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ACTIONS OF FIN ITE CYCLIC GROUPS ON
QUASICOMPLEX MANIFOLDS

UDC 513.836
I. M. KRICEVER

Abstract. In this paper a classification is given of actions of finite cyclic groups
on quasicomplex manifolds in terms of the invariants of cobordism theory. Moreover,
the methods of the paper allow one to understand the geometric nature of known results
of a series of authors on actions of cyclic groups of prime order.
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Introduction

As was first remarked in [ l ] , the invariants of bordism theory are always useful
for describing fixed points of actions of a compact Lie group G.

In the present paper, by actions and mappings, if nothing is said to the contrary,
one understands infinitely smooth actions and mappings which preserve the complex
structure in the stable tangent bundle.

In what follows, U^ will denote the unrestricted module of G bordisms (cf. [ l ] ,
§21).

Singular points of an action of the group G on the manifold Μ are points m £ Μ
whose isotropy subgroup is nontrivial. Fixed points are those singular points whose
isotropy subgroup coincides with G.

The set of fixed points is a disconnected union of smooth submanifolds whose
normal bundles are complex G  bundles.

We consider vector G bundles over trivial G manifolds which cannot be represented
as the sum of two vector G  bundles on one of which the action of the group G is trivial.
We introduce in the class of these bundles the natural bordism relation. If U^  is the
ring of unitary bordisms, then a l^ module structure is given by multiplication of fiber
spaces over a quasicomplex manifold. The ί/ ^ module obtained in this way will be
denoted by R^ . The grading is given by the real dimension of the fiber space.

The map which associates with a G manifold the collection of G bundles normal to
the fixed submanifolds gives a homomorphism of graded t/ ^modules β : U^   » R^. .
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Collections of G  bundles which are collections of bundles normal to fixed submanifolds
of actions of the group G, i.e. which belong to Im β , will be called admissible. For
the group Ζ (p prime) admissible collections of fixed submanifolds with trivial normal
bundle were found in [2]—[4]; a proof which does not use the techniques of formal groups
was obtained in [5]. With the use of the methods of the paper [6] the answer for arbitrary
normal bundles was found in [7].

The basic goal of §1 is the description of the admissible collections of normal G=
bundles to the fixed submanifolds of actions of the groups Ζ ^; however, the method of
proof allows one in addition to obtain a more geometric interpretation of the results of [δ].

Reduction to groups of the form Ζ £ allows us in §2 to obtain necessary and suffi 
cient conditions on the fixed submanifolds of actions of finite cyclic groups of arbitrary
order.

In §3 a homomorphism γ : R^P  > U^ ® Q is constructed such that its value on an
admissible collection coincides modulo the ideal pU^  with the bordism class of the
manifold which realizes this collection.

The author is greatly obliged to S. P . Novikov for posing the problem, and to V. M.
Buhstaber and S. M. GuseTn Zade for valuable help and advice.

§ 1. Admissible collections of fixed submanifolds of actions of the group Ζ ^
Ρ

1.1. By a representation of a group G in what follows will be meant a vector space
with an action of G  on it given by some linear representation of G. The direct sum
gives the structure of a semigroup to the set of isomorphism classes of representations.
This semigroup is generated by the set of irreducible representations ∆ . , ; e j{G).

For an arbitrary vector G bundle over a trivial G manifold there exists a decomposi 

where ζ. =  H oraG ({, ∆.) (Proposition 2.2 of [9]). An action of G  on the bundle ζ.® ∆ .
is given by the action of G  on the second factor. This decomposition gives an isomor=
phism of modules

the sum being taken over collections («. , · · · , « . , · · · ) such that all but a finite number
of the η. are equal to zero.

The map BU(«) χ BlXwz)  > BU(« +  m) introduces a multiplicative structure in
®U^(I\ . BU («.)). Since (^(BU U )) is the polynomial ring in variables (C P n ) with
coefficients in U^  ((CP W) e i/ ^iCP 00) is the bordism class corresponding to the im 
bedding of the manifold C P n in CP°° =  BU (l)), the module R^  is isomorphic to the
polynomial ring with coefficients in t/ + in the variables (C P ") , where (CP?) denotes
the G bundle ζ ® ∆ . over C P n , ζ being the canonical bundle. G enerators of R^  as a
f/^ module are the monomials (C P . ) χ · · · χ ( C P yr ) .
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All irreducible representations of the group Z ^ are one dimensional. A generator
of Ζ acts on C 1 by multiplication by e

2ni^m. We denote the corresponding repre 
sentation by ∆ !. The set of ∆  l , 1 < /  < m   1, is the set of all irreducible representa 
tions of the group Ζ .

1.2. We consider a vector Ζ , bundle with free action of the group Ζ ^ outside
the zero section , whose base is the singular submanifold of a fiber space. In the class
of such bundles (analogous to what was done to introduce the module R^  ) we define a
module 3Jc . We associate with a vector Ζ , bundle ζ, whose bordism class belongs to

p*·
3K̂  the collection of Ζ ,  bundles normal to fixed submanifolds in the fiber space. This

Ρ 7
correspondence determines a homomorphism  Dî   > R^ Ρ . The kernel of this homomor 
phism is the submodule SK̂  of bordism classes of bundles in whose total space there
are no fixed poin ts. Then χ is the homomorphism

The subgroups of Ζ . are directed by inclusion, so the set of singular points of the
action of Ζ , coincides with the set of fixed points of the action of the subgroup

Ζ C Z , . This means it is a disconnected union of submanifolds, while the collection
Ρ pk

of normal Ζ ,  bundles obviously determines a bordism class which belongs to the

module M^ . The composition of the corresponding homomorphism U^P  * 3)1̂  and the

projection SK*  » 3Kj /  l j we shall denote by δ,

From the definition of the homomorphism expounded above it follows that β Ρ =  γ ° δ.
This means that the bordism class r £ R^P belongs to Im β Ρ if and only if it be 
longs to the image of the monomorphism y and y~ (r) belongs to the image of δ.

1.3. For any bundle ζ, [ζ] e 3)1 a free action of the group Ζ , on the sphere
12 "" . Ρ ι

bundle determines a bordism class α(ζ) belonging to U .(BZ , ) . Then en 5)c  >
 ̂ tn  ι pk

£/*(ΒΖ ,) is the corresponding homomorphism of graded L/^ modules of degree —1. It
is easy to verify the exactness of the sequence

This means that to describe Im δ, it suffices to study Ker a .
The restriction of the action of the representation ∆ to the unit sphere S2n~  1 of

the representation space will also be denoted by ∆. In what follows, BZ , will be
pit

represented as the limit of the inclusions of the factor manifolds S / ∆ " where ∆?
is the « dimensional representation equal to η · ∆ . . The inclusion of Sn~ ^/ / S.n in
BZ ? we shall denote by in. We remark that by definition α(∆^) =[S2n~ l/ ^9 ij.

Let /  be a trivial /  dimensional bundle with action of the group Ζ , in the fiber
pk
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given by the representation ∆ ^ The free action of the group on the sphere bundle of
the vector Ζ ^ bundle ζ φ / , [ζ] 6 ̂ \ n, gives the bordism class α (ζ φ /) of the

(2(n +  /) — l)= dimensional skeleton of BZ , .
pk

For the manifold S / ∆ one has the duality isomorphism

D
N

From Theorem 35.2 of [l] it is easy to get that there exists a homomorphism D a: 3JI*  »
(7°(BZ  k) such that ι*η+[ α(ζ) = ̂ η+ια{ζ φ / ).

Lemma. The bordism class [ζ] e 50c belongs to Ker α if and only if

i . ( a  D a( ( ) ) =  0, where u is the Euler class of the canonical bundle over BZ , .

Proof. In what follows we shall not distinguish in the notation between a vector
bundle over BZ , and its restriction to a finite dimensional skeleton of BZ , , and

PK pk'
likewise for the Euler classes of these bundles.

We recall that the cobordism ring U (BZ ,) is isomorphic to U [[«]]/ ([u] , =  θ),
ρ ρ ™

[u] , is the p th power in the formal group of "geometric" cobordism, and

The inclusion ft S2N~1/ AN
l  » 52Λ;+1/ ∆Ν +  1 d e t e r m i n e s t h e bordism class

[52A/  1/ AW f l ] e υ (S2N^/ AN+\  while D w iS2N l/ A" ft   u. From this

fact and the well known identity f^(f (a) f] b) = a f] f^{b) follows the commutativity of

the diagram
.1

11 ι Q2M— 1 ; i N\  I \ r τ τ ι O2/V+1; \  N+l\U2j i {θ /∆ι ) Jl*_> U2; i(b /∆ι )

where the lower arrow corresponds to the  inclusion under which u goes to «, and
multiplication by u. The assertion we are proving follows from the fact that ζ' ^ :
ί/ ,. , ( 5 2 Ν +  1 / ∆ ^ + 1 )  •  t/ _. .(BZ ,) is an isomorphism for /  < N. *

Remark. One can suggest an equivalent formulation of the lemma, namely the
following: [ζ] £ Ker α if and only if u · D a(£ ) is divisible by un+ in the ring
U*{BZ . ) .pk

1.4. We associate with each representation ∆ of the group G a vector bundle ν(∆)
over BG. If Cn is the space of the representation ∆, then on the product Cn χ EG the
group G acts diagonally. Then ΪΛ∆ ) : (Cn χ EG)/ G  > BG. For brevity we shall write
e(A) for the Euler class of the bundle ΐ^(∆). The ideal of the ring U (BG) generated by
classes which are annihilated by multiplication by the Euler class of some representa 
tion, we shall denote by /  (G).
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Theorem. The homomorphism D a maps Wt epimorphically onto the ideal / °(Z ^) .

Proof. Let Μ be the base of the vector Ζ ,  bundle ζ which is a representative of
some bordism class [ζ] € ^-^n' ^ v definition of the module 5Κ+ the action of Ζ k on
Μ has no fixed poin ts. Then there exists a continuous Ζ ,  equivariant map of Μ into
S2n~l with the action ∆", , . In fact, the factor group Ζ , / Z , * Z^ acts freely
on the factor complex M/Z ^ and on the sphere S2n~1. Since the dimension of Μ
is less than 2n — 1, there exists a continuous Ζ ,  equivariant map of M/Z , _ . into
S n~ l . The composition of it with the projection Μ  » Μ/Ζ fe_  l gives the required map
f:M *S2n'1. P

Let 5(^ Φ /) be the sphere bundle of the vector Ζ . bundle ζ ® I. Since the
pit

action of Ζ k on Ξ(ζ 0 /) is free, there exists a Z ^ equivariant map g: S(£ Φ /)  >
5 ' w + ' ' ~ 1 into the sphere with the action ∆ "+ . The projection of the vector Ζ k~
bundle ζ φ / , and also the corresponding projection of its sphere bundle, we shall de 
note by p. If h is the map obtained by smoothing the continuous map

g)/ zpk: s (ζ e / yz  ̂ KS2" 1 χ . s * 1 * 0 "1 )  ̂ χ ∆ί+Ι,
p

then by construction

We note that (S2n~ l χ 5 2 ( η + / ) " 1)/∆η, , χ ∆ "+ /  is the sphere bundle of the vector
bundle ν(∆η, _ . ) , and p : ν(∆", _ .)  » BZ , . From the last equation and the exactness
of the bordism sequence of the pair consisting of the fiber space Ep (p =  v^"k 1^
and the sphere bundle Sp it follows that

/ . «ο.» (C θ /) =  0, where / , : (J. (Ep«)  •  i/ . (Ep«, Sp«)f

and so :5 ( 2 w + / ) ~ VA"+ /   > Ep^ is the zero section . The homomorphism D * ?'*£ )
n + / ?'*

is an isomorphism, D: (/ ^(Ep )  > L/  (Ep ). The duality isomorphism of the relative
bordism of the pair Ep , Sp and cobordism of Ep we denote by D',

It is easy to verify that the homomorphism U (Ep )  » 1/  (Ep ) given by the multi 
ing dia

η, Spu)

plication by β{∆η
k_ j) =  e(pR) makes the following diagram commutative:

Hence it follows that
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 η+ια (ζ φ /) · e (∆ ρνα )   0 or D α (ζ) · e (∆^_ χ)   0.

This means that D a(£)e/ °(Z ).
* p

We shall show that /  (Ζ ^ ) coincides with the ideal generated by the series
#p([z/J k_l) = [u] k/ iu\  k. l> w ^ e r e ^i,(") iS t n e series equal to [u] / u. From the
structure of the set of irreducible representations of the group Ζ it follows that

pK,

β(∆ρ for any /  divides e(Aw^_ j). This means that the Euler class of any « dimen 

sional representation divides <?(∆" _ χ) =[u]n
k_l. Let P(u) eU *[[«]] be a representa 

tive of some cobordism class of / *(Z ); then

We divide both sides by [u] , , :

If η > 1, then pQ(u) = 0(mod[w] . i) . Since the series [u] , , is not divisible by p,
pitmm ι p*'mm ^

Q(u) is divisible by [u] ._ j . Consequently one can divide both sides of the equation

by £"1 t _ i · Continuing the division we get P(u) = θA[u] L _ I ) Q I ( " ) ·

We consider the Ζ  space X , consisting of p points, on which a generator of

Ζ acts by cyclic permutation. The vector Ζ ,  bundle Χ χ ∆" over X determines

a bordism class which belongs to 3K2w· By what has already been shown,

The inclusion of the subgroup Ζ in Ζ , induces a map i: BZ , _ ,  * BZ , .
The proof of the following lemma is obtained by direct verification, using the con 

struction of the transfer homomorphism t from [ l ] .

Lemma. On the sphere S n~ let the action of the group Ζ , be obtained by

restriction of the action ∆ , of Ζ ,. Then the diagram
p Λ

ί \τ
II / C"̂ ~ ^/ A I •> TJ ί ^" / 7 \

γ γ & f\ J

zs commutative. DN is the duality isomorphism for the manifold S n~ / Z , _ , .

Since on X the action of the subgroup Ζ , is trivial,
Ρ ft ^

f D α (Xp Χ ∆") =  D'Nt (Xp Χ ∆^) =  p.



FINITE CYCLIC GROUPS OF QUASICOMPLEX MANIFOLDS 311

But i*0Au] , ,) =  p, whence it follows that <J(w) =  1 and Da(X χ ∆?) =  ΘX[u\  . , ) .
ρ pit— ι ρ ι ρ ρκ— ι

T h e theorem is p roved .
1.5. T h is su bsec t io n l ies som ewhat o u t side the basic goa ls of t h is paper ; how 

ever , it is c o n n ec t ed with the r e st of th e gen era l m eth ods of proof, wh ich allow one to
obtain a more geom et r ica l in t erp ret a t ion of th e "i n t e gr a l i t y" theorem in cobordism ob 
t a in ed in [8] ,

L e t i be an im bedding of the G  manifold Μ in th e sp a c e of a r ep resen t a t io n ∆ ;

it in d u ces an im bedding of th e space (Λ  χ E G ) / G in th e fiber sp ace of the vec to r bun  

d ie ιΛ∆ ) with com plex normal bun d le . Th e Thom con st ruc t ion gives the cobordism c la ss

of the Thom sp a c e of th e bun dle ν (∆ ) , wh ich will be den o ted by λ(Μ) e U (Μν(∆ ) ) .

L e t Φ : U (Μν(∆ ))  »ί7 (BG ) be the Thom isom orph ism ; th en th ere is a well defined

homomorphism µ : U    *U~  n ( BG ) wh ose va lue on Μ i s equal to Φλ(ίΜ).  
If th e ac t ion of G on Μ had no fixed p o in t s, one could assu m e th at the im bedding

i i s an equ ivar ian t map in to the sph ere of the r ep resen t a t io n sp a c e . J u st a s in t h e pre 
vious su bsec t io n , we remark th at λ(Μ) un der the homomorphism U (Μν(∆ ))  »[/  (Εν (∆ ) )
is carr ied to ze ro . Sin ce t h is homomorphism co in c id es with the com posit ion of th e iso  
morphism Φ and m u lt ip lica t ion by e(A), we have proved

T h eorem . The homomorphism µ maps the suhmodule U^ into the ideal 1 (G ).

1.6. As was shown in § 1.4, the factor r in g U ( BZ )/ /  (Ζ , ) is isom orph ic to
_____ p*· p*'

the ring U [[u]]/ {6 {[u] , _ ·, ) =  0) . Let D a den o te the com posit ion of the homomor 
P p& L

p h ism D a an d t h e p ro jec t io n t / *( BZ  L) *U*\[u]\A0J[ii\  . . ) =  0 ) . F rom Th eorem 1.5 it
pit ρ ρκ·~~ i

follows that the homomorphism D a can be represented in the form

 ̂  > mkj a»i  > w (Bzpfe)/ / ° (zpk).
Recalling the remark to Lemma 1.3, we get

Corollary. A coset of the factor module ™2w/ "̂ 2n belongs to Im5 if and only if,
for a representative [ζ\  εϊίΐ^ of this coset,  α{ζ) is divisible by un in the ring
U*[[u]]/ {dA[u] . .) =  0).ρ ρκ~ *

1.7. Let 'W be an η dimensional manifold with an action of the group Ζ . . The

free action of Ζ k by ∆j, on S ~ gives a free action on the product Μ χ S2 ~ .

If φΝ is the projection, φΝ: (Μ χ S2N~l)/ Z k ^S2" 1/ ^, then

It is easy to verify that there exists a cobordism class D< (̂iM) e l / " n (BZ ) such

that ί* φ(Μ) =  ΝφΝ{Μ).

In this subsection we shall assume that Μ is a singular manifold (this is equiva 
lent to triviality of the action of Ζ ).
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Theorem. Let [ζ] =  [Μ χ (CP *̂1) χ · · · χ ( CP"r)] be a bordism class belonging to
Mj {from the definition of Mj it follows that (js, p) =  1). Then D a(£ ) satisfies the
equation

IJ e (A/ s
s ) D α (ζ) — e (∆Ϊ) D φ (M) · J | e (∆"5 + 1) π? e (r\ s (g) ξ ; 's ),

s s

where η is the bundle over C P " S such that its sum with the canonical bundle £
nover CP s is trivial, ξ is the canonical bundle over BZ and nf is the Gysin homo 

pk ! *
morphism [10] corresponding to the map ns: CP"S χ BZ  • BZ . .

Proof. For any space X, the zero dimensional bundle over it will be denoted by
l x . The vector Ζ  bundle £ , by definition is equal to the sum of the vector

" pK, I *Ζ . bundlespk

Is =  1M X 1CP»I X · · · Χ (ξ5 Θ ∆ / 0 Χ · · · Χ ICP"* ·

By analogy, for the vector bundle η we construct the vector Ζ ,  bundle η. The fiber
space of the sphere bundle of the vector Ζ . bundle ζ @s η Φ I, which we denote
by F j( £ ) , coincides with the Ζ ^ manifold Μ χ CP χ · · · χ C P " r χ 5" vw +  0  1^ o n

whose sphere S 2^+D  lf ^  θ ^ ∆«5+ 1· a c t s (N  =  Σ ^ ^ +  χ ) ) β

By analogy with lemmas of [10] one proves

Lemma 1. Let i: S(Cφ ί)/Ζ u^> F,(ζ)/Ζ , be the inclusion, D f the duality iso 
ptt I pfi L

morphism for the manifold F^Q/ Z ,, and η'5 be the Ζ ^bundle over the Ζ ^ manifold F^(^)

obtained from the bundle ^s by the map F^O'+M χ C P "1 χ · · · x CP "r. Then
' Df[S(;e/ ) / zofc, i]=eK ~"

We consider the Ζ  equivariant map which is the identity on the first r + 1 fac 

tors, F j (ζ) on the Ζ ,  manifold Μ χ CP χ ° · · χ CP  r χ S +l>~ ^  whose action

on 5" is Aj"1". The corresponding map of factor spaces we denote by / 2 . Re 

peating almost verbatim the proof of Theorem 1 of [5], we get the following lemma.

Lemma 2. / /

jxjv+ί · (Μ. Χ

then

The vector Ζ ,  bun dle over Μ χ · · · χ C P "r χ S 2( N+^~l obtained from 7̂  by
pk s
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the pro ject ion Μ χ · · · χ S 2^  +l'~  >M χ · · · χ C P W r we den ote by η " . F rom the def 

inition of I  ̂  it follows that η5 / Ζ k =  /  2{η s/ Z k). Further, 0^ + /  is the duality iso 

morphism for the manifold (Μ χ · · · χ S2(N + O  ) / Z ^. T o the equation proved in Lem 

ma 1 of this subsection we apply the homomorphism / y.

DN+1 [s (ζ © /j/Zpfe, h ο n= / 2! ( #  ( Θ ΐ

Then

) D ^ + i [5 (ζ 0 O/Zpfe, / 2 ο /] =

By construction we have [S(£©  l)/ 1 k,
 nN+l °̂ 2 ° z^ =  a^C® I) if we identify

0 / ) e (∆?) D +̂/  [5 (ζ 0

We a p p ly t h e h o m o m o r p h i sm  π^,η t o t h e p r e c e d i n g e q u a t i o n :

J[ e (∆/ f1) D ^ ^ a (ζ 0 /) =  e (∆ι) π^/ ,β ( 0 ηΙ/Ζ^) Π β (∆ "5 + 1) .
s s

We represent the projection ^N+l in the form of the composition πΝ+ι ° ^ + ; ,

π ^ + / : (Μ Χ . . . x S « " + / )  1 ) / Z p f e —C P ' 1 1 χ . . . χ C P  ̂x S2 '̂1/ ,̂

CP"i χ . . . xC P "' χ

If η" is the vector bundle over CP x· · · χ CP  τ χ ΒΖ equal to
ι s pk  

1 CP«I X · · · Χ (η 5 (Χ) ξ ' 5 ) Χ . . . Χ 1 C P %

then ^7^/ Z fe =  πΝ*ι (η s ) . Then

ftjV+ Z! (^ ( Φ  ̂ s/ Z fe)) =  0 ( 0 yis ) Η·Ν+1\  (1)·

F rom the defin it ion of the homomorphism D </> it follows that

JTJVJ./! (1) =

To com plete the proof it rem ain s to note th at

J lN + / !e vvP Ms /  — 1

1.8. Since multiplication by the Euler class of a representation in the ring
a]]/ (0 ([«] ~ )=  0)_ is a monomorphism, equations which are satisfied by

are solvable for D a ( ( ) .
+ iCorollary. Let A (v, u) be the series defined by An(v, u)f(v, u) =  1 <8> un+ in the
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ring U*[[v, u]]/ pn+1 =  0, where f(v, u) is the formal group of "geometric" cobordism.
The sequence Β n(u) is obtained from AJ^v, u) by replacing vk by [C P n ~ ^] (k  =  0, 1,
2, · · · ). For the vector Ζ . bundle ζ= (C P * Μ χ · . . χ ( C P n r ) , (j ̂  p) =  1,

p*· 7 1 IT ' S L

Remark. From the definition of the sequence Β (u) it is simple to verify that
/ CO \  / CO \

2 Bn (") tn f (U, Ut) =  U V [CP"] Wrt/" .
U /  \«=o y

1.9. Since by definition of the module R. p the restriction of the action of the
1 z k

group Ζ k to the sphere bundle of the vector Ζ ^ bundle £ , [£ ] e R2
P , has no fixed

poin ts, there exists a continuous Ζ .  equivarian t map of S£ into the sphere S n~

with the action of ∆" (cf. § 1.4). We extend it by linearity to a continuous Ζ ,  
ρ* * y J pk

e q u iva r i a n t m ap of Εζ in to the space Cn of the rep resen t a t ion ∆ ", _ ig1 '  E £  »C W.

If φΝ i s a map got ten by sm ooth ing the con t in uous factor map
(£ιΧκ!)/Ζ,:(Εζ

( the ac t ion on the sph ere S ~ is A j ^ then it determ in es the correspon din g bordism
c la ss

^ (ζ) =  [(Ε ζ χ S™ 1)/ !̂ , (S ζ χ S2" 1/ !̂ )· yN) e i/ 2(iv+«) i (Ε ρΛ, S pn).

There exists a cobordism class D ^ ( 0 € U°(BZ J such that ί%Οφ(ζ) =  s * D ' ( ^

we have constructed the homomorphism D

Lemma. For an arbitrary Ζ , manifold M,

Thus we have constructed the homomorphism D 0: R^   »ί7 (ΒΖ ).

Proof. The complement of a tubular neighborhood of the fixed submanifold of the
action of Ζ on the manifold Μ is mapped continuously and Ζ ,  equivariantly into
the sphere S ~  with the action ∆" 1# Continuing this map by linearity onto the
tubular neighborhood, we get a continous Ζ  equivariant map g2 : M »CW. The map

pn
which is a smoothing of

(g2 x id)/ Zp*: (Μ χ S* 1)/ !̂  *^ X S2" 1)/ !̂ ,

determines a bordism class which obviously coincides with sQ* φΝ(Μ) e U2(N+n) 
The assertion of the lemma follows from the definition of the homomorphism D 0 and
the diagram of § 1.4.



FINITE CYCLIC GROUPS OF QUASICOMPLEX MANIFOLDS 315

1.10. For the homomorphism Dj/r one has the analogue of Theorem 1 of [5] and
V 1.7 of the present paper.

Theorem 1. Let ∆ be an n dimensional representation of the group Ζ which
has no trivial summand. Then e(A)  D t/  ∆) =  e(A" , ) .

pk  ι
Proof. We consider the inclusion z: E(pn) C Hpn® ν(∆)). Obviously the cobordism

class dual to ί^ψΝ{∆) is equal to ΐ£( ψ(∆)   «Κ∆)). We are using the fact that the two
Ζ ,  equivariant maps h, and h7 of the space of the representation ∆ into the space of

pk *•

the representation ∆+  ∆", are Ζ , homotopic. This means that the bordism class ι^φΝ(∆)
coincides with the bordism class given by the inclusion Ε(ι/ (∆))  * E(p Θ ν\∆)). But
here the normal bundle to the image of the inclusion is ρ , and this means that the dual
cobordism class is equal to β{∆η _ . ) . Thus we have obtained the equation we are prov 

pk ί

ing.
By an insignificant change in the proof of Theorem 1.7, we get the following the 

orem.
Theorem 2. The value of the homomorphism  φ on the vector Ζ  bundle ζ =

pk
( C P "1) χ · · · χ (C P Wr) satisfies the equation

7 1 1r

Π e (A S
s
 + 1 ) D Ψ ( 0 =  ΓΙ β ( ∆ ^ί ) π?* (η, ®  1%

Remark. Solving the equation in the ring U [[«]]/ {Θ {[u] , _ ,) =  0), one can write
ρ pk 1

for the class D 0(£)

1.1.1. In this subsection we shall sum up all the results obtained above. We as·
Ζ ksume that one has already gotten the description of Im/3 p for I < k.

The vector Ζ ^ bundle Ci whose bordism class [ζ\  eR^>
i we represent uniquely

in the form

2 ( 2 a> n 
where ζ , and ζ , are monomials of the form (CP . ) χ · · · χ (CP. r ) , for which

τη, ι ι j γ j r

(/ s, p) = p and (js, p) = 1, respectively, and «w l £U*. The subgroup Ζ acts triv 
ially on the fiber space of the bundle ζ , , so it can be considered as a Z ,  bun 

1 r 772,/  ' p K   1
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Theorem. The bordism class

2 ( S ^ ' M ζ'€ ^/(dim ζ, =  2/2;)

Ζ ^
belongs to the image of the homomorphism β ρ if and only if

1) For any I the sum ^m^m j ζm ι , considered as a bordism class belonging to

R2P(n niY HeS i n I m β * "

2) 2
/

i s d i v i s i b l e b y u n i n t h e r i n g U * [ [ u ] ] / ( Θ ( [ u ] . , ) =  ( ) ) .

(The values of the homomorphisms  φ(ζ {) and D a (^ ) are given by the re 

mark to Theorem 2 of the preceding subsection and Corollary 1.8.)

§2. Admissible collections of fixed submanifolds of
the action of a cyclic group of finite order

The possibility of reducing the problem of admissible collections of fixed subman 
ifolds of the action of the group Z ^ to the analogous problem for its p primary compo 
nents was indicated to the author by S. M. G useln Zade.

2.1. We assume that for any cyclic group Ζ of order less than m we have al 

ready obtained the description of Im/3 . From the results of § 1 it follows that with 
k ι k

out loss of generality one can assume that m = p ^ χ · ·' χ p r, r > 1. Analogous to the
module w we define the module 501 m as the module of vector Ζ  bundles on whose

V V γη

sphere bundle the group acts freely and on whose fiber space there are no fixed poin ts.

Lemma. The homomorbhism a:SK m »(/   i(BZ ) is an epimorphism.
Remark. Wherever the contrary is not asser t ed , the defin it ions and notation are

automatically carried over from § 1.
Proof. The group Ζ is isomorphic to the direct sum Ζ Α ι φ · · · φ Ζ ^ Φ ψε j e _

m PI Ρ/
note by X , z=  1, 2, the Z ^  space consisting of pi points, on which a generator of

the group Ζ ^ . acts by cyclic permutation, and the remaining generators act trivially.
Pi1

Just as in the proof of epimorphicity in Theorem 1.4, we get that



FINITE CYCLIC GROUPS OF QUASICOMPLEX MANIFOLDS 317

Since the free term in the series θ (u) is equal to p^  and (p 1# p2) =  1» the ideal of
the ring t/ *(BZ ) generated by the series ^p.^u^m/ p) coincides with the whole ring.
This means that the homomorphism D a is an epimorphism. This implies that the homo 
morphism CL is an epimorphism.

2.2. For any 1 < s < r we represent the bordism class τ £ R* in the form

2as ζ* ζ5 , where ζ5 and ζ5 are monomials (C P * l) χ . . . χ ( C P M / ) for which

(j ,t ρ ) =  ρ and (;'., p ) =  1 respectively. The subgroup Ζ acts trivially on the
fiber space of the bundle Cs : hence it can be considered as a Z /   bundle. Fromr w» η τη ι ρ s

the lemma of the preceding subsection it is easy to get
Ζ Ζ

Theorem. The bordism class r e R^m belongs to Im β m if and only if for any s and

η the sum Σ as £s , considered as a bordism class in R. s, belongs to
m τη, η τη, η * •  °m τη, η τη, η

§ 3 . Manifolds which realize admissible
collections of fixed submanifolds

3.1. The kernel of the homomorphism β is the submodule of U ̂  of bordism
classes of manifolds on which the action of the group has no fixed poin ts. Hence the
problem of reconstructing the bordism class of a manifold by fixed invariants has a
solution only modulo Kerπ, where π: U^ ^U^  is the homomorphism "forgett ing" the
action of G on the manifold.

We shall show that πθ m=U4.iorm = pl χ · · · χ p r, r > 1. In fact, there exist
integers a and b such that ap χ +  bp 2 =  1. Recalling the definition of the spaces X
and X/ ,?, we get that

[Λί X (aXPl +  bXPt)]6Q*m and  π [Μ Χ (αΧρ, +  ί>ΧΡ,)] =  [Λί]

for any [ Ml € U^ .
3.2. We consider any «-dimensional manifold Λ1 with an action of the group Ζ ,

and let the normal bundle to the singular submanifold of the action give the bordism

class [ζ], belonging to 1 ^ . From Theorem 35.2 of [ l] it follows that ( φ 1  Μ Λ [

belongs to Ker CL. This means D a ( O   [M]un is divisible in the ring t/ *[[w]]/ ([«] =  0)
pk

by un+l.
Corollary. //  on the manifold Μ the group Ζ acts without fixed points, then the

bordism class of Μ is divisible by p.

Proof. From Theorem 1.4 it follows that D a( £ ) lies in the ideal generated by the
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series θρ{[ιι] k_l). Since the free term of this series is equal to p, the corollary is
proved.

~ z k
Thus we have obtained the fact that π U^ p is isomorphic to pU^.

We identify U^  with its image under the imbedding in U^  ®  Q, and we then have

Theorem. There is defined a homomorphism y^ from the module R^ p , taking

values in U^  <8> Q, such that, for any manifold which realizes an admissible collection
°f ^ , bundles r,pk

TJS(r) (mod>Z/ .).

The value of yk on an arbitrary collection τ =  Σ α ^ tCm ^ l {notation of §1.11) is
given by the formula

D a (ζζ)

where the values of the homomorphisms  ψ and D a «re given by formulas which co 

incide with the formulas for Di/r and D a . (//  is necessary to remark that division in

these formulas for the homomorphisms  φ and D a must be carried out in the ring

Remark. An analogous theorem for the group Ζ was obtained in [ l l ] .
Proof. Let Ρ x(u) e U*[[u]\  represent ϋά{ζ). Then

[M] un   P x («) +  θρ ([«Jpfc.!) Qx (a)

Since the free term of the series p/θ ([u] k_i) is equal to 1, if we multiply both

sides of the preceding equation by it, we get

From Theorem 1.11 and the fact that the difference of the values of the homomorphisms

D 0 and D»/), and also of D~a and D a, lies in the ideal generated by 0 ([u] k_i), the

assertion we are proving follows.

Received 28/ JUN E/ 72
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