WEAKLY PROPER MODULI STACKS OF CURVES

JAROD ALPER, DAVID SMYTH, AND FREDERICK VAN DER WYCK

ABSTRACT. This is the first in a projected series of three papers in which we construct
the second flip in the log minimal model program for M,. We introduce the notion of
a weakly proper algebraic stack, which may be considered as an abstract character-
ization of those mildly non-separated moduli problems encountered in the context of
Geometric Invariant Theory (GIT), and develop techniques for proving that a stack is
weakly proper without the usual semistability analysis of GIT. We define a sequence of
moduli stacks of curves involving nodes, cusps, tacnodes, and ramphoid cusps, and use
the aforementioned techniques to show that these stacks are weakly proper. This will
be the key ingredient in forthcoming work, in which we will prove that these moduli
stacks have projective good moduli spaces which are log canonical models for M .
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In [Has05]], Hassett proposed the problem of studying log canonical models of M. For
any o € QN [0, 1] such that Ky, +aAis big, Hassett and Keel define

N, (0) = Proj ®,z0 HOM,, [m(K;, + ald)]),
1
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and ask whether the spaces M (o) admit a modular interpretation. In [HH09, HHOS]I,
Hassett and Hyeon carried out the first two steps of this program by showing that
there is a contraction M, — M ,(9/11) and a flip M ,(7/10+¢€) < M ,(7/10) — M ,(7/10—
¢). Moreover, M,(9/11) = M,(7/10 + ¢) parameterizes pseudostable curves with cusps
and nodes, and M ,(7/10) and M ,(7/10 — ¢) parameterize certain equivalences classes
of curves with nodes, cusps, and tacnodes.

In [HHO09, HHOS8], these alternate birational models of Mg are constructed using
Geometric Invariant Theory (GIT). Indeed, one of the most appealing features of the
Hassett-Keel program is the way it ties together the different compactifications of
M, obtained by varying the parameters implicit in Mumford’s classical GIT construc-
tion of M,. In this paper, however, we will outline a program to construct modular
interpretations for the spaces M (o) without GIT. The program has three steps.

(1) Define a weakly proper moduli stack M,(«) parameterizing certain singular
curves.

(2) Construct a good moduli space M,(a) — X.

(3) Show that some multiple of the Q-line bundle K55 ) + ad on M, () descends
to an ample line bundle on X. Use a discrepancy calculation to conclude that
X = My(a).

Let us elaborate on each of these steps.

(1) The notion of a weakly proper algebraic stack is introduced in Section [2, and
is the key definition of this paper. Roughly speaking, weak properness is an
abstract characterization of those mildly non-separated moduli problems en-
countered in the context of GIT, which nevertheless possess a proper moduli
space. More precisely, the statement that M,(«) is weakly proper translates
as: given a family of curves C* — A* over a punctured disc, then (1) after a
base change, there is an extension to a family of curves C — A in M,(«), and
(2) given two such extensions C — A and C’ — A with both central fibers C
and C} closed in M,(«a), there is an isomorphism Cy; = Cj. In other words,
closed limits are unique.

(2) Good moduli spaces are introduced and studied in [AlpO8], and they should
be considered as an abstract version of the quotients produced by GIT. One
essential difference however is that, whereas GIT quotients are automatically
projective, good moduli spaces are a priori only algebraic spaces. This step can
be viewed as an analogue of the Keel-Mori theorem guaranteeing the existence
of a coarse moduli space for separated Deligne-Mumford stacks.

(3) Under mild hypotheses, M,(«) possesses tautological line-bundles

A 1= /\W*WC/MQ(a)'
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Using the Grothendieck-Riemann-Roch formula, one can express Kx; () + a6
as a linear combination of A and \,. As we explain in [AFS10], it is relatively
simple to understand what linear combinations of K and § (or equivalently \
and \,) descend to the good moduli space. Thus, using Kleiman’s criterion, the
problem of proving that K3, (o) T @0 defines an ample divisor class reduces to
showing that a certain linear combination of tautological classes is positive on
one parameter families of singular curves (i.e., the curves contained in M, (a)).
Finally, assuming that sections of K7y (,)+ad lift to sections of K7 +«d (which
can be verified by a straightforward discrepancy calculation), it follows that the
good moduli space associated to M, («) is M ().

This is the first in a projected series of papers in which we will follow this approach
to construct the second flip in the Hassett-Keel log minimal model program for . In
addition, we will recover the results of Hassett and Hyeon, and extend their construc-
tions to the case of M,,, with n > 0. We should emphasize the point that our methods
make no use of GIT. Indeed, once completed, our construction should provide the first
examples of moduli spaces associated to non-separated moduli functors, for which no
GIT-construction is known.

The main result. In the present paper, we accomplish the first of the three steps out-
lined above. For k = 2, 3, 4, we define moduli stacks M,(4;), M,(A;), M,(A;) param-
eterizing certain curves with A,-singularities, which we call A, -stable, A;-stable, and
Aj -stable curves respectively (Definition . We should warn the reader that our
notation has built-in redundancy: A; -stability is precisely the same as A;_, -stability.
Our main result is the following.

Theorem 1.1.
(D My(A}), My(Ay), My(Al) are weakly proper algebraic stacks.
(2) These stacks fit into the following diagram, where the horizontal arrows are
open immersions.

Mg - Mg,n(A;) Mg,n(A;)

o — Mgy n(As) < o — ngn[Ag] = — ngn(Azl) — ﬂgm(AI)
M n(Ay) M n(A3) Mg n(Af)

The main result is proved in Corollary[4.11Jand Theorem[9.1] In forthcoming papers
in the series, we will use this result to prove that these stacks have projective good
moduli spaces. Once this program is complete, we will have the following modular
interpretation of the second flip,
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M,(A; \ /MQ(AI )
M

g(As)

M(2/3+ <) My(2/3—¢)

S~

Mgy(2/3)

in which the locus of curves containing a genus 2 tail attached at a Weierstrass point
is flipped to the locus of curves containing a ramphoid cusp.

Remark. It was our original hope that the main theorem would generalize to all &
providing weakly proper moduli stacks M, ,,(A;) parameterizing curves with A,, ..., A;
singularities. However, using the natural extension of the definitions, the deforma-
tion openness for M, (A7) fails. At this stage, one expects to replace genus 2 bridges
attached nodally at Weierstrass conjugate points with oscnodes (y?> = 2%). The diffi-
culty is that in our definition of A7 -stability, curves with tacnodally attached genus 2
curves are A -stable. However, there exists degenerations C; ~ Cj of curves admit-
ting genus 2 bridges attached nodally at Weierstrass conjugate points degenerating
(as the two nodes collide) to a curve with a tacnodally attached genus 2 tail. To rem-
edy this, one needs to first replace genus 2 tails attached nodally to a curve K at
an non-Weierstrass point with “dangling” As-singularities (obtained by the oscnodal
union of K and a rational curve). In fact, [AFS10] gives precise predictions for the
moduli interpretations of M ,(«) and the methods of this paper should extend to prove
weak properness of these moduli stacks.

Local variation of GIT. One of the key ideas in this paper is that étale locally
around any closed point [C] € M (A}), the open inclusions

M(Ay) € My(Ar) 2 My(4y)
correspond to the open chambers
X~ CX=Def(C) D X*

given by applying variation of GIT to the action of Aut(C') on the miniversal defor-
mation space JSe\f(C). This gives a powerful tool for analyzing the local geometry of
the stacks M,(A,) € M,(A;) D M,(A]), and is essential in the proof of Theorem
1.1} To emphasize how this works, let us compute the X~/ X "-chambers for the ac-
tion of Aut(C) on X = ]Se\f((]), where C' is the union of a smooth genus g — 2 curve K
with a nodally attached rational ramphoid cuspidal curve E (see Figure[I). Let p € C
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E

N
p

K

FIGURE 1. The curve C = K U E.

be the attaching node, ¢ € E be the ramphoid cusp (y> = 2°), and v : P! — E the
normalization of £ with v(0) = £, v(o0) = p.

To understand the action of Aut(C) on T'(C'), the space of first order deformations
of C, recall that T'(C) maps surjectively onto the product of the spaces of first or-
der deformations of the singularities p and ¢ with kernel given by the space of first
order locally trivial deformations LT'(C). Moreover, a locally trivial deformation of
C induces a deformation of (K,p) and the map LT'(C) — T'(K,p) is surjective with
kernel LT'(E,p), parameterizing how 0 € P! is “crimped” to a ramphoid cusp. Thus,
we obtain a diagram

LT'(E,p)
0——LTYC) —— THC) — THO¢e) x T (Ocp) — 0

T'(K,p)

0

where the column and row are exact sequences of Aut(C')-representations. Let us now
explicitly describe each representation. We have

TI(C’A)C@) = {y® = 2° + s30° + 500> + 517+ 50 : 5 € C}
T'(Ocp) = {y? =2>+n : neC}

Furthermore, the first order crimping space LT'(E,p) parameterizes subrings of the
power series ring C|[[z]] abstractly isomorphic to C[[2?, z°]]. One easily sees that this
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space is parameterized by a parameter ¢ € C so that
LTYE,p) = {C[[(z + c2*)?, (z + c2*)*]] C C[[¢]] : c € C}
Therefore, we can write
Def(C) = Def (K, p) x Spt C{[{s:},n.]
If we fix an isomorphism Aut(C')* = G,, = Spec C|t], which acts on a local coordinate z

around 0 € P! by z — tz, then the action of Aut(C)° on Def(C) is given by

s; — t~ 1020 g, n +— tn, cte

and is trivial on BE’(K ,p). Now, in this simple case, the chambers X~ and X' are
defined as the non-vanishing locus of functions of negative and positive weight re-
ectively (for the general definition of local variation of GIT chambers, see Section
7)

. Thus, X~ C X = Def(C) D Xt are defined by the closed loci:
XN X =V({si}) and XN Xt =V(n,c)

The locus V({s;}) precisely corresponds to deformations in which the ramphoid cusp
singularity ¢ € C' is preserved, and the locus V' (n, ¢) corresponds to deformations pre-
serving the node p € C and with the node being a Weierstrass point of the genus 2
curve E. Since M,(4;) ~ M,(A;) is the locus of curves with a ramphoid cusp, and
M, (Ag) ~ MQ(A;) corresponds to the locus of curves containing a genus 2 tail at-
tached at a Weierstrass point, we see that the GIT chambers do cut out the inclusions
M, (A7) € My(A) 2 My(AY) in a neighborhood of C. The bulk of this paper (Sections
5,6,7 and 8) is devoted to generalizing this description of the local structure of the in-
clusions M (A;) € M,(Ax) 2 M,(A}) to arbitrary closed points of M, (A;), where
combinatorial considerations require a fairly extensive case-by-case analysis.

Roadmap. In Section [2] we introduce the key definition of this paper, namely weakly
proper morphisms, and systematically develop their properties. In particular, we
show that if an algebraic stack X admits a good moduli space X — Y, then under
mild hypotheses, X' is weakly proper if and only if Y is proper (Proposition [2.11)).

In Section |3, we introduce the algebraic stacks H,,; (resp., H,,») parameterizing
genus m hyperelliptic curves with a marked Weierstrass point (resp., genus m hyper-
elhptlc curves with two marked Weierstrass conjugate points). The algebraic stack

Hom1 (vesp., H,,») is a birational model of the variety of “stable tails” associated to an
Ay,-singularity (resp. As,,.;-singularity). We also introduce the algebraic stacks S,,
(resp., S,.2) parameterizing genus m curves obtained by imposing an As,,-singularity
on a smooth rational curve (resp., an A,,, . 1-singularity on two smooth rational curves.
The algebraic stack S, (resp., S,,») is a birational model of the variety of “crimping
deformations” associated to an Aj,-singularity (resp. Agyy1- singularity) We give
explicit quotient presentations for the stacks Hm 1, Hm 25 Sm 1, Sm2 (Proposition @l
and Proposition [3.4) from which we obtain the key fact that will be used repeatedly
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throughout the sequel, namely that any H,,; or S, -curve (resp. H,,- or S, ;-curve)
admits an isotrivial degeneration to the monomial H,,-curve (resp., monomial H,, »-
curve), which is the curve obtained by imposing a monomial A,,,-singularity at 0 € P!
and marking oo (resp., imposing a monomial A,,,,;-singularity at the two origins in
P! with marked points at the oc’s); see Definition [3.10]

In Section |4, we define the moduli stacks M, (A;) (resp., M, .(A}), M,.(A;))
parameterizing A;-stable (resp., A} -stable, A, -stable) curves; see Definition The
definitions are inductive so that A/ -stability is equivalent to A;_ ,-stability. The main
result of this section is Theorem which states that these stability conditions
are deformation open for £ < 4, from which it follows immediately that M, (A;),
M. (Ap), M, (Al) are algebraic stacks. The proof is surprisingly subtle, due to the
intricate combinatorics of the loci being added and removed. After this section, we
always assume £ < 4.

In Section |5, we give a geometric characterization of the closed points of M,(A;).
We show that for k£ even (resp., k odd), any curve C in M,(A;) has a canonical decom-
position C = K U E; U---U E, where the “core” K is an A,-stable curve containing no
H,,1-tailsand each £ ..., E, is a nodally attached H,, ;-tail (resp., C = KUE,U---UE,
where the “core” K is an A,-stable curve containing no H,,»-chains and each FE; is a
nodally attached H,,,-link (i.e., a nodal union of H,,»-chains)). See Definitions
and for precise details, as well as descriptions of the canonical decomposition in
the more general case of marked points. The main result of this section is Theo-
rem which states that an A;-stable curve (C, {p;}) is a closed point of M, (Ay))
if and only if the core K is a closed point in Mj,,,(A;) and every nodally attached
H,,1-tail/H,, ;-bridge is monomial.

In Section [6], we give an explicit description, around any closed point [C, {p;}] €
M, (Ay), of the action of the automorphism group Aut(C, {p;}) on the deformation
space of a marked curve (C,{p;}). This makes essential use of the geometric char-
acterization of closed points in Section [5, as well as the description of the deforma-
tion theory of H,,1/H,,»-curves and S,, /S, -curves contained in Section First,
we describe the action of Aut(C, {p;}) on the first order deformation space T"(C, {p;})
(see Propositions and [6.3). We then describe how one can choose geometric co-
ordinates for the miniversal deformation space Def(C,{p;}) which diagonalize the
action of Aut(C,{p;}) and have the property that the vanishing of certain subsets

of these coordinates cuts out the closed loci S, (A;) = M,.(Ax) ~ M,.(4;) and
Hyn(Ar) = My (AL) N~ M, (A) (see Propositions 6.5/ and .
In Section[7, we calculate the plus/minus-chambers obtained by variation of GIT for

the action of the automorphism group Aut(C, {p;}) on the deformation space Def(C,
{p;}) of a closed point [C, {p;}] € M,,(A;). The main result is Theorem (7.9, which

asserts that the closed loci V~ C Def(C') 2 V' coming from variation of GIT cut out
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the closed loci S, ,,(Ax) € M,.(Ax) 2 H,n(Ag) corresponding to the complements of
M, (A;) and M, (A}}) respectively.

Section |8 handles the technicalities needed to jump from the formal local descrip-
tion of the inclusions M, ,,(A;) C M, ,.(Ar) 2 M,.(A{) given in Theorem to the
étale local description given in Theorem

Section @ proves the main result of this paper, namely that the stacks M, (A;),
M,..(A) and M, ,(A)) are weakly proper. Since M,,, = M,,(A;) is proper, it suf-
fices to show: (1) M,,(A;) is weakly proper implies M,,(A;) weakly proper, and
(2) M, .(A;) weakly proper implies M, ,,(A;) weakly proper. For (1), given a family
C* — A* of smooth curves, one obtains the unique Aj-stable limit as follows: first,
take the unique A, -stable limit, then degenerate all H,,,/H,,2-curves to monomial
H,,1/Hp 2-curves. Since this procedure is canonical, the uniqueness of A;-stable lim-
its follows from the uniqueness of A, -stable limits. For (2), we do not give an explicit
construction of the limiting process but instead deduce it from the étale local descrip-
tion in Theorem of the inclusion M, ,(A}) € M,,.(A;) as the variation of GIT
locus Def(C, {p;})* C Def(C, {p;}), using a purely formal diagram chase.

Conventions. The symbol C will denote a fixed algebraically closed field of charac-
teristic zero. All schemes, algebraic spaces and algebraic stacks are assumed to be
quasi-separated over C. We use the notation A = Spec R and A* = Spec K, where R
is a valuation ring with fraction field K; we set 0, n and 77 to be the closed point, the
generic point and the geometric generic point respectively of A. A curve is a connected
reduced proper C-scheme of dimension one. An n-pointed curve (C,{p;}!,) is a curve
C with n distinct smooth marked points p; € C.

Acknowledgments. We thank Brendan Hassett for his enthusiastic support of this
project as well as for many useful conversations and suggestions. We also thank
Maksym Fedorchuk, Joe Harris, David Hyeon and Johan de Jong for interesting con-
versations.

2. WEAK PROPERNESS

Let GG be a reductive group acting on a projective scheme X with an ample G-lin-
earization £. Consider the quotient stack X = [X?/G] where X7 is the semistable
locus. If there exists strictly semi-stable points in X, then X is necessarily non-
separated (and therefore not proper) as a strictly semi-stable point + € X has a non-
finite affine stabilizer G,. However, there is a good moduli space [X*/G] — X*/G :=
Proj @, (X, £ where the GIT quotient X*//G is projective.

The GIT quotient stack [ X*/G] satisfies the well-known semistable replacement prop-
erty: if 0 € A is a pointed disc and f : A* — [X*/G] is a morphism from the punc-
tured disc, then there exists a covering A’ — A branched over 0 and a morphism
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A’ — [X*/G] extending f. In other words, [X**/G] satisfies the valuative criterion for
universally closedness. One can always choose an extension f : A’ — [X®*/(G] such

that f(0') is a closed point. Furthermore, the closed point f(0’) is unique; as X**//G is

proper there exists a unique extension h : A’ — X*//G and f(0') corresponds to the
unique closed point in the stack [X*/G] (i.e., the unique closed orbit in X**) over h(0').

The guiding principle is to introduce a notion of weakly separated (resp., weak proper-
ness) such that:

(1) the property can be checked in practice on moduli problems,

(2) given the existence of a good moduli space, the property is equivalent to the
separation (resp., properness) of the good moduli space, and

(3) the property is useful for establishing the existence of a good moduli space.

(Unfortunately, the notion we introduce only satisfies the condition (2) if the good
moduli space is known a priori to be locally separated (i.e., the diagonal is an immer-
sion (eg. a scheme)); see Example 2.8])

Definition 2.1. Let f : X — ) be a morphism of algebraic stacks.

(1) We say that f is weakly separated if for every valuation ring R with fraction
field K, and 2-commutative diagrams

(2.1) A* = Spec K —= X

| )

A =SpecR——)

such that /,(0) and h,(0) are closed in | X xy A[, then hy(0) = hy(0) € |X xy A
(2) We say that f is weakly proper if f is weakly separated, finite type and univer-
sally closed.

Remark 2.2. While the valuative criterion for properness can be checked for valua-
tion rings where the image of the generic point lies in a fixed dense open, the analogue
for weak properness is not true.

Remark 2.3. We stress that in (1) we are only requiring that the images of the
points h,(0) and hy(0) agree as points in the topological space |X xy A|. If one was
to require in (1) above the existence of an isomorphism h; = h, (not necessarily ex-
tending the given isomorphism hi|specc — halspecx), the resulting definition is too
strong for our purposes as GIT quotient stacks [X* /G| with projective good moduli
spaces will not necessarily be weakly separated. For instance, consider [(P')**/ PGL,]
with the symmetric linearization. Consider the two families (0, [¢?,1],[1,#%], ) and
(0, [t3,1],[1,1],00) over SpecC[[t]]. Over the generic fiber Spec C((¢)), the families are
isomorphic by = — tx. The central fibers both correspond to the closed point (0, 0, 00, o)
but there is no isomorphism of the families over Spec C|[[¢]].
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We now give a different interpretation of this definition. Let A be the spectrum of a
valuation ring R with fraction field K. Consider a 2-commutative diagram ©:

(2.2) A — X

b

A——=)
Define the set X5 C |X Xy Al to consist of points z’ such that:

(1) There exists an extension K’ of K and a valuation ring R’ for K’ dominating R.
(2) There is an extension of ® to a 2-commutative diagram 2’

(2.3) A" = Spec K /}*Svpeckz X
| ” |
!

A’ =Spec R —— A =SpecR——)
such that 2’ = //(0') where 0’ € A’ is the closed point.

Lemma 2.4. Let f : X — ) be a morphism of algebraic stacks. Let ®© be a commutative
diagram as in Equation .2). Let £ € |X xy A| be the image of A* — X. Let x €
|X xy Al. Then the following are equivalent:

(1) xr &€ 233.

(2) There is a specialization & ~ x in |X Xy A| over n ~ 0.

(3) There exists an extension to a diagram ®’ as in Diagram where K — K'1is
a finite, separable extension and x = h' (/).

In particular, the topological space Yo is closed under specialization.

Proof. 1t is clear that (3) — (1) = (2). Suppose ¢ ~» z is a specialization in
|X xy Al over n ~~ 0. If U — X xy A is a smooth presentation with U a scheme, then
there exists a specialization u ~» uy over ¢ ~» . We may assume that v and £ are
generic points. After slicing Oy ,,, we may find a valuation ring R’ and a morphism
Spec R' — U with the fraction field K’ of R’ a finite, separable extension of K. O

Lemma 2.5. Let f : X — ) be a morphism of algebraic stacks. Then

(1) fis weakly separated if and only if for all diagrams © as in Equation (2.2), 35
has at most one closed point.

(2) If f is quasi-compact, then f is universally closed if and only if for all diagrams
D as in Equation .2), X5 is non-empty.

(3) If f is finite type, then f is weakly proper if and only if for all diagrams © as in
Equation [2.2), X5 has a unique closed point.

Furthermore, in (1), (2) and (3) we may restrict to diagrams ®© as in Equation
where R is a complete valuation ring with algebraically closed residue field. If f : X —
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Y is a locally of finite type morphism with ) locally noetherian, then in (1) we may
restrict to diagrams © as in Equation where R is a complete discrete valuation
ring with algebraically closed residue field.

Proof. For (1), the “if” direction is clear. Conversely, suppose there is a commutative
diagram © as in Equation (2.2) and two extensions as in Equation (2.3)

AY =Spec K, — A* —= X

he b7
I A

Ai:Spec}/‘ZiHAHJ}

for i = 1,2 with both h,(0;) and hs(0;) distinct closed points of |X xy A|, where 0, €
Spec R; is the closed point. There is a field extension K — K’ containing both K; and
K5 and a valuation ring R’ C K’ dominating both R; and R, giving a 2-commutative
diagram

A" =Spec K' —= X

| 7|

A"=SpecR ——= )

with two lifts 4] and hf such that »|(0") and h}(0') are closed and distinct. This con-
tradicts f being weakly separated.

Statements (2) and (3) follow from [LMBO0O, Theorem 7.3]. The refinements follow
from [LMBO00, 7.2.1-7.2.3].

[l

Remark 2.6. It is not clear whether the valuative criterion for universally closed (and
hence also weakly proper) can be checked on discrete valuations rings for finite type
morphisms of noetherian algebraic stacks. For instance, it is easy to see that if the
valuative criterion for universally closed holds for DVRs for a morphism f : X — )
of noetherian algebraic stacks, then for any noetherian )’ and morphism )’ — ),
the base change X’ — ) is closed. In the case of separated schemes or separated
algebraic stacks, one shows that this implies that any base change is closed by using
Chow’s lemma (see [DG67, I1.5.6.3] and [LMBOO, Prop 7.12]).

Proposition 2.7.

(D) If f : X — YV is a locally separated and representable morphism of algebraic
stacks, then f is separated if and only if f is weakly separated. In particular, a
morphism of schemes is separated if and only if it is weakly separated.

(2) Weakly separated (resp., weakly proper) morphisms are stable under base change.
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Proof. For (1), it is clear that if f is separated, then f is weakly separated. Conversely,
let f : X — ) be a locally separated and weakly separated morphism of algebraic
stacks. Let Y — ) be a smooth presentation with Y a scheme. Then f': X X3 Y — Y
is a locally separated and weakly separated morphism of algebraic spaces. If f’ is
separated, then by descent f is separated. So we can assume that f : X — Y isa
locally separated and weakly separated morphism of algebraic spaces. Suppose we
have a commutative diagram

A — X
h1
VA
ha
A——=Y
with two lifts h; and h,. This gives a commutative diagram
A* X

| i, |

A 4>(h17h2}( Xy X

Since X — X Xy X is an immersion, X xxx,x A — A is an immersion. Since f is
weakly separated, h;(0) = h2(0) in X Xy A and it follows that X xy., x A — Ais an
isomorphism. Therefore h; = hy and f is separated. Part (2) is clear. O

Example 2.8. A weakly separated morphism of algebraic spaces need not be sep-
arated. For example, take the bug-eyed cover of A' over C obtained by taking the
quotient X/Z, of the non-separated affine line X = A'{J,:_ 5, A" by the action of Z,
which acts by  — —z and flips the origins. Let h, hy : Spec C[[z]] — X/Z, be the two
morphisms obtained by mapping to the two origins in X. This gives a diagram

A*HX/ZQ

h1
l/ ;
ho
A — SpecC
with hy 0@ = hy o and hy(0) = he(0) € | X/Z,|. However hy # ha.

Example 2.9. A Deligne-Mumford stack with non-finite inertia may be weakly sep-
arated. For an example, let X be the Deligne-Mumford locus of [(P!)*/S, x PGL,]
over C consisting of points with finite stabilizer groups. Then X — SpecC is weakly
separated but is not separated.

Example 2.10. Consider the G,,-action on the nodal cubic X in P?. Let X = [X/G,,].
Then X is weakly proper but does not admit a good moduli space; a good moduli space
would necessarily be Spec C which would imply that X is cohomologically affine and
therefore that X is affine, a contradiction. Moreover, consider the G-action on the

normalization X = P! fixing 0 and co. Consider the composition [X /G,,] EN [X/G,] L
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Spec C. Then g is weakly proper and f is finite, but the composition go f is not weakly
separated.

The following proposition is the main result of this section and justifies the intro-
duction of the weakly separated/properness condition.

Proposition 2.11. Suppose X is an algebraic stack over a scheme S. Let ¢ : X — Y
be a good moduli space.

(1) ¢ is weakly separated. If ¢ is also finite type (e.g., if X — S is finite type), then
¢ is weakly proper.

Suppose in addition that Y is locally separated. Then

(2) X — S is weakly separated if and only if Y — S is separated.
(3) If X and Y are finite type over S, then X — S is weakly proper if and only if
Y — S is proper.

Remark 2.12. If S is noetherian and X — S is finite type, then Y — S is also finite
type.

Proof. For (1), suppose we have a commutative diagram ® as in Diagram for the
morphism X' — Y with two lifts h;, hy : A — X Then the base change X’ xy A — Ais
a good moduli space and therefore there is a unique closed point in X' xy A over the
closed point of 0 € A (see [AlpO8, Prop. 4.7, Thm. 4.16]). Therefore h,(0) = hy(0) €
|X xy Al. The second statement in (1) follows because ¢ is universally closed ([Alp08,
Thm. 4.16]).

For (2), suppose Y — S is separated. As the composition of a weakly separated mor-
phism followed by a separated morphism is weakly separated, it follows from (1) that
X — S is weakly separated. Conversely, suppose that Y — S is not separated.
Then there exists a commutative diagram ® as in Diagram for the morphism
Y — S with two distinct lifts hy,hy : A — Y. Since X — Y is universally closed,
there exists an extension KX — K' and valuation ring #’ C K’ dominating R, a lift
A" = Spec K’ — X' and two lifts hy, hy : A’ = Spec " — X such that ,(0") and h(0/)
are closed in |X x5 A’|, where 0/ € A’ is the closed point. But since X — S is weakly
separated, h1(0') = ho(0') in |X xg A| 80 h1(0) = hy(0) in |Y x g A|. Therefore, Y — S is
weakly separated and by Proposition[2.7(1), Y — S is separated.

For (3), the morphism X — S is universally closed if and only if Y — S is universally
closed as ¢ is surjective. O
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3. Sm,1/Sm2-CURVES AND H,,,1/H,, 2>-CURVES

Deﬁnitiorl 3.1 (Aj-singularities). We say that a curve C has an A,-singularity at a
point p if O¢,, = C[x,y]]/(y* — 2*™). An A;- (resp., As-, A;-, As-) singularity is also
called a node (resp., cusp, tacnode, ramphoid cusp).

3.1. S;1/Sm2-curves.

Definition 3.2 (S,, 1/5,,2-curves).

(1) An S,,1-curve is a 1-pointed curve of arithmetic genus m obtained by taking a
smooth rational curve with a labeled point and imposing an A,,,-singularity
on it at a point distinct from the labeled point.

(2) An S, »-curve is a 2-pointed curve of arithmetic genus m obtained by taking
two smooth rational components, each with a labeled point, and identifying
them at points distinct from the labeled points to form an A,,, ;-singularity.

A family of curves (C = B, o) (resp., (C = B,01,09)) is a family of S, - (resp., Sm.2-)
curves if its geometric fibers are S, 1- (resp., S,, 2-) curves, the relative singular locus
Y of  maps isomorphically to B and 7 has an A,,,- (resp., As,,,1-) singularity along .
Note that this is not just a condition on fibers.

Notation 3.3. Denote by S, (resp., S,.») the category fibered in groupoids of S,,, ;-
(resp., Sm2-) curves.

Proposition 3.4. S, is isomorphic to the stack [A"1/G,,], where for m > 2 G,, acts
with weights 1,3,...,2m—3. S, is isomorphic to the stack [A"1/C,,], where for m > 2
G, acts with weights 1,2,...,m — 1.

Proof. This is proved carefully in [vdW10, Examples 1.111 and 1.112]. Let us sketch
the idea of the isomorphism S,,; ~ [A™"!/G,,]. To specify the isomorphism class of
an S, 1-curve is equivalent to specifying a C-subalgebra R C C[[t]] ~ ﬁA[PgO which is
abstractly isomorphic to C[[z,y]]/(y* = x*™T!). It is not difficult to see that any such
subalgebra is generated by t**! and t?+-a,t3 +ast’+. . . a,_1t*™ L, with a; € C, and that
two such subalgebras are isomorphic iff (a;,...,a,_1) = (Ad}, ..., A" ta,, ), \ € G,,.

O

3.2. H,,1/H,,,-curves.

Definition 3.5 (H,,,/H,, »-curves).
(1) An H,, 1-curve is a 1-pointed curve (£, ¢) of arithmetic genus m which admits a
finite, surjective, degree two map ¢ : £ — P! such that ¢~'({oc}) = {¢} and ¢ is
a smooth point.
(2) An H,,s-curve is a 2-pointed curve (E, gy, ¢2) of arithmetic genus m which ad-
mits a finite, surjective, degree two map ¢ : £ — P! such that 77 '({cc}) =
{¢1 + ¢2} and ¢, ¢» are smooth points.
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Remark 3.6. It will occasionally be useful to use the notation Hj-curve, defined as
follows: if k = 2m is even, then an Hj-curve is an H,, ;-curve; if k = 2m +1 is odd, then
an Hj, curve is an H,, o-curve.

Lemma 3.7.
(1) If (E,q) is an H,,1-curve, then E is irreducible.
(2) If (E,q1,q2) is an H,, 5 curve, then E has at most two irreducible components.
Furthermore, if E has two components, each component is a smooth rational
curve.

Proof. In case (1), Og(q) is ample, since Ox(2q) = ¢*Op:(1). In particular, O, (q) has
positive degree on every irreducible component of £, which forces E to be irreducible.
Similarly, in case (2), 0r(q: + ¢2) has positive degree on each irreducible component,
which means that F has at most two components, one containing ¢; and one contain-
ing ¢.. Finally, if £ has two components, say £ = E; U F,, then each composition
E, — E — P! is finite, surjective of degree one, so F; ~ P'. O

A family of 1-pointed curves (C = B, o) is a family of H,, ;-curves if there is a map ¢
from C to a P'-bundle P over B, such that ¢ is a uniform cyclic cover of degree 2 and
branch degree m + 1 which is simply ramified along o.

A family of 2-pointed curves (C = B, 0y,0,) is a family of H,,»-curves if there is a
map ¢ from C to a P'-bundle P over B, such that ¢ is a uniform cyclic cover of degree
2 and branch degree m + 1 and ¢o; = ¢os.

Notation 3.8. Denote by H,, 1 (resp., H,,») the category fibered in groupoids of H,, ;-
(resp., H,,2-) curves.

Proposition 3.9. H,, , is isomorphic to the stack [A*"/G,,] where G,, acts with weights
—4,—6,...,—(4m + 2). H,, is isomorphic to the stack [A*"*!/G,,], where G,, acts with
weights —2,—-3,...,—(2m + 2).

Proof Tt follows as in the proof of [AV04, Theorem 4.1] that 7, is isomorphic to
[Aom+2/(Tris / tm1)], Where

R -1
A2m+2 = SpeC C[a2m+1, Aopt15) V2mys - - - ao]

and Triy is the subgroup scheme of GL, of upper-triangular matrices and p,,,; is the
group scheme of (m + 1) roots of unity, embedded in Tri, as multiples of the identity
matrix. For any ring A, we regard A,,.2(A) as the following set of homogeneous
polynomials in the variables z, z:

2m—+1 2m 2 2m—+2 . X
{agmi1 Z4 agmr ™zt 4+ ...+ agz Dagmy1 € AN agy, ..., a9 € A}

The right action of Triy /1,41 0N Agy, 4o is given in functorial notation by

fE)M] = f(M(Z)).



16 ALPER, SMYTH, AND VAN DER WYCK

This is clearly well-defined. Note that the absence of an 2”2 term in elements of
Aomi2(A) corresponds to the requirement that ¢ : C — P be ramified along o and the
condition that the coefficient of 2> "'z is a unit in A corresponds to the requirement
that C be smooth along o.

It follows similarly that ﬁmg is isomorphic to[As, 1 3/(Tris /fms1)], Where
A27’rL+3 = Spec G:[b7 b_17 @2m+1, A2m;s - - - G’O]'

We regard A, 3(A) as the following set of homogeneous polynomials in the variables
x, 2.

2m+2 2m+1 om 2 2m+2 x
{02 + a9 12”2 + a9 2+ a2 b€ A agmyt, -, a0 € A}

The right action of Triy /41 on Agy,i3 is now defined as follows. The coefficients of
2tz 22 2 in f(2).[M] are determined via the formula

f(2).[IM] = f(M(%))
but the coefficient of z*"*2 in f(%).[M]is (Mi,)™"'b, where b is the coefficient of z*"*2
in f(7). This action is clearly well-defined. Note that the condition on elements of
Aomi3(A) that the coefficient of z™*2 be a unit corresponds to the requirement that
C is not ramified along o;,0,. The fact that [M] acts on the coefficient of z>"*2 by

multiplication by (M;;)™ ! rather than (M;;)?>"2 corresponds to the requirement that
01,09 have been given an ordering, and that automorphisms respect the ordering.

Return to the the stack H,,; and consider the map 7 : A*™ — [Agpi2/(Trla /fimi1)]
induced by the map @ : A*™ — Agnio, (Ggm_1,...,00) — 22 + a9, 12?123 +
...+ apz?™ 2, We will check that 7 is smooth and surjective and that the associated
groupoid scheme is isomorphic to the groupoid scheme A?" x G,, —= A?™ associated
to the specified action of G,, on A>™. Indeed, consider the 2-commutative diagram

R R2 AQm
Ry —— Agpya X (T2/,um+1) LA Aopmt2
A2 ' Ao o [Py [/ (To] tom+1)]

where ¢ and s denote the action and projection maps respectively and R;, R, and R
are defined to make the relevant squares Cartesian. It follows immediately from the
definitions that we can identify R with (using functorial notation)

{f.[M]: fomir =1, fom = 0, (f.[M])2ms+1 = 1, (f.[M])2m = 0}
But this is equal to
{f,IM]: fomyr = 1, fom = 0, Mag = (My1) >, My = 0},
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using the fact that 2m + 1 is not a zero-divisor since char(C) = 0. Under this identifi-
cation, the horizontal map R — A?™ is

’ O{z—&-(2m—&-2—z)(—2m—1)

(a2m—1, -, a0), [(& =2m—1)] — (... Qiy . ...

Now the map of group schemes
{[M] € Ta/pums1 : Mag = (M11) >, Myz = 0} — Gy, [M] +— (Myy)™

is an isomorphism, so we can identify R with A?™ x G,,. Under this identification, the
horizontal map R — A*™ is

2i—4m—2
..,t CI,Z',...).

and the vertical map R — A?™ is projection onto the first factor. This proves the de-
sired isomorphism of groupoid schemes. It remains to check that the map Ry — Ay, 1o
is smooth and surjective. This is immediate from the fact that R, can be identified
with Ay, 10 X (G, /ptms1) (using as above that char C = 0) in such a way that that the
map to Ay, is projection onto the first factor.

(CLQm_l, Ce ,ao),t = (

For H,,,, we find, using analogous notation, that R can be identified with
{f.IM] : fomir =1, fom = 0, M{1T1 =1, My = 0}.
Now using the isomorphism of group schemes
{IM] € T/ ptms1 : (My1)™*' =1, Mip =0} — G, [M] = My /Moy,

we can identify R with A?"*! x G,,. Under this identification, the horizontal map
R — A?™Hl §g

(v, )t (72 2,0

and the vertical map R — A?™*! is projection onto the first factor. This proves the
desired isomorphism of groupoid schemes. It is easy to complete the proof by checking
as for H,, » that the map Ry — A, 41 is smooth and surjective. O

3.3. Monomial H,,,/H,, ;-curves.

Definition 3.10 (Monomial H,,;/H,, >-curves).

(1) The monomial H,,-curve is the following 1-pointed curve (E, ¢): E is obtained
by identifying Spec C|x,y]/(y* — z*™*1) and SpecC[s| along D(z) and D(s) via
=52y =s5""; ¢is the point s = 0.

(2) The monomial H,,,-curve is the following 2-pointed curve (E,q;,q:): E is ob-
tained by identifying Spec C[z, y|/(y*> — 2*™*?) and Spec C[s;] LI Spec C[s,] along
D(x) and D(s;) U D(sy) viaz = 57" @ sy', y = sl_(mH) o —s;(m+1); ¢1 is the point

s = 0 of Spec C[s;] and ¢ is the point s, = 0 of Spec C|[s,].

The monomial H,, ;- (resp., H,, »-) curve is also an H,, ;- (resp., H,,»-) curve. We will
denote by p its singular point.
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The automorphism group scheme of the monomial H,, ;-curve (£, ¢) is isomorphic
to G,,. We fix once and for all the following isomorphism G,, — Aut(FE, q):

A" — Aut(F,q)(A) a— (v d’z,y— a® My, s ats).

The automorphism group scheme of the monomial H,,,-curve (£, ¢, ¢2) is isomor-
phic to G,,. We fix once and for all the following isomorphism G,, = Aut(E, ¢, ¢o):

A* — Aut(E, q1,q2)(A)

a (v ar,y > a™ My s a5y 0 a7 lsy)

Proposition 3.11. Every S,, - (resp., Sy2-) curve and every H,,, (resp., H,,-) curve
admits an isotrivial specialization to the monomial H,, ;- (resp., H,, »-) curve, which is
the unique closed point of S,,1 (resp., S,,2) and H,, 1 (resp., H,,2).

Proof. 1t is immediate from the descriptions of 3m,1 (resp., gm;) and ﬂm,l (resp., ﬂmg),
Proposition [3.4) and Proposition that the point corresponding to the monomial
H,,1- (resp., H,,»-) curve is the unique closed point of both stacks and that every
point contains this point in its closure. O

Corollary 3.12. ﬁm,l, ﬁmg, gm,l, gm’g are weakly proper. O

4. A /Ap/Af-STABILITY

In this section, we define A, /A, /A,j-stability for 2 < k < 4, and show that these
are deformation open conditions. In particular, we show that corresponding moduli
stacks M, ,,(4;), My.(Ar), and M, (A}) are algebraic stacks of finite type over C.

4.1. Definition of A, /A, /A -stability.

Definition 4.1 (Gluing morphism). If (F, {¢;}!",) is an m-pointed curve and C' is any
complete curve, a gluing morphism i : (E,{¢;}",) — C'is a morphism F — C, which
is an open immersion when restricted to £ — {q1,...,qn}-

Remark 4.2.
(1) We do not require the points {i(¢;)}", to be distinct.
(2) Locally around i(g;), i is the normalization of one branch of i(¢;) € C.

Definition 4.3. We say that an n-pointed curve (C,{p;}!,) contains an H,, -tail
(resp., contains an H,,»-bridge) if there is a gluing morphism

(3 (E,Q) — C(resp'7 i (anlqu) — 0)7

where (E,q) is an H,, ;-curve (resp., (E, ¢, q2) is an H,, o-curve). In this case we say
also that (E, q) is an H,,-tail (resp., (E,q1,q) is an H,,»-bridge) of (C,{p;}I ;).
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Definition 4.4. We say that an n-pointed curve (C, {p;}!' ;) contains an H,,s-chain if
there exists a morphism

i H(Ei>q2i—1aQQi) — C,
i=1
) is a gluing morphism satisfying:

where each (g, ,; 1.0,

o (Ei,q2i-1,q2)1s an H,, o-curve fori =1,...,7;
e i(q2i) = i(q2it1) is an Ag,,1-singularity of C' fori=1,...,r — 1.

In this case, we say also that (J,_, E;, ¢1, ¢2r) is an H,, »-chain of (C, {p;}I-,)
Remark 4.5. An H,, ,-bridge is the same thing as an H,, >-chain of length one.

Definition 4.6 (Destabilizing Tails/Chains).
(1) We say that an H,, -taili : (E,q) — C'is destabilizing if i(q) is a node, a marked
point, or an A;-singularity with [ > 2m + 1.
(2) We say that an H,,»-chain i : (E,q,q) — C is destabilizing if i(¢q,),i(¢q2) are
nodes, marked points, or A;-singularities with [ > 2m + 2.

Now we may define our stability conditions:

Definition 4.7 (A, /A;/A/ -stability). An n-pointed curve (C,{p;}1,) is A, JAr/A}-
stable if wo(X;p;) is ample, and

(1) (A, -stability)
(a) C has only A;-singularities, [ < k,
(b) C contains no destabilizing H,,;-tails (2m — 1 < k) or destabilizing H,, »-
chains (2m < k).
(2) (Ag-stability)
(a) C has only A;-singularities, [ < k,
(b) C contains no destabilizing H,, -tails (2m — 1 < k) or destabilizing H,, »-
chains (2m < k).
(3) (A} -stability)
(a) C has only A;-singularities, [ < k,
(b) C contains no destabilizing H,,;-tails (2m — 1 < k) or destabilizing H,, »-
chains (2m < k).

Remark 4.8. A} -stability is the same as A, ,-stability.

A family of A, /A, /A -stable curves is defined in the usual way to be a flat, proper,
finitely-presented morphism, together with n sections, whose geometric fibers are
A, /A, /A -stable curves of arithmetic genus g. Evidently, families of A, /A, /A -stable
curves form a stack, so we may make the following definition.

Definition 4.9. Let M, (A} ), M, ..(A1), M, .(A}) denote the moduli stacks of fami-
lies of A, /A, /A -stable curves.
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4.2. Deformation-Openness of Moduli Functors. The purpose of this section is
to prove Theorem |4.10|stating that the stability conditions introduced in the previous
section are deformation-open conditions.

Theorem 4.10. For k < 4, Ai-stability and A} -stability are deformation open condi-
tions.

Corollary 4.11. M, (A;), M,.(Ar), M, ..(A5) are algebraic stacks of finite-type over
Spec C. Moreover, that natural inclusions,

Myn(Ay) = mg,n(Ak) A mg,n(A;)-

are open immersiLons.

Proof. Families of A, /A, /A -stable curves satisfy étale descent since they are canon-
ically polarized. Once we know these are deformation-open conditions, we can use an
open subset of a suitable Hilbert scheme to give an atlas. O

Definition 4.12. Let U, ,(A;) be the moduli stack of families of curves (7 : ¢ —
T,{0;}_,) satisfying:

(1) we/r is relatively ample.

(2) The sections {o;}!" , are distinct and lie in the smooth locus of =

(3) The geometric fibers of 7 are connected, reduced curves of arithmetic genus g.
(4) The only singularities of the geometric fibers of 7 are of type A;-Ay.

Since U, ,(Ax) parameterizes canonically polarized curves, U, ,(Ax) is obviously an
algebraic stack of finite type over C.

Definition 4.13. If (C,{p;}",) is a curve containing an H,, -tail (resp., H,,»-chain)
i (B {¢}",) — C, we say that this H,,;-tail (resp., H,,-chain) has Aj-attaching
(resp., Ay, k,-attaching) if i(q1) is an Aj-singularity (resp., i(¢1), i(q2) are Ay, Ag,-
singularities). Note that we allow k, ki, k> to be zero, with the understanding that
in this case i(q) (resp., i(q1), i(q2)) is one of the marked points of C. We may then
define the following constructible subsets of U/, ,,(A;):

T* .= Locus of curves admitting an H,, ;-tail with A;-attaching,

BFik2 .= Locus of curves admitting an H,, o-chain with A, /A,-attaching.

Each of our stability conditions is defined by removing loci of the form 7* and B*1*>
from U, ,,(Ay). More precisely, we have (as sets):
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FIGURE 2. Topological types of curves in U, »(A4) and Us1(A4). For con-
venience, we have suppressed the data of singularities internal to each
component, and we record only: the arithmetic genus of each compo-
nent, and the singularities where two components meet (which are ei-
ther nodes or tacnodes, as indicated by the picture). Components with-
out a label have arithmetic genus zero.

Mg,n(Al) = Uy n (A1) mg,n(Aii_) = Mg,n (A1)

Min(A2) = Uyn(A2) Myn(A3) = Myn(42) = T)

ﬂgm(AB) = Ugn(As) — U le Mg,n(A;) = Mgn (As) — U B”
je{1,3} 1,j€{0,1}

Mg,n(A4) Uy, n(As) — U Tl U B%j ﬂg,n(Aji—) = Mg,n(AZL) - T21’

je{1,3} i,j€{0,1,4}

To show that our stability conditions are open, we must show that at each stage
the collection of loci 7.* and B*1**2 that we excise are closed. For this, we must analyze
degenerations of curves with H,, -tails and H,, »-chains. We break this analysis into
two stages: In Lemma [4.14] we analyze degenerations of a single H,,;-tail or H,, -
bridge, and in Lemma We analyze how the attaching singularities of an H,, ;-tail
or H,,»-chain may degenerate. Combining these results will allow us to prove the
desired statement (Proposition |4.16)

Lemma 4.14 (Limits of H,,,/H,, 2-curves).
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(1) Let (H — A, 1) be a family in U, 1(As) whose generic fiber is a smooth H, ;-
curve. Then the special fiber C'is an H, ; curve.

(2) Let (H — A, 11, 72) be a family in U, 2(As) whose generic fiber is a smooth H, »-
curve. Then the special fiber C satisfies one of the following conditions:
(@) C'is an H, s-curve.
(b) C contains an Hy;-tail.

(3) Let (H — A,71) be a family in Uy1(A,) whose generic fiber is a smooth H, ;-
curve. Then the special fiber C satisfies one of the following conditions:
(a) C'is an H,-curve.
(b) C contains an H, 1-tail or an H, »-bridge.

Proof. For (1), the special fiber (H,p) is necessarily a curve of arithmetic genus one
with wy(p) ample. Since wy(p) has degree one, H must be irreducible. It follows
immediately (by Riemann-Roch) that |2p| gives a degree two map to P!, so (H,p) is an
H, -curve.

For (2), the special fiber (H, p;, po) is a curve of arithmetic genus one with wy (p; +p»)
ample. Since wy (p; + p2) has degree two, H has at most two components. The possible
topological types of H are listed in the top row of Figure 2l We see immediately that
any curve with one of the first three topological types is an H, ;-curve, while any curve
with the last topological type has an H, ;-tail.

Finally, for (3), the special fiber (H, p) is a curve of arithmetic genus two with wy(p)
ample. Since wy(p) has degree three, H has at most three components, and the pos-
sible topological types of H are listed in the bottom three rows of Figure [2. One sees
immediately that if 4 does not have an H, ;-tail or an H, ,-bridge, there are only three
possibilities for the topological type of H: either H is irreducible or H has topological
type (A) or topological type (B). Thus, it suffices to show that if H is irreducible, then
(H,p) is an H,-curve, and that curve of type (A) and type (B) cannot arise as limits
of a family of smooth H,;-curves. The first claim is easy; we only need to know that

wy ~ 2p, but this follows from the corresponding linear equivalence on the general
fiber.

It remains to show that topological types (A) and (B) cannot occur as the special
fiber of a family of H; »-tails. For this, it suffices to prove that if H — A is any family of
genus two curves with smooth general fiber and special fiber of topological type (A) or
(B), then the limits of the 6 Weierstrass points of the general fiber lie in the singular
locus of the special fiber. More precisely, we claim that in a curve of type (A), two
Weierstrass points are absorbed into the node and four are absorbed into the tacnode,
while in the curve of type (B), two Weierstrass points are absorbed into each node. To
see this, one simply observes that the unique isomorphism class of curve of type (A)
and (B) can each be expressed as a double cover of P! branched over 2(0) + 4(co) and
2(0) 4+ 2(1) + 2(c0) respectively, and that all deformations of these curves are obtained
by deforming the branch divisor (along with the corresponding cover). O
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Next, we must consider how the singularities being used to attach a hyperelliptic
bridge or tail may degenerate.

Lemma 4.15 (Limits of Attaching Singularities). Suppose C — A is a flat, proper
family of curves whose geometric fibers have only A,-singularities. Suppose this family
is endowed with k sections 1, ..., T satisfying:

(1) 7;(7) € Cris an Agp,—1- smgularzty

(2) The normalization of C; along U 1 Ti(7M) consists of two connected components
and that ©=(7;(7)) consists of two points «;(7) and 3;(7), with {a;(n)}r_, lying
in the first component and {3;(7)}r_, in the second.

Then the normalization © : C — C of C along Ule 7; consists of two connected com-
ponents and (after a finite base-change) we may assume that 7w *(7;) splits into two
sections «o; and (3;, with {o;}¥_, lying in the first component and {3;}%_, in the second.
We claim that

(1) If the limit points {«;(0)}"_, are distinct, then each limit point 7;(0) remains on
Aoy -singularity.

(2) If any subset of limit points {«;(0)},cs coincide, then the subset {/3;(0)};cs also
coincides, and the limit point 7;(0) (for any i € S) is an AZ]‘ES om,;—1-Singularity.

Proof. Note that since C is Sy, the special fiber C| lo is reduced and 7|y : C| lo = Clpis a
partial normalization of Cj := C|,. We will show that it is actually the full normaliza-
tion of C,.

First, suppose that the limit points {a;(0)}*_; remain distinct. We claim that the
limits {3;(0)}F_, remain distinct as well. If 3;(0) and 3;(0) coincide, then 7|, maps «;(0),
«;(0), and 3;(0) = 3;(0) to the same point p € Cj. Since 7|, is a partial normalization
map, this implies that p € C has at least three branches. This is impossible since
Aj-singularities have only two branches. Next, we claim that each of the limit points
{a;(0)}F_, and {3;(0)}%_, is smooth. If not, then one of the limit points «;(0) or 3;(0) has
either two branches or a singular branch. In the first case, the limit point 7;(0) would
have at least three branches (since «;(0) and ;(0) map to the same point of Cj). In
the second case, one branch of 7;,(0) would necessarily be singular. Both are impossible
since we are assuming the special fiber has only A,-singularities. Obviously, C| lo — Clo
is finite and surjective, and we have just shown that there are two smooth points lying
above each of the points 7;(0). It follows that C|, is in fact the normalization of C|, at
{7;(0)}r_,. Thus,

>~ 8(5(0) = 1= pulCla) = pulClo) = pa(Cly) — pu(Cly) Zmz 1

Obviously, 6(7;(0)) > m; since the j-invariant of a singularity can only increase under
specialization, so the above inequality forces 6(7;(0)) = m; for each i. Since 7;(0) is
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an Aj-singularity with two branches, we conclude 7;(0) is an A,,,,_i-singularity as
desired.

The second case is argued similarly. Suppose that S;,...,S; is a partition of [k],
and that two limit points «;(0) and «;(0) coincide iff 7, j lie in the same subset of
the partition. Arguing exactly as above, we conclude that the limit points 53;(0) co-
incide according to the same partition, and that each of the limit points {a;(0)}r,
and {6;(0)}%_, is smooth. Thus, C|, — C|, is a full normalization of C|, at {r;(0)}*_,,
and genus considerations force 7;(0) to be an A, e .m,—1-singularity (where S is the

unique subset containing ). O

Proposition 4.16.
(1) T{ C Uy n(As) is closed for any j € {1,3}.
(2) By CUyn(Ag) — Uica) Ti is closed for any i,j € {0,1,4}.
(3) Ty C Ugn(As) — Uiers T - Uijeona By is closed.

Proof. The loci T* and BF*2 are obviously constructible, so it suffices in each case to
show that they are closed under specialization.

For (1), let (7 : C — A,{o;}};) be the family in U/, ,(A,) such that the generic fiber
lies in 77 with k € {1,3}. We must show that special fiber lies in 7T%. Possibly after
a finite base change, = admits a section 7; picking out the attaching A-singularity
of an H,;-tail in the generic fiber. By Lemma the limit point 7;(0) is still an
Aj-singularity and the normalization of C — C induces a simultaneous normalization
of the family. Let H C C be the component whose generic fiber is a smooth H,, ;-curve,
and let o, be the section on H lying over 7. We may consider (H — A, «;) as a family
in U, 1(A4) whose generic fiber is a smooth H; ;-curve. By Lemma (1), (Ho, a1(0))
is an H,  -curve, so C; contains an H; ;-tail with A,-attaching, as desired. The proof
for (3) is identical, using Lemma (3) instead of Lemma (D).

For (2), let (7 : C — A,{o;},) be a family in U/, ,,(A,) such that the general fiber
lies in B;"', i.e. contains an elliptic chain. (The cases where the general fiber lies
in B]Y with i,j € {0,1,4} are essentially identical, and we leave the details to the
reader.) Possibly after a finite base change, there exist sections 71, 7 picking out the
attaching nodes of the elliptic chain in the general fiber. We claim that 7, (0) and 7,(0)
are distinct, so that the normalization C — C along 7; and 7, gives a simultaneous
normalization gf the fibers. By Lemma |4.15} it sufﬁcgs to check that if oy and «s are
the sections of C lying on the connected component of C representing the elliptic chain,
then a4(0) # ay(0). If @ and ay, lie on different irreducible components of the general
fiber, then this is clear; otherwise, the entire elliptic chain is a single irreducible
curve of arithmetic genus one and «;(0) = a»(0) would force the special fiber to have
an elliptic curve meeting the rest of the fiber in a single point - a contradiction, since
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we are assuming the special fiber contains no elliptic bridges. Thus, «;(0) # a»(0) as
desired.

Now, let (H — A, a1, as) be the connected component of C whose generic fiber is
the given elliptic chain; we must show that the special fiber is an elliptic chain. If
the chain has length r, then there exist sections vy, ...,7,._; picking out the tacnodes
in the general fiber at which the sequence of H, ,-curves are attached to each other.
Applying Lemma to each of the sections v; individually, we conclude that the
limits +;(0),...,7,-1(0) remain tacnodes, so the normalization of H along ~,...,7,1
induces a simultaneous normalization of the fibers, and we obtain r distinct flat fam-
ilies whose generic fiber is a H; 5-curve. It suffices to see that all these remain H, »-
curves in the special fiber. This follows immediately from Lemma (3), since we
are assuming the special fiber has no elliptic tails. O

Proof of Theorem Using the description of M, ,(A;) and M, (A}) given in the
discussion following Definition we see that (1) implies M, ,,(A}) and M, (A3)
are obtained by excising closed subsets of I/, ,,(A>) and U, ,,(A3) respectively. Similarly,
(2) implies that M, , (A7) and M, ,(A,) are obtained by excising closed subsets of
U, (A3) and U, ,(Ay). Finally, (3) implies that M, ,(A]) is obtained by excising a
closed subset from U/, ,,(A4). O

5. CLOSED POINTS OF M, ,(Ay)

5.1. The canonical decomposition of an A,-stable curve.
Lemma 5.1. Suppose that (C,{p;}},) is an Ay-stable curve.

(1) If k = 2m is even and i1(E,), i3(E,) C C are the images of two distinct destabi-
lizing H,, -tails, then i,(E,) and i(Ey) have no component in common.

2) If k = 2m + 1 is odd and i,(F,),i2(F2) C C are the images of two distinct
destabilizing H,, »-chains, then i, (E;) and iy(E;) have no component in common.

Proof. Case (1) is obvious, since any H,, ;-tail is irreducible. For case (2), consider two
distinct destabilizing H,, »-chains:

i1 (B, q1,q2) — C,

ig Z(EQ,’T‘l, ’I"Q) — (.
Note that since C contains no A;-singularities with [ > 2m + 1, the attaching points
i1(q1),11(q2),92(r1),i2(r2) are either nodes or marked points of C. We claim that if

i1(F1) C C and iy(E2) C C share a common component, we may assume, without
loss of generality, that i,(¢;) is a node internal to E,. To see this, consider cases:

(1) If is(ry) = dz(re) € C is a node, then C' ~ FE, and C has no marked points.
Now if £} and F, are not identical, then one of the attaching points i1(q;), i2(¢2)
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must be a node internal to F,. Without loss of generality, we may assume this
attaching point is i;(¢1).

(2) If iy(ry) and iy(ry) are marked points of C, then C has exactly two marked
points and (C,py,ps) ~ (F2,71,79). Obviously, if F; and E, are distinct, then
one of the attaching points of £, must be a node, and this node is then internal
to EQ.

(3) If is(r1) and is(ry) are distinct nodes of C' or a node and a marked point, then
either £ contains a nodal attaching point internal to iy(E>), or else i, (F;) con-
tains iy(E>) entirely, in which case we can just switch the role of £, and FEs.

Now let p := i1(q1). Evidently, p € C must be a node adjacent to two irreducible
components, say Z;, Z, € C, both of which are contained in F,. Since the only nodes
internal to an H,,.-chain are contained within a single H,, ;-bridge, we must have
Zy U Zy constituting an H,, »,-bridge inside E,. By Corollary E each of 7, and 7, is
smooth rational. Furthermore, the fact that p € C' is in attaching point for H,, 5-chain
E; implies that Z; meets Z; only at p. We conclude that Z; U 7, has arithmetic genus
zero, a contradiction since the genus of an H,, »-bridge is m > 0. We conclude that
i1(E1) and i2(E;) may not have components in common. O

Using Lemma 5.1, we may define a decomposition of an A;-stable curve into its
H,,,-tails/H,, »-chains and a complementary subcurve which we shall call the core.
The % even case is considerably easier than the k£ odd case, so we state them sepa-
rately.

Definition 5.2 (Canonical Decomposition - & even). Suppose that (C, {p;} ;) is A-
stable (k = 2m). Then one of the following holds:

Case I: The H,, -tails of C are disjoint, and we have a decomposition

O:KUElLJUET,

where F, ..., E, are the nodally-attached H,, ;-tailsof C, K := C\(E1 U...UE,),
and each F; meets K at a single node ¢; € C. Furthermore, if we consider
¢, ---,q- as marked points on K, then (K, {p;},,{¢}/_,) is an A,-stable curve
with no destabilizing H,, 1-tails. We call (K, {p;}_,, {q¢:}}_,) the core of (C,{p:}I-,).
In cases I’ and I” below, we say that the core is empty.

CaseI: C' = E, U E,, where (E, ¢) and (E», ¢») are each H,, -curves, attached
nodally at ¢; = ¢, € C.

CaseI": (C,p1) = (E,q1) where (E},q) is an H,, ;-curve.

To define the canonical decomposition in the £ odd case, we need a preliminary
definition:
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Definition 5.3 (H,, »-link). We say that C contains an H,, »-link of length r (k = 2m+1)
if there exists a gluing morphism

v U(EnQ%fl’(Jzi) — C,
=1
satisfying:

(1) (Ei,q2i-1,¢2) is an H,, o-chain fori =1,...,r.
(2) i(go) = i(go41)isanodefori=1,...,r — 1.
(3) i(q1), i(q2-) are nodes, marked points, or A;-singularities with [ > 2m + 2.

Remark 5.4. An H,, ,-chain is the same things as an H,, »-link of length one.

Now observe that if Z C C is the union of all H,,,-chains, then each connected
component of Z is an H,, »-link. This allows us to make the following definition.

Definition 5.5 (Canonical Decomposition - k& odd). Suppose that (C,{p;}?,) is Ax-
stable with k£ = 2m + 1. Then one of the following holds:

Case II: We have a decomposition
C=KUE/U...UE,UE, . U...UE,,

where each E; is an H,,»-link meeting K at two distinct nodes, say {21, ¢2:i},
and each F} is an H,, »-link, one of whose endpoints meets K in a node, say ¢, ,
and one of whose endpoints is a marked point. If we consider ¢, ..., ¢+ as
marked points on K, then the connected components of (K, {p;}~%, {¢;}:"1%) are
Aj-stable curves with no destabilizing H,, »-chains. We call (K, {p;}7=;, {¢:}:"1*)
the core of (C,{p;}"_,). We will abuse notation by referring to the core (X,
{pi}i=F, {q;}271%) as an Aj-stable curve even though it may have several con-
nected components. In cases II' and I1” below we say that the core of (C, {p;}-,)

is empty.

Case II': (C,p1,p2) is an H,, »-link, whose endpoints are marked points, i.e.

<C7p17p2) = (El u...u ET; q1, QQT)7
where each (E;, ¢2;-1,2;) is an H,, »-chain, attached to each other nodally via
q2i ~ q2i+1-

Case II": (' is an H,,»-link, whose endpoints are identified in a single node,
ie. C = EyU...UE,, where each (E;, ¢2;_1,¢) is an H,,»-chain, attached to
each other nodally via ¢;; ~ ¢2;11 and ¢; ~ go,.

A useful fact, which will be used repeatedly in the following section, is that one de-
compose specializations of A,-stable curves, according to the canonical decomposition
of the generic fiber.
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Lemma 5.6. Let (C — A, {0} ) be a family of the Aj-stable curves, and let
Cr=KUE U...UE.(resp. KUE, U...UEy)

be the canonical decomposition of the geometric generic fiber of C in the case k even
(resp. odd). Possibly after a finite base change, we may assume there exist sections
{r:}7_, (resp. {7;}7"1*) which pick out the attaching nodes E; N K of the canonical
decomposition of the generic fiber. We claim that the limits 7;,(0) are all nodes, and
consequently we may consider the pointed normalization C—C of C along the union of

the 7; and C decomposes as
C=KU&U...U&E(resp. CUE U...UE)

where IC,&,,...,E, (resp. CUE, U...UE,) are families of A,-stable curves with generic
fibers K, Ey,...,E, (resp. KUE,U...UE,).

Proof. In the case k even, the fact that the limit 7;(0) is a node is an immediately
application of Lemma refL:LimitNode. In the case k odd, if £; is an H,, »-link attached
to K at a single node at 7; picks out this attaching node in the general fiber, then the
fact that 7;(0) is a node is again an immediate application of Lemma refLi:LimitNode.

It only remains to consider the case where £, is an H,, ,-link attached to K at two
nodes, picked out by 7; and 7;,;. Let C — C be the normalization of C along 7; and 7,1,
let £ be the connected component of C with F; in the general fiber and let «; and «;
be the preimages of 7; and 7;,; on £. According to Lemma refLi:LimitNode, we only
need to show that o; and «;,; do not collide in the special fiber. If F; consists of more
than two elliptic bridges, then «; and «;,; lie on non-adjacent irreducible components
of £ and hence cannot possibly collide. If F; consists of two elliptic bridges meeting at
a tacnode, then a; and o, can collide only if they collide with the limit of the tacnode;
but this is impossible since the limit of the tacnode must be a tacnode. Finally, if E;
consists of a single elliptic bridge and «; and «;,; collide, then the special fiber of £
would be an arithmetic genus one curve attached to the rest of the special fiber of C
at a single point, a contradiction since the special fiber may not contain elliptic tails.
This completes the proof of the lemma. O

5.2. Characterization of closed points of M, (A}).

Definition 5.7. We say that an A; /A, /A -stable curve (C, {p;}!,) is closed if (C, {p;}";)
is a closed point of M, ,,(A; )/ M,n(Ar)/ Mgn(AS).

Definition 5.8. We say that an Aj-stable curve (C, {p;}},) with k£ = 2m (resp. k =
2m + 1) is maximally degenerate if the following conditions hold:

(1) Every H,,-tail (resp. H,,»-bridge) of C' is monomial.
(2) Every Aj-singularity of C lies on a monomial H,, ;-tail (resp. H,, »-bridge).
(3) The core of (C, {p;}},) is a closed A, -stable curve.
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Remark 5.9.
(1) If (C, {p;}},) satisfies the first two conditions, then the core of C' contains no
Ag-singularities. Thus, the core of a maximally degenerate A,-stable curve is
A, -stable, and it makes sense to require the third condition.
(2) In an almost maximally degenerate A,-stable curve C' (k = 2m + 1), condition
(2) implies that two H,, »-bridges can only meet in nodes. In particular, C only
admits H,, >-chains of length one.

The goal of this section is to prove that an A,-stable curve is closed iff it is maxi-
mally degenerate. One direction, namely that a closed Aj-stable curve must be maxi-
mally degenerate, is contained in the following lemma.

Lemma 5.10. Every A;-stable curve admits an isotrivial specialization to a maximally
degenerate Aj-stable curve.

Proof. First, let us suppose that k& = 2m is even. Given any A,-stable curve (C, {p;}™,),
we claim that it is sufficient to exhibit an isotrivial specialization C' ~ C’, where C’
is an A,-stable curve satisfying (1) and (2). Indeed, if C” satisfies (1) and (2), then we
construct an isotrivial specialization C' ~ C” where C” satisfies (1), (2), and (3) as
follows: If the core K’ of C' is not closed, then there exists an isotrivial specialization
K — A with general fiber K’ and special fiber a closed A, -stable curve. Gluing this
specialization to trivial families of monomial H,,;-curves gives the desired isotrivial
specialization C" ~ C”.

To construct C' ~ (', let ¢1,...,q, € C be the A;-singularities of C' which are not

contained on an H,,;-curve, and let E,..., E; be the nodally-attached H,,;-curves
of C. We define a curve C’ as follows: First, normalize C' at ¢,...,¢. and attach a
monomial H,,;-curve at each of the r points lying above ¢,...,q,. Second, replace

each of the H,,; tails F;,..., E, by a monomial tail. Note that since C’ is naturally
isomorphic to C' in a neighborhood of the marked points, we may consider (C’, {p;},)
as an n-pointed curve. Evidently, (C’, {p;},) is Aj-stable, and we claim that there
exists an isotrivial specialization (C, {p;}I,) ~ (C', {p:}}).

We will construct the desired isotrivial specialization in two steps. First, let ¢;,..., ¢,
be the A,-singularities of C. Consider the trivial family C' x A and let C — C' x A de-
note the normalization of C' x A along U!_,(¢; x A) and let {o;}?_, denote the sections
of C — A lying above the A,-singular locus. Now let C — C denote the blow-up of C
at the smooth points {0;(0)}/_,, and let 5, denote the strict transforms of the sections.

Note that the special fiber C now decomposes as C' U Z; U...U Z,, where each Z; is a
smooth P! meeting C in a single node, with 5;(0) € Z;. Now let C — C' denote the map
obtained by crimping the sections {7;}" ; back to A-singularities. (For the fact that
the limit singularity is again an A;-singularity, cf. the proof of Proposition [9.6])
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Now the family C' is an isotrivial specialization C' ~» CT in which the curve C' has
sprouted H,,-curves at ¢i,...,q,. It only remains to construct an isotrivial special-
ization CT ~» (. For this, it suffices to isotrivially specialize all the H-tails of CT to
monomial H,, ;-tails. More precisely, if

C'=K'UE,U...UE,,

is the core decomposition of C't, then by Proposition [3.11] there exist isotrivial families
Z; — A with generic fiber isomorphic to Z; and special fiber isomorphic to the mono-
mial H,,-curve. Gluing these to the trivial family K x A gives the desired isotrivial
specialization.

The case k = 2m + 1 odd is essentially identical, but we shall sketch the details for
the convenience of the reader. As in the case k even, it suffices to construct an isotriv-
ial specialization C' ~ C’ where C’ satisfies (1) and (2). Suppose that (C,{p;}~,) is an
Aj-stable curve, and let ¢y, ..., ¢, € C be the A,-singularities of C' which satisfy one of
the following two conditions: ¢; is not contained in an H,, >-chain, or ¢; is contained in
an H,, »-chain as the A;-singularity connecting two H,, »-curves. We define a curve C’
as follows: First, normalize C at ¢, ..., ¢, and attach a monomial H,,,-bridge at each
of the r pairs of points lying above ¢, ..., ¢.. Note that this has the effect of replacing
every H,,o-chain of length r by a link of 2r — 1 H,, s-curves. We then define C’ by
replacing each H,, ,-curve by a monomial H,,,-curve. Note that since C’ is naturally
isomorphic to C in a neighborhood of the marked points, we may consider (C’, {p;}! ;)
as an n-pointed curve. Evidently, (C’, {p;},) is Aj-stable, and we claim that there
exists an isotrivial specialization (C, {p;}};) ~ (C'", {pi}?—,)

We will construct the desired isotrivial specialization in two steps. First, let ¢;,..., ¢,
be the set of A;-singularities defined above, and consider the trivial family C' x A and
let C — C x A denote the normalization of C' x A along U]_,(¢; x A) and let {o;,0/}7_,
denote the sections of C — A lying above the A,-singular locus. Now let C — C de-
note the blow-up of C at the smooth points {¢;(0),0/(0)}/_,, and let 7;, 5, denote the
strict transforms of the sections. Note that the special fiber C now decomposes as
CUZ UZyU...UZ. UZ, where each Z; and Z is a smooth P! meeting C in a single
node, with 3;(0) € Z;,5}(0) € Z!. Now let C — C' denote the map obtained by crimping
each pair of sections 7; U o} back to an Aj-singularities. (For the fact that the limit
singularity is again an A;-singularity, cf. the proof of Proposition [9.6])

Now the family C' is an isotrivial specialization C' ~» C' in which the curve C' has
sprouted H,,-bridges at ¢i,...,¢,.. It only remains to construct an isotrivial special-
ization C'* ~ C’. This follows exactly as in the case k even, using Proposition O

Before we can show the converse direction, namely that any maximally degenerate
Aj-stable curve is closed, we will need several lemmas. The first of these should been
as an explicit recipe for doing A, -stable reduction on a family of curves acquiring an
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Ai-singularity. It shows how to replace an A;-singularity by an H,,, 1/ H,, »-curve using
a single weighted blow-up.

Lemma 5.11. ([Fed10, Proposition 7.2]) For any miniversal family X — T of an Ay-
singularity there is an alteration f : T' — T and a weighted blow-up Y — X x7 T’
of the Ai-locus such that Y — T’ is a flat and proper family of curves with at-worst
Ay_1-singularities and such that Y|s-1) — [~(0) is a family of H,, -tails if k = 2m is
even (resp., H,, »-bridges if k = 2m + 1 is odd).

Lemma 5.12. Let (C,{p;}!-,) be an A, -stable curve, and let (K,{p;}},,{q:}!",) be the
core of C, which is defined by considering C as an Ai-stable curve. Then (C,{p;}I,)isa
maximally degenerate A, -stable curve iff (K,{p;}I",{a:}!") is @ maximally degenerate
A, -stable curve.

Proof. We shall prove the lemma in the case & = 2m is even (the proof in the £ odd
case is similar). Let (C — A, {0;}",) be any isotrivial specialization in M,(4; ) and
apply Lemma to decompose the normalization of C along the attaching nodes of
the canonical decomposition of the general fiber:

C=KU&U...E,

where (K, {a;}_,) is the connected component of C containing the core of the generic
fiber and (&1, 41), ..., (&, B-) comprise the H,, ;-tails of the general fiber. To prove the
lemma, we simply need to show that each of the isotrivial specializations (Z;, 3;) is
trivial. Equivalently, that any H,,-curve is a closed point of M,,, ;(A;).

By Lemma 4.14}, H,,; C M,,1(Ay) is closed, s0 H,, 1 N M,,1(Ay) € Moni(Ay) is
closed. Evidently, H,,; N M.,,1(A;) is simply H,, ; minus the unique point correspond-
ing to a monomial H,, ;-curve. By the explicit description of H,,; (Proposition ,
we see that all points of H,,1 N M,,1(A,) are closed in H,,; N M,,1(A;), hence in
Mo (A7), 0

Lemma 5.13. Suppose (C, {p;}7,) is a closed point of M, ,(A;,) curve with no nodally-
attached H,,-tail/ H,, »-bridge (k = 2m/2m + 1). Then (C,{p;}!-,) is a closed point of

Mo (Ak).

Proof. Let (C — A, {0;}1,) be any isotrivial specialization in M, ,(A;) with geometric
generic fiber isomorphic to (C, {p;}7,) and special fiber closed in M, (A;). We must
show that this specialization is trivial. Since we are assuming that (C,{p;}!,) is
closed in M, ,(A;), it is sufficient to prove that the special fiber lies in M, ,(A;), i.e.
has no A,-singularities. Suppose, on the contrary, that the special fiber contains A,-
singularities; we will obtain a contradiction by showing that the generic fiber would
then necessarily contain a nodally-attached H,, ;-tail/H,, ,-bridge (k = 2m/2m + 1).

By induction and Theorem we may assume that M, ,,(A; ) is weakly proper, so
there exists a family (C' — A, {0;},) such that (C")* ~ C* and with central fiber C’
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a closed point of M, (A;). By assumption, the generic fiber of C’ is a closed point
of M, ,.(A;), so the isotrivial specialization C’ must be trivial, i.e. the generic fiber
of C is isomorphic to the special fiber C'. We will compute the A, -stable limit C’
explicitly, and show that if C' contains A,-singularities, then C’ necessarily contains
H,,1-tails/H,, o-bridges (k = 2m/2m + 1).

By Lemma the closed points of M, ,(A;) are maximally degenerate. Thus, all
Ai-singularities of C, say ¢, ..., ¢, lie on monomial H,,;-curves (resp. H,,,-curves),
there are no H,,»-chains, and the core of C' is maximally degenerate as an A,_-stable
curve. We claim that the A, -stable limit is then obtained in two steps as follows.
By lemma there exists (after a suitable base-change) a single weighted blow-
up ¢ : C — C centered over Q- such that ¢~'(¢;) is an H,, -curve. Note that
¢ '(g;) meets the special fiber C in one (resp. two) semistable Ps in the case k even
(resp. odd). Let C — C’ be the blow-down of these semistable P'’s. By Lemma [5 -
(" is maximally degenerate A, -stable curve. Since C’ was obtained by replacing Aj-
singularities by nodally attached H,,1/H,,»-curves, we are done. O

Theorem 5.14 (Closed Points of M, ,,(Ax)). An Ag-stable curve (C,{p;}?,) is maxi-
mally degenerate if and only if (C, {p;},) is maximally degenerate.

Proof of Theorem The fact that a closed Aj-stable curve is maximally degener-
ate follows immediately from Lemma [5.10 It remains to show that a maximally-
degenerate curve (C, {p;}! ) is closed. As in Lemma decompose the normaliza-
tion C of C along the locus of attaching nodes of the canonical decomposition of the
general fiber to obtain:

C=KU&uU...&,

where (K, {a;}!_,) is the connected component of C containing the core of the generic
fiber and (&, 41), ..., (&, B,) comprise the H,, ;-tails (H,, »-bridges) of the general fiber.
Since the monomial H,,;-tail is the unique closed point of ﬁm,l (Proposition
and ﬁml C ﬂm,l(Ak) is closed by Lemma the isotrivial specializations (Z;, 3;)
must be trivial. Thus, to show that the entire specialization C — A is trivial, it only
remains to show that the isotrivial specialization (K, {«;}!_,) is trivial. By hypothesis,
the generic fiber is a maximally-degenerate A, -stable curve with no nodally attached
H,,1-tail (resp. H,,»-bridge). By Lemma it is actually a maximally-degenerate
Ai-stable curve, so the specialization (I, {«;}_,) is trivial, as desired. O

A corollary of this characterization, which will be used in the proof of weak proper-
ness of M, (Ay), is that the isomorphism class of a closed A;-stable curve is uniquely
determined by its core.

Corollary 5.15 (Isomorphism class determined by core). When k is even, the iso-
morphism class of maximally degenerate Ai-stable curve (C,{p;}! ) is determined
by the isomorphism class of its core (K,{q;}/_;). When k is odd, the isomorphism
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class of a maximally degenerate Ai-stable curve (C,{p;}!,) is determined by its core
(K, {p}"=5, {qi}i+*), along with the sequence of integer lengths Iy, ..., of the links of
monomial H,,o curves connecting q¢s;—1 to q2;, and the lengths l,...,l; of the link of
monomial H,, , curves attached at go; ;.

6. DEFORMATION THEORY

Let (C,{p;}-,) be an A,-stable curve. We denote by T'(C, {p;}7_,) the vector space
of first-order deformations of (C,{p;}!~,). The deformation space of (C,{p;}!,) is

Def(C, {p;},) := Spec Sym T (C, {p:}},)";

the formal deformation space of (C, {p;}_,) is

Def(C, {p;}11) := SPf Obet (i}, )0-

Denote by Aut(C, {p;}"_,) the automorphism group scheme of (C,{p;}",) and also,
abusing notation, just the automorphism group. Denote by Aut(C, {p;}_,)° the sub-
group (scheme) of Aut(C, {p;},)° of automorphisms which restrict to the identity au-
tomorphism on the core of C' (Definition [5.2| and Definition [5.5).

In this section, we describe the action of the group Aut(C, {p;}1,)° on T(C, {p;}?,)

and more generally the action of the group scheme Aut(C, {p;}?_,)° on 5&’(0, {pi},).
This prepares the way for the proof of Theorem in the next section, which says
that, formally locally around closed points of M, ,,(A), the reduced closed substacks

Syn(Ar) = Mgn(Ar) N Myu(Ay)
and

Hyn(Ak) = Mgn(Ar) N My (A7)
of M, .(Ay) correspond to the VGIT minus and plus chambers associated to the natu-
ral action of Aut(C, {p;};)° on Def(C, {p;}1~,)-

Note that
Smi(Aom) =Sm1 and  S,,0(Aomyi1) = Simo
and
Himi(Azp) = Hpy and  Hio(Aspir) = Hino.

6.1. First-order deformations. Let (E,q) (resp., (£,q,¢2)) be a monomial H,, ;-
curve (resp., monomial H,,,-curve). Recall that { € E denotes the singular point.
Denote by

LTI(EJQI) (resp" LTI(E7q1aq2>>
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the vector space of first-order deformations of (£, ¢;) (resp., (¥, q1, ¢2)) which induce a

trivial deformation of O, so that there is a short exact sequence
6.1) 0 — LT'(E,q1) — T'(E,q1) — T(Oge) — 0
' (resp., 0 — LTl(E, ¢, q) — Tl(Ea q1,G2) — Tl(@E,E) —0).

(E,q1) (resp., (E,q1,q)) defines a point of M,, 1(Ay,,) (resp., M., 2(As,1)) contained
in ng N ﬁmJ (resp., gm’Q N ﬁmg) which we denote by 0.

Lemma 6.1. With notation as above, the map of tangent spaces

Tgm,ho - Tmm,l(Azm%O (resp., Tgm,Q,O - Tmm,2(142m+1)70)

corresponds to the injective map in the short exact sequence (6.1). The map of tangent
spaces

Tﬂm,lyo - Tﬂm,l(A2m)aO (resp" Tﬂm,QaO - TmmJ(AQerl)aO)
induces a splitting of (6.1) which is equivariant for the natural linear action of Aut(FE, ¢;)
(resp') Allt(E7 qi, QQ))

Proof. The first statement is obvious from the definition. We prove the second. Let
v e {1,2}. Let G := Aut(F, {¢;}}_,)) = G,,. It suffices to show that the composition

- Tﬂ'm,lno - TH7VL,V(A2WL+V71)7O = T1 (E7 {Q’L ZV=1)> - Tl (OE{)

is a G-equivariant isomorphism. The isomorphism H,,, = [A>"**~1/G,,] of Proposi-
tionidentiﬁes Ts,, 0 With Tpemiv1, i.e.

Tﬂm,uvo - G:<a07 s 7a‘2m+1/72>'

On the other hand, noting that char(C) = 0, an easy calculation shows that

T (Ope) =
{SpecCl[z,y,e]]/(y* — ™ — agmyy 267?72 — a9y, 38T VT3 — L — age, €2)
L A2map—2, - -, 0Q0 S C}

We can describe explicitly the universal family of curves C — A?"**~! induced by
the identification H,,, = [A?"*"~1/G,,]. It comes with an action of G,, on C compatible
with the action of G,, on A?"*"~!, Choose coordinates ao, . .., dgmir—2 on A2 =1 Let
Sma1 be the surface obtained by identifying Spec C|z, y] and Spec C[u, v| along D(x) and
D(u) viau =zt and v = 27" !y. (S, is the complement in P(Op: & Op1(—m — 1)) of
the section corresponding to Op: C Op1 @ Opi1(—m — 1).)

If v = 1, C is the subscheme of S,,,; x A2 defined by

2 2m+1 2m—1 2m—2
y —x — Q2m—1T — Qom—2T —.

.. — Qo
and

V2 —u— g 1u® — agm_out — ... — agu®™t2.



WEAKLY PROPER MODULI STACKS OF CURVES 35

The section of C — A?*™ is

u— 0,v—0.
The action of G,, = SpecC[t,t7!] on S,,,; x A* given by
Tt 2z, y > Ty wes P, v e

induces the action of G,,, on C.
If v = 2, C is the subscheme of S,,,; x A?"! defined by

2 2m+-2 2m 2m—1
y —x — QomT T — A2m—1T — Qo

and
V2 =1 — agu® — agym_1u® — -+ — agu™ 2,
The two sections of C — A* are
u— 0,v— £1.
The action of G,, = SpecC[t,t '] on S,,,; x A given by

r—t Tyt Yy e tu, v,

induces an action of G,,, on C.

It follows from the explicit description of the universal curve over A?"*"~! that o
is the identity map in the coordinates described above, in particular an isomorphism.
Moreover, the actions of G in these coordinates are the same (cf. Lemma [6.2] and
Lemma below), so « is a G-equivariant isomorphism as required. O

We start with the case that £ = 2m is even. From Definition|5.2| it follows that there
are three possible cases for the canonical decomposition of a maximally degenerate
Ay, -stable curve (C, {p;}I,):

Case I: (C,{p;}~)) = (KUELU...UE, {p;}",), where for 1 < i < r, E; meets the core
K at a single node ¢; and (£;, ¢;) is a monomial H,, ;-curve, and {p;}}*, C K;

CaseI: C = E, U E, where (E},q) and (Es, ¢2) are monomial H,,;-curves attached
nodally via ¢; ~ ¢33
CaseI": (C,p;) = (E,q) is a monomial H,, ;-curve.

Proposition 6.2. Let (C, {p;}!",) be a maximally degenerate Aj-stable curve with k =
2m.

Case I: There are decompositions

Aut(C {piti,)° = Aut(K, {pi}iey, {aitiz)” x [ Aut(Ei, ;)
=1
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and
THC) = THK, {pi}11, {a:}ia @EB(LT (E;,q:) ® T (Op, ¢, )@EBT (Ocig,)-

For 1 < i < r, let t; be the coordinate on Aut(FE;,q;) = G,, given by the isomor-
phism following Definition Set g := g — rm. There are coordinates

“kore” k= (ki,...  ksg_31ntr) oON Tl(K {pitisi {aitiz)
“erimping”  ¢; = (¢i1,- .y Cim-1) on LT! (EZ, i) for1<i<
“singularity” s; = (Si0,-..,Si2m-1) OR ((’)E &) for1<i<r
“node” n; on ((’)C ) for 1 <i<r
such that the action of [],_, Aut(E;, ¢;) on T'(C,{p:}1,) is given by

kl — ]{71

g = e

Sz’l — t?l_4m_2817l

Case I': There are decompositions

Aut(C)° = [ [ Aut(E;, q)

and
2
THC) = P (LT (Bi0) © T (O, ) ) & T (Ocy).
=1
For 1 < i < 2, let t; be the coordinate on Aut(FE;, q) = G, given by the isomor-

phism followmg Definition [3.10] There are coordinates
c;i = (¢, yCim—1) oON LTl(E,, q) for1<i<2
S; = (Si,07 e 3i,2m—1) on T (OE 51) fOT' 1 < 1 < 2
n on T! (Ocq)
such that the action of Hle Aut(E;, q) on TY(C) is given by
Cig t?lflcz',z

Siy t?l—4m—2

n +— titan.
Case I": In this case (C,p) = (E,q) so
Aut(C,p)° = Aut(E, q)
and there is a decomposition

TY(C,p) = LTY(E, q) @ T (Op¢) & T'(Oc,).

Si,l
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Let t be the coordinate on Aut(E,q) = G,, given by the isomorphism following
Definition There are coordinates
c=(c,...,¢cm1) on LTYE, q)
s = (50,...,59m-1) on T (Ogg)
such that the action of Aut(E,q) on T*(C,p) is given by
o — 141

s t21_4m_281

Proof. We give the proof for case I under the assumption that » = 1. The proof for
arbitrary r is not more difficult and the proofs for cases I' and I” are similar. Write
(E,q) for (E1,q) and set G := Aut(F, q).

The action of G on T' (K, {p;}7,, q) is trivial, since C is nodal at g.

The coordinates specified in the definition of the monomial H,,;-curve induce an

isomorphism O, > C[[z,y]]/(y? — 2*™+!). Fix the following isomorphism T'(Op ) =
(]:@2m:

Spec Cl[z, y,€]]/(y* — 2®™ T — 5916271 — 590222 — . — 508,€7) = (S0, - ., Som_1)-
Then one computes from the definition that the action of G is:
s — 274 m2g for 0<I<2m—1

Choose an isomorphism @cvq = C[[s, u]] such that there is a commutative diagram

Oc,q — Clls, ul}/(su)

| |

O, C[s]]

where the lower horizontal map is the isomorphism induced by the coordinates spec-
ified in the definition of the monomial H,,;-curve. Fix the following isomorphism
Tl(qu) = C:

Spec C|[s, u,€]]/(su — cs, %) — c.
Then one computes from the definition that the action of G is:

c — tc.

From Example 1.111 of [vdW10], one sees that there is the following isomorphism
LTY(E,q) = C®m~-b:

Spec C|[(s + cies® + coes® + ...+ 168 D)2 2™ L s g/ (e)2 - (e, ).
Then one computes from the definition that the action of G is:

q—t?1e for 1<I<m—1.
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O

Next we give the analogous proposition for the case that £ = 2m + 1 is odd. Again,
there are three possible cases for the canonical decomposition of a maximally degen-
erate As,1-stable curve (C,{p;},): see Definition Since the general case II is
notationally complicated, we consider the following special case of II, case II*. We
give the statement of Propositions and and the proof of Theorem only in
case II* but the same argument works for the general case.

Case II*: (C,{p;}",) = (KUE, U...UE, {p;}’,) where for 1 <i < r — 1, E; meets
E;.1 in a node ¢»; = ¢2;11, F1 meets K in a node ¢;, F, meets K in a node ¢,,
and (E;, ¢2i—1,¢2:) is @ monomial H,,»-curve. Set 7; := ¢; for 1 < i <r —1and
Mo ‘= 41, Nr *= q2r-

CaseII': (C,p1,p2) = (E1U...UE, q,q,), where for 1 <i<r—1, F; meets £;,; ina
node ¢; = go;+1 and for 1 < i < r, (E;, q2i-1, g2;) is a monomial H,, »-curve;

CaseIl”: C'= (F,U...UE,) where for 1 <: <r—1, E; meets F;;; in a node ¢2; = ¢2;11,
and F, meets F; in anode ¢, = ¢1, and for 1 < i < 7, (E;, ¢2i—1, ¢2;) is a monomial
H,, >-curve.

Proposition 6.3. Let (C, {p;}_,) be a maximally degenerate Aj-stable curve with k =
2m + L

Case II*: There are decompositions

Aut(C, {p;}71)° = Aut(K, {p; }im1, 1, q2r) X HAUt(Ei, Q2i-1, 92i)

i=1

and

T

THC, {pid) = T it 00 02) D) (U5 goi1,02) © T (O ) 2D T (O

i=1 =0

For 1 < i < rlet t; be the coordinate on Aut(FE;, qzi_1,q2) = G,, given by the
isomorphism following Definition There are coordinates

“kore” k on TI(K> {pi}?:b q1, QZT>
“ecrimping” c¢; on LTYE;, qui_1,q) for1 <i<r
“singularity” s; on T'(Opg,y) for 1 <i<r

“node” n; on Tl(@am) for0 <i<r
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such that the action of [],_, Aut(E;, gai—1, qa:) on T'(C, {p:}1;) is given by

kl — kl

cii — they

Sip ti‘*Qm*Q il
n; — titi+1ni.

Case II*: There are decompositions

Aut(C {pi}i=1)° = Aut(K, {p:}ioy. ¢1s Gor) ¥ HAUt<Ei> G2i-1, 42i)

i=1

and
THCAPYL) = T AP 41, 0o DD (LT (B aic1.420) © T (O ) oD T'(Oc)
i=1 =0

For 1 < i < rlet t; be the coordinate on Aut(E;, qs;1,q2) = G,, given by the
isomorphism following Definition There are coordinates

“1(07'6” k on Tl (K7 {pi}?:b q1, QZT>
“crimping” ¢; on LT'(E;, qoi-1,q2) for 1 <i<r
“singularity” s; on T'(Opg,y,) for1 <i<r
“node” n; on TYOcy,) for0<i<r
such that the action of [[,_, Aut(E;, qai1, g2) on T'(C, {p;},) is given by
/{Zl — k?l
cip — tey
Siy té_zm_Qsi,z
n; = Litian.

Case II': There are decompositions

Aut(cv plvp?)o = H Aut(EZa q2i—1, q22)

=1
and
r r—1
T(C,p1,p2) = EP (LTl(Eu 2i-1,q2;) D Tl(oEi,&;)> o @P T (Ocy)
i=1 i=1

For 1 < i < r, let t; be the coordinate on Aut(FE;, q2;i_1,q2) = G,, given by the
isomorphism following Definition There are coordinates

ci=(Cit,- -1 Cim-1) ON LTI(/\EiaQQi—lqui) for 1<i<r
S; — (CLL(), PN ,aivgm) on TI(OE“&) fOT‘ 1 < 7 < r
n; on TYO,,) for 1 <i<r—1
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such that the action of [],_, Aut(E;, gai—1, qa:) on T'(C,p1, p2) is given by

!

cig — licy
[—2m—2

Sip 1 Sil

n; > titin;.

Case II": There are decompositions

Aut(C)° = H Aut(E;, g2i—1, q2)

=1

and

@ (LT Ezaq21 1, q22) @T (OE i ) ®@T OC%Z)

For 1 < i < r, let t; be the coordinate on Aut(FE;, qzi—1,q0) = G, given by the
isomorphism in Definition There are coordinates

¢ = (¢i1y-- rCim-1) on LT! Q\Eu Qi-1,q2) for1 <i<r
S; = (Si,07 RN Si,2m> on ((?\ FE; & ) for 1 g 7 § T
n; on T'Y(O,,) for 1 <i<r
such that
cip — ey
Si,l — té_2m_28i7l
n; +— titian;

where t,,1 := t;.

Proof. We give the proof for case IT* under the assumption that » = 1. The proof for

arbitrary r is not more difficult and the proofs for cases IT' and I1” are similar. Write
E for F, and set G := Aut(E, ¢1, ¢2).

The coordinates specified in the definition of the monomial H,,,-curve induce an

isomorphism Op ¢ = C[[z,y]]/(y? — 2*™*2). Fix the following isomorphism T'(Op ) =
C®2m+l:

SpecC[[z,y, €]/ (y* — 22 — 59ex®™ — o122 — ... — 505,€2) = (S0, .. ., Som).

Then one computes from the definition that the action of G is:

s =t 2 for 0<1<2m
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For i = 1,2, choose an isomorphism O¢, = C|[s;, u]| such that there is a commuta-
tive diagram
Oc,q, — Cllsi, ul]/(siu)

| |

Ok, Cllsill

where the lower horizontal map is the isomorphism induced by the coordinates spec-
ified in the definition of the monomial H,,s-curve. Fix the following isomorphism

T'(Ocy,) = C:

Spec C[[s;, u, €]]/(siu — nie, €2) — n;.
Then one computes from the definition that the action of G is:
n;—tn; for 1<i<2
From Example 1.112 of [vdW10], one sees that there is the the following isomor-
phism LT'(E, q1, g2) = C¥m~1):

SpecCls; + 1652 + ... 1687 @ 59,87 @ 0,..., 2" @ 0,0 sy, ..., 0@ s ]/ (e)?
— (€1, ey Ce1)

Then one computes from the definition that the action of G is:

aq—te for 1<I<m-—1.

6.2. Formal deformations.

Lemma 6.4. Let [ : X — ) be a map of algebraic stacks, x a C-point of X, y its image
in Y, and suppose that f is stabilizer-preserving at x. Set G := G, = G,. Given a
miniversal deformation 1) : Sptf B — Y of y, define Spf A by the 2-Cartesian square

Spf A—— Spf B
le iw
X V.

Then 6 : Spf A — X is a miniversal deformation of x and the map Spf A — Spf B is
equivariant for the actions of G on Spf A and Spf B induced by 6 and 1.

Proof. The proof is straightforward: cf. [Alp10]. O

Proposition [6.5 and Proposition 6.7 below will be used in the proof of Theorem
in the next section.
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Proposition 6.5. Let (C,{p;}!,) be a maximally-degenerate As,,-stable curve in case
I (see Proposition [6.2). Set

A:=Clk,c1,...,Cr,S1,...,Sr, N1, .., 0]

There is a miniversal formal deformation v : Spf A — M, ,.(Ax) of (C, {pi}7,) such that
there is a 2-cartesian diagram

Spf A/ Ni_; (s;) Spf A Spf A/ Ni_ (ci,n;)

; A |

gg,n (A2m) . Mg,n(AZm) ’ ﬁ9,71(142m>

and the action of the group scheme Aut(C, {p;}?_,)° on [/)e\f(C, {pi}~,) induced by 1) coin-
cides with the action induced by the action of the group Aut(C, {p;}7_,)° on T (C, {p;}7_,)
described in Proposition |6.2,

Proof. Let G := Aut(C, {p;}I,)° = [[._, Aut(E;, ¢;). Choose a miniversal formal defor-
mation ¢ : Spf A’ — M, ,(Aay) of (C, {p;}7,). Let C' — Spf A’ be the corresponding
family of curves. Let Spf S/ be the formal closed subscheme of Spf A" where the A,,,-
singularity ¢; is preserved in C’ (1 < i < r). Let Spf H/ be the formal closed subscheme
of Spf A’ where the node ¢; is preserved in C’ and the induced deformation of (F;, ¢;) is
a family of H,, ;-curves (1 < ¢ < r). Clearly there is a 2-cartesian diagram

Ui_, Spt S; Sptf A’ U;_, Spt H

l Uie1¥; l ¥’ l Uis1 95

3g,n (A2m) - Mg,n (A2m) - ﬁg,n<A2m)-

We claim that we can choose an isomorphism Spf A — Spf A’ such that for 1 < i < r,
the base change of Spf S} is Spf A/(s;) and the base change of Spf H! is Spf A/(c;,n;)
and in addition the action of G on Spf A is as claimed.

Let S, = A’/I] and H] = A’/J!. The inclusions Spf S, — Spf A" and Spf H; — Spf A’
are equivariant with respect to the actions of G induced by ¢, ¥’ and ¢, by Lemma[6.4]

There is a commutative diagram of equivariant exact sequences

0 I ma ms; 0

|

2
()4>[1(/m14/[{4>m14//mi, 4>m5;/m5§ —0

|- - _

0 Tl(@Eivfi)v Tl(CJ {pi ?:1)\/ Téz 0.
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The second row is exact on the left because A’ and S/ are both formally smooth. All
the maps are equivariant.

By Proposition we can choose, for 1 < i < r, a basis s} = (s],...,5},, ;) for
T'(Og,¢,)" such that the action of G is

/ 2l—4m—2 1
50— 1 Sit

Choose an equivariant section o; : Tl(@Ei,gi)V — I} and, abusing notation, write s;
also for the image of s}, under o;,. By Nakayama’s Lemma, s;, ..., s},,,_; generate I .
Recall from Lemma [6.1|that for 1 < ¢ < r there is an equivariant inclusion
LT (Ei )" — THC Apidin)”

There is a commutative diagram of equivariant exact sequences

0 J! ma Ms; 0
0—>JZ//mA/JZ/ mA//mi/%mSZ/mQSQHO
0—=LT"(E:, ¢)" ® T (Ocy,)” — THC Api}i)) T, 0.
Therefore, using Proposition [6.2] and using an equivariant section as above, we can
choose, for 1 < i <, c; = (c}y,...,¢,, ;) and nj such that J; = (c},n}) and the action
of G is
¢y — t?l_lc;l n;, — tn;.

The subset S := {c},...,c/,n},...,n. s}, ...,s.} of T'(C,{p;}7,)" is linearly inde-
pendent. Choose £/, .., k7, where g := g — rm such that S U {k}, ..., k} is a basis and
the action of G is

Choose an equivariant section ¢ : T*(C, {p;}?~,)" — m. and, abusing notation, write
k| also for the image of kj under o. Define a map A — A’ by

ni — n; Ciy — n; — n; Sig — Sk

This is a local homomorphism inducing an isomorphism A/m?% — A’/m?, and there-
fore an isomorphism. 0

Remark 6.6. Similar descriptions can be given for cases I’ and I”.

Proposition 6.7. Set m = 1. Let (C,{p;}!,) be a maximally degenerate A,,,-stable
curve in case 1I* (see Proposition [6.3). Set

A:=Clk,c1,...,Cr,S1,.-.,S:, N0, -, Ny]-
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There is a miniversal formal deformation v : Spf A — M, .(Ax) of (C, {p:}?,) such that
there is a 2-cartesian diagram

Spf A/ NI_; (s)) Spf A Spf A/ Nyves Juw

] | |

3g,n (A2m+1 ) : M

Mg (Asmi1) = Hyn(Asmir)s

where S = {u,v: 1< pu<[L],0<v<r—2u+1}and

r
2
Ju,u = (nua Cu+1,S042,Co43, - -+, Sp42u—2, Co42u—1, ny+2u—1))

and the action of the group scheme Aut(C, {p;}!_,)° on I/)e\f(C’, {pi}?-,) induced by 1 coin-
cides with the action induced by the action of the group Aut(C, {p;}*_,)° on T*(C, {p:}",)
described in Proposition |6.2,

Proof. The proof is similar to the proof of Proposition Let G := Aut(C, {p;}}-,)° =
[T;_, Aut(E;, ¢;). Choose a miniversal formal deformation ¢’ : Spf A’ — M, ,,(Asmi1)
of (C,{p;},). Let C" — Spf A’ be the corresponding family of curves. Let SpfS; be
the formal closed subscheme of Spf A" where the A,,, . -singularity &; is preserved in
C' (1 <1< r). Let Spf N/ be the formal closed subscheme of Spf A’ where the node 7; is
preserved in C’ (0 < ¢ < r). Clearly there is a 2-cartesian diagram

Ui, Spt S; Spf A’ U,es SPEH,,,

\Luf_lag li/’/ \LU;L,VES‘?L,V

gg,n(A%z) - Hgm(A?m) D ﬂg,n(A?Tn)v

where

m—1

Spf H},, = Spf N, N Spf N5, 1 1 (1) SpE S,y 000

=1
Now argue as in the proof of Proposition this time using Proposition that we
can choose an isomorphism Spf A — Spf A’ such that for 1 < ¢ < r, the base change
of Spf S/ is Spf A/(s;) and the base change of Spf N/ is Spf A/(n;) and in addition the
action of G on Spf A is as claimed. O

We believe that Proposition is valid also for m > 1 but there are some further
details to verify in this case.

Remark 6.8. Similar descriptions can be given for cases II' and II".
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7. LOCAL VARIATION OF GIT

In this section, we calculate the plus and minus variation of GIT chambers for the
action of the automorphism group on the deformation space of a maximally degen-
erate curve in M, ,(A;) The main result is Theorem @L which states vaguely that
the minus and plus GIT chambers cut out formally locally the closed loci S, ,,(A;) and

Hgn(Ag).

7.1. Variation of GIT. Let G be a linearly reductive group scheme over C acting on

an affine X = Spec A finite type over C. Let 0 : A — I'(G) ® A denote the dual action.

Let x : G — G,, = SpecC[t]; be a character. For an integer n, define
An={fe€Ala(f)=K"1)"}

Note that A, = A®. Define V~ and V* to be the reduced G-invariant closed sub-
schemes of X defined by the ideals

I"=(feA|feA,forn<0),
I"=(feA|feA,forn>0).

We define X~ = X NV~ and X* = X \ V' be the G-invariant open subschemes; of
course, these depend on the character y. Then it is easy to see (see [DHI8] or [Tha961])
that that there is a commutative diagram

X¢ X X+

| l |

PI‘Oj ®n20A(—n) = X_//GHX//G — SpecAG<—X+//G = PI‘Oj @nzoAn

where the vertical arrows are good GIT quotients. Note that the induced morphisms
X~ — X and X* — X are open immersions while X~ //G — X//G and X*//G —
X/ /G are projective.

We will also use the following stack-theoretic language: set X = [X/G], X~ = [X~/G]
and X = [X/G|. We have a commutative diagram

x=¢ X O x+

L]

X°//G—=X//G—X"//G
where the vertical arrows are good moduli spaces.

Remark 7.1. The character y induces a G-linearization £, of the structure sheaf Ox.
The semi-stable locus X7 (resp., XZE) is identified with X (resp., X ).
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Proposition 7.2 (Affine Hilbert-Mumford criterion). Suppose G is a linearly reduc-
tive group scheme over C acting on an affine scheme X = Spec A finite type over C. Let
X : G — G, be a character. Let x € X(C). Then © € V~ (resp., x € V) if and only if
there exists a one-parameter subgroup \ : G,, — G with y o X > 0 (resp., x o A < 0) such
that lim,_ A(t) - x exists.

Proof. Suppose there exists a one-parameter subgroup A : G,, — G with Yo A > 0
such that lim; o A(¢) - = exists. Let f € A satisfy o(f) = x*(¢)"f for n < 0. Then under
G — X,t — A(t) - 7, the function f pulls back to t"x*) f(z). Since the limit exists and
n(xoA) <0, f(r) =0. Therefore z € V.

Conversely, let © € V~. Consider the induced action of G on Spec Aly| via y — (x*t)y.
(This is precisely the G-line bundle over X corresponding to x.) Then O(z,1) N {y =
0} # 0. Otherwise, there would exist a function f € A[y] with f(x,1) # 0 and f(x,0) =
0; by writing f = > f.y", we see that for some n > 0, f, — (x*t)™"f, and f,(z) # 0,
which contradicts x+ € VV~. Therefore, in the closure of the G°-orbit of (z,1) there
is a point (zo,0) with closed orbit with =, # 0. By the Hilbert-Mumford criterion
([Mum65, Theorem 2.1]), there exists a one-parameter subgroup A\ : G,, — G such
that lim; g A(¢) - (z,1) = (20,0). This gives the desired one-parameter subgroup. The
V* case is similar. O

Lemma 7.3. Let G; be linearly reductive groups acting on affine schemes X; and y; :
G; — G,,be characters for i = 1,...,n. Consider the diagonal action of G = [[, G, on
X =11, X; and the character [ [, x; : G — G,,,. Then

V_:UXIX"'X‘/Z'_X"'XXTL
=1

V+:UX1x...x‘/i+x...xXn
=1

Proof. This follows from Proposition 7.2 O

Lemma 7.4. Let G be a linearly reductive group scheme over C acting on an affine
X = Spec A finite type over C. Let x : G — G,, be a character. Let Z C X be a G-
invariant closed subscheme. Then with respect to the character x, we have Z— = X NZ
and Zt =X"NZ.

Proof. Clearly Z— C X~ NZ. Let I C Abe the invariant ideal defining Z. If we consider
the induced action of G on Spec A[y| where y — x*ty, then since G is linearly reductive
Ayl — (Aly]/ DY = (A/I[y])¢ is surjective. Let 2 € Z~ and f € A/I with f — *tif
for d < 0 with f(z) # 0. It follows that there exists a lift f € A with f+—> X*tdffor d<0
with f(z) # 0so z € X. The Z* case is similar. O
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Now we will analyze the V'~ and VV* chambers for the natural action of Aut(C, {p;}?_,)°
on the first order deformation space Def(C, {p;}_,) in a sequence of successively more
general cases.

7.2. The case of a monomial #,, ,-curve/H,, .-curve. If k = 2m (resp., k = 2m +1),
let (E,q) (resp., (£, ¢, ¢2)) be the monomial H,, ;-curve (resp., H,, o-curve) as specified
in Definition [3.10] By Section [6, we can write

Def(E, Q) = SpeC C[SU, cee 3 Sk—1,C1,5- - - ,Cm,d

where s = (sq, ..., s;_1) are the “singularity” coordinates and ¢ = (¢4, ...,¢,,_1) are the
“crimping” coordinates. The action by Aut(E,q) = G, (resp., Aut(F, ¢1,¢2) = G,,) is
given by:

Lemma 7.5. For the monomial H,, -curve (E,q) or monomial H,,s-curve (E,qi,q2)
and with notation as above, we have

V- :V(S) = V(So, ey Sk—l)
VTt =V(c)=Vi(er,...,Cm 1)

Proof. This is immediate from the definitions of V= and V' *. O

7.3. The case of an H,, ;-link. In this section, we handle the special case of an H,, »-
link when £ =2m+1isodd,n =0and C = KUE;U---UE, as in case II* in Proposition
6.3l Recall that we can write

Def(C) = SpecCls1,...,S/,C1, .., CryNg, - -, Ny

where the s; are the “singularity” coordinates, the c; are the “crimping” coordinates
and n; are the “node” coordinates. The action by Aut(C)° = GJ, is given by:

ng + t1ng
2(i—k—1) 2i—1
Sji b t; Sji Cji b Cy n; — titi1ng, ki — k;
I
Lemma 7.6. With the above notation,
r r—2u+1
- _ + _
v ={JVv(s) vi=U U Ve
j=1 pu>1 v=0
where V,u,u = V(Tl,,, Cot1,8042,Cpy3y -+ -5 Sv42u—2, Cot2u—1, nu+2,u71)-

Remark 7.7. For instance, V; , = V(n,,c,41,np41) and Vo, = V(n,, Cui1, Sut2, Cops, Nuts)-
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Proof. We will use the Hilbert-Mumford criterion of Proposition For the V™ case,
suppose for z € Def(C) that for some j, s;(z) = 0. Set A = (§) : G,, — G, =
[T;—; Aut(E;, g2i—1,q2;). Then lim; o A(t) - = exists so x € V. Conversely, let A = (\;)
be a one-parameter subgroup with )\, > 0 such that lim, ., A(¢) - = exists. Then for
some j, A\; > 0 which implies that s;(z) = 0.

For the V* case, the inclusion D is easy: suppose that z € V,, for p > 1 and v =
0,....,7—2u+ 1. Set

A=(0,...,0,-1,1,-1,...,1,-1,0,...,0 )
—— \ s ——
v 2p—1 r—2pu—v+1
Then > A\, = —1 and lim;_ A(¢) - = exists so z € V*. For the C inclusion, we will

use induction on r. If r = 1, then clearly V* = V(ng,ci,n1). For r > 1, suppose
z € Vtand A = (\) : G,, — O], is a one-parameter subgroup with Y |, A\, < 0 such
that lim, .o \(¢) - = exists. If A\, > 0, then Z;: As < 0 so by the induction hypothesis
zxeV,,forsomep>1landv =0,...,r —2u. If A\, <0, then we immediately conclude
that n,(z) = c.(x) = 0. If \,_1 + A\, < 0, thenn,_1(x) =0soz € Vi, 1. If \,1 +
Ar > 0, then \._; > 0sos, ;(z) = 0. Furthermore, Z;;f As < 0 so by applying the
induction hypothesis and restricting to the locus V(n,_5,s,1,¢,_1,7,-1,8,, ¢, n,.), We
can conclude either: (1) x € V,, for p > land v = 0,...,r —2u — 1, or (2) =z €
V(ny—py—4,Cr—p—3,Sr—py—2,Cr—py—1,- - . ,Sr—3,C,_2) for some ;1 > 1. In case (2), since s,_(z) =
c.(x) =n.(x) =0,wehave x € V41, 4. O

Remark 7.8. The chamber V™ is the closed locus in the deformation space where an
Ap-singularity is preserved. The chamber V' is the closed locus of curves containing
an H,, >-chain.

7.4. The general case. Let (C, {p;}_,) be a maximally degenerate A,-stable curve.
Consider the action of Aut(C, {p;}",) on Def(C, {p;}’,) described in Section Let

X Aut(C {pi}it,)” — G

be the character which is the product of the natural characters on the monomial H,, ;
and H,, .-subcurves and trivial on the core (see Definition |5.2).

Let V~ and V' be the reduced closed subschemes of Def(C, {p;}!,) defined by the
character x°.

Let Spf A — M,..(A;) be a miniversal deformation space of (C, {p;}1,). We can iden-
tify A with the completion of the origin in the 1st order deformation space Def(C,
{pi}~,). Define the closed formal subschemes 3~ and 3" of Spf A as the cartesian
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products

(7.1) 3 Spf A<—3"F

L

V=C Det VT

Recall that S, ,,(Ay) = M, ,(Ax)~M, (A} ) is the locus of curves with an A,-singularity
and H,,(A;) = Myn(Ar) ~ M, ,.(Af) is the locus of curves containing an H,, ;-tail
(resp., H,,2-chain) if k£ = 2m or H,,»-chain if k = 2m + 1.

Theorem 7.9. Let (C,{p;}!",) be a maximally degenerate Aj-stable curve with k < 4.
With the notation above, there is a cartesian diagram

37— SpfA~—3"

| | |

3g,n (Ap)— mgm (Ar) <—)ﬁg,n (Ar)

Proof. We split the proof into the cases according to the canonical decomposition of
Definition 5.2

Casel: C = KUFE,U---UE, where (Ez, ¢;) is an H,, ;-tail. By Lemma [7.3] we may

assume r = 1. By Proposition 6.5, the miniversal deformation space is A
C[[k, c, s, n]] with the action of Aut (C) G, given by

S; t2(zik71)51 — tzzilCi n tn, ]{Zz — ]{Zz

where the s = (s1, ..., s,_1) are the “singularity” coordinates, the c = (¢1,...,¢pn_1)
are the “crimping” coordinates, the n variable is the “node” coordinate, and the
k = (k;) are “kore” coordinates.
We see that V= = V({s;}*=}) which defines the closed locus in the deforma-
tion space where the Aj-singularity is preserved. On the other hand, V* =
V(n,{c;}*7") defines the closed locus in the deformation space where an H,, ;-
tail is attached at a node.

CaseI': C = E,UE; where (Ey, ¢;) and (E», ¢2) are H,, ;-tails. We have A Cl[s1, s2, €1,

Co, n“ with S; = (Sj’(], R Sj’kfl) and C; = (C]"l, R 7cj,m71) fOI‘j = 1, 2. The action
of Aut(C)° = G2, is given by

Sji t 2(i—k— 1) Sji Cjit— t?iilcj"i n+— tltgn
Let z € Def(C). If A = (I3, 15) : G,, — G2, is a one-parameter subgroup with /; > 0
such that lim, .o A(¢) - « exists then s;o(z) = -+ = s;,-1(x) = 0. Conversely, if
sjo(z) =---=sj5-1(x) =0forj =1,2,then A = (1,0)if j =lor A = (0,1)if j = 2

is a one-parameter subgroup such that lim; ., \(¢) - = exists. By Proposition
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V™ = V({51 120) UV ({s2:}52,) which corresponds in the deformation space to
where one of the two A,-singularities is preserved.

Let x € Def(C). If A = (Iy,l5) — G2, is a one-parameter subgroup with [; +1, <
0 and /; < 0 such that lim, ., exists, then n(z) = ¢;1(z) = -+ = ¢jm_1(z) = 0.
Conversely,ifn =c¢j; =+ =¢j -1 =0,then A\ = (—1,0)if j =1or A = (0, —1) if
j = 21is a one-parameter subgroup such that lim,; ., \(¢)-z exists. By Proposition
Vt =V(n,{c1: "YUV (n, {coi} ;") which corresponds in the deformation
space to where the node is preserved and one of the components is an H,, ;-tail.

Case I”: This is Lemma [7.5]
Case II*: C = KUE | U---UE,UFU- - -UF; where (E;, g2;_1, ¢2;) is an H,, »-link intersect-

ing K at two nodes ¢;_1,q2 € C and (F;,r9_1,79;) is an H,, »-link intersection
K at anode r;,_; € C' and r,; is a marked point.

By Lemma 7.3} it is enough to consider the case when either r = 1,s = 0
orr = 0,s = 1. The case of r = 1 and s = 0 is the example worked out
in Lemma the addition of marked points in the present situation doesn’t
affect the calculation of Lemma(7.6] If r = 1, s = 0, the action of Aut(C, {p;},)*
on Def(C, {p;}I~,) is precisely the action given in Section restricted to the
closed subscheme V' (n,,;) = 0. This case therefore follows from Lemmas
and[7.6]

CaseII': (C,p1,p2) = (E1U...UE, q1,q), Where for 1 <i<r—1, F; meets £;,; ina

node ¢; = ¢o;+1 and for 1 < i < r, (E;, q2i-1, q2;) is a monomial H,, ,-curve.

The action of Aut(C, {p;}!,)° on Def(C, {p;}~,) is the action given in Section
restricted to the closed subscheme V' (ng,n,,1) = 0 so this case follows from
Lemmas 7.4 and [7.6l

CaseII"”: C' = (E1U...UE,) where for 1 <i <r—1, F; meets F;;; in anode ¢3; = ¢2;+1,

and E, meets £ in anode ¢ = ¢1, and for 1 <i < r, (E;, ¢2;-1, ¢2;) is a monomial

H,,»-curve. We have A = C[[s¢,...,S;-1,Co,- -, Cr_1,N0, - - . , Nr—1]] With the action
of Aut(C)° = CG!, given by:
2(i—k—1 2i—1
sia T sy Cji ot gy ni v titian,

where subscripts are taken modular the integer ». We claim that

’—%] r—1

Vo= U V(s;) vi=J UV

pn>1v=0

where V,, = V(n,,Cot1,S042,Cot3, - -, Sur2u—2, Corou—1, Mwt2u—1) (Where the sub-
scripts are taken modular r). (We note that if  is odd and ¢ = (r + 1)/2, then
v+ 24 — 1 = v so that the coordinate n,5,_1 in V), is redundant.)

The V™ case is straightforward and the containment D for the V' case follows
as in the proof of Lemma from choosing an appropriate one parameter
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subgroup. For the inclusion C, let x € Def(C, {p;}"_,) and suppose A\ = (\;) :
G,, — Cl, is a one-parameter subgroup with >.'_\ A, < 0 such that lim; .o \(t)-z
exists. After possibly reordering, we may assume that \j + \; < 0 and )\ < 0.
In particular ng(xz) = ¢y(z) = 0. If \g + \,—1 < 0, then = € V;,_,. Otherwise,
Mt -+ N2 <0 If \,_; <0, then \{ +---+ \._; < 0 so by restricting the
locus n,_1 = sy = ¢g = ny = 0 and by applying Lemma we see that x €V, ,
for some p, v. Otherwise, A\,_; > 0sos,_i(z) = 0.

We have reduced to the case where \j + \; < 0, \y < 0 and \,_; > 0 so that
no(x) = co(x) = s,_1(x) = 0. By restricting to the locus n, o =s,_ 1 =c,_1 =8¢ =
¢o = no = 0 and applying Lemma [7.6] we have four cases:
(@zeV,,forp>land 1 <v < (r—2)—2pu.

(b) T € V(Cl, 82, ...,82,-2,Cou—1, nzu,l) for M >1 with 2/,6 —1l<r—2.

() z € V(ny—2u-1,Cr—24,52,...,8-3,¢—2) for 1 < v < r —3 for p > 1 with

2u—1<r—2.2u—1

(d) ris even and x € V(cy,S2,...,8,_3,Cr_2).
Case (a) is ok. In case (b), x € V,( since ny(z) = 0. In case (¢), z € V11,241
since s,_1(x) = co(x) = no(xz) = 0. In case (d), z € V5 since s,_1(z) = co(x) =
no(x) = 0.

O

8. ETALE LOCAL PRESENTATIONS BY GIT CHAMBERS
The goal of this section to prove Theorem |8.3| which states that the inclusions

correspond étale locally around closed points in M, ,,(4},) to variation of GIT chambers
on the deformation space. The theorem will follow from the algebraization result
Proposition [8.1]and the formally local statement Theorem

Proposition 8.1. ([Alp10, Theorem 3]) Let X be an algebraic stack of finite type over
C. Suppose X is a quotient stack | X/G], where G is a connected algebraic group acting
on a smooth and separated scheme X. If x € X(C) has linearly reductive stabilizer,
there exists a locally closed G -invariant affine W — X with w € W such that

(W/G.] — [X/G]
is affine and étale.

Corollary 8.2. Let X be an algebraic stack finite type over C. Suppose X is a quotient
stack [X /G|, where G is a connected algebraic group acting on a smooth and separated
scheme X. If x € X(C) has linearly reductive stabilizer, there is an affine scheme
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W = Spec A with an action by the stabilizer G, a closed G -invariant point w € W
and a commutative diagram

8.1) Def () f W = [W/G,]
X / \[Def(ﬂf)/ G,
WG
\Def(ﬂf)/ /G
such that

(1) There is an isomorphism ]Se\f(x) — Spf 6W,w inducing jand foj: 5e\f(ac) — X
is a miniversal deformation space of x,

(2) f isétale, affine, and stabilizer preserving at x with f(w) = x,

(3) (W/G,] - W//G, and [Def(x)/G,|] — Def(x)//G, are good moduli spaces,

(4) g is affine, étale, stabilizer preserving and saturated (in particular, g maps
closed points to closed points), and

(5) the right parallelogram is cartesian.

Proof. Proposition gives the existence of an affine scheme W = Spec A with a
G-action, a closed GG, -invariant point w € W and a morphism

f :[SpecA/G,| — X

which is étale and affine. Furthermore, f(w) = x and f is stabilizer preserving at
w. The maximal ideal m C A corresponding to w is GG.-invariant which induces a G-
representation m/m?. Since G, is linearly reductive, there exists a splitting m/m? — m
of the surjection m — m/m?. The inclusion m/m? — m C A induces a morphism on
algebras Sym* m/m? — A which is G,-equivariant which in turns gives a morphism

g [Spec A/G,] — [Det(z)/G,]

such that g(z) is the origin, g is étale at = and stabilizer preserving at z. Therefore
we have a commutative diagram as in (8.1) where (1) and (2) satisfied. By [Alp10,
Theorem 6.10], we may shrink Spec A by choosing an affine saturated open of Spec A
containing w such that the parallelogram is cartesian and g is étale which establishes
(3) = (5). O

Theorem 8.3. Let v € M, ,,(Ax) be a closed point for k < 4. There exists a morphism

g
f:W = [SpecA/G,| — M, ,(Ar) where G, acts on an affine scheme Spec A fixing a
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point w with f(w) = x, @ morphism g : W — [Def(x)/G,| and a commutative diagram
(8.2) W-——— W = [Spec 4/G,| <— W+

| | |
M (A)) = My (Ap) < Mga(4)
such that

(1) f is étale, affine aﬁci stabilizer preserving at w,

(2) the induced map Def(z) — M, ,(Ax) is @ miniversal deformation space,

(3) the squares are cartesian,

(4) there exist good moduli spaces W — Y = Spec A%, W~ — Y~ and W+ — Y+
and a commutative diagram

W-——=W = [Spec A/G,| <— W+

| | |

Y~ Y Y+

with Y~ — Y and Y — Y projective,

(5) the morphism g is affine, étale, stabilizer preserving and saturated, and

6) g7 ([VT/G,]) =Wt and g ([V~/G,]) = W~ where V~ and V' are the open GIT
chambers of the deformation space Def(z) given by the character x : Go — G,
defined in Section

Proof. Since the stack M, ,(A;) is smooth and parameterizes canonically polarized

curves, we may apply Corollary to find morphisms f : [Spec A/G,] — M, ,.(Ax)

and g : [Spec A/G,] — [Def(z)/G,] giving a diagram as in (8.I) such that[8.2(1)—8.2(5)
are satisfied. In particular, (1), (2) and (5) in this theorem are satisfied.

Let V-, V* — Def(z) and 37,3" — Spfﬁ be as in Diagram . By Theorem
fHS,n(Ar)) and g~ Y[V~ /G.]) (resp., f1(H,.(Ar)) and g~ ([VT/G,])) are closed sub-
stacks that agree in a formal neighborhood of w. Therefore, they agree in a Zariski-
open neighborhood. We may restrict to a saturated G,-invariant open affine neigh-
borhood of w in Spec A giving a diagram as in still satisfying[8.21)—8.2(5) and
such that

FH(Sgn(Ar) = g ([V7/Ga)),
F (Hyn(A) = g ([VT/Gal).

This establishes that there exists the desired diagram (8.2) satisfying properties (1) —
(3). Furthermore, by variation of GIT on Def(z) with respect to x (see Section|7.1), we
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have a commutative diagram

(V™) Ge]— [Def(2) /G| <[V /Gl

| | |

V7 //Ge —=Def(z)//Ge =—— V7] /G,

where the vertical arrows are good moduli spaces and the morphisms Def™ //G, —
Def //G, and Def" //G, — Def //G, are projective. Base changing this diagram by
Spec A% — Def / /G, gives properties (4) and (6). O

9. WEAK PROPERNESS OF M, (A} ), M. (A1), My (A))

In this section, we prove our main theorem.

Theorem 9.1. For k = 2,3, 4, the stacks M, ,(A;), M,..(Ay) and M, .(A]) are weakly
proper.

The proof is by induction. Since
mg,n(AQ_) = Mgm
is weakly proper, it suffices to show that
M, .(A;) weakly proper = M, ,(A;) weakly proper

and

M, (Ay) weakly proper = M, (A;) weakly proper.
These implications are proved in the following two sections as Theorem [9.5/and The-
orem respectively.

9.1. M,.(A,) weakly proper — M, ,(A;) weakly proper.

Lemma 9.2. Suppose C — A, {0;}, is an isotrivial specialization in M, (A}) satis-
fying

(1) the generic fiber is a closed point of BQW(A,; ),

(2) the special fiber is a closed point of M, (A).

Then the core of C5 is isomorphic to the core of Cj.

Proof We will prove the lemma in the case £ = 2m is even (the case when £ odd is
essentially identical.) Let C; = K U E; U ... U E, be the canonical decomposition of
the geometric generic fiber. By Lemma the limits of the attaching nodes of the
canonical decomposition are again nodes. Let C — C denotes the normalization of C
along this locus of nodes, so we have

C=KU&EU...UE,
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where K and &; are isotrivial specializations with generic fiber K and E; respectively.
Since K is a maximally-degenerate A, -stable curve with no nodally attached H,, ;-
tails (k = 2m) or H,,-chains (k = 2m + 1), K is a maximally-degenerate A;-stable
curve by Lemma It follows that the isotrivial specialization K is trivial, i.e.
(K)o ~ K. To complete the proof of the lemma, we only need to show that K| is the
core of Cj.

On the one hand, since H,,; C M,,1(4;) is closed by Proposition it is clear
that the limits (&;), are all H,,-curves. Thus, we only need to see that K contains
no nodally attached H,,-curves. By our characterization of closed points of M,(Ay)
(Theorem [5.14), any nodally attached H,,;-curve in K, must be monomial and hence

contains an A,-singularity. But since K, ~ K is A, -stable, this is clearly impossible.
O

Lemma 9.3. Suppose (C, {p;}"_,) ~ (Co, {p:}1,) is an isotrivial specialization in M, ,(Ay)
satisfying:

(1) (C,{pi},) is an A -stable curve,
2) (Co, {pi}™,) is a closed point in M, (Ay).

Then there exists an isotrivial specialization (C,{p;}1_,) ~ (C~,{p;}",) in M,.(A})
satisfying:

(D (C—,{p:}™,) is a closed point in M, ,(A}).
(2) There exists an isotrivial specialization (C~,{p;},) ~ (Co, {p:}}_).

Proof. We will prove the case when k = 2m is even (the case & odd is essentially iden-
tical). Let (C — A, {0;}}_,) be the family of A.-stable curves witnessing the isotrivial
specialization (C, {p;}™_,) ~» (Co,{p:}™,). Let C — C be the normalization of C along
the locus of attaching nodes of the canonical decomposition of the generic fiber, so that

C=KU&U...UE,

where X — A picks out the core of the special fiber, while each of the others, say
&, ..., &, picks out the H,,-tails. Note that, by Theorem K, is a maximally-
degenerate A, -stable curve.

We construct a new isotrivial specialization (C, {p;},) ~ (C~,{p:}!~,) simply by
gluing the family K with trivial families &7, ..., £, whose fibers are all isomorphic to
the geometric general fiber of &;,..., &, respectively. The special fiber of this new
family is a maximally-degenerate A, -stable curve by Lemma and it is obvious
from the construction that it specializes to (Co, {p;}},). O

Lemma 9.4. Let j : A — M, ,(A;) be any map such that j(n) € M, .(A;) and j(0) is
closed. Then there exists a lift j~ : A — M, (A} such that

i ]|n :j7|77’
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e j7(0) is closed,
* j(0) € j7(0).

Proof. To construct the lift j~, apply Theorem [8.3| with z = j(0). We obtain an affine,
étale morphism f : W — M, ,,(A}) inducing the following Cartesian diagram:

W ——W

| lf

A — A_AQ,TL(AI;)C—> mg,n(Ak)

|

Since f is étale, we may lift j to a morphism A — . Since the square is Cartesian,
we may then lift the map A* — M, ,(A4;) to a map A* — W~. Now we have a
commutative diagram:

AT W6 W

|+

A wW-——W

Now, since the morphism W~ — W is projective, the composition A — W may be
lifted to a morphism A — W~. Then, since W~ — W~ is universally closed, we
may lift to a morphism A — W~. Finally, composing with f~, we obtain a map
i A — M,.(A;). The point j'(0) necessarily admits an isotrivial specialization to
j(0), the only problem is that j’(0) may not be closed. However, by applying lemma
we see that j'(0) admits an isotrivial specialization to a closed point in M, ,(4; ) which
still specializes isotrivially to j(0). Thus, using the valuative criterion for algebraic
stacks, there exists a map j~ : A — M, (A, ) with the desired properties. O

Theorem 9.5. If M, ,.(A;) is weakly proper over C, then M, (A;) is weakly proper
over C.

Proof. Existence of A,-stable limits: Let C* — A* be a family of A,-stable curves. If
C* — A* is a family of A -stable curves, then since M, (A;) is universally closed by
hypothesis, there exists a limit (after a base change). Otherwise C* — A* is a family
of curves in S, ,,(A}), which is universally closed by Proposition so again there
exists a limit after a base change.
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Uniqueness of closed Aj-stable limits: Suppose we have a diagram

A* —— ./\_/lgm(Ak)

| A

A — SpecC

with two lifts hy,hy : A — M,,(A;) such that hy(0), he(0) € |M,..(AL) x¢ Al are
closed points. If k() = hy(n) lies in S, ,,(Ay), then since S, ,,(A;) is weakly proper by
Proposition h1(0) = hy(0). Otherwise h(n) = hy(n) lies in M, ,,(A; ). We claim that
there exist lifts hy, iy : A — M, ,(A;) satisfying:

(1) El(O),ﬁg(O) € My (A ) are closed points;
(2) 711(0) ~ h(0) and Fs(0) ~ ha(0).

Let C; — A and C; — A be the two families induced by h; and hy;. We must show
that ¢, ~ (5. Using Lemma we can lift the induced maps A — M, (4;) to
M, .(A;) so we get corresponding families C; — A and C; — A whose special fibers
Cy and C5 satisfy:

W [C1] € [C7], [Ca] €[G5 ; .
(2) [CT], [C5] are closed points of M, ,(A,).

Now by the weak properness of M, (4, ), we know that C; ~ C;. In particular,
their cores are isomorphic. By Lemma the isotrivial specialization C; ~ C;
induces an isomorphism of cores, for i = 1, 2. Thus, the core of C; is isomorphic to the
core of Cy. By Corollary it follows that (' is isomorphic to C; as desired. O

Finally, it remains to prove the existence and uniqueness of limits in the case when
the general fiber of C* — A* has Aj-singularities, or, equivalently, the weak proper-
ness of S,,(A;). As in the case of nodal curves, the result is reduced to the case
where the general fiber has no ramphoid cusps by considering the pointed normaliza-
tion along the locus of Aj-singularities. However, there is one additional wrinkle to
be considered: since the crimping data of an A,-singularity can vary in families, we
must take care to specify how to take the limits of such degenerations.

Proposition 9.6. S, ,,(A;) is weakly proper for 2 < k < 4.

Proof. Existence of limits: Let us assume first that k = 2m is even. Given a family
(C* — A* {of},) in S, (A), the limits of the attaching nodes of the core decomposi-
tion are again nodes, so we may decompose C* as:

Kru&u...Ug&r,

where K* picks out the core of the general fiber, and &7, ..., comprise the nodally
attached H,,;-tails. Since H,,; is weakly proper, we may complete the families £ to
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families & such that the special fiber is a monomial H,, ;-tail. Thus, it suffices to to
complete the family * C K.

Possibly after a finite base change, we may assume there exist sections {7;}!", pick-
ing out the A;-singularities of the general fiber, and let K* — K be the pointed
normalization of K along these sections. Note that (K*, {7;}",) is now a family of
Aj-stable curves with no Aj-singularities in the generic fiber, i.e. the family is in
fact A_-stable. Thus, by Theorem and induction on the genus, we may complete
(K", {7:}m,) to a family (K, {7;}™,). Now we must “recrimp” the sections {7}, back
to A,-singularities. We will show that this is always possible, possibly after mak-
ing some blow-ups in the special fiber which have the effect of introducing a single
monomial H,,-tail at 7;(0). Since the special fiber of (I, {7;}*,) was a pointed Aj-
stable curve, the curve obtained by attaching monomial H,, -tails at any subset of
the marked points is still A.-stable, and this completes the proof of existence of lim-
its.

To prove the crimping statement, fix an isomorphism of the (2m — 1)"-order neigh-
borhood of 7; in K with Spec R[s]/(s)*™. Using the induced isomorphism of the (2m —
1)t-order neighborhood of ¢* in K* with Spec K[s]/(s)2™, there corresponds to £* —
C* — A* amap from A* to the Grassmannian G(m — 1,2m — 1). Fill this in to a map
A — G(m — 1,2m — 1) and correspondingly obtain a map K — K over A. The limit of
the A;-singularity of £* in Cy may not be an A,-singularity but we will show that this
can be rectified by blowing up K at 0(0) a suitable number of times.

The K-subalgebra of K|[s]/(s)?*™ corresponding to the map A* — G(m—1,2m—1) can
be written in the form

Kl(s+ 18+ ...+ cpo1s™™ )2, 67, 0 8",

where c¢i,...,¢,,1 € K. (Cf. the proof of Proposition and see [vdW10, Exam-
ple 1.111] for details.) Let ¢ be a uniformizing parameter of R. Let K’ be obtained
by blowing K up b times at ¢(0). This has the effect of making the coordinate change
s — t’s, so the K-algebra associated to the map A* — G(m — 1,2m — 1) corresponding
to the map (K')* — K* over A* is

K[(s+ theys® + .. b, g2m=2)2 g2 giml),

Forl1 <i<m—1,write¢ = uit?i, where u; is a unit. Choose b > 0 minimal such that
(2 —1)b+b; > 0 for each i, so that t?~Vb¢; ¢ R for each i. The R-algebra corresponding
to the filling-in A — G(m — 1,2m — 1) is then

Rlls + s ..+ 400Dz o gim)

Form the corresponding map K’ — K over A. The limit in K, of the Ag-singularity of
C* is then an A,-singularity, as required. Blow down the b — 1 nodally-attached P"’s of
Ky in K to obtain the desired family.
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The entire proof of existence of limits in the case that £k = 2m + 1 is odd is similar.
Here, we just discuss the analogue of the crimping statement. The relevant K-algebra
is the K -subalgebra

Klsi + 185+ ... o187 @ 80,87 0,82 0,0 syt ..., 09 s3™
of K[s1]/(s1)™™ @& Klss]/(s2)™™!. One can arrange that the limit R-subalgebra of
R[s1]/(s1)™" @ Rl[ss]/(s2)™ ! is of the required form by blowing K up b times at o,(0),

which has the effect of making the coordinate change s; — t’s;: choose b minimal
minimal such that ib + b, > 0 for 1 <i < m — 1, where ¢; = u;t" as before.

Uniqueness of closed limits: Let (C — A,{o;},) be any completion of a given family
(C* — A* {0;}",) such that the central fiber is a closed point C;. We will show that the
isomorphism class of the central fiber is uniquely determined. As usual, we consider
the case k = 2m is even (the case where k is odd is essentially identical).

The limits of the attaching nodes of the core decomposition of the generic fiber are
again nodes, so we may decompose the family C* as:

Ku&u...UE,

where K picks out the core of the general fiber, and &, ..., &, comprise the nodally
attached H,, -tails. Now, since ﬁml is weakly proper, the limits of the families £ are
certainly unique, i.e. they are the unique monomial H,, ;-tail. It remains to show that
the limit of the family £* is uniquely determined.

If £* has no A,-singularities, then the family is A, -stable and the limit is uniquely
determined by Theorem Thus, we may assume that £* contains at least one A-
singularity, and we let {7;}!", be sections of K picking out the A,-singularities of the
generic fiber. Note that the limits 7;(0) are necessarily A;-singularities, furthermore,
by the characterization of closed points in Theorem each of the limits 7;(0) sits
on a monomial H,, ;-tail. Now let (K,7;) be the pointed normalization of {r;}7,. Evi-
dently, the general fiber of (/’6, 7;) is A, -stable and the limit is A, -stable, save for the

existence of m semistable P"s containing each of the m points 7;(0). Let K — K’ be
the blowdown of these m P's, so that the special fiber K’ is A, -stable. By the weak
properness of M, ,,(A; ), this limit K’ is uniquely determined. Since the limit K is ob-
tained simply by adjoining m monomial H,, ;-tails at the appropriate marked points
of K’, we conclude that K is uniquely determined as desired. O

9.2. M,.(A;) weakly proper — M, ,(A]) weakly proper. The following theo-

rem is a formal consequence of the étale local description of M, ,(A;) at a closed point
given in Theorem

Theorem 9.7. If M, (A;) is weakly proper over C, then M, (A{) is weakly proper
over C.
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Proof. Existence of A} -stable limits: Consider a diagram

(9.1) A —— M, (A})

A — SpecC

Since M, ,(A}) is universally closed by hypothesis, after a base change there is an
extension i : A — M, ,(A;) giving a commutative diagram

A —— My (AL) = Myn(Ar)

>
_
h _——
_
_
_
_

A~~~ SpecC

By Theorem there is an affine scheme Spec A with an action of ¢, and an étale
morphism W = [Spec A/G,| — M, ,(A;) whose image contains /(0) and such that the
diagram

(9.2) Wwte——— W = [Spec A/G, |
Mg,n(A;>c—> ﬂg,n(Ak)

is cartesian; furthermore, there are good moduli spaces WW — W and W& — W+
with W+ — W proper. Since W — M, ,,(A;) is étale, after a base change there is an
extension

P l

A= M, (Ay)

Since Diagram [9.2]is cartesian, there is a unique morphism A* — W extending the
given morphisms A* — M, ,(4;) and A* — A — W. We have a commutative diagram

A* WS W

|+

A wt—W

Since W* — W is universally closed ([Alp08, Theorem 4.16(ii)], the composition
W* — W is universally closed. Therefore, after a base change there is a morphism
A — W+ which after composing with W+ — M, ,,(A;) gives the desired extension of

Diagram
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Uniqueness of closed A} -stable limits: Suppose we have a diagram

A* —— mgm(&j)

| A

A — SpecC

with two lifts hy, hy : A — M, . (A}) such that hy(0), hy(0) € M, .(A]) xc Al are closed
points. Since M, (4;) is weakly separated by hypothesis, after possibly making a
base change there is a lift hy : A — M, ,(Ax) such that hy(0) € | M, (Ax) xcAl is closed
and there are specializations h(0) ~ ho(0) and hy(0) ~ ho(0) in |[M,,(Ax) x¢ Al. By
Theorem there exists a morphism f : W — M, ,(A;) with hy(0) = f(wp) for wy €
|[W| which induces a cartesian diagram as in Diagram We have a commutative
diagram
WH———W

| k

A — mgm(A;)C—) mg,n(Ak)

h1
%
ho

A

Since f is étale and f~'(M,,(A])) = W, there exist unique points wy,wy € |WT]|
and specializations w; ~> wy over h;(0) ~ ho(0). Let & = ho(n) € M,,(Ax) be the
image of the generic point. There exist xy € V| over ¢ and specializations x ~~ w; for
1 = 0,1,2. The specializations y ~~ w; for i = 1,2 can be realized, after a base change,
by morphisms hi @ A — W which lift h; : A — M, .(Af). Note that w, and w, are
necessarily closed in [W* x¢ Al as h,(0) and hy(0) are closed in | M, ,(A]) x¢ Al. Since
Wt is weakly separated, it follows that w; = w so h1(0) = h2(0) as required. O
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