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A new presentation of the n-string braid group B, is studied. Using it, a new
solution to the word problem in B, is obtained which retains most of the desirable
features of the Garside-Thurston solution, and at the same time makes possible
certain computational improvements. We also give a related solution to the conjugacy
problem, but the improvements in its complexity are not clear at this writing.
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1. INTRODUCTION

In the foundational manuscript [ 3] Emil Artin introduced the sequence
of braid groups B,, n=1, 2,3, .. and proved that B, has a presentation
with n— 1 generators o,, 05, .., g,_; and defining relations:

0,0,=0,0, if |t—s|>1 (1)
0,0,0,=0,0,0, if |t—s|=1. (2)
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The word problem in B, was solved by Artin in [3]. His solution was
based on his knowledge of the structure of the kernel of the map ¢ from
B, to the symmetric group X, which sends the generator o, to the trans-
position (i, i + 1). He used the group-theoretic properties of the kernel of ¢
to put a braid into a normal form called a “combed braid”. While nobody
has investigated the matter, it scems intuitively clear that Artin’s solution
is exponential in the length of a word in the generators a4, ..., 7, _;.

The conjugacy problem in B, was also posed in [ 3], also its importance
for the problem of recognizing knots and links algorithmically was noted,
however it took 43 years before progress was made. In a different, but
equally foundational manuscript [9] F. Garside discovered a new solution
to the word problem (very different from Artin’s) which then led him to
a related solution to the conjugacy problem. In Garside’s solution one
focusses not on the kernel of ¢, but on its image, the symmetric group 2.
Garside’s solutions to both the word and conjugacy problem are exponen-
tial in both word length and braid index.

The question of the speed of Garside’s algorithm for the word problem
was first raised by Thurston. His contributions, updated to reflect improve-
ments obtained after his widely circulated preprint appeared, are presented in
Chapter 9 of [8]. In [8] Garside’s algorithm is modified by introducing
new ideas, based upon the fact that braid groups are biautomatic, also that
B, has a partial ordering which gives it the structure of a lattice. Using
these facts it is proved in [8] that there exists an algorithmic solution to
the word problem which is ¢(|W|? nlog n), where |W]| is word length. See,
in particular, Proposition 9.5.1 of [8], our discussion at the beginning of
Sect. 4 below, and Remark 4.2 in Sect.4. While the same general set of
ideas apply equally well to the conjugacy problem [7], similar sharp
estimates of complexity have not been found because the combinatorics are
very difficult.

A somewhat different question is the shortest word problem, to find a
representative of the word class which has shortest length in the Artin
generators. It was proved in [13] that this problem in B, is at least as
hard as an NP-complete problem. Thus, if one could find a polynomial
time algorithm to solve the shortest word problem one would have proved
that P=NP.

Our contribution to this set of ideas is to introduce a new and very
natural set of generators for B, which includes the Artin generators as a
subset. Using the new generators we will be able to solve the word problem
in much the same way as Garside and Thurston solved it, moreover our
solution generalizes to a related solution to the conjugacy problem which
is in the spirit of that of [ 7]. The detailed combinatorics in our work are,
however, rather different from those in [ 7] and [8]. Our algorithm solves
the word problem in @(|W|?n). Savings in actual running time (rather
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than complexity) also occur, because a word written in our generators is
generally shorter by a factor of n than a word in the standard generators
which represents the same element. (Each generator «,,, in our work replaces
a word of length 2(r —s)—1, where n>¢—s>0 in the Artin generators).
Also the positive part is shorter by a factor of n because the new generators
lead to a new and shorter “fundamental word” ¢ which replaces Garside’s
famous 4.

Our solution to both the word and conjugacy problems generalizes the
work of Xu [ 17] and of Kang, Ko and Lee [ 10], who succeeded in finding
polynomial time algorithms for the word and conjugacy problems and also
for the shortest word problem in B, for n=3 and 4. The general case
appears to be more subtle than the cases n =3 and 4, however polynomial
time solutions to the three problems for every n do not seem to be totally
out of reach, using our generators.

In the three references [7], [8] and [9] a central role is played by
positive braids, i.e. braids which are positive powers of the generators.
Garside introduced the fundamental braid A:

A=(0,05--0,_1)(010;---0,_5)---(0,0,)(0}). (3)

He showed that every element # € B, can be represented algorithmically
by a word W of the form A4"P, where r is an integer and P is a positive
word, and r is maximal for all such representations. However his P is
non-unique up to a finite set of equivalent words which represent the same
element 2. These can all be found algorithmically, but the list is very long.
Thus instead of a unique normal form one has a fixed r and a finite set of
positive words which represent 2. Thurston’s improvement was to show
that 2 can in fact be factorized as a product P, P,--- P, where each P; is
a special type of positive braid which is known as “permutation braid”.
Permutation braids are determined uniquely by their associated permuta-
tions, and Thurston’s normal form is a unique representation of this type
in which the integer s is minimal for all representations of & as a product of
permutation braids. Also, in each subsequence P;P; -+ P,,i=1,2,..,5—1,
the permutation braid P; is the longest possible permutation braid in a
factorization of this type. The subsequent work of Elrifai and Morton [ 7]
showed that there is a related algorithm which simultaneously maximizes
r and minimizes s within each conjugacy class. The set of all products
P, P,--- P, which do that job (the super summit set) is finite, but it is not
well understood.

Like Artin’s, our generators are braids in which exactly one pair of
strands crosses, however the images of our generators in X, are arbitrary
transpositions (s, ¢) instead of simply adjacent transpositions (s, s+ 1). For
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each ¢, s with n>¢>s5>1 we consider the element of B, which is defined
by:

ats:(0-1710-172"'as+1) O-S(o-sjrll "'0-77120-17711)' (4)
The braid «,,, is depicted in Figure 1(a). Notice that a,;, as,,... coincide
with ¢, g5, .... The braid «,,, is an elementary interchange of the #th and
sth strands, with all other strands held fixed, and with the convention that
the strands being interchanged pass in front of all intervening strands. We
call them band generators because they suggest a disc-band decomposition
of a surface bounded by a closed braid. Such decompositions have been
studied extensively by L. Rudolph in several papers, e.g., see [15]. The
bands which we use are his “embedded bands.”

We introduce a new fundamental word.:

5=an(n71)a()171)(n72) ol =0, 10, 5°°°0,50;. (5)

The reader who is familiar with the mathematics of braids will recognize
that 42 = 6" generates the center of B,. Thus 4 may be thought of as the
“square root” of the center, whereas J is the “nth root” of the center. We
will prove that each element # € B, may be represented (in terms of the
band generators) by a unique word W of the form:

W=05/A,A4,--- A, (6)

where A =A,A4,--- A, is positive, also j is maximal and k is minimal for all
such representations, also the A;’s are positive braids which are determined
uniquely by their associated permutations. We will refer to Thurston’s
braids P; as permutation braids, and to our braids A; as canonical factors.

(a) (b)

FIG. 1. The band generators and relations between them.
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Let # be an arbitrary element of B, and let W be a word in the band
generators which represents it. We are able to analyze the speed of our
algorithm for the word problem, as a function of both the word length | 7|
and braid index n. Our main result is a new algorithmic solution to the
word problem (see Sect. 4 below). Its computational complexity, which is
analysed carefully in Sect.4 of this paper, is an improvement over that
given in [ 8] which is the best among the known algorithms. Moreover our
work offers certain other advantages, namely:

1. The number of distinct permutation braids is n!, which grows
faster than k" for any ke R*. The number of distinct canonical factors is
the nth Catalan number €,=(2n)!/n! (n+1)!, which is bounded above
by 4”. The reason for this reduction is the fact that the canonical factors
can be decomposed nicely into parallel, descending cycles (see Theorem 3.4).
The improvement in the complexity of the word algorithm is a result of the
fact that the canonical factors are very simple. We think that they reveal
beautiful new structure in the braid group.

2. Since our generators include the Artin generators, we may assume
in both cases that we begin with a word W of length || in the Artin
generators. Garside’s 4 has length (n—1)(n—2)/2, which implies that the
word length |P| of the positive word P= P, P,--- P, is roughly n* |W|. On
the other hand, our J has word length n — 1, which implies that the length
|A| of the product A=A4,4,--- A, is roughly n |W]|.

3. Our work, like that in [ 8], generalizes to the conjugacy problem.
We conjecture that our solution to that problem is polynomial in word
length, a matter which we have not settled at this writing.

4. Our solution to the word problem suggests a related solution to
the shortest word problem.

5. It has been noted in conversations with A. Ram that our work
ought to generalize to other Artin groups with finite Coxeter groups. This
may be of interest in its own right.

Here is an outline of the paper. In Sect. 2 we find a presentation for B,
in terms of the new generators and show that there is a natural semigroup
B of positive words which is determined by the presentation. We prove
that every element in B, can be represented in the form 0’4, where A4 is a
positive word. We then prove (by a long computation) that B embeds
in B,, i.e. two positive words in B, represent the same element of B, if and
only if their pullbacks to B are equal in B}. We note (see Remark 2.8)
that our generators and Artin’s are the only ones in a class studied in [16]
for which such an embedding theorm holds. In Sect. 3 we use these ideas
to find normal forms for words in B, and so also for words in B,. In
Sect. 4 we give our algorithmic solution to the word problem and study its
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complexity. In Sect. 5 we describe very briefly how our work generalizes to
the conjugacy problem.

Remark 1.1. In the article [6] P. Dehornoy gives an algorithmic
solution to the word problem which is based upon the existence, proved in
a different paper by the same author, of an order structure on B,. His
methods seem quite different from ours and from those in the other papers
we have cited, and not in a form where precise comparisons are possible.
Dehornoy does not discuss the conjugacy problem, and indeed his methods
do not seem to generalize to the conjugacy problem.

2. THE SEMIGROUP OF POSITIVE BRAIDS

We begin by finding a presentation for B, in terms of the new generators.
We will use the symbol a,,, whenever there is no confusion about the two
subscripts, and symbols such as a, , )1, When there might be confusion
distinguishing between the first and second subscripts. Thus a,, ;,,=0o,.

PROPOSITION 2.1. B, has a presentation with generators {a,;n>t>s>1}
and with defining relations

atsarq:arqats if (Z_V)(I_CI)(S_V)(S_Q)>O (7)

A Ay =0d,d,,=dg,d, forall ¢ s,r with nzt>s>r>=1. (8)

Remark 2.2. Relation (7) asserts that a,; and a,, commute if 7 and s do
not separate  and ¢. Relation (8) expresses a type of “partial” commuta-
tivity in the case when a,, and a,, share a common strand. It tells us that
if the product a,a, occurs in a braid word, then we may move a,, to the
right (resp. move a,, to the left) at the expense of increasing the first sub-
script of a,, to ¢ (resp. decreasing the second subscript of a,, to r.)

Proof. We begin with Artin’s presentation for B,, using generators
01, . 0,_, and relations (1) and (2). Add the new generators «,, and
the relations (4) which define them in terms of the o,’s. Since we know
that relations (7) and (8) are described by isotopies of braids, depicted in
Figure 1(b), they must be consequences of (1) and (2), so we may add
them too.

In the special case when 7= s+ 1 relation (4) tells us that a;; ), =0;, so
we may omit the generators o4, .., 0,_,;, to obtain a presentation with
generators a,,, as described in the theorem. Defining relations are now (7),
(8) and:
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A+ 1)t s +1)s = Qs+ 1)s Dt + 1)1 if |t—s[>1 9)

A+ D)t Qs+ DsQe+ 1) = Qs+ st + 1)t (s +1)s it |t—s|=1 (10)
ats:(az(z—l)a(t—l)(t—z)"'a(s+2)(s+1))a(s+1)s

><(az(z—l)a(t—l)(z—z)"'a(s+2)(s+1))_l (11)

Our task is to prove that (9), (10) and (11) are consequences of (7)
and (8).

Relation (9) is nothing more than a special case of (7). As for (10), by
symmetry we may assume that z=s+ 1. Use (8) to replace @, 2+ 1)@+ 1)s
bY a4 1)s8(s+2)s> thereby reducing (10) t0 @42 @12y s+1) = s+ 254+ 1)
ag 4 1,5)» which is a special case of (8). Finally, we consider (11). If =5+ 1
this relation is trivial, so we may assume that > s+ 1. Apply (8) to change
the center pair A(s 125+ 15 +2)s 0 (54 2)5@(s+2)s+1)- If 1>+ 2 repeat this
move on the new pair a , 3y, 24 + 2)s- Ultimately, this process will move
the original center letter a , ;), to the leftmost position, where it becomes a,,.
Free cancellation eliminates everything to its right, and we are done. ||

A key feature which the new presentation shares with the old is that the
relations have all been expressed as relations between positive powers of
the generators, also the relations all preserve word length. Thus our presen-
tation also determines a presentation for a semigroup. A word in positive
powers of the generators is called a positive word. Two positive words are
said to be positively equivalent if one can be transformed into the other by
a sequence of positive words such that each word of the sequence is
obtained from the preceding one by a single direct application of a defining
relation in (7) or (8). For two positive words X and Y, write X = Y if they
are positively equivalent. Positive words that are positively equivalent have
the same word length since all of defining relations preserve the word
length. We use the symbol B, for the monoid of positive braids, which can
be defined by the generators and relations in Theorem 2.1. Thus B,/ is the
set of positive words modulo positive equivalence. Our next goal is to
prove that the principal theorem of [9] generalizes to our new presenta-
tion, i.e. that the monoid of positive braids embeds in the braid group B,.
See Theorem 2.7 below.

Before we can begin we need to establish key properties of the fundamental
braid d. Let 7 be the inner automorphism of B, which is induced by conjuga-
tion by 6.

LemMMA 2.3 Let J be the fundamental braid. Then:

(I) 0=aupn_1)An_1)n_2) Ao Is positively equivalent to a word
that begins or ends with any given generator a,,, n>=t>s>1. The explicit
expressions are:
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0= (ats)(an(nfl) A )+ DA+ 1)sDs(s—1) " a21)(at(t7 D As+2)(s+ 1))
o= (an(nfl)a(n_l)(n72) 1)
Xys—1)As—1)s—2) """ 421 )(a(t— D(—2) Y+ l)s)(ats)

() Let A=a, ,  Gn \n " Gnn Where n=n,>n, > >

ny = 1. Then A is positively equivalent to a word which begins or ends with a,, , ,
for any choice of n,,n, with n=n,>n,> 1.

(1) a0 =0a 1y s+1)> Where subscripts are defined mod n.

Proof. (1) With Remark 2.2 in mind, choose any pair of indices ¢, s
with n>¢>s>1. We need to show that ¢ can be represented by a word
that begins with a,. Focus first on the elementary braid a, ;), in the
expression for ¢ which is given in (5), and apply the first of the pair of
relations in (8) repeatedly to move a1, to the left (increasing its first
index as you do so) until its name changes to «,,. Then apply the second
relation in the pair to move it (without changing its name) to the extreme
left end, vis:

o= Apn—1)An—1)(n—2) """ A+ 2+ D)% s+ 1sbsis—1) " da1
= lpn— 1) n—1)n—2) """ A+ 1)%esAyr—1) " Qs +2)s+ 1)ss—1) " "~ 21
= pin—1) " A+ 20+ DA+ D)sQu—1) """ As+2)s+ 1) Dss—1) """ a1
= (ats)(an(n— DA+ 2+ D) A+1)sDs(s—1) " a21)(at(t— D As+2)(s+ 1))

We leave it to the reader to show that the proof works equally well when
we move letters to the right instead of to the left.

(IT) The proof of (II) is a direct analogy of the proof of (I).
(ITI) To establish (III), we use (I):

5a(t+1)(s+1)

= lpyn—1)" " A2+ DA+ 1)s8et—1) " Qs+ 25+ 1)sts— 1) 92184 1)+ 1)
= Arsyuin—1) " A+ 2)t+ DAt +1)sAe+ D) Qre—1) " Qs +2)s+ D) ss—1) " ° ay)
= Aylpn_1) A2+ DA+ 1)1%ui—1) " As+2) s+ 1) %(s+1)sDs(s—1) "+ * A1)

=a,o. |

We move on to the main business of this section, the proof that the
semigroup B, embeds in B,. We will use Lemma 2.3 in the following way:
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the inner automorphism defined by conjugation by ¢ determines an index-
shifting automorphism 7 of B, and B,} which is a useful tool to eliminate
repetitious arguments. We define:

T(ats)Za(t+1)(s+1) and Tﬁl(ats):a(t—l)(s—l)'

Following the ideas which were first used by Garside [9], the key step
is to establish that there are right and left cancellation laws in B. We
remark that even though Garside proved this for Artin’s presentation, it
does not follow that it’s still true when one uses the band generator presen-
tation. Indeed, counterexamples were discovered by Xu [17] and given
in [10].

If X = Y is obtained by a sequence of ¢ single applications of the defining
relations in (7) and (8):

X=Wy-W—-1- ... oW, =7,

then the transformation which takes X to Y will be said to be of
chain-length t.

THEOREM 2.4 (Left “cancellation”). Let a,X=a,,Y for some positive
words X, Y. Then X and Y are related as follows:
(I) If there are only two distinct indices, i.e. t =r and s = ¢, then X =Y.
(IT) If there are three distinct indices:
(i) If t=r and g<s, then X=ay,Z and Y =a,Z for some
ZeB},
(i) If t=r and s<q, then X=a,,Z and Y=a,Z for some

) Ift=gq, then X=a,,Z and Y=a,Z for some Ze B,

(iv) Ifs=r, then X=a,Z and Y=a,Z for some Ze€ B, ,
) Ifs=qandr<t, then X=a,Z and Y=a,Z for some Ze B,
) Ifs=qandt<r, then X=a,,Z and Y =a,,Z for some Z € B,

(IIT)  If the four indices are distinct and if (t —r)(t —q)(s—r)(s —¢q) >0,
then X=a,,Z and Y=a,Z for some Ze B, .

(IV) If the four indices are distinct, then:
(i) If gq<s<r<t, then X=a,a,Z and Y=a,a,7Z for some
ZeB},

(it) If s<qg<t<r, then X=a,a,7Z and Y=a,a,7Z for some
ZeB},
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Proof. The proof of the theorem for positive words X, Y of word length
j that are positively equivalent via a transformation of chain-length &k will
be referred to as 7(j, k). The proof will be proceeded by an induction on
(J, k) ordered lexicographically. This induction makes sense because 7(J, 1)
holds for any j. Assume that 7'(j, k) holds for all pairs (j, k) <(I, m), that
is,

(x) T(j, k) is true for 0< j</—1 and any k.
(#x) T(I, k) is true for k<m—1.

Now suppose that X and Y are positive words of length / and a,, X =a,, Y
via a transformation of chain-length m>2. Let agz W be the first inter-
mediate word in the sequence of transformation from a,, X to a,, Y. We can
assume that ag, #a, and ag, #a,,, otherwise we apply the induction
hypotheses (##) to complete the proof. Furthermore, since agz, W must be
obtained from «,, X by a single application of a defining relation, we see by
using (xx) that X=aU and W=5bU for some distinct generators a, b and
a positive word U.

For case (I), we see again by using (=) that W=5bV and Y=al for a
positive word V. Then W=bU=hV implies U=V by (*). Thus X =aU=
aV=yY.

It remains to prove cases II, III, IV(i) and IV(ii). We fix notation as
follows: Using (#x), W= BV and Y= AV for a positive word V and two
distinct positive words 4, B of word length 1 or 2 depending on a, and a,,.
When the word length of 4 and B is 1, we apply (x) to W=bU=BV. If
b=B, U=V and so X=aU and Y= AU are the required form. If b # B,
we obtain U= CQ and V=DQ for a positive word Q and two distinct
word C and D of word length 1 or 2 depending on b and B. Then we apply
some defining relations to X=aCQ and Y= ADQ to achieve the desired
forms.

When the word lengths of 4 and B are 2, we rewrite B=>5'b" in terms
of generators. Notice that b’b" =b"b". Apply (x*) to either W=bU=5b'(b"V)
or W=bU=b"(b'V) to obtain U= CQ and either »"V=DQ or b'V=DQ
for a positive word Q and two distinct generators C and D. In the tables
below, we will use the symbols so that we have b"V=DQ. Apply (x) to
b"V=DQ. If b" = D, we obtain V= Q and then we apply defining relations
to X=aCV and Y=AV to get the required forms. If b” # D, we obtain
V'=EP and Q = FP for a positive word P and distinct words E, F of word
length 1 or 2 depending on »” and D. Then we apply some defining relations
to X=aCFP and Y= AEP to achieve the desired forms.

The four tables below treat cases II, III, IV(i) and IV(ii). The first
column covers the possible relative positions of ¢, r, s, ¢, a, f. The second
column contains one of 4 possible forms aU, aCQ, aCV, aCFP of the word
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X as explained above and similarly the third column contains one of 4
possible forms AU, ADQ, AV, AEP of Y. Finally the fourth and fifth columns
contain the values of b and B, respectively.

In case (II), it is enough to consider the subcases (i) and (ii) because the
other subcases can be obtained from (i) or (ii) by applying the auto-
morphism 7. But we may also assume that g <s, otherwise we switch the
roles of X and Y.

In case (IIT), there are actually 4 possible positions of g, r, s, t but they
can be obtained from one position by applying . Thus we only consider
case ¢ <r <s < t. The table shows all possible cases required in the induction.

In case (IV), it is again enough to consider the case g <s <r <t and the

table covers all possible inductive steps.

X Y b B
g<s<t=r<a<f aﬁaaqu = asqaﬁaQ 050 0tsQ = QtsAaQ | Qs Org
g<s<t=r=a<pf| ag0sQ = 0s403,Q | 0840:sQ = As05,& | Gss [
g<s=a<t=r<f| ag:0sV = 05003,V | Ms03qV = 1508,V | a5 | 0p:8sq
g<a<s<t=r<pf . @palpsog . GtalqaisD Qs | 0BtGag

= Qsglsalgg P = QsQsa08q P
g=a<s<i=r< ﬁ a’ﬁaaﬁsQ = asqaﬁaQ a'ﬂaa'tsQ = atsaﬁaQ (s agt
g<s<a<t=r= ﬂ ataaqu = asqataQ ataaasQ = a'tsataQ Gas Qag
g<a<s<i=r=0 asaaan = asqasaQ OialtsQ = Q1500 @ | Qts Oag
a<g<s< t=r= /6 asaaqu = asqaan a'qaa'tsQ = atsa'an Qs Otq
g<s<a<B<t=r|080qQ = 0sg08Q | 08altsQ = U508 Q | Qs Gtg
g<s=a<fB<t=r| 0:50sqQ = 0sqa:5Q | 08:0:sQ = G1.055Q | ats Qg
g<a<s=03<t=r asaaan = Asq050Q | Gsalta® = 015050 Q) | Qo Aty
g=a<s=0<t=r QsqU aesU Qg Oiq
a<g<s=B<l="] Asa0sqV = Qsq0gaV | 015060V = 15050V | Gta | Gtalsq
g<a<f<s<t=r aﬁaaqu = asqaﬂaQ aﬁaatsQ = aftsaﬁaQ Qts Qitq
g=a< B <s<t=r aﬁqaqu = a'sqasﬂQ atﬁatsQ = atsasﬁQ Qts Otq
a<g<pB<s<t=r . g tsal’ . @gatusl? Uts | Qpgata

= O5q0580q0 = Q4505300 P
a<g=8<s<t=r aqaasaQ = asqaan aqaatsQ = atsaan QAts Qe
g<r<s<t<a<f| agatrgQ = 6rqa3.Q | 08alisQ = 0150820 | s Qrg
g<r<s<t=a<f agrqQ@ = arqa3:Q | ap01sQ = a1505:Q | ays Qrq
g<r<s=0a<t<f| agsrqQ = Urqlg:sQ | ap505Q = Gss05,Q | g Arq
g<r<a<s<t<f| galrq@ = 0rq8.Q | 08a0tsQ = 0108, Q | s Grgq
g<r=a<s<t<f| asargQ = rqlpe@ | apg0tsQ = 01505, | Gts Org
g<a<r<s<t<p . 0500pr Qg I . @ratss P Uts | Aprlag

- OrgQqOra P = G1s08qQra P
g=a<r<s<t<f| aggsQ = trg03qQ | a5q0:sQ = t5a5,Q | ats agr
q <r<s<a<t= /6 amaqu = arqataQ ataaasQ = atsataQ Qas aqu
g<r<a<s< L= ﬁ asaaqu = arqasaQ ataatsQ = atsasaQ Qs Org
g<r=a<s< t= ﬁ asraTqQ = ar(]aqu atqaftsQ = atsaqu Qs Qrg

o asaa'sraaqp atqaraatsp
g<a<r<s<t=, = rglisqraP * Grglisgra P Ots | GtrGaq
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g=a<r<s<t=pf| 640:Q = arq05Q UtgOes@ = G1s05gQ@ | ais | ayr
a<g<r<s<t =0 | sa0rq@ = 0rg050Q | Gals@ = Qs00Q | Qs | Grg
g<r<s<a<pf<t| agarq@ = rq08.Q | pa0:sQ = 0t5s05.Q | aus Orq
g<r<s=a<f<t| apargQ = arqaisQ | 08s01sQ = ars018Q | Qs | Grg
g<r<a<s=08<l] 0ulrgQ = ar¢@sal Osaltal) == Otslsa At Qrq
g<r=a<s=0<t| GulrgQ = Orqlsq@ UsqlitqQ) = UtsQsqQ) Qtr rg
OsaQsrQaql’ Qsqlralig P
<a<r<s=p<t . . - a, AsrQ.
¢ b - arqasqaraP - atsasqarap b e
=a<r<s=0<t| asqtsQ@ = argasq@ QoqtqQ = A1s0sqQ Giq Asr
a<qg<r<s=0<t]| Galrg@ = Orglsa® Os00tal) = Qtssall Oto Qrq
g<r<a<f<s<t| aga0Q = rgrg®@ | 0820800 = Gis0rqQts. | as Orq
g<r=0<f<s<t| a8r0rgQ = Grq08sQ | @8g0::Q = Ats08,Q | Gis Urq
3608 Qo ’ ABqOralis
g<a<r<f<s<t ;Bo‘ﬂr"q N BaSratis ats | Gpraag
= QpqlggQra P = 04508¢0ra P
g=—a<r< ﬁ <8<t anaﬂrQ = arqaﬁqQ aﬂqatsQ = atsaﬁqQ Qts agr
a<g<r<f<s<il|gatrg@ = arqtsaQ | 0a0sQ = 0is08aQ | Qs | Grq
g<a<r=0<8<t| Gralag@ = Grglra@ | GralisQ = Q1sOraQ Gs Gagq
a<q<r=0<8<t| Uralrg@ = ArggaQ | Ggalis@ = Atsga@ | ass Arq
g<a< ﬁ <r<s<t aﬁaaqu = a'rqa'ﬁaQ aﬁaatsQ = atsa'ﬁaQ Qs Qrq
g=a<fB<r<s<t| aggre@ = arqrgQ ArpatsQ = tsar5Q Qs Qrq
U3alra sy P ArBagales P
a<g<fB<r<s<t | WPalralie | OrBGqalits Qs | Gralsg
= QrqUrg0gal’ = Ays0r30ga P
a<g=08<r <s<l| 6galraQ = Grg0gaQ Qg Ots@ = Gielga@ Qs Ura
g<s<r<t<a<p 8ga(tr3q)Q 90 (ug0trs)Q a a
= (a'tra'sq)aﬁaQ = ((1'1'satq)aﬁaQ i "
g<s<r<t=a<f ap5(0rsq)€J @p1(0190)Q as | a
- (atrasq)aﬁqQ - (arsatq)aﬁqQ "
08s0trOogl’ a8q0rsas; P
g<s=a<r<t<p . . agt | agra
= (air@sq)agg P = (Grstg)ape P At | Gorllag
08a03s(Qtraqg) P 08¢0ra0atrs P
ga<s<r<t<pg| . . a agra
= (atrasq)aﬁqa'sap — (arsail)aﬁqasap ts frflag
goa<s<r<t<p ape(apsaer)Q ape(aptars)Q a a
. . S
= (atrasq)aﬂqQ = (arsatq)aqu Br
ata(aara/sq)Q ata(aaqars)Q
g<s<r<a<t=p . . a. a
— (atrasq)ataQ = (arsatq)aftaQ o "
g<s<r=a<t=j grGsqQ Q504 Q Ors | GQrq
amatraqu atqaraaasp
g<s<a<r<t=p . . a, agra,
— (atrasq)a'rap - (arsa'tq)arap s triaq
asaatraaqP abqaraarsP
g<a<s<r<t= . . a, QgrQ,
s = (atrasq)asap = (arsatq)asap ts trieq
g=a<s<r<t=4 GtrQsq@ Qrs0tqQ ats Qtr
asa(atrafsq)Q ata(aﬂqars)Q
a<g<s<r<t=0 . . Qs a
= (atrasq)aan = (arsatq)aan s rq
g<s<r<a< ,6 <t aﬂa(atrasq)Q aﬁa(atqars)Q Qts a
= (atrasq)aBaQ = (afrsalq)aﬁaQ "
agr(Qia agq(Qega
q<s<r:a<ﬁ<t . Br( ir sq)Q B Bq( tq rs)Q s g
= (atrsq) 015Q = (arsatq)atﬁQ




334 BIRMAN, KO, AND LEE

aﬁaaﬁr(ataasq)P a8¢0raltgOas
gls<a<r<pg<ty . . a agra,
B = (aLrasq)atﬂaraP — (arsail)atﬁarap s Brllaq
B a808r0sq P 08q0rsQtg P
<s=a<r<fg<t . . a agraQ
q ﬁ = (atrasq)a'tﬁp - (a'rsatq)atﬁp ts Briaq
ara(ataasq)Q ara(atqaas)Q
g<s<a<r=0<t . . a a
= (atrasq)araQ = (arsatq)a'raQ s 74
g<s=a<r=0<t QgrQsqQ OrsOtq@ Qs Osq
g<s<a<fB<r<t a0 (0trasqg)Q aga(Gegrs)Q as a
= (airasq)apaQ = (ars0tq)aga Q) ’ "
g<s=a<p<r<t 015 (017 sq)Q a35(atglirs)Q at a
= (atrasq)a'rﬁQ = (arsatq)arﬁQ i i
asa(atraozq)Q asa(atqara)Q
g<a<s=83<r<t . . a a
= (atrasq)asaQ = (arsatq)asaQ ter T4
g=a<s=p03<r<t OtrQsq@ Ors@iqQ Giq Qrq
. . . asaatTa/qu arsaqaatap
Q< g<Ss= <r<t . .
g ﬁ = (atrasq)aqozp = (arsatq)aqap (o | (rq@sq
aﬂa(atrasq)Q aﬁa(arsatq)Q
g<a<f<s<r<t . . a a
= (arasg) 05 Q = (Grs0tg)a5aQ ts i
—a<f<s<r<t 03q(irGsq)Q trp(eqlrs) () a a
= (at'rasq)a'sﬁQ = (arsalq)asﬁQ * e
afﬁaaﬁQ(atr‘lsa)P arﬁaqaarsatap
a<g<p<s<r<t| . . a a3qa
q ﬁ = (atrasq)as,@aqap = (arsa'il)a'sﬁaqap te Palira
a<qg=f<s<r<t aqa(atrasa)Q aqa(ataars)Q a a
= (aftrasq)aan = (arsatq)aan ¢ e

This completes the proof that “Left Cancellation” is possible in the
monoid of positive words. |

Similarly we can prove the following theorem.

Tueorem 2.5 (Right “cancellation”). Let Xa, = Ya,, for some positive
words X, Y. Then X and Y are related as follows:

(I) Ift=rand s=gq, then X=7Y,

1y () If t=r and q<s, then X=Za, and Y=Za, for
some Ze B

n

(1) If t=r and s<gq, then X=Za,, and Y= Za,; for some

qs

ZeB/,
(iii) Ift=gq, then X=Za,, and Y = Za, for some Ze B,
(iv) If s=r, then X=Za,, and Y =Za,, for some Z¢€ B, ,
(v) If s=q and r<t, then X=Za,, and Y= Za, for some
ZeB),

(vi) If s=q and t<r, then X=Za,, and Y= Za, for some
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() If (t—r)t—q)(s—r)(s—q)>0, then X=Za,, and Y= Za,, for
some Ze€ B .

(IvV) () If g<s<r<t, then X=Za,a,, and Y=Za,a,, for
some Ze B,

(it) If s<g<t<r, then X=Za,a, and Y=Za,a, for
some Ze B,

The properties of 6 which were worked out in Lemma 2.3 ensure that ¢
can take the role of the half twist 4 of the Garside’s argument in [9] to
show:

THEOREM 2.6 (Right reversibility). If' X, Y are positive words, then there
exist positive words U, V such that UX = VY.

Using left and right “cancellation” and right reversibility, we obtain (as
did Garside) the following embedding theorem [5].

THEOREM 2.7 (Embedding Theorem). The natural map from B} to B,
is injective, that is, if two positive words are equal in B,, then they are
positively equivalent.

Remark 2.8. Any time that the defining relations in a group presenta-
tion are expressed as relations between positive words in the generators
one may consider the semigroup of positive words and ask whether that
semigroup embeds in the corresponding group. Adjan [ 1] and also Remmers
[ 14] studied this situation and showed that a semigroup is embeddable if
it is “cycle-free”, in their terminology. Roughly speaking, this means that
the presentation has relatively few relations, so that a positive word can
only be written in a small number of ways. But the fundamental words 4
and ¢ can be written in many many ways, and it therefore follows that
large subwords of these words can too, so our presentations are almost the
opposite to those considered by Adjan and Remmers.

According to Sergiescu [ 16], any connected planar graph with n vertices
gives rise to a positive presentation of B, in which each edge gives a gener-
ator which is a conjugate of one of Artin’s elementary braids and relations
are derived at each vertex and at each face. In fact one can generalize his
construction as follows. Consider the elements in B,, defined by:

bts=(07_110't__12""7s_:1) 005417 0,_20,_1)
The braid b, is geometrically a positive half-twisted band connecting the
tth and the sth strands, and passing behind all intermediate strands. Since
by—1y=0,_1=dy_,), the set X=1{a,,b,| <s<t<n} contains (n—1)?
elements. Then X may be described by a graph on a plane where n vertices
are arranged, in order, on a line. An element a,,, b,,€ X belongs to an edge
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connecting the ¢th and the sth vertices on one side or the other, depending
on whether it is an «,, or b,,. In this way one obtains a planar graph in
which two edges have at most one interior intersection point. It is not hard
to show that a subset Y < X is a generating set of B, if and only if the
generators in Y form a connected subgraph. Consider all presentations that
have Y < X as a set of generators and have a finite set of equations between
positive words in Y as a set of relators. All Sergiescu’s planar graphs are
of this type. Artin’s presentation corresponds to the linear graph with n — 1
edges and our presentation corresponds to the complete graph on 7 vertices.
One can prove [12] that the embedding theorem falls to hold in all but
two presentations of this type. Those two are Artin’s presentation and ours.

3. THE WORD PROBLEM

In this section we present our solution to the word problem in B,,, using
the presentation of Proposition 2.1. Our approach builds on the ideas of
Garside [9], Thurston [8] and Elrifai and Morton in [7]. In the next
section we will translate the results of this section into an algorithm, and
compute its complexity.

We begin with a very simple consequence of Lemma 2.3.

LemMmA 3.1. Every element # € B, can be represented by a word of
the form 6fQ where p is an integer and Q is a word in the generators a,
of B <B,.

Proof. Choose any word which represents # . Using (I) of Lemma 2.3
replace every generator which occurs with a negative exponent by § ~!M,
where M is positive. Then use (III) of Lemma 2.3 to collect the factors 6 !
at the left. ||

The word length of a (freely reduced) word W in our presentation of B,
is denoted by |W]|. The identity word will be denoted by e, |e| =0. For
words V, W, we write V< W (or W= V) if W= P, VP, for some P,, P, e B;}.
Then We B, if and only if e< W. Also V< W if and only if W< VL

Recall that 7 is the inner automorphism of B, which is defined by
(W) =36"'Ws. By Lemma 2.3 the action of 7 on the generators is given by

7(ay) =+ 1)(s+ 1)+

ProPOSITION 3.2.  The relation “<” has the following properties:

(I) “<” is a partial order on B,
(II) If W<, then 6“=PW = Wt*(P) for some Pe B,
(IIT)  If 0* < W, then W= Po" = d"t*(P) for some Pe B}
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(IV) If 0" < V<% and 0 < W™, then 67" S VW <52+,
(V) For any W there exist integers u, v such that 6" < W <o".

Proof. See [7] or [10]. The proofs given there carry over without any
real changes to the new situation. |

The set {W|d“< W<6"} is denoted by [u, v]. For # € B,, the last
assertion of the previous proposition enables us to define the infimum
and the supremum of # as inf(#") =max{ueZ|6*< W} and sup(#") =
min{veZ| W<J"}, where W represents #". The integer /(#")=sup(#")
—inf(#") is called the canonical length of ¥ .

A permutation # on {1,2,..,n} is called a descending cycle if it is
represented by a cycle (7, ¢,_y,.., ;) with j>2 and #;>1;, ;> --- >1,.
Given a descending cycle 7 =(z;, b5 t;), the symbol J, denotes the
positive braid Apo Gy e G- A pair of descending cycles (¢, #;_, .., 1),
(75 8i_15 s S1) are said to be pamllel if ¢, and ¢, never separate s, and s,.
That is, (t,,—sc)(ta Sty —s.)(t,— sd)>0 for all a, b, c,d w1th I<a<
b<jand 1 <c<d<i The cycles in a product of parallel, descending cycles
are disjoint and non-interlacing. Therefore they commute with one-another.
For pairwise parallel, descending cycles 7, 7,, ..., 7;, the factors in the
product d, d,, ---9d, are positive braids which commute with one-another
and therefore there is a well-defined map from the set of all products
of parallel descending cycles to B,, which splits the homomorphism
¢: Bn - Zna ¢(ats) = (t’ S)'

Our first goal is to prove that braids in [0, 1], ie. braids 4 with
e<A<J are precisely the products 6, 0, ---6, as above. We will also
prove that each J,,_ is represented by a unlque word in the band generators,
so that the product A also has a representation which is unique up to the
order of the factors.

Let A = BaCbD be a decomposition of the positive word A4 into subwords,
where a, b are generators. Let ¢, s, r, ¢ be integers, with n=>t>s>r>¢g>1.
We say that the pair of letters (a, b) is an obstructing pair in the following
cases:

(1):a=a,,b=a,
(2):a=ay,b=a,
(3)ra=ay,b=a,
case (4): a=a,,b=a,
(5) a=dy, b:asr
(6): a=a,, b=a,.

LeEMMA 3.3. A necessary condition for a positive word A to be in [0, 1]
is that A has no decomposition as BaCbD, with B, a, C, b, D >e and (a, b)
an obstructing pair.
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Proof. We use a geometric argument. Given a braid word W in the
a, g8, we associate to W a surface Fy, bounded by the closure of W, as
follows: Fy, consists of n disks joined by half-twisted bands, with a band for
each letter in W. The half-twisted band for a,, is the negative band connecting
the rth and the sth disks. Our defining relations in (7) and (8) correspond
to isotopies sliding a half-twisted band over an adjacent half-twisted band
or moving a half-twisted band horizontally. (See Figure 1(b)). Thus defining
relations preserve the topological characteristics of Fy,. For example the
surface F; has one connected component and is contractible.

By the proof of Lemma 2.3, we may write 6 =a,, W where W =4, J,. for
parallel descending cycles n’' =(t,t—1, ..., s+1)and n" =(n,n—1, ., t+1,
s, s—1, ..., 1). Thus for this W the surface F;;, has two connected components,
F5 and Fj,.

It is enough to consider the cases (a, b)=(a,, ay,), (a,, a,), (a,, a,)
since all other cases are obtained from these cases by applying the auto-
morphism z, which preserves d. Since A4 is in [0, 1] we know that 6 = V; AV,
for some V,, V,>e. By Proposition 3.2 (II) we see that AE =7 for some
word E>e. So BaCbDE =9, which implies that «CbDEr(B)=9. If a=a,,,
b=ay,for t>s>r>gqand d =a, W, then Fy, has two connected components
and the sth disk and the ¢gth disk lie on distinct components. But the sth
and the ¢th disks lie in the same component in F,pg(B) since they are
connected by b and this is a contradiction.

Ifa=a,,b=a, and 6 =a, W, then the ¢th and sth disks lie in distinct
components in Fy, but they lie in the same component in Fg,pg(B) and
this is again a contradiction.

If a=b, then F,; contains a non-trivial loop but F; is contractible and
this is a contradiction. ||

THEOREM 3.4. A braid word A is in [0, 1] if and only if A=0, 0,0,
for some parallel, descending cycles ny, 7y, ..., 7, in X,.

Proof.  First assume that 4 =6, 0d,,---J,. We induct on the number n
of braid strands to prove the necessity. The theorem is true when n=2.
Suppose that 7,, 7, ..., m; are parallel, descending cycles in X,,. In view of
the inductive hypothesis, we may assume without loss of generality that the
index n appears in one of cycles. Since the factors d, , ..., (5,,j in the product
commute with one-another, we may assume that for some 1<i<k, the
cycle n,=(m, t, ..., s), where all of the indices occurring in =«, .., 7;_; are
greater than ¢ and all of the indices occurring in x; ,_ {, ..., 7, are less than ¢. The
induction hypothesis implies that

¢ 57:1 : "57:,._1 =Adm—1)n—2)"""Aua+1):

57:;.(57: -0 C2:at(t—1)"'a21

i+1 Tk
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where 7;=(t, ..., s) and C,, C, are positive words. Thus
CiAC,=ag _1yn—2)" A 1)1 9mlyi—1) " " A2
=Ayn—1)4m—1)(n—2)" " "d21 = 0.

Thus our condition is necessary.

Now assume that 4 is in [0, 1]. We prove sufficiency by induction on
the word length of 4. The theorem is true when |4| =1. Suppose, then,
that |4 >1. Let 4 =a,A". By the induction hypothesis A" =0, 0, -0,
for some parallel, descending cycles n,, 75, ..., 7, in 2. Since 4 is in [0, 1],
we know, from Lemma 3.3, that A has no decomposition as BaCbD with
(a, b) an obstructing pair, so in particular there is no a,,€ A’ such that
(a, a,,) is an obstructing pair. Therefore, in particular, by cases (1) and
(2) for obstructing pairs we must have (¢ —r)(t—¢)(s —r)(s — ¢) > 0 for all
a,, < A'. Therefore, if neither 7 nor s appears among the indices in any of
the =#;, then the descending cycle (¢, s) is clearly parallel to each z; and
A=a,mn,-- 7, is in the desired form.

Suppose that ¢ appears in some 7;=(t, ,, .., t,,). Then, by cases (3)
and (4) for obstructing pairs we must have ¢t =¢, and s <t,,. Suppose that
s appears in some 7; = (8, S5, ..., ;). Then case (5) in our list of obstructing
pairs tells us that either s=s, and t<s,_, for | <h </ or s=s,;. Thus we
have the following three possibilities:

(i) tappears in some n; = (t, t,, ..., ,,) and s does not appear. Then

A=0, -0, O

™ T ”?5 -0

T’ Tk
is in the desired form, where 7;=(,, t5, ..., L, 5);

(ii) s appears in some 7;= (S, S5, ..., ;) and ¢ does not appear. Then

A=06, 0, 0y0

-1 T T Tk

is in the desired form, where 7;= (51, ..., Sy _1, 1, Sp» woen §7) OF (2,81, ooy 5);
(ii) ¢ appears in some 7w;=(t{,1?,,..,1,) and s appears in some
m;= (81, 82, ..., §;). Then we may assume i < j and

5

,
i Tk

is in the desired form, where 7;= (¢, t5, ., 1> S15 525 s S7)- |

DEerFINITION.  From now on we will refer to a braid which is in [0, 1],
and which can therefore be represented by a product of parallel descending
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cycles, as a canonical factor. For example, the 14 distinct canonical factors
for n=4 are:

€, sy, A3y, A31, Ay3, Agp, a1, A32031, g3lsy, Ag3031, Ag3dsy,
Aaplry, Ag1U3n, dg3dsrdy) -

A somewhat simpler notation describes a descending cycle by its subscript
array. In the example just given the 13 non-trivial canonical factors are:

(21), (32), (31), (43), (42), (41), (321), (432), (431), (421),
(4321), (43)(21), (41)(32).

The associated permutation is the cycle associated to the reverse of the
subscript array, with all indices which are not listed explicitely fixed.

COROLLARY 3.5. For each fixed positive integer n the number of distinct
canonical factors is the nth Catalan number €,= (2n)!/n! (n+ 1)

Proof. We associate to each product = = 7, 7, - - - ;. of parallel descending
cycles a set of n disjoint arcs in the upper half-plane whose 2n endpoints
are on the real axis. Mark the numbers 1, 2, ..., n on the real axis. Join i to
7(i) by an arc, to obtain n arcs, some of which may be loops. Our arcs
have disjoint interiors because the cycles in z are parallel. By construction
there are exactly two arcs meeting at each integer point on the real axis.
Now split the ith endpoint, i=1, 2, ..., n, into two points, i’, i”, to obtain
n disjoint arcs with 2n endpoints. The pattern so obtained will be called an
[n]-configuration. To recover the product of disjoint cycles, contract each
interval [i’,i"] to a single point 7. In this way we see that there is a one