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The graphical calculus of Penrose-Kauffman describes representation theory of
the quantum group U,(slz) via plane diagrams. We show that in this interpretation
bases dual to Lusztig’s canonical bases in tensor products of finite dimensional
U,(sly)-modules have a simple realization and we compute these bases explicitly.
We further develop graphical calculus and, in particular, obtain factorization of
Clebsch-Gordan and Racah-Wigner coefficients for Uy(sl,) via the intermediate dual
canonical basis.

Next, we give formulas for canonical bases via compositions of Jones-Wenzl pro-
jectors. We also prove that Lusztig’s canonical bases in tensor powers of the two-
dimensional fundamental U,(sly) representation coincide with the Kazhdan-Lusztig
basis for the maximal parabolic (=grassmannian) case of the Weyl group S, and its
subgroup Sg X Sp—k. As a byproduct we get a very simple description of Kazhdan-
Lusztig basis vectors in the grassmannian case in terms of compositions of Jones-

Wenzl projectors.
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INTRODUCTION

In this dissertation we show how the combinatorics of Penrose-Kauffman graphi-
cal calculus relates to two fundamental concepts of representation theory: Lusztig’s
canonical bases and Kazhdan-Lusztig theory. The graphical calculus was invented
by Penrose for a diagrammatical description of the tensor category of representations
of the simple Lie algebra sly. This was generalized later by Kauffman to the calcu-
lus of g-spin networks on the plane, and used by Kauffman and Lins to construct
invariants of 3-manifolds. It was soon shown by Piunikhin [Pi] that their invariants
coincide with Turaev-Viro invariants [TV]. Reshetikhin-Turaev invariants [RT] are
a refinement of Turaev-Viro invariants. With Penrose-Kauffman calculus in hand,
Lickorish [Le] succeeded in providing an elementary construction of Reshetikhin-
Turaev invariants of 3-manifolds. The original Reshetikhin-Turaev approach was
based on a difficult concept of modular Hopf algebra and required understanding

of the representation theory of the quantum group Uy(sl;) at roots of unity.

Piuﬁikhin [Pi] also showed that the g-spin network calculus provides a graphical
interpretation of the representation theory of Uy(slz). In particular, 65-symbols and
other structure cénstants for the braided tensor category of U,(sly)-representations
can be derived using ¢-spin networks (see [CFS], [KaL], [MV]).

Interestingly, the graphical calculus provides natural bases for U,(sls)-invariants
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of tens;or products of ﬁnitéﬂimeﬂsioﬁﬁl U,(slp)-modules. It was conjectured by
Greg Kuperberg that these bases are closely related to Lusztlg s canomcal bases in
invariants of tensor products The premse relation between the two was found by
'Igor Frenkel and the author {FK} Namely, slightly generahzmg gra.phxcal calculus,
one cau define a gra,phlca,l basis not only in the invariants, but in the whole tensor

product of U,(sly)-modules. Then it turns out that the graphlcal basis in a tensor

product is dual to Lusztig’s canonical basis in the tensor product.

Lusztig’s canonical bages are bases in tensor products of finite-dimensional mod-
ules over quantum deformations of finite dimensional simple Lie algebras. Origi- -
‘nally, canonical bases were discovered by M.Kashiwara [Ks| and G.Lusztig [L1] in
- nilpotent subalgebras U (g) of quantum groups g and in finite-dimensional irre-
ducible U,(g)-modules. Later Lusztig extended this notion to give bases in tensor
products of finite-dimensional U,(g)-modules. He also found other generalizations
which we will not bé discussing here and instead refer the reader to [L3]. Canon-
ical bases have remarkable properties of positivity and integrality, namely, various
structure coefficients of the quantum group (multiplication, the action of generators
E; and F;) are positive integral. This is explainea by the fact that canonical bases
come from certain complexes of sheaves on quiver varieties, and, from this point of

view, structure coefficients are dimensions of intersection cohomology groups.

Exact formulas for canonical bases are unknown except for a few cases. Most
of the work on the canonical basis has been done towards understanding a canon-
ical basis in the n.ilpo’sent subalgebra U, (g) of the quantum group g (for example
[BFZ],{Ks],[L3]). In this dissertation we go in a different direction: we restrict to
the case_ of sly, but we obtain exaét formulas for the canonical and dual canonical
bases 1 afbitrary tensor products of finite-dimensional Uq(sig)-ﬁlo&ules. As we
already mentioned, the dual canonical basis naturally pops up from the graphical

calculus of g-spin networks. Aided by the graphical calculus, we are also able to
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give formulas for the 'canonicai basis itself. Nameiy,l we show that canonical basis

vectors in tensor products are given by compositions of Jones-Wenzl projectors.

‘These are projections from a tensor power of the fundamental repreSenta,tidn onto

the highest weight irreducible subrepresentation. The intuitive reason for this an-

swer is clear: the dual canonical basis vectors admit a graphical presentation by
systems of ‘disjoint arcs, while the Jones-Wenazl projector, éomposed with an are,
becomes the trivial operator. So, one expeci:s that Jones-Wenz] ‘projggtors can be
used as building blocks for vectors-of the canonical basis— the basis dual to the basis

of systems of disjoint arcs.

This intuitive guess is correct and we get simple inductive formulas for-canonical
basis vecfors in tensor products. One can now take these formulas and rewrite them
coordinatewise, i.e., write inductive formﬁla_s for coefficients of canonical vectors in
the standard basis of the tensor product. Surprisingly, in the special case when
the tensor product is a tensor power of the fundamental representation, we obtain
Zelevinsky’s recursive formula for Kazhdan-Lusztig polynomials in the grassmanian
case [Z]. That implies the coincidence of Lusztig’s canonical basis in tensor powers
of the fundamental represeﬁtation and Kazhdan-Lusztig bases in the grassmanian

case.

We prove here that these two bases coincide, using‘a more invariant approach: by
identifying the two vector spaces, the elementary bases of these spaces and showing
that under this identification the two involutions - needed for defining canonical,
respectively, Kazhdan-Lusztig bases, coincide. The proof is concluded by observing
that thé integrality properties of the two bases also match. This is a joint result

with Igor Frenkel and Alexander Kirillov Jr. [FKK].

This proof does not use the specifics of sl; and can be generalized to establish the
coincidence of the canonical basis of a tensor power of the fundamental represen-

tation of slp with the Kazhdan-Lustig basis for the relative case of the symmetric
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group and its parabolic subgroup ﬁ(ith k blocks. We‘chose not do this general case
in our dissertation and the proof wili é,ppea.r in [FKK].

;aet us say al few words about the organization of this dissertation. Chaptel:s
1 and 4 contain results of a joint work with Igor Fx‘enkel.l Chapter 5 is a joint
work with Ig_or Frenkel and Alexander Kirillov J r Chapter 3 contains results of my
preprint [Kh]. In Cha,pter 1 we recall the finite-dimensional representation theory of
the quantvim group U,(slz) and, specializing results of Lusztig [L3] to the sl case,
we define tﬁe canonical basis of a tensor product of finite-dimensional irreducible
Uy(slz)-modules. Using the invariant form, we define the dual canonical basis in
the dual tensor product. Our main results about the exact form of the canonical

and dual canonical bases are stated in section 1.4.

 In Chapter 2 we recall the graphical calculus of ¢-spin networks (more details can
be found in [CFS], [Kal], [MV]) and, following [FK], construct the dual canonical
basis of tensor products. In Chap’se;; 3 we explicitly construct the canonical basis of
a tensor prodiict and prove that it is indeed canonical by computing scalar products

with the elements of the dual canonical basis.

The standard approach to the graphical calculus treats the Jones-Wenzl projec-
tor as an elementary unit and studies networks composed of these projectors. In
Chapter 4 we go the other way and look at how the projector itself decomposes in
the graphical basis of the Temperley-Lieb algebra. We refine the Jones recursive
formula for the projector and in sections 4.1 and 4.2 obtain interesting formulas
for the coefficients of the projector in the graphical basis. In the later sections
we reap the fruits“ of our work by giving a very simple non-recursive derivation of
formulas for the 63 -symbol {compare with [MV]) and Clebsch-Gordan coefficients.
We mtend to write a separate paper where we will apply the results of section 4.2

to Kazhdan-Lusztig theory.
In the last chapter we prove the coincidence of the canonical basis and Kazhdan-
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Lusztig basis. )

Before we conclude our introduction. let us quickly review the related works by
a number of authors. First, books b}' Carter, Flath, Saito [CFS] and Kauffman,.
Lins [Kal/] are excellentl sourees to learn about graphical calculus and its relation to
representation theory of U,(slz). These two books have different emphasis: [Kal)]

'~ has primary interest in constructing 3-manifold invariants from g-spin networks

while [CF'S] is mostly about applications of graphical caleulus to the representation

theory of Uy(slz).

The geometry of the graphical calculus for U,(sl;) becomes transparent in the
identification of tensor products with homology groups of certain configuration
spaces, studied by R.Lawrence and, independently, by A.Varchénko. Under this
identification the diagrams representing the dual canonical basis acquii"e the mean-

ing of actual cycles in these homology groups [FKV].

An atternpt to understand Lusztig’s canonical bases for tensor pr'oducts beyond
the case of sl; was made in a joint paper with Greg Kuperberg [KhKu]. We com-
pared Kuperberg’s graphical bases [Ku] in invariants of tensor products of sz mod-
ules with the bases dual to Lusztig canonical bases. Our result was asymptotically
negative: the two bases coincide for tensor products of less then 12 three-dimensional

-modules and there is exactly one counterexampie when there are 12 modules. As
the number of factors in the tensor product grows, almost all vectors in the two

bases become different.

Fan and Green showed in the preprint [FG] that the image of a certain part
of thé Kazhdan~Lusztig basis in the Hecke algebra of the symmetric group under
homomorphism onto the Tempierley—i;ieb algebra coincides Wif;h the graphical basis
of this algebra. It is an interesting question, answer to which is unknowﬁ to me:a.t

the‘moment, how to relate their results with ours.
I’d like to conclude this introduction by offering the following problem that came
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up in a discussion with Arun Ram. The Kazhdan-Lusztig bases in the relative case of .
the sy rnm(*‘mc group S, and its max1ma1 parabolic subgroup can be constructed via,
the graphical calculus of plane diagrams. It is natural to expect that the Kazhdan-
Lusztig basis for the relative case qf the affine Weyl group Sn and its parabolic
subgroup S X S,—j can be obtained frém the ap.propriate graphical calculus of

diagrams on a cylinder.



CHAPTER]

THE QUANTUM GROUP U,(sl;) AND ITS REPRESENTATIONS

1.1. The quantum group U,(sl,)
1.1.1 Hopf algebra structure.

Let C(g) be the field of complex-valued rational functions in an indeterminate q.

We denote by ~ : C(g) — C(g) the C-algebra involution such that g% = ¢~ for all~

2.

DEFINITION 1.1. The quantum group Uy(sly) is an associative algebra over C(q)

with generators B, F, K, K~ and relations

KK1=1=K"K

KE = ¢*EK
1.1
(L) KF = ¢ ?FK
-1
EF—FEzﬁllir
q—q-

The quantum group U,(sly) has a Hopf algebra structure with comultiplication
A

AI{:EI — K:t} ® I{:i:l
(1.2) | AE=EQi+KQE

AF=F@K '+1@F
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and counit . o
n(K*)=1, n(E)=n(F)=0
There is an explicit expreSsibn for !i}.lle. antipode, but we do ﬁot need it in this paper.
- We will often use the shorthand notation U for Uy(slz).
. lNext we will define two types of involutions. We call the first one the Cartan

involution and denote it by w: :
wB)=F, w(F)=E, wE*)=K*, w(g*)=®

(1.3) : |

wizy) = w(y)w(z), =z,yeU

The second involution, denoted by o, will be called the “bar” involution:

o(B)=E, o(F)=F, ok*)=K¥, o(g*)=¢"
(1.4) | ‘
o(zy) = o(2)o(y), =z,yeU

It is easy to check that w (respectively, o) is a well-defined antiinvolution (respec-

tively, involution) of U considered as an algebra over Cq) (respectively, over C).

Using the bar involution, we define another comultiplication as follows

Alz) = (e ® 0)A(o(z)), z€U
This implies
ZI{ﬁ:I — Kil ® K:l:l

(1.5) AE=E®1+K'Q®E

| AF=FQK+1QF

Lusztig introduced a certain modified version of the quantum group, denoted
I.}, which has a canonical basis with the remarkable properties of positivity and
integrality. To define I'J, we adjoin to U a system of projectors {1, },ez such that

Imln = 6mnly for all m,n € Z and impose the relations

Elp = 1p42B, Fl,=1,0F, K*1,=1,K* =41,

Then U is defined as the subalgebra (without unit) spanned by the elements z1,,2 €
U,neZ. '



1.1.2 Quasitriangular structure.

The quantum group\ U,(slz) possesses a quasitriangulér structure encoded in the
properties of the universal R-matrix [Dr]. Drinfeld’s original descr.iption of the
universal R-matrix required thq introduction of a related quantum group, denoted
Un(slz). The quantum group Up(slz) is an as'socia.tivel algebra over the ring C[[A]]
of formal power series in a formal variable A. It has generators E, F, H satisfying

the relations

HE — EH = 2E
HF — FH = -2F
RH _ _~hH
EF-FE=2-_"°_
e" — £

and comultiplication A (A is similar)
AH=H®1+1QH
AE=EQ®l+e " gE
AF=F@cH +10F
Note that one‘can embed Uqy(slz) in Up(sly) by defining K*! = eFhH gpd g%t = etk

One can also realize Up(sly) in a completion of U,(sly) by formal power series

Cl[1 — ¢}] so that A =logg (= log(1 — (1 —~ q))), H= l%sé%{-.

The universal R-matrix has the form
(1.6) R=0C6

where

n —2n-} — ¢ n n

| 0= (~1)rg T (q—{—%I—LF ® E
(1.7) n20 o
h
C = exp(ﬁgﬂ ® H)

Then one has the following properties

@K@_x) = A{z)0
(1'8) __..,u
CA(z) = A(z)C
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where A is the opposite multiplicatioﬁ. These relations imply
(1.9) | : RA(z) = A (z)R

One can also check the quasitriangularity identities

S (A® 1)}R) = Ri3Ras
- {1.10) _ _
(1® A)YR) = RizRaz

The quasitriangularity identitiés imply the (universal) Yang-Baxter relation
(1.11) RizRisRas = RasRizRaz

This element belongs to a completion of U®3. We call it the full braiding and
denote it by R®), Note that

(1.12) RB) = Ry3(1 @ A)R) = Ri2(A ® 1)(R)

The Yang-Baxter relation holds for @ only in a modified form [L3], however the

exact analogue of the identity (1.12) is still valid. Thus we can define
We also define
C®) = Cpu(1 @ AY(C) = Cra(A R 1)(C)

It is easy to see that

(1@ A)(C) = C12Cy3 = C13C2

(A ®1)C) = Cy3Ci3 = C13Co3

We have a generaliza,tion of the factorization (1.6)

(1.13) RE) = cBp®)
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In fact we have :
R = C13012(A ® 1)(08) = C19042(A & }(C’)(K@.@ 1(0) =

= Cy3(A® 1)}(C)O12(A w5 1)(0) = C'Me™ |
Here we use the commutativity of ©y; and (A ® 1)(C) = Cy3C3, which can be
verified as fdllows. First we note that

IQHRH+HRI®H,F"QE"®1]=0

It implies

' ad(m-g-I@H@Hm —gH®1®H)®12 =0

Then exponentiation yields
CsC1301:C 5 = explad(~21 9 H O H - 2H ©10 H)Os2 = O
More generally, we deﬁn¢ a full braiding R(™ in a completion of U®”
R™ = (R, )" DA OA" ) R) = (Ry,...n1)" DB @ 1)(R)
The elements 6{’” and C™ are defined by analogous formulas and one has |

PROPOSITION 1.1. R(® = ¢ngn)
]

1.2. Category of finite-dimensional representations

1.2.1 The fundamental representation.

Let V; = Cvy ® Cv_y be a two-dimensional irreducible representation of U With

the action defined by the formulas

K#*ly, = gtlyy, KFly g = ¢Fly_,
E‘Ul = 0, E’U.__} = U3
-FU;{ﬁ’U_l, F'U..;ZO
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We define a bil_iiuea;: 5yn‘:mcr£ric pairing in V) by
<y >= dijs | 1,] = +1
One can easily check that
< 2v;,v; >=< vj,wlz)v; >, ze€U

We call V the fundamental represeniation of U. We denote by Vy = C the
1-dimensional representation of U given by the counit 7.

1.2.2 Tensor powers of the fundamental representation.

Next we consider a tensor product of two fundamental representations V; ® V1.

4

We define the bilinear symmetric pairing in V; @ 17 by
< v; QUj, vy @ vy >‘= 8ipbi50, 0,47, = &1
Then we have for z ¢ U
< Alz)v; @ vy, 05 @ vy >=< v; @ vy, Aw(z) vy @ vy >

Recall that we work primarily in the dual space with the dual action given by
A, except for chapter III, where we use A when working with the canonical basis.

To indicate the dual space we will use the upper indexes

! =, = vy

We introduce three intertwining operators with respect to the dual action given

13




a:VioVi—-V
61(”3. ® vi) = ei(v' ® v“i.) =0
a(v @) =1, (@ ® v ) = —g
(119) §: Vo Vi@ Vy
61(1) =l @uv !~ g v @l
Ri: Wy ®'Tf1 -V ®W
Ry = PR
Then m‘fe‘ have
(Idv, ® e1) 0 (6 ® Idy) = Idy, = (e ® Idy) 0 (Idy, ® 61)

€106 = —qg—gq "

(1.15) 3 . .
Ry =q%610e;+ ¢ 21d
R}y = —~(¢—q¢ ")g? Ru + qld
Remark: Because of the appearance of the square root ¢%, from now on we,
strictly speaking, work over the fleld (C(q%) of rational functions in q% rather than
in gq.
Now we consider the tensor product of n fundamental repreéentations V1®...0V;

with the pairing
(1.16) < Vi ® e @03, 07 @ @V >= 5.6

One can check that the action of A" !(z) is dual to the action of K”ml(a:) for all
zely. -

1.2.3 Temperley-Lieb algebra.

We recall that the Temperley-Lieb algebra T'L, is an algebra over {(q) with
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