained in {5], whose formulas were improved
in [6]).

Assume that the action of S! on X has only isolated fixed points p_ and that
the representation of the group in the fibers of the tangent bundle over them is

If {u] is the jth power of u in the formal group of '‘geometric cobordisms’"
Fl o) =g (g @) + g () g () = 2 LS o,

ie. [u]j = g~ Y g(u), then the equalities of Conner and Floyd assert that the Laurent

series

1
oW = 3]
§ f== ]
with coefficients in U* ® Q, contains only the right part, and the independent tem is
the bordism class of X.
To each rational Hirzebruch genus h: U* — Q there corresponds a numerical real-

ization ®(u), a series in 1 — n with rational coefficients:

Oum) = 3] ———.
s i=i gzl (Inn')

where g '(+) is functionally inverse to the logarithm

_ s R([CP™)) ;nn
gu(t) = ,.E.o——" 1 ¢
of the formal group /h(u, ) corresponding to the homomorphism ». We note that
¢ (7]\ is the image of the series ®(«), to which there corresponds a cobordism class
in UY(CP™) ® 0 = U*{[]) ® Q, under the homomorphism b: U*(CP®) @ 0 —
K(CP™) ® Q induced by the genus h. The existence of the transformation of functors
¥ follows from [71.

Ve shall assume that the series g, Yin 1) is the expansion about 1 of an analytic
function in some neighborhood of that point; then from the Conner-Floyd equalities it
follows that ®,(3) is analytic in some neighborhood of 1, and that ®,(1) = IxD.

Our task is to prove that if the function g 1(in ) is analytic in the disk Ipl <2
and does not have zeros there, except at 1, then (Dh(n), which could have poles at the
roots of 1, is also analytic in the disk 5| < 2. From this it follows that, for a genus
b such that g7 !In n) is a racional function with one simple zero at 1, i.e. g5 '(In 7) =
(g~ 1Y/ an+ b),a+b=1, D, (3 is analytic everywhere and hence is a constant. Then

its value at 1, equal to A/[X1, coincides with

et e
lim®u(n) = > @ S(—b)°.
s

N>

Precisely in this way, a new proof of the Atiyah-Hirzebruch formula will be ob-

tained; for the two-parameter genus T y (the value of T, y on the bordism class
. ,
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[CP"] is equal to I7_ x"" Y_ 4% we note that T,

coincides with the Ty-genus)

we shall obtain the relation
et e~
Tx.y ([XD= Z -\'ss (—y) f Tx,y([Fs])-
S

I take this occasion to express deep acknowledgement to S. P. Novikov, V. M.
BuhStaber and S. B. Slosman for their interest in this work and valuable advice.

§1. “‘Characteristic’’ homomorphisms for G-bundles

To each characteristic class y € U*(BU) of complex vector bundles in unitary

cobordism there corresponds a ‘‘characteristic’’ homomorphism
X*: Un(BU (k) )—>U"=U-"+i(pt),

which associates to a bundle ¢ over the manifold X the image of the cobordism class
(&) under the composite

U (X) 2 Unei (X) > Upot = U™,

where D is the duality homomorphism.

In this section, an analogous homomorphism for complex G-bundles (here and in
what follows G is a compact Lie group) will be constructed and studied.

1. Consider the category of complex G-bundles over unitary G-manifolds. Two
such bundles £, and £, over G-manifolds X, and X, are bordant if there exists a
G-bundle { over W such that dW = X,U-X, and the restriction of { to Xpi=112
coincides with fl.. The bordism groups obtained in this way will be denoted by Uf'k,
where & = dimc.f and n = dimRX. In the case when G = {e} is trivial, U:,k coincides
with Un(BU(k“. Then U*G,* becomes a ring and a U, -module in the usual way. The
submodule Uf'o is identified with the bordism module U*G of unitary G-manifolds.

We shall denote by X the space (X x EG)/G, and by €. the image of the G-
bundle £ under the homomorphism

Vects (X)—Vect (X¢).
If p,: U*(XG) — U*(BG) is the Gysin homomorphism induced by the projection
p: X; — BG, then the formula

(&) =p, (x(&))

‘equivariant characteristic’’ homomorphism

X US> U™ (BG).

defines an

Its relation with ¥ is given by the following lemma.

Lemma L.1. Let Uf,k — U:,k be the homomorphism which *‘forgets’’ the G-

action; then the diagram
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28 -n+i
Us s = U™ (BG)
} v
ﬁ.kg‘ U
is commutative.

The proof of the lemma follows immediately from the definition of the Gysin
homomorphism and from the fact that the restriction to the fiber X of the fibering
Xg — BG of £ coincides with .

In what follows, it will be convenient to denote the “‘characteristic’ homomorphism
16 corresponding to 1 € v (BU) by

xe: U% U’ (BG).

2. Let H be a normal subgroup of G. The set of fixed points under the action of
H on a unitary G-manifold X is the disjoint union of almost complex submanifolds
F'_c (not necessarily connected). The normal bundles v, over the submanifolds FS
have a natural complex G-bundle structure.

As is known, there exists an equivariant embedding of X into the space of a uni-
tary representation R of the group G. (To avoid repeating conditions, we shall agree
that in this section and in the next one, only unitary manifolds, bundles, representations,
etc.,will be considered.) Denote the restriction of the normal G-bundle over X in the
space of the representation A to the submanifold F s by (). It is evident that the
sum v_ @ (- ¥) is a trivial G-bundle. Let A be a maximal direct summand of A
whose restriction to the subgroup H does not contain trivial representations of H. In
an analogous way we select a direct summand (~ v ) in the G-bundle (- 7).

Theorem 1.1, Let fs be the restriction of a complex G-bundle & over a G-manifold
X to a submanifold F_. Then, with the notation introduced above,

e(A) X°(IE) = 3} Par e ((— vi)g) - X (&a)),

H

where p_: U*(FSG) — U*(BG) is the Gysin homomorphism and, for an arbitrary
bundle £, e({) is the Euler class of {.

Proof. The composite of the embedding of X in the space of the representation
X and the projection on the direct summand A defines an equivariant map »: X — A.

For each bundle { we shall denote by E{ its total space and by S¢ its sphere
bundle. (A x EG)/G coincides with EA_ by definition, Here and in what follows,
A denotes both the representation and its space.

Let 4 x id: X x EG — A x EG; then the corresponding quotient map

k:Xo—(AXEG)/G
induces a Gysin homomorphism
R, : U*(Xe)—U*(EAs, SAq).
Lemma 1.2. Ler i*: U*(EAG, SAG) — UT(BG) be the homomorphism from the
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exact sequence of the pair; then for every x € U*(XG) the following equality is sat-
isfied:
8(Ag) pr (x) = i*hy ().

Proof. From the definition of the Gysin homomorphism it follows immediately that

hi(x) = t (Ag) pr (x),
where HA;) is the Thom class of A,. Apply to both sides of this equality the homo-
morphism i*. The lemma follows from the fact that i*l(AG) = e(A).
We shall state a simple corollary of Lemma 1.2. We denote by /*(G) the ideal of
UX(BG) consisting of those cobordism classes which are annihilated by multiplication
by the Euler classes of bundles associated with representations of G.

Corollary. If the action of the group G on the manifold X has no fixed points,
then the image of p,: U*(Xg) — U*(BG) belongs to the ideal I*(G).

Proof. If H coincides with G, then, by definition of };', the nonexistence of fixed
points implies that the image of X belongs to SA .. This means that i*};! is atrivial
homomorphism. By Lemma 1.2, the image of p, is annihilated by multiplication by
e(A.).

If we return to the proof of the theorem, we note that for an arbitrary action of G
on X, 1 maps the pair (XG’ NG) to the pair (EAG, SAG). Here N is the complement
of tubular neighborhoods of the fixed points under the action of H. The restriction of
% to a closed tubular neighborhood of F_ defines a map of pairs '};‘s: (EVSG, SVSG)'"‘
(EAg, SA;) which induces a Gysin homomorphism:

Tls! Ut (E'VsG) =y (FsG) — U* (BG).

Lemma L3. If f¢: Ev o — X is the inclusion, then
E;gof::U‘(Xa)ﬁU'(BG) and ZTISQOf: =i.°Eg.
s
Proof. The Gysin homomorphisms induced by the maps of the commutative diagram

E 8= (£ A, S A
7 1
Xe — (X6, No)
also form a commutative diagram:

U (Ede, S 09 U (BG)
h
U* (Xg) ———~U" (Xo \ No)

The natural identification of XG\NG with the disjoint union of the Ev_. will yield
the lemma.

Lemma L4. For x € U(F_) the following equality holds:

Bt (x) = par (x €((— vs),)-
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Proof. The map '1;;_ can be factored as the composite
(E (p: Aa). S (p" Ao))
R s
(E VsG, Svsa) i (E Aa, S AG)
where g is the quotient map of the equivariant map

Evs x EG—F; X A X EG,

obtained from the projection Ev_— F_, the equivariant inclusion of Ev_ in A and
the identity map of EG. This means that 'I;'s!(x) = p.,8,(x). The map g is the identity on
the base of the bundles; therefore g*(x) =x and g,(x) = g,(g*(x)) = xg (1). It remains to
show that g,(1) = e((- v )).

According to the definition of b, g is the embedding with normal bundle (- v )
However, for any bundles Cl and 4’2 over the common base, the ‘‘diagonal’’ section of
m*¢, (m: E({, ® {,) — Y is the projection on the base) is transversal to the zero
section and their intersection is the image of the embedding i: (E{,, S¢,) —

(E¢, ® ¢,), S({, ® {,)). From the definition of the Euler class and of the homomotphism
i, it follows that i, = e({,), which concludes the proof of the lemma.

The theorem follows immediately from the preceding lemmas and from the fact that
1HAE N = X(€ o)

Remark. In the case when the subgroup H coincides with the group G, Theorem 1.1
gives a relation between the value of the homomorphism xG on the bordism class of
the G-bundle & and invariants in the cobordisms of the fixed submanifolds.

3. Along with the expression for Xgl given by Theorem 1.1, in whar follows we
shall need a modification of it, which will be obtained precisely in this subsection.

Let F_ be a connected component of the set of fixed points under the action of
s on an S!-manifold X. The nomal bundle Ve, like every complex Sl.bundle over a
trivial S!-manifold, will be represented in the form zf;éol’s,' ® 771', where 711' is the jth
tensor power of the standard representation of Slq, as in the Introduction (see [8]).

The collection of complex bundles Vi of which only a finite number are different

from zero, defines a bordism class belonging to the group

R.=ZU, (n BU (n,-)') .
J+0
The summation is taken over all collections of nonnegative integers 7 and / such
that 22ﬂi +1=n

The sum over all the connected components of these classes gives the image of
the bordism class of the §!-manifold X, [X, §!] € U:l, under the homomorphism S:
ust —R,.

We choose as generators of the U, -module U*(CPN) = U*(BU(I” the bordism
classes (CP™) € U, (CP%) corresponding to the inclusion of CP" in CP™ or, what
is the same, the canonical bundle 5, over CP". The standard multiplication in R,
allows us to choose as generators of the U, -module R_, in this case, the monomials

CPYY x ... x (CP.
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It will be convenient to denote by 7 not only the canonical representation of S!
but also the corresponding canonical bundle over CP™; that is, Mgy =1 Then for the
S-bundle 7(n) Over CP", the bundle (n,, ® 77)31 over CP" x CP*® is equal to
() ® 7. The Euler class of (- 7)) ® 5, where (-7} is the n-dimensional bundle
complementary to Nny is defined by

e ((— ) ® ) f (4, 0) = um,

where flu, V= elp @ P=u+ v+ Saijui1.'i, the formal group of "‘geometric’’ cobordisms.

Hence, if
A, (u, v)=e((r|(,.,)®n)EU*(CP"XCP°°)—_—.U'[[u, v]]/v"“:O,

then

n

An(u, v): —1.1—-.——

—u-f(u, v)

Let B™(u) be the image of A_(u, v) under the Gysin homomorphism U*(CP™ x CP*™)
— U*(CP™) induced by the projection. We note that for A (4, v} this homomorphism
corresponds to the substitution of [CP"™#] for o,

Theorem 1.1 immediately yields the following assertion,

Theorem 1.2 There exists a U, -module homomorphism ¥: R, — Uil @ olu— 1)
such that ¥ o 8 coincides with the composition of x‘gl and the inclusion U(CP™)—
U]} ® Qlu=11. The values of ¥ on the generators of the U, -module are given by the

formula
;T r At
v (1] (cp,f;;))=n () Bld) = o
\m=1 / m=1 \" Im!

4. Consider an arbitsary homomorphism a: G; — G of Lie groups. It induces a
map as: BG; — BG of universal classifying spaces and hence a homomorphism
a*: UM(BG) — U™(BG,).

On the other hand, by means of @ each G-bundle becomes a G -bundle, i.e. there

exists a homomorphism

o™ U°

e

— U?_’..
The commutative diagram
X, — Xs
| {
BG, -~ BG
where X is an arbitrary G-manifold, easily yields

Theorem 1.3. For every characteristic class x. the diagram
G
Us, = U (8G)
a*® a'J,
Gy
USE= U (BG)

is commutative,
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$2. Equivariant Hirzebruch genera. Statement and proof
of the main theorem
1. From the viewpoint of characteristic classes, a rational Hirzebruch genus, i.e.
a homomorphism h: U, — Q, is given by a series ¢/h(¢) with b(t) =t + 2i>1)‘iti’ A, €Q.
The “‘action’’ of such a series on the bordism class [CP"]} is given by the formula

P = [[75]],

where [#(u)]  denotes the nth coefficient of the series (). In {2], S. P. Novikov proved
that h(1) coincides with the series 8, (¢) functionally inverse to the logarithm

> h(CP"]) nas
&) = —— ¢
Zo n+1

of the formal group /b(”’ v) which is the image of the formal group of ‘‘geometric’’
cobordisms under the homomorphism,
By a theorem of Dold {7}, to each rational Hirzebruch genus 5 there corresponds

a transformation of functors b: U*(Y) = K*(Y) ® O (where K* is the Z ,-graded K-

functor) such that A: U* = Q coincides with the composite U* = U, & 0.

The proof of the following lemma is analogous to the proofs of Theotem 6.4 and
Corollary 6.5 in [9]):

Lemma 2 1. The value of the homomorphism b at the generator u € UHCP™) is
equal to ch™ l(g; 1(¢)), where ch is the Chern character; that is,

h(w)=gi' (Inm) €K (CP) ® Q= QI[l — ).
Definition. An equivariant Hirzebruch genus corresponding to a rational genus h:
U, — Q is a homomorphism =% o xocz va — K(BG) ® Q.
Since Lemma 1.1 implies the commutativity of the diagram
U® > U*(BG)~ K (BG) ®Q
ool {
u,-U"——Q
where e KHY) ® Q — Q is the “‘augmentation’’, we have

Lemma 2.2. The value of a genus on the bordism class of a G-manifold X is equal
1o e(hC(X, G).

2. Now we proceed to prove the main result.

Theorem 2 1. For a connected compact Lie group G, the image of the homomorphism
Tfy: USV — K(BG) ® Q belongs to the subring Q C K(BG) ® Q. Moreover, for an st
manifold X,

Te (IXD) = 3 5 (— 4)*Ts, (Fe).

. . . + - . .
The Hirzebruch genus Tx'y and the nonnegative integers ¢_ and ¢_ appearing in

the statement are the same as in the Introduction.
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Proof. First of all we shall show that the first part of the theorem (Im Tfy cQ)
is a simple consequence of Theorem 1.3 and Lemma 2.3.

Lemma 23. The image of TS belongs to Q C K(CP™) ® Q.

Indeed, for a connected compact Lie group G the homomorphism d*: K(BG) ® 0 —
K(BH) ® Q induced by the inclusion of a maximal torus H in G is a monomorphism.
Therefore, if there exists a G-manifold X such that TG ([X G) ¢ O, then also

*(TG ([X G ¢ 0 C K(BH) ® Q. Evidently, there is a.n embedding of S in H, a,
st— H such that a (a (TG ([X G)) does not belong to Q either, However, thxs
contradicts Lemma 2. 3 because by Theorem 1.3

a, (@ (T =y (X, G])) = 7x.ﬂ (I1X, §Y).
Proof of Lemma 2 3. Consider an S!-manifold X. Let
B([X, S1) = 2 My H (CPI™;
then by Theorem 1.2

TS, (X, SY) = 2 Tep m)H (T @) “™ Ty By, (alr,). (1)

We shall calculate Tx’y([u]i) and "7; y(BN(u)). Since

S SRR T3 |
Tay ((CP7) = =0
x-+y
we have
L (=)™ ney 1 1+
= -——-———-—-—t = ———1In
&re, ¢) = 2 (*+y(n+1) x+y (1-xt)
Therefore
e(x+y)t_i 1
87y O = S,
and hence

- . W g
Try (4))) = gry(flnn) = T

By definition of B (u) to find T (BN(u)) we have to apply T .y © the co-
efficients of the series A nlus v) and replace v* by T, ([CPN %)) in the resulting
series ANTx'y(u’ v). Smce

u-+v+ (y —x)uv
1 4 yxuv

fre, @ 0) =gr, , (g1, , (W) + gr,,, (O) =

we have

uN (1 + yx“'-’) (mod 0N+l)_

Aer,y (u, U) = p
1 +-; +@y—xv

Therefore
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N
Ant,, vy =3 (— Dlotudv* (1 + (y — x)u)
feam)

N-g
+ Z (— l)kvk"u””“'xy(l + (y — x)uv)®,
R0
Thus we obtain

Ea v —R+1 — R+ X4y N=-k » x4
Tx.y(BN(u»:.z (_l)k xNk ._(l y)N 1 ('fl ¥ 1) (x+y7\ y\’k

=, x+y Yty Yty
N1 - S -
- S‘ (— l)kxy xN-* __ (~ y)N & (nm—y —1 )N R+l (x+ yn.w-y >k .
fond Xty 4y o gy

]

We denote by r(:’;(n) the function of 7 given by the right side of this equality.
With the preceding formulas, the equality (1) takes the form

. I i+l
t [ mi(x+8) ™ U Imi.
T (X, ) = 3T, (w.-nH( ot B AL @)
i m \ o -y

7

Let us pause to consider in detail the meaning of the latter equality.

Let (Px'y(n) be the function of the complex variable n given by the right side of
(2). It is easy to see that in'a deleted neighborhood of 1 it is analytic; hence it has
a Laurent series expansion in the variable 1 - n there. By (2), this series coincides

1

with Ti.y([X, s e Q{1 - »1). This implies that (l)x'y(r]) is analytic not only in a
deleted neighborhood, but also at 1 itself.

Our immediate task will be to prove thar there are no poles at roots of 1 and, as

a consequence, that @ y(ry) is analytic in the whole plane.

Lemma 2.4. Let x = x/(x +y) and y = y/(x + y). Then

(¢ + 'O > (%) = Ory (), N = dimcX.

The proof of the lemma can easily be obtained from the fact that

X (IX, SY)e U™ (cP™), Too=—a—l = x4y 2=,
o (%50 ) £y My (l+y)xn+y

(x4 )Tz 5 (ICP")) = Ty (ICP").

By this lemma it is enough to consider the case when x + y = 1, what will be

assumed till the conclusion of Lemma 2.3.
Assume that H (the normal subgroup appearing in $1.2)is a cyclic subgroup of

S! of order n. In the notation of Theorem 1.1,
e(ds)Xe (IX, S) = 2 pat (e(— va)so).
s

Since by definition of the representation A of S! its restriction to the subgroup Z

N ] - . .
does not contain trivial summands, we have A = Smn ™, where none of the j _ is di-

visible by n. Hence
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im 1 ~
[H ( ni —1 )] Té»v ([X’ Sl]) = Z Tx.y [ps! (e (—" 'Vs)S')]- (3)
xn s

m "ty
Now we consider an arbitrary s'-bundle ¢ over an S'-manifold F such that the
action of Z_  is trivial on F. { can be represented as a sum of Sl-bundles {,0¢
r<n-1. The generator of Z  acts on a fiber of { by multiplication by
exp (2nmir/ ")«, Hence, if the §! -bundle Zr is {,®n”7, then Z acts wivially on C
Since ¢, = ¢ @7, we have

n-1

e(ts) =] e s ® 5" (1),

r=0

where p: F o1 CP*,

Let p, be the Wu generators of C - Then

7S

Ty (o1 (e Cs)) = Ty [p! (Q F (res ° ([u]r))ﬂ :

The coefficient of p*([u]r)i in the series

. _ Be g + 0% (1]) + (g — x) 1, p* (u],)
T frey e ' ) =T e

is a symmetric polynomial in p_,. We denote the corresponding polynomial in the

Chern classes of C 1 by P, ,. The dimension of its lowest term is not smaller than
i-dim {.
Thus

Toy (rleCsh) =S T ([] (1) )Tx.y( (ff Pi,.,)), ©=(p.rsingd (4

r=q r==0

The projection a: sts Sl/Zn =5 of §! onto the quotient group induces a map

of classifying spaces
a,: CP* — CP”,
#

with a*(x) = [u] Since the S!-bundle {, is the inverse image under a” of some
s'-bundle { (we recall that the subgroup Z acts tnvxally on the fibration space of
C ), it follows from Theorem 1.3 that p,(ﬂ":éPt ;) €Im a*.

Since the diagram

. Ut CcP=
ar ‘L * a*

U (CP*) ——— K(CPF)® Q

n

. . *
is commutative and a (7)) = 1", we have that

n-1

( (H P,r,,)) e Imo* = Q{1 — "]

=0
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From this and from (3) and (4) it follows that
TSyx, s =1 (M) (3 Pe- =), 5)
m N

where P, is a polynomial in (7" - 1)/(x7" + y).

Let 7, be the closest point to 1 at which there might be a pole of d)x'y(r)); that
is, the closest point to 1 of the form exp(27ir/n), r <n and (r, n) = 1, for which
there is a j . divisible by = The function ®_ (17) is analytic in the disc |p-1|<
gy -1k therefore the series TS ' y([X st converges uniformly to it on every compact
subset of this disc. From (5) it easxly follows that the limit of (D (1;) for - n, ex-
xsts Hence @, () is analytic in the disc tn-1| <lg, -1, and the series

TS ([X sh converges uniformly on every compact subset of that disc. Here 7, is
the next point at which there can be a pole of &)x‘y(r,). If we continue this process we
obtain that @ (n) is analytic in the whole ‘closed complex plane. Therefore it is a
constant. This concludes the proof of Lemma 2.3.

Now we pass to the second part of the theorem. By Lemma 2.2, Tx'y([X]) =

(1). Since, by the previous part of the proof, dlx'y(q) is constant, we have that

@, ) =lim_, O (7),and
mp(x+y) Imi+1 ) 1
lim sy (1) = D Ty ([M,])H lim (_*;_mm)_iz_) mi imy

Remark. In what follows, all the limits are found under the assumption that x +
y > 0. In the other case all the formulas are valid if we replace 5+ o by 5 - 0.

Assume that i > 0. Then

i i+

: xrllm‘(xw)"l".‘/ m Uml) imi 1 Umi) inu

lim () v (17 = m Ty (1)
00 n —

If we remember the definition of r (r]) we obtain

l"r' B xN—k-fl — (_ y)N—k-H 1 k
lxm t,, 1 A
v = ?:'o =1 x+y Nk ( x )

N-2 N-k N-k &
BRI X —(~—y) 1 ¥
+,§0( Ixy x4ty xN"‘“(x)

1 N & N-k+1
[2 (—g) (VR — (—y )

T P+ 2,
. 2 ( y)ku (x”"‘ — (_ )N-k)] m‘x~+l . (___ y)Nﬂ).

In an analogous way, for j_ .<0 we find that
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1 . 1
lim ﬂL”'y_ it T“'nl)( imt) =(— ) gmtl __ (— ) mitl
T}—ec0 n’ml(*ﬂl) —1 xy N /) prarp .

Thus

Jim sy () = 3} Ty (04 5 (— O I Ty (CP'0),

+ . <. . . —_ .
where ¢ is the number of positive integers among the j . and ¢; is the number of

negative ones, respectively
Let 3, [M m (cp mi & ) be the part of B([X, S = X MM (cp fmi ) equal to
the bordism class in R, of the Sl-bundle v, over a fixed submanifold F Then for

all the i, we have ‘i: =€’ and e'x.'l: =¢;. Since [F ]= Zik[Mik]Hm[CP i k], the proof

s

of Theorem 2.1 is complete.

§3. The orientable case

We shall consider orientation-preserving actions of compact Lie groups on manifolds
and vector bundles. All the constructions and results of the preceding sections for uni-
tary actions automatically carry over to the present case; for this reason we shall re-
strict ourselves to making statements only, with minimal explanations when necessary.

To each characteristic class ¥ € Q(BSO) in the oriented cobordism of vector
bundles there corresponds a homomorphism of the {2, -module of bordisms of oriented
G-bundles over oriented G-manifolds to the cobordism ring of the universal classify-

ing space BG:
Qn g Q-nﬂ (BG)

Theorem 3.1. For every characteristic class x and every G-bundle &, the fol-
lowing equality holds:

e(De) X% (18) = D pst e (— Vi) - X Eso)).

The notation is the same as in Theorem 1.1, with the substitution of “‘orientable”
for “‘unitary’’ bundles (representations).

Let xg be, as before, the “‘equivariant characteristic homomorphism’’ correspond-
ing to the characteristic class 1 € Q%(BS0).

Let us consider an arbitrary orientable Sl.manifold X. As we know, the structure
group of the normal Sl-bundle v, over a connected component F_ of the set of fixed
points under the action of S! on X can be reduced to the unitary group and v be-
comes a complex S!-bundle (see [10], 38) We choose the complex structure in v
in such a way that the representation of $! in the fibers has the form I, 1] : Jsi> O

As before, we define a homomeorphism of (1, -modules

B Qi —R,= > % (T18U ),
>0 :
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where the summation is taken over all the collections of nonnegative integers 7; and

! such that 22 n,+1=n

>07j

Theorem 3.2. There exists a homomorphism ¥: R} » Q*[[u))®0[u~1) o/ Q,-mod-
ules such that W o B' coincides with the composite of the homomaorphism Xo with the
homomorphism Q{ul]l » Q*[(u]1® Olu~']. The values of ¥ on the generators of the
Q, -module are given by the formula

Im+1

P .
k4 (H (CP :)) =]I ( —1—) By, (u};,,)-
\m mn o\ [u]]m |
Theorem 3.3. If a: G, » G is a homomorphism of Lie groups, then the diagram
of, X o (Bg)
Jo*  Ja

o Ko (8G,)

%

is commutative.

As in §2, for each rational Hirzebruch genus b: Q* -+ Q we construct an equivar-

iant Hirzebruch genus »S: Qf - K(BG) ®Q.
The values of the classical Ty-genus for y =1 on almost complex manifolds
coincide with the signature of these manifolds. Therefore, exactly as for Theorem 2.1,

one can prove
Theorem 3.4, For a connected compact Lie group G, the image of the homomor-
phism Sign®: Qf - K(BG) ®Q belongs to the subring Q C K(BG) ® Q. For every or-

iented Sl-manifold X we bhave

Sign ([X]) = 2 sign (IFs).

Addendum. In a subsequent article, the proof of the following theorem will appear:

Theorem. If on @ manifold X whose first Chern class cl(X) € HZ(X, Z) is div-

isible by k there exists a nontrivial action of S, then Al =0

The proof is based on “‘analyticity’’ arguments connected with the equivariant
series corresponding to the Hirzebruch genus Ak' k=72 3,..., given by the series
el/(e’" - 1.
Received 11/DEC/73
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