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NEW GEOMETRICAL CONSTRUCTIONS

IN LOW -DIMENSI{]NAL TOPOLOGY

1. NEW LINK DIAGRAM

i{e recall LhaL a link itr R 
5 is a sn'CIot't-i

finiLe number of dis,joint circles. If we choose

pro ject.ion p: R 
--+ p' , Lhen t-he image of

called it's dlagram. The fig.1 Lransformat'ions
called Reidemeisler lTioves. It. s easy Lo see that'

comesponrl fo Lhe salle link lf and onlv if fhey

emLredding of
some general

the link is
of diagrarns
Lwo diagramg

are connecled

4+

r lu. r.

by a nurnber of' Reidemeisler llpves Anofher LVpe of diagram

can be obLalned by closing Lhe braid Braids are f'ormed fhen

n poinl5 on a hot-izontal pLane are connecLed by n st'r"ings

Lo n poinls on arroLher horizontal plane direclly below t'he

firsf n points. The strings are nol allowed fo go back

upwards at any point in their Lravel The isot'opy classes

of braids constiluLe the group B(n) wiLh generat'ions

1,t)A',3'' )

s

rL-l
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and the f'ollowing relations:

d,la: |il, li-:l'r ' i'j =7'2""'n-1

I , 1,., l, : l;*,lr ln, i: 1, 2,. . .,n-z
closing Lhe braid one can obtain a link ( fig.z ).

il#
Here are two

1) Every link can

7,) h,lark:ov' s Lheorem:

corresponding braids can

sequence of , elenenlary
moves) (flg.3)

-t I / ,il+Lr--l

rlu.J

FIG. z
classical theorems on thls matter

be obtained f.rom some braid
if two links are lsolopical, Lhen

be oblained from each olher bY a

Lransformat ions (called Markov' s

/eJ?:' (,t e 80il)
L?An*3 VA eB(ru))
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I propose t.o consider anolher Lype of' diagram:

a symmetrical giagr"am of a 1lnk. LeL (& , P ) € S( n)X S( n)

Here S(n) is a symrnetrical group (group of transformalions).
Thei: we consider- two noninl.erser-llitrg slraight lines P and Q

in R f and choose n ordered points on them

P: AL,AZ,...,An i

Q: 81,Br,...,Bo
fhepointsA; arrd

ult
art..}

Then we join
hrr .:f n.e i ryhl-v_y segmenls for every i

E; 6;), B ; and A st t; ( flig. 4)

. As a resull we det a link

{:(

p: (

t\(2s)
r :)(z)

a
s1
nr\t,v

a . -- I -I lIlK .

ishlly
inls o

I tl; lt

\{e will call this dia€:ram t.he syrnmetrical diagrarn of
it.'s convenient t.o represenl fhis diagram in a

different. way. Let U be a verlical 1itre,Ai,AZ,... ,Arr-
-n halfplanes,having i.J a^s a iroundary.

r-=(lqZtj)
F , [r) (. 2) t 3) tt'Xs )

(g.t {a-, F) <---? ( Fr , r)



r-

r-iJ-

LeL < oL , F > € S( n) X S( n) Then we join poinl Ar' with
A 11;\by a curve, belonging to a halfpl &* ffifil( f lg. 5) for every r.

The following Lheorern is obvious: u f
THEOREM 1. Evet-y l ink llossesses a symnetrlcal diagram.
One can ask a QesLion:
Which diagrams corrrespond to isoLopical l ink ?

It's obvious lhat the fig.6 Lransformations pl'eserve fhe
isoloplcal fype of a 1ink. The Lheorem i.s valid
THEOREM Z. Two symnelrical dlagrarns define isofopical links
if and only if they can be obtained from each ot.her by a
sequence of LransformaLions of fig.6

l'iLi. o
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The lvtrarkov's theorem follows easy from Theorem 2 if v{e

asso:;iate Lhe hraid with Lhe symnefrical diagram such as on
T 10 '/. .b. ,

D(
FIG.7

t

(where e is the unil of group S(n)) gives posilive link and

each posilive link has Lhe diagram (& ,€ > for cerLain a

THEOREM 3. LeL d be a sublink in f. Then each S-diagram for d

can be exfended Lo S-diagram for f.

REIvIAHK We can def ine a partial order on S(ao) : 
PrS(n):

r, F € S!,")

-. Fg V y€ s(r") 1y'rs(d")
sr,rs\. thot <JrY> ''"1} <prA')

r)



2. TRIPLE IN BRAID THEORY

Fenn and Taylor t1) introduced Lhe concepllon of doodle.

My definition of dooodle differs from [heirs. I consider thal
the doodle is a seL of disjoinl circles on S Z wilhout triple
poinfs of inlerseclion (fig. A)

FIG. B

The lsolopY of configuralion
doodle. The transforrnation over
forbiden.

Ie
FiG. g

and fig.9 npves Preserve
double point (fig.10)

Lhe
.iq

FIG. 1O
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Now, suppose t.hat n+1 points on horizontal line are

connecLed by n+1 strings with n+1 poinfs on another horizontal
line dlrectly below Lhe firsf n+1 poinLs . The slrings can't.
have the triple poinls of inLersecLion, bul, perhaps,Lhev have
double pCIints of inlersection (fig.11)

F iG. 17

The definitlon of the mulLiplicatlon of such
conflgurations is the same as in Lrraids. Then we'11 gef a
group wit.h generations l, , Z, '... r Z, (see fig. L2)
and r"elaLions i i+l

l.
a)Z

4;

l, li

:rlot: I ? ttr 4, pr. . . , rr

l'-, \' L ,
jj,1 €)
lt:t/f r J 4 t N9. ,n

x^ /[ II^Ilfi
FG12ffi-fl

i t'+t

X
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Let us call fhls group TWIN-group (Tk/

elemenl a twin . The closure of Lhe Lwin
THE(IREM 4. Each doodle is a closure
A queslion arises: when cio Lwo twit:s

doodles? iL's easy to see that operations

(n+1) . ,) and each
1s(ffi(rrg. 1p)

of" a cerlain Lwin
give Lhe equal

I J / .',*,.,. t:
k< rL "a/

d 6 TVt")
Tl,'t[") -;

J a J /nlo-,.,.?o*, lolo*,-"?n

/ <-r Jl ?,' *--"il-,

J +>g".g-' J,S€Tw(n)

preserve the correspondent doodle. i would try to prove

lvlarkov's Lheorem for Lwins with the help of' right analogue of
symmeLrical diagrarns for link ( see theorem 2 ). Il should
be noLed t.hat Lhe slruci;ure of doodles is nnre simple Lhan fhe
link slructure. So, the theorem is valid
THEOREM 5. Each doodle has a unique diagr-am with Lhe mltrinial
number of inlersection's poinfs (fig.fg) This diagram can

be consLrucled lront any other doodle's diagram with L.he help
of finit.e number of' IInveS which decrease Lhe number ol
inferseclion's points on 1 or 2 (fig.14).

I->//

CTWb)
]; o /;r',
7y $rt)

rin 1-r lu. l_J FiG. t4
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After Lhe f inding of right analogue of lvlarkov's Lheorem

for Lwins, fhe hypoletic construclion of doodles polynomials
would probably used a right c{uanLalization of Yang*Baxler
eguation:'d;*, 

d, l;*, : q /, /;., /; + ( l- r) 4*t

REh,IARK There i.s a subgroup of pure Lwins
evidenL Lhaf

TWo( n) . IL's

TWo(n).= T! ( Rtrtt
,;6Rt,i:7,2,...,flI

'tZ
6;

Z, da

,,

)

Now I recal1 the fanous cosel represenfation of Lhe

symmetrical group

l; l;. , /;

tZ

l, l,.1 'r, l' ?,., t ,

i-1 nr !r... ,.r

lr-: lrt , i,i:1,...,n

i:1 n-1r 4 r. . . ar

(1)

\d)

r3)

Relations (3) and (3) define braid group

Relations (1) and (2) define twin group

And what is the geornelrical rearring of the group wifh the
following coset representation:

;-4I:Lr... ,n)
6e'+l i:1,"' ,n--1

ANSIIIER: Suppose n+1 poinLs on horizontal l ine are
connecLed by n+1 slrings Lo n+1 points on anolher horizonlal
1lne direcfly below the flirst n+1 points. The sLrings may

have the double and triple poinfs of intersecLion, bul wiLhoul
the four points of interseclion and all inlersection's poinfs



are siLuated on cltfferent ll.l=onr., lines (fig.15) (the
sLrucLure of fhe Lri.vial flow)

i j+tffil,,
I /,'-- fi K

) ) /.= d,-r, l, d;r,6; t::: 
,'^' 

=

0bviously, these objects consLiLute Lhe group. We will
cali this group -the triplet group. The theory of this graup

is similar Lo the theory of fwins and braids (we wil} only
compleLe the Lrivial flow on RZ by t.he f'low on 52 wifh two

singular poinLs)

Summing up , we cone up with an inleresfing Lriple:
brairis. Lwins, triplefs. We rna-V sa_V fhat the braici group is the
space object, bul other two groups are the plane obiects Can

we define Lhe doodles and triplefs i.n space ? Yes, we can

LeL us examine Lhe example of doodles The brald
consists of n nonintersecLing sLrings Now suppose Lhat
Lhese slrings have t.he double pCIinls of inLersections and

fhese new objects are equivalent under fhe fig'. 16 nxlves
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This twin-bralds will form the group with fhe following
coset I'epI'esenlalion :

/;dr., li=/;r,/,J;", ,4 "'ft-2 |;Pi'PiP;
/;1,3 lri, 1;1 l>r 

',1=''"'o-t 
l''it>l),',a:l'-',n-r

-c -d d ) )-i )-l-

lr'll , ,l=i,. *-tn-l l;-, li /;r., =2'"P;*, J,
'1 ) m-t i=Lr'" )tL^Zp; d; = /; ?; i=t,- " )a 'p, ?i = to F,7 ,;-Si> t, ,,d=,,. .,L-)

We also may const.ruct. the braid-Lriplel group and

Lwin-Lriplel group. In the lasl group the f'ol1owing relalions
between Lwins and LripleLs are valid (fig.17)

7,r, [l; fr-, = 
7, Pn, f ,

p -Lwin
q -triplet
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Surely, there exisf a braid-Lwin-tt'iplet group

The braid:; are most free front these three Lypes of objecls,
because braids may pass throught twins and t.riplets, antd

Lriplets are more free than twins (fig. tz)

REMARK I think thaL it is inLeresting Lo find the
conneclions between the closure braid-twln (fig.18) and

3-manifolds. We must, probably, cuf ouf the neighbourhood of
knof-twin and paste sornething back .

REMARK

groups in

dt a ? - 2 \iw tn+lj

The t.win and triplet groups are Ll-re reflection
tobachevskii space HP , , L

C/it=I i=i,..,4 f It-=i

I;-i\)-t
5 /,'=" | 1=\ t Z ,Z= I

I ir' l,--,/; ' /i*, /; /''*7 I ( /; l,-,,)'= /

l>J

TP fn+11
\.r.r/



\{e Lake braid group *.*;ili[3Xl'33"h generation as Lhe

composition of two configurations (fig.19) t ,t<1
) \ -/ td 'ir' \r/

'\ro' * t ). L, 
[, 

R;
/\ 

/\ ;

- 74-

-( l' , -, )'A,-,

)- .,/\t;' /\'
d i+t L e+l

t-'

Y
FIG.1g

so, lr:$ r-;Rfl ?..-' =* ;L ;' .

L I is a nerging of' Lwo slrings with fhe left sLring
being Lhe main one. R iis a nerging of two sLrings with Lhe

right string being the main one (the other string is
secondary ) . We will ca]1 fhe flnite production of
L f( ,n{' tie N) a spin-braid (the word spin iyere suggested by

i c-
my adviser prof. Yu.P.Soloviov ). I suggesL thal fig.20's
ilIoves give the equal spin-braids
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It.'s obvious thaL spin-braids form the group . We will
call it spin-braid group (SPiNB) Bv definition, SPINB group

has Lhe following generations and relations: _t

L:L;=L,*rai i,,i 6 N,Pi A i*, L;1',/;LiRi-' =L; R;-'lrit

lrni =Rt*,6i a,.1lnr,j;' R;q L;-l R; L;K;-t =L;Kt' ft;*,

n,Lj =l;., Ki t,i',N^,,{:i ieN -i (*)
o, f =njn,K' i,)uN'i'i t,':[;j 'r'rr:,1: :[:i,: i:

REMARK There is a nalural inclusion: B(oo) -> SPINB

Y ie N /;- E l;Ri'
REMARK There is a pure spin-braici group (SPINBo )-the

subgroup of SPINB group The geonelrical n€anlng of pure

spin-braids i:; Lhaf each subsLring of each string musf ret.urn
t.o her original place. For insLance, the spin-brald in fig.?L
is not pure spin-braid I

FIG.21

The pure spin-braid groupr is, obviously, norrna] in SPINB .

Therefore, we can define spin-symmetrical group (SPINS)-the
group SPINB/SPINB6

There is a short exacl sequence
7 + SPINB''-+ SPINB ->SPINS+ 7

SPINS is a group of' "quasiauLonorphisms" f: N -+ N

Thaf ls, each element. of N has the imag:e consisling ofl

finile number' of elenenLs. and t.he elements of prototype of
each elemenl have a specific order (this is for firsl n, and

n 2 elemenls of N ;for olher elerenls V T , nr l(m)::f**(nz ";)l ,V;>n2 r'fr.i:fr'+i";-"r,J) ,



The coset
represenlation
relation ( f ig.

{

-1'(-
represenlation
of spin*braid

22)

of SPINS is Lhe cosel
group with the suPplenenlary

-r -2 ,-2l/):r (+(Rc-L-)):1 Vie N)

z

(RJ

olLr A;')' :l

F IG. 22

There is a nalural inslusion: a
S(ao) -+ SPINS ( S(* ) = .V, S( i) -r

/,€ 5(^) /r.+ Q L;R;'
And there is a map from one shorl exacl sequence Lo other

short exacL sequence:
t 

- 
Bo(oo) + B(o.) -+S(oo) .-> 7

t + SPINIL -+ SPINB --+SPINS --+ 1

The elements which belong to SPINS of finite order are not
onh' Lhe elemenLs of 5(o-) (fig.23 lor example)

+
rTa nnf lU. 4.J

L
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it-.'s easy to give a nesessarv and sufficienl condiLion,

when the element. of SPil,'iS has a finit*.e degree

REkIARK We may also define Lhe spin-t,win and
groups and spin-braid-twin-Lriplet grollp

REI\i!ARK You mav see from (* ) LhaL L3,L4 ,.
are expresseci Lhrought L L,Lz,R-/

REh,IARK We rnay conslruct a ilnk as a ciosure

spin-triplet.

nnE rc^
"2 t"s 7"

Similarlv , we may conslruct.
qr1 i n-l'rl-xi rif f i o' ?4isi r +,Q. w LJ

spin-1ink
Ui. cl, LU-dI{l

r 1-nm :l

Y/ .,------------V

rrA a /t' l 11 /'L

QUEST i0N Const.ruct the Lheory of sLrin- L inks ( Dehn

spin-surgery , Markov's Lheorem ,Jones poiynomial and so on ).

The aultrot' is graleful t.o A. Radul and E. Chepot"ova ior
Lranslat.lon this texl Lo English " The aulhor is also gralef'ul
t.o I. A. Ba:;s for the heip in the ,l*sign t:f fhis art.ici*"

{1i R.Fenn, P.Taylor Int.roduction in dood}es L*cL.Nofes.
in ittlath. ,722, p. 37-43
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