PSEUDODEFORMATIONS

JOEL BELLAICHE

Mazur’s deformation theory of representations of (Galois) groups played a very
important role in the striking progresses that have been made in algebraic number
theory in the last fifteen years (to name a few: the proof of the Taniyama-Weil
conjecture, of the Serre’s conjecture on the modularity of odd mod p Galois repre-
sentation, and of the Sato-Tate conjecture).

The theory works as its best only when the representation p : G — GL, (k) to
be deformed is absolutely irreducible over the field k. In this case, under some
finiteness hypotheses on the group G that are satisfied in applications to Galois
theory, the functor of all deformations of p on artinian local rings with residue
field k is pro-representable by a complete noetherian local ring R (see [M]). The
tangent space (more precisely, the equal characteristic tangent space, that is the
dual of mp/(m%, charr) if mp is the maximal ideal of R) of this local ring is identified
with the space Ext}(p, p) = H'(G,ad p). Lifting questions are also solved by the
construction of obstruction classes in Ext%(p, p) = H2(G,ad p). The same results
hold ore generally if, and only if, End,(p, p) has dimension one.

So, if p is not indecomposable, for example semi-simple but not irreducible, its
functor of deformations is not representable. This is a serious difficulty when one
tries to extend the wonderful results (such as Wiles” modularity lifting theorem and
its subsequent generalisations) using Mazur’s deformation theory. To overcome this
difficulty, the method mainly used so far has been to replace p by an indecompsable
representation p’ with the same semi-simplification, and to study the deformations
of p’. But this method has an important drawback : no such p’ may exist, and when
it does, the choice of p’ is by no means canonical. For example, when p is the sum
of two absolutely irreducible representations p; and po, finding an indecomposable
¢ with semi-simplification p amounts to choose a line either in Ext!(p, p2) or in
Extl(pg, p1). This is possible only when at least one of those spaces is non zero,
and leads to many possible choice of p’ in general. Moreover, the deformation
spaces of those p' are different, and difficult to compare. When p has more than
two components, the existence of an indecomposable p’ to which one could apply
Mazur’s theory becomes very problematic.

To avoid this drawback, it is natural to replace representations by pseudochar-
acter. Pseudocharacters of a group G over a commutative ring A are A-valued
functions on G that behave like characters of representation of finite-dimensional
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representations of G over A. Thus, when A is a field (say of characteristic 0), pseu-
docharacters generalise the equivalence classes of semi-simple representations of G
over A. Since isomorphic for representations corresponds to equality of characters,
pseudocharacters are much easier to glue or to put in families. This is why Taylor
introduced them in [T], building on earlier work by Procesi and Wiles (though he
used the name pseudorepresentations). For the same reason, pseudocharacters have
trivially a pro-representable deformation functor (though the representing complete
local ring R may not be noetherian), a fact that has been noticed by Rouquier and,
combined with his proof that any residually absolutely irreducible pseudocharacter
comes from a representation (result proven independently by Nissen [N]), used to
give a simpler proof of Mazur’s representability result of the functor of deformation
of an absolutely irreducible representation — cf [R].

So, if p is a sum of several absolutely irreducible representations, say p >~ p; &
-+ @ py it is a natural idea to study the deformation ring R of the pseudocharacter
tr p, which is canonical, rather than the deformation ring of some non-canonical p’.
This is the object of this article.

It is natural to call ” pseudodeformation” a deformation of p as a pseudocharacter.
This term was coined by Skinner and Wiles (in [SW, §2.4]), who were the first, and
to the best of my knowledge, the only ones so far to study these objects. Their main
result on this subject is an upper bound of the dimension of the tangent space of the
pseudodeformation functor when p has dimension 2 and is the sum of two distinct
characters, which, though far from being optimal as we shall see, is sufficient to
prove the finiteness of this tangent space. We shall precise their result by computing
exactly the tangent space in the case r = 2, and partly generalise this to the case
of arbitrary r. Let us precise that Skinner and Wiles use pseudodeformations only
tangentially in their paper [SW], using the trick of choosing an indecomposable
proxy p' instead during most of the paper. It is the author’s belief, which has still
to be substantiated, that the systematic use of pseudodeformations can lead to
important simplification of the argument of [SW] as well as to higher dimensional
generalisation.

Let us now briefly explain our results: we assume throughout the paper that
the p; are pair-wise non isomorphic, in order to be able to apply the results on
residually multiplicity-free pseudocharacters of [BC].

The first result is the description of a natural filtration, called the complexity
filtration, on the tangent space t, of the deformation ring of tr p. This filtration has
length 7, the number of irreducible components in p. We study the graded spaces
of this filtration. The first one, t; corresponds to totally reducible deformations
of p, and thus is easily described as the sum of the Mazur’s tangent space of the
irreducible components p1, ..., p, of p. We embed the other graded spaces t,/t,—1
into the direct sum over all cycles 7 of length n in the set {1,...,r} of the tensor
product of the spaces Ext!(p, (i + 1), p,(i)) for i = 0,...,n — 1. Actually, we show
that t,,/t,—1 is even in a subspace of the latter defined by cancellation conditions on
some Yoneda products. See Theorem 1 for a precise statement. This results implies
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the finiteness of the dimension of the tangent space of t when the Ext! between
the different components of p are finite dimensional. This holds in particular in
the standard Galois situations (local or global), so in this case the universal ring
is noetherian. We are unfortunately not able to determine precisely the image of
t,/t,—1 in general.

We have more precise results for n = 2; they are explained in section 4. In this
case we show that to/t; is exactly the kernel of the natural map

Br<ici<rExtG(pj, pi) ® Extg(pi, pj)— @h_y Ext®(py, pr).

So we have a complete description of the tangent space t when the number of com-
ponents of p is 2. We also partially extend Mazur’s obstruction theory, constructing
an obstruction that lives in the cokernel of the above map. We give an application
to the lifting of Galois representation, in the spirit of [K].

In section 5, in the case r = 2, we characterise the pseudodeformations in t
that come from true representation. They corresponds to pure tensors in ta/t;.
This explains the benefit we get by working with pseudocharacter instead of true
representation : the ”tangent space of the deformation functor of the representation

7

p” is not a vector space in general.

Note for the reader: The constructions of this article rely heavily on the
ones done in the chapter one of [BC]. While we have given precise references to the
results of [BC] when we used them, and tried to keep this article self-contained by
precisely recalling most of them, we strongly suggest the reader, for a better and
easier understanding of tis paper, to read [BC, Chapter 1], at least from §1.2 to
§1.4, before beginning this article.

1. PSEUDODEFORMATIONS

The notations below will be in use throughout the paper.
Let k be a field, C the category of artinian local rings (A, m) together with an
isomorphism A/m — &, G a group (or monoid) and T : G — k a pseudocharacter

such that
-
T = Z tr p;
i=1
where p; : G — GLg,(k), i = 1,...,r, are absolutely irreducible and pair-wise

non-isomorphic representations. We assume that d = > ., d; is less than the
characteristic of k. Hence d is the unambiguous dimension of the pseudocharacter
T. Weset I ={1,...,r}

Let PD = PDy : C — SETS be the functor that associates to A the set
of pseudocharacters T : G — A such that T ® k = T. This functor is clearly
representable (see [R]).

We denote by kle| the ring of dual numbers over k, generated by ¢ with the
relation €2 = 0. The set PD(k[e]) has a structure of k-vector space (see [M, page
272]). It is denoted tpp.
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Topological variant: Assume that k is a complete valued field of characteristic
0, that G is a topological group, and that T is continuous. Change the definition
of PD such that PD(A) is the set of continuous pseudocharacters T': G — A such
that T ® k = T — where A has its topology of a finite dimensional x-vector space.

Then the representations p; are continuous and if we agree to understand below
the group Extlc;(ﬁi, pj) as continuous extensions spaces, then all the results stated
in this article hold in this topological situation. This follows from the same proofs
as in the algebraic case, together with [BC, Prop. 1.5.9]. We leave the (easy) details
to the reader.

2. THE COMPLEXITY FILTRATION ON THE PSEUDODEFORMATION FUNCTOR

2.1. Cayley-Hamilton quotients and GMA structure. Let A € C, and T €
PD(A) be a pseudocharacter G — A deforming T. We refer the reader to [BC,
1.2.5] for the notion of Cayley-Hamilton quotient of (A[G],T'). Let us simply men-
tion that A[G]/KerT is an example of a Cayley-Hamilton quotient of (A[G],T).
Let S be a Cayley-Hamilton quotient of (A[G],T). The main result of [BC,
Chapter 1] is the fact that S is a Generalised Matrix Algebra or GM A of type
dy,...,d,. More precisely [BC, Thm 1.4.4]) constructs an isomorphism of A-algebra

Mg, (A11) Mgy ay(Ar2) .. Mgy g, (A1)
) S Mg, a,(A21) Mg, (Asp) ... Mg,q,(Asy)
Mg, a,(Arn) Mg, a,(Ar2) ... Mg (Arr)

where A; ; are given A-modules of finite type satisfying A;; = A and the structure
of algebra on the right-hand side is defined by matrix multiplication using the
morphisms ¢; ;1 : A;; ® Aj — Aj i to multiply the coefficients. These morphisms
satisfy (cf [BC, 1.3.1]):

(UNIT) for all 4,5 € I, i : A® Ajj — Ay j (vesp. @i Aij @ A — A ;)
is the A-module structure of A; ;.

(ASSO) For all 4,j,k,1 € I, the two natural maps A;; ® Aj, ® Ay — Ay
coincide.

(COM) For all 4,5 € I and for all z € A;;, y € Aj;, we have ¢; ;i(xr ® y) =
Piii(y @ ).

Moreover, the pairings ¢; j; are non degenerate if S = R/KerT.

The composition of the map G — A[G] — S with the isomorphism (1) sends an
element g € G to a “generalised matrix”

a11(g9) ai2(g) ... air(9)
@) o(g) = a21(9) az2(9) ... az,(9)
ar1(9) aralg) - ara(g)

where Ai,j(g) € Mdi,dj (Al’])
We have by construction, for all i € I and all g € G

(3) aii(9) = pi(g) (mod m)
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and the isomorphism (1) is compatible with 7" on the left side and the trace on the
right side:
(4) T(g) = trai(g)

el

The multiplication law on S reads:

(5) a’L] gg Z ¢z kg az k ® ag j (g ))

It is possible (see [BC, Prop. 1.3.13]) to embed all the A;; in a commutative
A-algebra B, in such a way that A;jA;;, C A;y for any 4,7,k € I and that ¢;
becomes the map induced by the multiplication in B. Hence it is often harmless
to drop the ¢; ;i from the notation. For example the multiplication law can be

written
(6) az,] gg Z 78 k ak,j

2.2. Some graph-theoretical terminology and notations. For n > 1 an inte-
ger, a path of length n is an application « : {0,...,n} — {1,...,r} — that is, a path
in the graph with sets of vertices I and set of edges I2. If y is a path of length n > 2,
a loop is a pair (m,m + 1) of consecutive integers in I such that y(m) = y(m + 1).
If v and ' are two paths of length n and m, such that v(n) = 4/(0), we define the
concatenation ' as the path of length n + m such that (yv')(k) is y(k) if k <n
and v/ (k —m) if k > m.

A closed path of length n is a path « of length n such that v(0) = ~(n). For
i € I, a closed i-path of length n is a path « of length n such that v(0) = v(n) = i.
If v is a closed path of length n, we denote by 7[k| the closed path of length n :
v[k](m) = v(m+k (mod n)). The relation among closed paths v ~ +" if and only if
v = 7/[k] for some k is an equivalence relation; we call its classes cycles and denote
by [y] the cycle to which v belongs.

A closed path 7 of length n is said simple if « is injective on {0,...,n — 1}.
In particular, a simple closed path has no loop. We denote by SCP(n) the set of
simple closed path of length n. Of course + is simple if and only if v[k] is simple, so
it makes sense to speak of a simple cycle. We denote by SC(n) the set of all cycles
of length n.

2.3. Paths and GMA. Let A, T and S be as in §2.1.
If v is a path of length n, we set

Ay = Ay 000) - Ae-Dam)-
We also define a function of n variables ¢, ..., g, in G by
Ay (915 -+ Gn) = Ay(0)7(1) (1) -+ Ay(n—1) () (In) € M q).d. ) (Ay(0)) Ay(m))-

Lemma 1. For any closed path vy the ideal A, C A depends only on (A,T) and
not on the Cayley-Hamilton quotient S.
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Proof — Call e; the idempotent of S corresponding to the identity of the i-th
diagonal block My, 4,(A) through the isomorphism 1. A simple application of (3)
and (4) shows that we have, if 7 is a closed path,

(7) Ay = T(ey0)Seqy) - - - Seym))-
The right hand side is obviously unchanged if one changes S into S/KerT. Since
S/KerT = R/KerT is independent of S, the result follows. O

We also note:

Lemma 2. The modules Ay enjoy the following properties:
(i) Ifv and " are concatenable, A, = A, A’
(ii) for any v and k, Ay = A,.

Proof — Assertion (i) is clear, while assertion (ii) follows form equation (7) and
the fact that T is central. O

2.4. The complexity of a deformation. Let A € C, T' € PD(A). Lemma 1
ensures that the following definition makes sense.

Definition 1. For n > 1 an integer, we say that 1" has complexity less or equal to
n if for any simple closed path of length greater than n we have A, = 0.

We say that T has complexity n if it has complesity less or equal to n but not
to n — 1. Since there is no simple closed path of length r» 4+ 1 or more, every 1" has
a unique complexity n € {1,...,r}.

Definition 2. For n = 1,...,r, we denote by PD, the sub-functor of PD such
that for all A € C, PD,,(A) is the set of T € PD(A) that have complexity less or
equal to n.

Proposition 1. For every n, PD,, is representable by a local quotient of the ring
Auniv representing PD.

Proof — If T € PD(A), then T € PD,(A) if and only if A, = 0 for every closed
simple path « of length greater than n. As follows from (7) the formation of A,
commutes to any base change of the base ring A in the sense that for any map
A — A" € C, the corresponding module A’ for the pseudocharacter T ®4 A’ is
A, = A,A". Hence it is clear that PD,, is represented by Auniv/J where

Jn = Z (Auniv)'y-

~ simple closed path of length >n

0

We have PD, = PD. On the other hand PD; is the functor that classifies the
“totally reducible” deformations, in the sense that T € PD(A) if and only if T is
the sum of r non-trivial pseudocharacters.
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3. THE COMPLEXITY FILTRATION ON THE TANGENT SPACE

Since PD,, is a representable sub-functor of PD, its tangent space is naturally
a subspace tp, of tp. Setting tpo = (0), we thus get a filtration, the complexity
filtration on the tangent space of PD:
(0) = tpo C tp1 Ctpa C -+ C tp, = tp,
The aim of this section is to study this filtration. We state the main result of this
paper:

Theorem 1. For everyn =1,...,r, there exist natural linear applications f, and
by,

ton/tbn-1

|-

Bpjes0tm) (et BrtE(Py(m)s Pyim—-1)))

-
D, scrn-1) (Bott(Br1): () © @iy Brtly (B my o))

such that fy is injective and hy o f, = 0.

The map h,, is given by the Yoneda product: see §3.2. The map f, is constructed
in §3.3.
We note the obvious corollary:

Corollary 1. If for alli,j € I, i # j, we have dim,, Ext}(p;, pj) < +0o0, then t is
finite dimensional and PD 1is pro-represented by a noetherian complete local ring.

The corollary holds in particular in the topological variant if G the absolute
Galois group of a local field, or the Galois group of the maximal extension of a
global field unramified outside a finite set of primes.

3.1. A brief reminder on Ext' and Ext?-space. Let p : G — GLg4(x) and
7 : G — GLg (k) be two representations of G.
We define four x-vector spaces

Z&(P,p) = {a:G— Mya(k),VYg,d € G,a(gg") = p(g)ald’) + a(9)p'(¢)}
BL(P,p) = {a:G— Mya(r),3A € Mya(x),Yg € G,a(g) = p(g)A+ Ap'(9)}
Zé(ﬁlaﬁ) - {b G xG— Md,d’(ﬁ)7v97g/7gll S G7

p(9)b(g', g") —blgg’,g") + blg,9'g") — b(g,9")7 (¢") = 0}
BL(7,p) = {b:GxG— Myg(k),3a:G — Myqg(k),Yg, ¢ €G,
b(g,9") = alg,g") — p(g)alg’) —alg)p(g')}
Simple computations show that BL(p,p) C Zé;(ﬁ’,ﬁ) for | = 1,2. We define
Exti (7', p) as Z5(P, p)/BL(P, D).
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If p” : G — GLgr (k) is another representation, it is not hard to check that the
multiplication map (a,a’) — b with b(g, ¢') = a(g)a’(¢’) sends Z} (7', p) x ZL (7", ')
to ZZ(p", p), and also that it sends Z} (7', p) x BL(p", p') + BL(P',p) x ZL(", 7))
in B4(p", p). Hence this maps induce a bilinear map Extg, (7', p) x Extg (9", p') —
ExtZ(p", p). This is the well-known Yoneda product.

3.2. Constinsertingruction of h,. We can now make explicit the map h,, of the
theorem. It is defined as the sum, over all simple closed paths v € SCP(n —1) and
all simple cycles [y'] € SC(n) of maps

n n—1
Moyl Q) BXG (B (am)s Pyt (m—1)) — BXEE (D1, Py(0)) @ Q) EXG(Pry(mys Pry(m—1))
m=1 m=2

If a element 7/ of [y/] may be obtained from 7 by inserting a new vertices between
7(0) and ~(1) (explicitly: +/(0) = v(0), v'(I) = v(l = 1) for 2 > 1 > n, and /(1)
is any element of I different from ~(0) and (1)), then this element +' is clearly

unique, and we define h,, as the tensor product of the Yoneda product map

Ly
Extl(ﬁvl(lml(o)) ® Extl(ﬁ,y/@),ﬁ,y/(l)) — ExtQ(ﬁw(l),ﬁ,y(o)) and the identity maps

between the other Ext!. Otherwise, we set by vy = 0.

3.3. Construction of f,. In all this §, we shall let A € C be a ring such that
m? = 0. We will construct a map

n
fn i PDp(A) » m®, @ <® EXté‘(ﬁ’y(m)vP’y(ml)))
[v]€SC(n) \m=1
In the special case A = k[e], we have m ~ k canonically, PD,,(A) = tp, and this

map f, is the one we need to construct for the theorem 1.
More precisely, we shall define for every v € SCP(n) a map

fnf\/ : PDTL(A) — m @y ® EXté(ﬁv(m)a ﬁ'y(m—l))

m=1
We shall also check that f,, does only depend on the class [y] of v in SC(n), if we
agree to identify the different arrival spaces of f,, and f, o (with [y'] = [7]) using
the natural isomorphism expressing the commutativity of tensor product.
From now on, we fix T € PD,(A) a pseudocharacter. We set S = A[G]/KerT
and define the structural modules A; ; and morphism ¢; ;, accordingly.

Lemma 3. For everyi,j € I, i # j, we have mA; ; = 0.
Proof — For every i # j, y € Aj; and x € mA, ;, say x = ), myx; with m;y € m

and x; € A;;, we have ¢; ji(x ®y) = >, md;ji(r; ® y) € mm = 0. Since ¢; ;; is
non degenerate, x = 0. This proves the lemma. ]

Thus we may, and shall, consider the A; ;, i # j as kK = A/m-vector spaces.

Lemma 4. Let v be a closed path without loop of length at least 2. If v is not
simple then A, = 0.
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Proof — Since + is not simple, say of length [ > 2, there exists m < m’ € {0,1—1}
such that v(m) = v(m') and since v has no loop, we actually have m+1 < m/ < [—1.
It follows that [m] is the concatenation 172 of two closed path of length > 2
(namely of length m’ —m and | — m’ + m). Therefore, using lemma 2

Ay = Ay = Ay Ay, Cm? =0.

To define f,, ,(T"), we consider the multiplication map
Py A (1) ®r - B Ayn1)y(m) — Ay C
Lemma 5. The map ¢. factors through

Oy 1 (Ay(0) (1) /A0y (1)) B+ @ (A1) A(m) [ A (1) () — Ay C M,
where as in [BC, 1.5.3] we have set A;-J- = Zkzel—{i,j} A Ay foralli #jel.

Proof — We have to check that the multiplication map ¢~ is 0 on each subspace

Ay 0)A@) ®n - Bk ALy mr1) T Bk A1) ()

of

A1) ®r Bk Ayn-1) ()
(that is to say is the subspace where, for one m € {0,...,n — 1}, the factor
A (m)~y(m+1) 18 replaced by its subspace Av(m) ~(m +1)) Now, by definition of
A’7 (m)y(m+1) the image of this subspace by ¢, is the sum of the ideals A, over

all closed paths + of length n + 1 which are obtained from ~ by inserting a term
k different from ~(m) and v(m + 1) between v(m) and y(m + 1). It is clear that
such paths 4 have no loop. We then show that those A,/ are all 0. We distinguish
two cases, according to whether k is in the image of v or not. If it is, then the new
closed path +' is a non-simple closed path with no loop, so A, = 0 by lemma 4.
If it is not, then v is a simple closed path of length n + 1, and this A,/ is zero by
definition since T is of complexity less or equal to n. ([l

By duality, the map ¢~ given by the lemma may canonically be seen as an element

of
Mm@ (As(0) (1) /A% 0)7(1)" @+ Or (Ay(n-1),3(m) [AS (1) ()
Recall from [BC, Thm 1.5.5] the existence of a canonical injective map
tigt (Aig /A7) — Ext (g, pi)

forall 4,57 € 1,1 # j.

We thus may see the element ¢, as an element of Ext%;(ﬁ,y(l),ﬁv(o)) Q- ®
Extl(ﬁ,y(n), Py(n—1)). We define f,, ,(T') as this element. It is now clear from prop-

erty (SYM) that f,, = f,,x for any k, so f,, depends only of the underlying
cycle 7.
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3.4. Determination of f,1(0). We continue to assume that A € C is such that
m? = 0 and we keep the same notations as above.

By construction f,(T) = 0 is equivalent to the fact that for all [y] € SC(n),
the multiplication map ¢ is 0. This is equivalent to the fact that A, = 0 for all
v € SC(n). But this is the definition of T € PD,_1(A). So f,1(0) = PD,_1(A).

When A = k[e] we thus find that f,1(0) = tp,—1. When we know that f, is
linear (see below), this will imply that f,, may be seen as an injective map

n
tD,n/tD,n—l — ® EthG(ﬁ’y/(m)v ﬁ'y’(mfl))'
m=1
3.5. Proof that h, o f, = 0. We still assume that A € C is such that m? = 0 and
we keep the same notations as above. We aim to prove that h,(f,(T)) = 0. By
definition of the morphisms h,, and f,, we simply have to prove that for each fixed
v € SCP(n — 1), we have

si= >, hafyla(Fay(T) =0.
[v'1€SC(n)
The only [y/] that contribute to the sum are those where +' is obtained from ~ by
inserting some vertex between v(0) and «(1). To simplify notations, set v(0) = 1,
V(1) =3
Let [ be any linear form on

Exte(Py(3), Py(2) @ - @ Ext! (Dy(n-1), Py(n—2))-

Obviously it is enough to prove that (Idy, ® Tdpz ®1)(s) € m @ ExtZ(pi, pj)

is 0 for all such I.

The map
Lo (ty2)4(3) ® *+* ® by(n-2)1(n-1)
is a linear form on
(Av(2)77(3)/f4/7(2),7(3))* Q- Ok (AW(”—DW(”_Q)/A/W(n—l),'y(n—Q))*’
that is, by biduality an element of

(Ay2)73) /AL 2) 4 (3)) @ O (Ayn-2) y(n—1) /AL (n=2) y(n—1))-

We choose an element of Ay ) ,3) ® @ Ayn_2)4(n—1) that lift [ and call x its
image in A'y(2),'y(n—1) = Aj,i-

Lemma 6. The function b(g,9') := >4 ; aik(9)ar,;(g")x is independent of the
chosen lift x of 1, lies in m ® Z2(pj,pi), and its image in m ® Exts(p;, p;) is
(Ll @ Idgag2 (5,.5,) @ 1)(s)

Proof — The independence of b(g,¢’) on x follows from the same argument as
in the proof of Lemma 5. For every g,g", > 4 ; aik(9)ak,;(g') is in Mg, 4;(4i ),
8O > psi i Gik(9)ak,j(g')z is in Mg, a;(m). Since the multiplication by x commutes
with p/(¢g'), we see easily that b(g,¢’) € m ® ZZ(p;, pi). Finally, the identification
of the class of b as (Id ® I)(s) is formal using the definition of ¢, z, f,, and h,. O
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But actually

Lemma 7. The cocycle b(g, ') is in B%(p;, pi).

Proof — Define a(g) = —a; j(9)x € Mg, 4;(m). Then the coboundary of a, da(g, g')
satisfies

da(g,g") = —p(9)ai;(g)z + aij(gg)x — aij(g)zp(g’)
= —plg)aij(g)r + Y air(9)ar;(g)e — ai;j(g)p(g)e  using (6)
kel

= —p(9)ai;(g)z + aii(g)ai;(g)z
+ Y aik(9)ar;(9)z + aij(9)aji(g)x — aij(9)p(g)
k#i,j
= Zaivk(g)akvj(g’)x using p(g) = a;(g9) (mod m) and Lemma 3
kel
= b(g,9).

The two lemmas together proves that h,(f,(T)) = 0.

3.6. Linearity of f,. We now assume that A = k[¢] as in the theorem. Then
PD,(A) = tpn has a natural structure of x-vector space. We want to prove that
fn is linear.

Is is not hard to check that f, is compatible with the multiplication by a scalar
A € k. Indeed, if T is a deformation of T to k[e], and AT is the pseudocharacter
obtained from T" by the map k[e] — k[e], € — e, it is clear from the constructions
of the GMAs attached to T and AT that the structural modules A;; for AT are
the same as those for T', as are the maps ¢; ; , when #{1, j, k} = 3, while the maps
¢i,;, are multiplied by a. This makes clear that f,(AT) = Af.(T).

For the additivity of f,, we need a reinterpretation of its construction.

Let us call S™ the initial Cayley-Hamilton quotient of (k[G],T) defined in [BC,
Remark 1.2.4(ii)]. By construction, every other Cayley-Hamilton quotient of (k[G], T)
is a quotient of S™. Of course S™ is in a canonical way a GMA : let us call fl;‘fj its
structural modules, that is k-vector spaces. Its structural morphisms ¢;“]k are all
0.

Now let T be a deformation of T to A = k[g]. We call S the initial Cayley-
Hamilton quotient of (A[G],T) and S its faithful (hence Cayley-Hamilton) quotient
A[G]/Ker T. We can choose compatible GM A structures on S™ and S (by choosing
first a data of idempotents for S™ and picking its image in S) so that the surjective
map S™ — S determines surjective maps on the structural modules

Al — A
and the structural maps ;njk factor through the quotients Ai,y_': giving back the
structural maps ¢; ;. Note that the kernel of the surjective map A", — A, ; contains

514% by lemma 3.
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On the other hand, the formation of S™ commute with arbitrary base change.
Hence S™ = S @4 5 = S /S, and we have A /eA; ; = fl;n] The maps ¢

1 H »J imjvk
define maps ¢ ®a k on the A% Since they depend on T, let us denote them by
.

Lk = P @Ak

We thus see that the modules (actually s-vector spaces) A; ; (that depend on T')
are canonically quotient of the flinj (that do not depend on 7'!) in such a way that
the maps ¢; j  between the A;; descend from the maps Q_S;‘ij between the flf‘j

Using this, we can give the promised reinterpretation of the construction of f,,
as follows : to construct f,(T), we can proceed exactly as in §3.3 using the modules
A;Z instead of the modules A; j and the maps gZ;lT’]’k instead of the ¢; ;. Indeed, it
is obvious that we get the same result both ways.

Now suppose that we have a second deformation T’ of T to x[e]. We can consider
the sum T + T of those two deformations in the usual way, that is we use T and
T’ to define a deformation of T on the ring k[e,&’] and we push it to k[g] using
the map € + & — e. It follows clearly from the construction on 7'+ T” and the
compatibility of the formation of S™ with all base change that

/

T+T _ T T

bigk = Pigs+ ik
Together with the reinterpretation of f,,(7") given above, this makes the additivity
of f, obvious.

4. FURTHER STUDY OF THE FUNCTOR PDs.
4.1. An exact sequence.
Theorem 2. We have the following canonical exact sequence of k-vector spaces
0 — @}y Eatly (i, pr) — PDa(K[e]) = tpps 22
Br<icj<r Batl(pj, i) © Bt (pi, pj) 2> Sy Bat (P, k)

assuming that all the Ext'-spaces appearing in that exact sequences are finite di-

mensional.

The current subsection is entirely devoted to the proof of this theorem

This exact sequence is the complex of theorem 1 for n = 2. The only result that
remains to be proved is that Im f» = Ker ha. So let us pick an element in Ker hs,
that is a family of elements e; ; for (i,5) € I,i # j in Ext&(pj, pi) ® Extg(pi, pj)
(with e; j = e;; for the natural identification given by the commutativity of tensor
product) such that for every i € I, we have > ./ .. haj(eij) = 0, where
ha (i g
Extg(pi, pi)-

;) is by construction the Yoneda product map Extlg(ﬁj, pi) @ Exts(pi, pj) —

4.1.1. Construction of a GMA. In this paragraph we let A € C be such that m? =0
and dim, m = 1. The basic example, and the only one we will need in this section,
is A = kle], but for later use it is better to be a little bit more general. We also fix
a k-isomorphism m ~  (in the case where A = k[¢], we choose the one given by
e 1)
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Let us choose for all (4, 7), i # j, a supplementary vector space E; ; of B(p;, pi)
in Z}(rhobj, p;), and let us define A4; ; = E} ;. The natural map E; j — Ext!(p;, pi)
is an isomorphism. Hence by hypothesis the F;;’s and thus the A; ;’s are finite
dimensional vector spaces over k. We can see them as A-modules on which m acts
by 0.

Moreover, using the isomorphisms E; ; — Extl(ﬁj, pi), the element e; ; may be
seen as an element of E;; ® Ej; hence by the biduality isomorphism, as a map
Gigi + Aij ® Aji — K.

We see these maps as maps into A (with image in m) using the given identification
k ~ m. They are clearly morphisms of A-modules.

We note that by definition, ¢; ;:(z ® y) = ¢J,,j(y ® x).

We complete the data of a GMA structure by defining A;; = A for all i ¢; ;. as
0 if {4, j,k} = 3, as the structural map if i = j or j = k - the case where i = k is
already defined.

Lemma 8. The A;; together with the ¢; ;. satisfy the axioms of a GMA.

Proof — The property (UNIT) is satisfied by definition and (COM) has already
been observed. We have to check (ASSO), that is that for all 7,4, k,l € I, and all
x € Ajj,y€Ajr, 2z € Agy, we have

(8) Di k1 (Dijr(T @ Y) @ 2) = ¢ (2 @ Pjri(y ® 2)).

When 4, j, k,l are all different, then by definition all the ¢ involved are 0 and
both member of the equality (8) are 0.

When #{i,j,k,l} = 3, we have to distinguish several cases. If j = k, or if
t = j, a simple look shows that in both members there is a ¢, . involved with
#{a,b,c} = 3, so both members are 0. If i = k, the the right hand side is 0 since it
involves the 0 map ¢; ;;. The left hand side is also 0 but for a more subtle reason:
it is by (UNIT) ¢;i(z ® y)z with ¢;i(r ® y) € m C A, and z € A, and this
product is zero by Lemma 3. The last case, j = [, is symmetric to the case i = k.

Finally, when #{i, j, k,l} <2, then (8) follows formally from (UNIT). O

By the lemma we may consider the GM A S over A of type (di,...,d,) with
structural modules A;; and structural morphisms ¢; ;5 above. The trace map
tr : S — Ais a Cayley-Hamilton pseudocharacter of dimension d by [BC, Corollary
1.3.16]. By construction, this pseudocharacter has a complexity less or equal to 2.

4.1.2. Construction of maps a; ; when ¢ # j. In this §, we keep the above notations.
The ring A € C still satisfies m? = 0 and an isomorphism m ~ k is still given.

We now want to construct a morphism of A-algebras p : A[G] — S. It is enough
by linearity to define p(g) € S for g € G and to check the multiplicativity of p, and
actually it is enough to define each component a; ;(g) € My, 4,(Ai ;) C S of p(g) as
in equation (2) and to check the multiplication formula (5).

We define a; j(g) for i # j as follows. The evaluation at g gives a linear appli-
cation Z(p;, pi) — My, a;(k). Restricting this linear application to E; ;, we get a



14 J. BELLAICHE

linear map Ejj — My, 4,(x) which by biduality is an element of My, 4,(A; ;). This
is our a; ;(g).

Note that by construction, every linear form [/ on A;; allows to define a map
l(a;j) : G — Mg, 4,(x), which is actually the element [ of Z(pj, pi)-

4.1.3. Construction of the maps a; ;. It is more delicate to define a;;(g) for g € G.
In order to do so, we assume that A = k[e].

We fix ¢ € I, and proceed as follows. Let’s consider the map b: G x G — My, (k)
defined by b(g, ") = >_,4; ¢i,5,i(aij(9) ®a;i(g")). This map belongs by construction
to ZZ(pi, pi) and represents the element > jzi haigay(ei) =0 € ExtZ(pi, pi) by
our hypothesis. Therefore, there is a map ¢; : G — My, (G) whose coboundary is b,
that is

9) > dijilais(g) ®ajilg) = plg)ely’) + clgg’) + c(9)plg)
i
We set
aii(g) = pi(g) +eci(g) € My, 4,(A)

We now have to check that the multiplication formula (5)

az,] gg Z¢z k,j azk ®ak,](.g ))

holds for the a; ; we have deﬁned.

We distinguish two cases: if ¢ = j then we check easily that this equality reduces
the multiplicativity of p; and for the formula (9) for ¢;. If i # j, then the only two
terms that may be non zero in the RHS of (5) are the terms for k = i or k = j,
and the formula to be proved reduces to

a;,j(99") = aii(9)ai;(d') + aij(9)a;;(g)
Since €a; j(g9) = €a; ;(¢') = 0 by Lemma 3, this in turns reduces to

aij(99") = pi(9)ai;(g') + ai;(9)p;(g)-
This equality in My, 4,(A; ;) may be checked after evaluation by any linear form
l € A7 ;. But as already observed, [(a;;) is in ZL(pj, pi) and the equality follows.

4.1.4. End of the proof. We now define T : A[G] — A as tr o p. This is a pseu-
docharacter of G over A of dimension d and complexity less or equal to 2, and its
reduction T'® A/m is the sum of the reduction mod m of the a;;, that is the sum
of the p;. Hence T' € PDy(A) = tp .

It is clear by construction that fo(7T') is the desired element, that is that f5 (; (1) =

€ij-
4.2. A mod m? lifting result.

Theorem 3. Let A € C such that m®> = 0. There is a natural and canonical
obstruction class c¢(T) in Cokerhy ®,m such that if ¢(T) = 0, then PDo(A) is not
empty (and thus is an homogeneous space over Kerhs ®, m).
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4.2.1. Construction of the obstruction ¢(T). To the representation p; it is possible
to attach a canonical class ¢; € ExtZ(p;, pi) @, m following Mazur ([M]), as follows:
take any lift (not necessarily a morphism of group) a; : G — GLg,(A) of p; and
consider the map b; : G x G — Ker (GL4,(A) — GLg,(r)) defined by

(10) bi(g,9') = ai(gg )ai(g) 'ai(g) ™!

Since m? = 0, the group Ker (GLg,(A) — GLg,(x)) may be naturally identified
with Mg, (m) (by the map x — 2z — Id) and via this identification, we have b; €
Z2(pi, pi) @ m. The class of b; in Ext?(p;, p;) @ @m does not depend on the chosen
lift a;. This class is the class ¢;.

We define the obstruction class ¢(1') as the image of &]_;¢; in Coker hy ®j m.

4.2.2. Construction of an element of PDo(A) assuming that ¢(T) = 0. We use
the notations of the above paragraph. By induction, we may assume without any
restriction that dim, m = 1, and we may choose an isomorphism of k-vector spaces
x ~ m which allows us to drop the m in the tensor product below.

If ¢(T) = 0 € Coker hs, then for each i € I, ¢; is the image by the Yoneda product
of 37, € for some e; ; € Extg (pi, pj) @ Extg(pj, pi), such that e; j is the element
corresponding to e;; for the commutativity of tensor product.

We thus are in the situation of §4.1.1 and of §4.1.2. We have proved there the
existence of a GMA S of type (d1, ..., d,) with structural modules A; ;, and of maps
aij: G — My, q;(A; ) for all i,j € I, i # j, such that for all i € I the cocycle

(11) (9:9") = D _aij(9)ai(g)

J#
represents the image by the Yoneda product of Zj# e;; in ExtZ(pi, pi), that is,
represents the elements noted ¢; in §4.2.1. By construction of ¢;, there is a map
a;; : G — Mg, (A) (which was noted a; in §4.2.1) such that the cocycle

(12) (9,9) — Zai,i(g)ai,i(g)ilai,i(g) —1Id
J#i
(13) = aii(99") — pi(9)aii(g) — aii(g)p(g)
represents ¢;. Hence the two cocycles (11) and (13) are equal, up to a coboundary
that can be removed by changing a;;. We get
aii(99") — pi(9)aii(9)) — aii(9)pi(g)) = aij(9)aji(g).
J#
We deduce that the maps a; ; define a morphism of group p : G — S* whose trace
T is the desired lift.

4.3. A simple application to the lifting of Galois representations. The
mod [2 lifting of irreducible mod I Galois representations of dimension 2 has been
studied by Khare ([K]) in both the irreducible and reducible case. Here we want to
show how our results may be used to deduce simply stronger lifting results in the
reducible cases.
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We fix a prime number [. We assume that G = G g, the absolute Galois group
of the maximal extension of a number field K that is unramified outside a finite set
of prime S. We shall assume that S contains all primes above co and .

Let x be a finite field of characteristic [ > 2. Let A be a local field with residue
field x and maximal ideal m such that m? = 0.

Proposition 2. Let T = x1 + x2 : G — GLa(k) be a reducible pseudocharacter
with x1 # x2. Assume that the Leopoldt conjecture holds for K.
Then there exists an irreducible pseudocharacters T : G — GLo(A) that lifts T if

and only if Exts(x1,x2) # 0 and Bzt (x2,x1) # 0.

Proof — We only have to check that the obstruction ¢(7") vanishes. Since this
obstruction lives in (Coker ho) ® m, this would follows from the surjectivity of ha,
where hy is the Yoneda product Ext}(x1,x2) ® Extd(x2, x1) — ExtZ(x1,x1)- If
X = chigx; !, this may be rewritten as the map H'(G, x)@ H' (G, x) — H?(G, 1),
where 1 is the trivial character of G — k*. 1 H%(G,1) = 0 by the Leopoldt
conjecture (see [J, Example 1, page 319]) and the surjectivity is obvious.

]

Remark 1. By using the method of the next section, it is not hard to prove that
the pseudocharacter 7T lifting T may be chosen to be the trace of a representation
p: G — GLa(A). Moreover, if p: G — GLa(k) is a non semi-simple representation
of trace T', we may even chose a p as above that lifts p. We leave the details to the
reader.

5. CHARACTERISATION OF THE TRUE REPRESENTATIONS IN tD IN THE CASE
r=2

In this section we assume r = 2, that is I = {1, 2}.

Lemma 9. A pseudocharacter T € PDs(k[e]) is the trace of a representation
p: G — GLy(kle]) if and only if the k-vector spaces A; j for i # j € I attached to
R/KerT all have dimension 0 or 1.

Proof — Assume T = tr p is the trace of a representation. Then S° := Ap(G) C
M>(A) is a Cayley-Hamilton quotient of (A[G],T). By [BC, Prop. 1.3.8], it is
possible to embed the structural modules A?J of this GMA S° in A = k[e], in
such a way that the maps qﬁg’ i are given by the multiplication in A. Set S =
A[G]/KerT = Sp/KerT, and define the A;; and ¢;; for S using the data of
idempotents given by the image of the one of S°. Then we have for any i # j

Ai,j = A?’j/Ker leftqbg,j,@"
Thus the A-module A; ; is a quotient of a sub-module of A and, by Lemma 3, is
killed by e. This implies that dimy A; ; = 1.
Conversely, assuming that the A; 5 and Ay ; of S = R/Ker T are one-dimensional
vector spaces (note that they have the same dimension since ¢; 2 1 is non degenerate,
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and the case where they are both 0 is trivial), we may identify both spaces to k,
and ¢; j; to the maps k®k — k ~ ke € A where the first map is the multiplication
of k. Consider the GMA

!’ _ Md1 (A) Md1,d2 (A)
S‘(MMM)M@M@)C”M“'

Then we can lift the map p : G — S* into a map p' : G — S™ by defining
@1.1(9) = a11(9), aha(9) = aza(g), @t 5(g) = ara(g)la, ah,(g) = aza(g)e. It is an
obvious computation to check that p’ : G — S* is a morphism of group. But then
p' define a true representation of trace T'. O

Remark 2. (i) The only if part is true without any restriction on r: the same
proof works.

(ii) The proof of the if part shows that we can even choose a p of trace T'
whose reduction (mod ¢) is an extension of ps by p1, whose extension class
is the class of the cocycle g — a12(g). A slight modification of the proof
(interchanging 1 and 2) shows that we can also find a p which is an extension
of p1 by po if we wish.

(iii) The if part is false if we do not assume that » = 2. Here is a counter-
example with r = 3. Let A = k[e] and define the A, ;, i # j as k, the ¢; j;
as the multiplication k x k — Kk ~ ke C A, and the ¢; ;. as zero. From
this data we get a GMA S — of type (1,1,1) say. Set G = S*, and let
T be the restriction of the trace of S to G. Then by construction T is a
faithful residually multiplicity free pseudocharacter of dimension 3 and of
complexity 2 (since the ¢; ;1 are 0 when #{i, j, k} = 3).

However, T' is not the trace of a representation p : G — GL3(A).

To prove this, let us assume by contradiction that 7" = tr p and begin
as in the proof of the lemma above. We can embed the structural modules
A?,j of S¥ := A(p(G)) € M3(A) in A in such a way that the ¢;;; is the
multiplication in A. But by construction, the ¢; j; are non-zero, meaning
that for all 4,5 € I, 1 # j A?} jA%Z- is non-zero, hence is €A. Since every Ag j
is an ideal of A, that is either 0, or €A, or A, we see that indeed for all ¢ # j,
one of A?J. and A?ﬂ- is A while the other is ¢A. It is an easy combinatorial
task to deduce that we can find i1, 9, i3 such that {i1,i2,i3} = {1,2,3} with
A?hi? = A%Js = A, but then A?I’Z-QA?27¢3A?3,1-2

fact that T has complexity 2.

is not zero, contradicting the

Theorem 4. We still assume r = 2. An element T € PD(k[e]) = tD is the trace
of a representation if and only if fo(T') is a pure tensor.

Proof — Let T be the trace of a representation. By the lemma, the structural
modules A; o and As 1 of A[G]/Ker T are s-vector spaces of dimension 1. Therefore,
any map Aj 2 ® Az — k, and in particular the map ¢ 21, may be written [ @ I’
with [ € A7, and I" € A3 ;. Thus by definition f (121)(T) = t12(1) ® t21(I') is a
pure tensor.
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Conversely, let us start with a family of elements (e 2,e21) as in the proof of
Theorem 2, that is with e; 2 = ez with the standard identification. Assume in
addition that e; o are pure tensors. Then in the GMA S constructed in §4.1.1 using
the e; ;, the map ¢121 : A1 2 ® Az 1 — k has the form [ ® I'. We see easily that on
S, Kertr = My, 4,(Kerl) @ My, 4,(Kerl’). Hence, in the GMA S° = S/Kertr, the
structural modules A%Q and A%l are respectively Ajo/Kerl and Ag;/Kerl’, and
they have k-dimension at most 1. The map of algebras p : A[G] — S constructed
in §4.1.2 induces an injective map A[G]/KerT — S/Kertr = S°, compatible with
T and tr. Thus the structural modules of R/KerT have dimension at most one,
and by the lemma, T is the trace of a representation. [l

Remark 3. If Ext(p1, p2) or Exty(p2,p1) has dimension at most 1, then fo(T)
is always a pure tensor, hence every T' € PD(A) is the trace of a representation.
Compare [BC, Prop 1.7.4].
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