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Abstract

We discuss the finite-fuel, singular stochastic control problem of optimally tracking the standard
Brownian motion z + W (-) started at € R, by an adapted process £(-) = £1(-) — £ (+) of bounded

.. b4 A c e .
total variation £(t) = £T(¢) + € (t) < y, VO < t < 00, so as to minimize the total expected
discounted cost

E[ / e INX2(t) dt + / e dE(t) + e7T0X3 (1)  Lircoo}
0 [0,7]

over such processes £(-) and stopping times 7. Here X (-) = 2+ W (-)+&(-), and o > 0,6 >0, A > 0
are given real numbers. In its form § = 0, 7 = oo, this problem goes back to the seminal paper
of Benes, Shepp & Witsenhausen (1980). For fixed « > 0 and § > 0 we characterize explicitly
the optimal policy in the case A > ad (of the “act-or—stop” type, since the continuation cost is
relatively large), and in the case 0 < A < \* with
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(of the “act, stop, or wait” type, since the relative continuation cost is relatively small). In the
latter case, an associated free-boundary problem is solved exactly. The case \* < A < ad, of
“moderate” relative continuation cost, is suggested as an open question.



1 INTRODUCTION

Stochastic optimization problems that combine features of both continuous control and stopping
are relatively new in the applied probability literature. Krylov (1980, section 6.4) establishes some
general conditions for optimality, Benes (1992) provides explicit solutions to LQG-type problems
with control of the drift and with discretionary stopping, Karatzas & Sudderth (1999) solve the op-
timal stopping problem for a diffusion on an interval with absorption at the endpoints and control of
both drift and diffusion, while Karatzas & Wang (1999) treat the classical consumption/investment
problem of financial economics for an investor who can decide when to “exit” from the market.

In an important relatively recent paper, Davis & Zervos (1994) analyze such problems when
the controlling effort (or “fuel”) can take the form of a bounded variation process, as opposed to
the absolutely continuous control of the drift; one incurs costs proportional to the amount of fuel
being used, and to the quadratic deviation from the origin (both up to, and at, termination). The
question then, is to find an optimal stopping time, and a control strategy leading up to it, so as to
minimize expected discounted total cost over an infinite time-horizon.

Discretionary stopping in stochastic control arises naturally in target tracking problems, where
one has to stay close to a target by spending fuel, declare when one has arrived “sufficiently close”
to the target, and then reach a decision about whether to engage the target or not. Combined
stochastic control / optimal stopping problems also arise in mathematical finance, namely, in the
context of computing the upper- and lower-hedging prices of American contingent claims under con-
straints; these computations lead to stochastic control of the absolutely continuous or the singular
type (as in Karatzas & Kou (1998) or Karatzas & Wang (1998), respectively.)

Our aim in this paper is to treat the Davis & Zervos (1994) target-tracking problem, when the
available supply of fuel is limited. The problem is set up in Section 2 and is linked to the existing
literature of singular stochastic control, in particular to the work of Bene§, Shepp & Witsenhausen
(1980). This seminal paper is largely responsible for the rapid growth of interest in so-called singular
stochastic control problems during the last twenty years, which has encompassed applications as
diverse as queueing networks (e.g. Harrison (1985)) and portfolio optimization under transaction
costs (e.g. Davis & Norman (1990), Shreve & Soner (1994)).

The two extreme cases, of “no fuel at all” and of infinite fuel, are reviewed in Sections 6 and 7,
respectively. Section 3 provides a heuristic discussion of the finite-fuel problem, leading to a suitable
Variational Inequality that its value function has to satisfy. It is then shown, in Section 4, under
what conditions a solution of this Variational Inequality will coincide with the value function of
the stochastic control problem. The Variational Inequality is then solved exactly, when the relative
“continuation cost” is either relatively large (Section 5) or relatively small (Sections 8-9, as well as
Section 10).

The optimal strategy has qualitatively different behavior in each of these two cases. In the
first case it is of the “act-or-stop” type. In the second case an intermediate region appears, which
becomes narrower as the supply of available fuel diminishes. In the interior of this region, one simply
does not exert any control; and when the “inner boundary” of the region is reached, it becomes
optimal to stop. On the “outer boundary” of this region, and as long as the amount of available fuel
exceeds a certain critical level, one exerts control in a “singular” manner, by spending just as much
fuel as is necessary in order to keep the controlled process within the region (reflecting boundary);
but as soon as the amount of available fuel falls at or below the critical level, one spends it all at



once (“exit”, or repelling, boundary). Thus, the optimal policy is of the “act, continue, or stop”
variety in this second case. Finally, we suggest as an interesting open problem the computation of
the value function and of the optimal policy in the third case, of “moderate continuation cost”.

2 THE PROBLEM

Consider a probability space (2, F,P) equipped with a filtration F = {F;, 0 < ¢ < oo} which
satisfies the usual condition of right-continuity and augmentation by null sets. We denote by S the
class of all F-stopping times. We also denote by A the class of F-adapted processes £ = {&;, 0 <
t < oo} with paths that are right-continuous and have finite total variation on any compact interval,
as well as &, = 0. A process ¢ € A will be considered in its minimal decomposition

(2.1) G=¢& —¢, 0<t<o

as the difference of two non-decreasing process £€* € A, so that the total variation of the function
s+ &5 on the interval [0,¢] is given by

(2.2) & =¢ 46,  telo,0]

In addition to the class A, we shall consider its nested subclasses

(2.3 A ={ee A [éu<y, as)

for 0 < y < oo, with A(0) = {0} and A(c0) = A.

Let us also assume that the probability space carries a standard, one-dimensional IF-Brownian
motion W = {W;, 0 <t < oo}. Corresponding to any given initial position x € R and control
process £ € A, we consider the two-dimensional state process

(2.4) (Xe, V) = (x+ Wi+ &, y—&), 0<t<oo.

The first component X; of this random vector can be interpreted as the position at time ¢ of a
“particle” started at x, subjected to the random motion W, and controlled by the process ¢ through
the cumulative effect of a “push” ¢, (respectively, £, ) to the right (respectively, to the left). Then
the quantity & of (2.2) represents the total amount of fuel expended by time ¢, so that Y;, the
second component in (2.4), can be interpreted as the “remaining fuel at time ¢”. The objective of
the control is to “keep the particle as close to the origin as possible, for as long as the controlling
action lasts” (that is, up to a stopping time 7), and its success is measured by the functional

(2.5) J(z,y;6,7) =E [ /0 e MNX? dt + /[0 . e dé + e 6X?  1ircoo)

for any given x € R, y € [0,00] and 7 € S, & € A(y).

In other words, there is a quadratic “running cost” for missing the “target state”, the origin; this
cost can be reduced by “exerting fuel”, in the form of an increase in £+ or £~ (i.e., of a rightward or
a leftward push) in the right direction. The total supply of fuel, however, is hmlted namely £ < v,
a.s.; and spending an amount of fuel §t+h — & over a small interval (t,t + h] costs proportionally
to the amount spent. On the other hand, the controller has the option to disengage completely,



at a stopping time 7 of his choice, by incurring a quadratic “terminal cost”. What should be the
optimal disengagement or stopping rule 7* € §, and what should be the optimal control strategy
&* € A(y) up to disengagement, if one is trying to minimize the expected discounted total cost of
(2.5)? And how can we compute the minimal such expected cost

A T .
2.6 Viz,y) = inf IE oA\ X2 dt+/ Tt g + e Y T6XE  1p o
(26) (@.v) (e Aly), res [/0 ‘ ! 0] e T ree)

when starting in position z € R and with a given amount y € [0, 0o] of available fuel?

This is a stochastic optimization problem that incorporates features of bounded-variation control,
of optimal stopping, and of finite-fuel constraints. In its version 7 = oo, § = 0 (i.e., without
discretionary stopping) it goes back to the seminal work of Benes, Shepp & Witsenhausen (1980);
see also Karatzas & Shreve (1986). The case 7 = 0o, d = 0, y = oo (infinite fuel, no stopping)
was treated in Karatzas (1983), whereas the problem with discretionary stopping and infinite fuel
(6 >0, y = 00) was solved by Davis & Zervos (1994).

With fixed values for the parameters a > 0 and ¢ > 0, we shall solve the problem (2.6) explicitly
when A > 0 is sufficiently large, namely A > ad (cf. Section 5), as well as when A\ > 0 is sufficiently
small, first with 0 < A < A, for some

ad
- §/a
1+

[

(2.7) Ax € (0,27, A < ad

(cf. Sections 8, 9) and then with A\, < A < A* (Section 10). We shall leave the case A* < A < af
as an open problem.

The methodology of Sections 8-10 relies heavily on the familiar “principle of smooth-fit”, which
postulates sufficient smoothness on the part of the value-function V'(-,-) of (2.6) across suitable
absorbing, reflecting (for y > ) and repelling (for 0 < y < g) free-boundaries; here § > 0 is a
critical fuel-level. Broadly speaking, it turns out that we have C' —smooth-fit across absorbing or
repelling boundaries (cf. (8.11), (8.12), (10.4)(a), or (10.4)(c)), and C?2—smooth-fit across reflecting
boundaries (cf. (8.14), (8.15) and (10.4)(b)). With the help of the Verification Theorem of Section
4, this principle then leads to the computation of the value function in the form (9.1) for the case
0 < XA < Ay, and in the form (10.26) for the case A, < A < A*. We do not have yet a good guess
for the optimal policy in the case A € (A*, ad), or for the smoothness of the value-function in that
case, so a new methodology may have to be developed for treating it.

Along with those of Benes et al. (1980), the computations presented in Sections 8-10 provide
rare examples of free-boundary problems arising in sequential analysis or stochastic control that
can be solved exactly, and for which the resulting free-boundaries are neither parabolas nor straight
lines.

3 HEURISTIC DISCUSSION

It is clear from (2.6), (2.4) that, if the state-process X ever finds itself at the origin, then we should
stop the first time this happens. It is also clear that we may consider control processes £ € A(y),



such that
(31) XtXt,ZO, 0St<OO
(3.2) | teender = [ 1o de =0

hold almost surely. In other words, it is never optimal to jump across the origin, or to push to
the right (resp., to the left) when X; is positive (resp., negative). All these claims can be verified
easily, after the fact. Thus we may compute the function V(-,y) only on [0,00), and then extend
it by even symmetry

(3-3) V(-z,y)=V(z,y); 220, y=0.
We may also take £ > 0 and monotone control £ = —¢~, with
(3.4) Xe=z+W;—§ €]0,00).

Let us consider the value function V(z,y) of (2.6) in the two extreme cases of “no fuel at all”
(y = 0) and of “infinite available fuel” (y = co), namely,
A

(3.5) Vo(z) = inf B [ /0 e Nz + W) dt +e “(x +W,)*- 1{T<oo}] and

(1>

(3.6)  Veolx)

inf E T“"t)\det/ o dgy + e X7 1 ,
ged, res [/o ‘ paT 0] ke T rees)

respectively. The function of (3.5) is the optimal risk in a problem of pure optimal stopping which
can be solved explicitly (cf. Section 6). The function of (3.6) is the value of the problem considered,
and solved explicitly, by Davis & Zervos (1994); see Section 7. It is also intuitively clear that

(3.7) V(z,-) should be decreasing, with liﬁ]l V(z,y) = Vo(x) and ILm V(z,y) = Veo(z).
y y—oo
In order to proceed further, we shall make an additional assumption about the value function
V(z,y) of (2.6). This property will also be verified after the fact.

( The function V : R X [0,00) — [0,00) is continuous and continuously )
differentiable, as well as twice continuously differentiable with locally

bounded second derivatives away from {(z,y)/z = £f(y) or z = £h(y)},

for some continuous functions

f:[0,00) = (0,00), h:[0,00) = (0,00) with feC'((0,00)),

h € C(0,00)/{y}) forsome § >0, f'(-)<0, h'()>0,
f(0) <h(0), and f(y) <g(y), Vy>0.

\ Vs

We claim then that V(z,y) should satisfy the following conditions

(3.9) V(z,y) < d6a” zeR, y>0
1
(3.11) aV(2,y) < SVaal(w,y) + Az? x # +f(y), * # h(y), y >0, and



(3.12) [62® = V(z,y)] - [1 = [Va(z,y)| = Vy(z,y)] %Vm:(:v, y) +Az” —aV(z,y)| =0

for z # £f(y), = # £h(y), y > 0.

The property (3.9) is obvious since we can always stop immediately, i.e. take 7 = 0, in (2.6). For
(3.10) in the case z > 0, observe that if we act by spending immediately a small amount ¢ € (0, y)
of fuel and move to the new position (z — 9,y — ¥) , we obtain

V(z,y) <9+ V(e -9,y —9).

Subtracting V(z,y — 9) from both sides of this inequality, dividing by 9, and then letting ¢ | 0,
we obtain (3.10) in the form V(z,y) + Vy(z,y) < 1. In a similar manner we obtain the inequality
(3.10) for < 0, namely Vy(z,y) — Vo(z,y) < L.

Finally, suppose that we start at = ¢ {£f(y), £h(y)}, that we continue for a short while, and
that we then behave optimally; such a policy gives

eENO
V(z,y) <E [/ e \(z + Wt)2 dt + e_"‘(EA")V(:L‘ + Wepro, y)
0

for every € > 0 and o 2 inf{t >0 / x+W; = £f(y) or =+ W= =%h(y)}. Under the assumption
(3.8) we may apply Itd’s rule to the last term, and then divide by € > 0 before letting € | 0, to
obtain (3.11).

Now we have equality in (3.9), (3.10) or (3.11) if, at position x and with available fuel y, it is
optimal to stop, to act, or to wait, respectively. Because at any given pair (z,y) we must do one of
these things, at least one of (3.9)—(3.11) should hold as equality, whence (3.12). The conditions of
(3.9)—(3.12) constitute a Variational Inequality. For © # +f(y), © # £h(y), y > 0, this inequality
may be written in the more compact from

1
(313) min 51.2 - V(fC,y), 1- |V.’E(:Uay)| - Vy(xay)a vax(xay) + )‘x2 - aV(:v,y) =0.

4 A VERIFICATION THEOREM

Motivated by the heuristic discussion of the previous section, let us state now conditions that are
sufficient for optimality in our problem (2.6).

4.1 Theorem: Consider a function @ : R x [0,00) — [0,00) which satisfies the properties (3.8),
namely is continuous and continuously differentiable, as well as twice continuously differentiable
with locally bounded second derivatives away from {(z,y)/x = £f(y) or x = £h(y)}. Here f :
[0,00) — (0,00) and h : [0,00) — (0,00) are suitable functions with the properties of (3.8). Suppose
that Q(-,y) is evenly symmetric

(4.1) Q(—z,y) = Q(z,y), Ve>0,y>0

and satisfies the growth condition

(4.2) Qa(z, )| < K(y) (L +[z]), V&=0,y=0



for some continuous and increasing function K : [0,00) — (0,00). Suppose also that Q satisfies the
conditions of the Variational Inequality (3.9)-(3.12), namely:

(4.3) Q(z,y) < 6a® zeR, y>0;
(4.4) 1Qz(z,y)| + Qy(z,y) <1 re€R, y>0;
(4.5) aQ(z,y) < %Qm(m,y) +A2? r# +f(y), # £h(y), y>0; and

(@6) (5% — Qe 0] [1 ~ 1Que,)| — @yl )] - | 3Qual,v) + Ne* — aQ(z,y)| =0

forxz # £f(y), v # £h(y), y > 0. Then the function Q is a lower bound on the attainable expected
cost (2.5), namely

(4.7) V(z,y) 2 Q(z,y), VzeR, y>0

in the notation of (2.6).

Proof: For fixed z € R, y > 0 and arbitrary process ¢ € A(y) and stopping time 7 € S, we have to
show

(4.8) J(z,y;¢,7) = Q=,y).

t < oo} of (2.4). An
t < oo} yields

To do this, let us consider the two-dimensional process {(X,Y7),

0 <
application of the generalized It6 rule to the process {e™“Q(X3,Y;), 0 <

T
e “TQ(Xr,Yr) = Q(fv,y)Jr/ eath(XtaKt)th+/ e *Qu(Xy—, Vi) d&
0 (0,17

. T 1
(4.9) - [ et v d+ [ e {gQMXt,Yt) - aQ(Xt,Yt)} dt
[0,T] 0
+ Y QXY - QXY ) — AXy - Qu(Xe Vi) — AY: - Qy(Xe, Ve )]
0<t<T

see, for instance , Protter (1990), p. 74. Here A&, 2 &—&_ and the series > o ,or e *Qq (X, Y, )
AXyy, docter e*"‘to(Xt_,Yt_) - A\Y; are both absolutely convergent and bounded from above
in each finite interval [0,T], almost surely. (The possible lack of C2—smoothness of Q across the
boundaries {(z,y)/x = £f(y) or = £h(y)} can be dealt with by mollification, as in the proof
of Theorem 2.7.9, pp. 74-76 in Karatzas & Shreve (1998), leading to the formula (4.9).) Let us

A .
denote by n = £¢ the continuous part of the process &, so that

(4.10) G=n—n + Y (AX,), 0<t< oo,
0<s<t

(4.11) E=n+n + Y, (-AY,), 0<t<co.
0<s<t



Substituting these expressions in it, we may re-write (4.9) in the equivalent form

(4.12)
T 5 T 5
[ et [ et voetTxE = Qg+ [ e QYD W+ S 1)
0 [0,T] 0 i=1
where we have set

(413) L(T) = e°T(6X} - Q(Xr, V7))

A T 1
(4.14) L(T) 2 / ot <§Qm(Xt,Yt)+)\Xt2—aQ(Xt,Yt)> dt
0
@) B 2 [ et (14 QX ¥i) - QX Yin)) dif
[0,T7]
@16) L(r) & [ (1o QuXi Vi) - QX Vi) di.
[0,T7]

1>

(4.17) I5(T) Y e (Q(x +9,y—9) — Qz,y) + 19)

0<t<T

(17,y):(Xt7 vi/tf)a 0:_A}/t:‘AXt‘>0

(as the referee points out, Shreve & Soner (1994) carry out an argument similar to our reduction of
the equation (4.9) by use of (4.10), (4.11)). The conditions (4.3)-(4.5) guarantee that each of the
terms I;(T), j=1,...,5 is non-negative (for I5(T"), use the mean-value theorem, along with the
condition (4.4)). On the other hand, thanks to the growth condition (4.2), we have

o0 o0
E/ e ™2 (Q( Xy, Yt))2 dt < 2K2(y)/ e 2 (1 + 22 + EW? + y?) dt < oo,
0 0

so that the stochastic integral on the right-hand side of (4.12) has expectation equal to zero.
Now we can take expectations in (4.12), and conclude that

(4.18)

TAN
Q(z,y) <E [ /0 e *\X7 dt + /[0 ™ dE + 0T TXT  Lirany | + 0T E[X7 - Lirony]

,TAN]

holds for every 7 € S, n € IN. Clearly
0<e ™ E[X] lyony) <4 E (2?2 + WS+ &) <de “"(@®+n+y°) — 0

and we obtain

(4.19) Qz,y) <E

/0 eiat)\)(t2 dt + /[0 A eiat dgt + 567QTX3 . ]‘{T<OO}] R

in the limit as n — oo, thanks to the Monotone Convergence Theorem. O

4.2 Corollary: Suppose the pair (£,7) € A(y) X S is such that

(4.20) Ii(t An) =0, Vi=1,...,5 VYnelN a.s.,



in the notation of (4.13)-(4.17). Then (4.8) and (4.7) hold as equalities, namely

(4.21) J(z,y;¢,7) = Qz,y) = V(z,y),
and the pair (£, 7) is optimal for the problem of (2.6).

5 THE CASE )\ > ad

In this case it is “too expensive to wait and do nothing”. The optimal policy consists of a combi-
nation of “act-and-stop” moves, depicted graphically in Figure 1 for z > 0, whereby one

( 3

(1) stops immediately, if 0 <z < 21—5 =0, T =0,

(ii) spends all fuel at once, and then stops immediately, if = > y+ 21—5 :
(5.1) §=-y, 7"=0,o0r

(13i) spends the amount x — 21—5 of fuel at t = 0 to move to the position 21—5,
and then stops, zf21—5 <z <y+21—6 : & =—(z - 2_16)v ™ =0.

\ Vs

All these moves assume an initial position > 0; analogous (symmetric) moves take place for z < 0.
The function

5x? OS:véz—lg,yZO
1 1 1
- 5 3 <T<ytss,y>0
2 = —a)? — T =75 20 257
(52)  Qzy) = Ogggy[(lwl P+ =0 sayay ; azy+d, 0
Q(—z,y) ; ©<0,y>0

is easily seen to satisfy the conditions (4.1)~(4.6), in particular with f(y) = 55 and h(y) = 55 +y
for 0 < y < co. We leave the details of this verification to the reader. It is also fairly clear that
the strategy (£*,7*), described in (5.1) above, satisfies the conditions of Corollary 4.2 and is thus
optimal for the problem of (2.6), namely

(53) J(x,y; f*aT*) = V(x,y) = Q(x,y)

5.1 Remark: For A > ad, it can be checked easily that the process
t
/ e Nz +We)?ds+e *5(z +Wy)?, 0<t< oo
0

is a submartingale; this shows that Vj(z) = 622, and that the rule 7* = 0 (“stop at once”) is
optimal for the problem of (3.5).

6 THE CASE )< ad, y=0: NO FUEL

In this case we face the pure optimal stopping problem of (3.5). A reasonable guess for this problem
is that its optimal stopping region should be a closed interval around the origin of the form 3 =

10



[—fo, fo] (“stop, when you have come sufficiently close to the target”), and that the open set
R\ ¥ = (—o00, —fo) U(fo, 00) should be the optimal continuation region. Then the value Vj(z) of
this problem can be sought as the solution of the following free—boundary problem

(6.1) %Qf)’(x) Faz2—aQo(@) >0 i 0<z<fo
(62) LR A aQu(@) =0 ;@ fy
(6.3) Qo(z) <dz* ; x> fo
(6.4) Qo(z)=dz> ; 0<z<f
(6.5) Qo(—z)=Qo(z) ; =<0

in the space of functions C1(IR) N C2(R \ {£fo}), for a suitable fy > 0 that has to be determined
along with the function Qo(-). The postulated continuity of Qo(-) and Qy(-) across the point fo
leads to the smooth-fit conditions

(6.6) Qo(fot) =0f3,  Qy(fot) = 28f.

(Salminen (1985), p.93 provides necessary and sufficient conditions for the C'—smoothness of the
optimal expected reward from stopping, for one-dimensional diffusions; see also Shiryaev (1978).
Friedman (1976), p. 447, Theorem 4.2 has similar sufficient conditions in several dimensions.)

It is possible to solve the system of (6.1)-(6.5) for a constant fy > 0 and for a function Qy(-) in
CY(R)NC3(R \ {£fo}), as follows:

AT+ BV e > fy
(6.7) Qo(z) = §x? ;. 0<z<f
Qo(—x) : z <0

Here the two free constants By, fo are determined by the two conditions of (6.6), as

2
(6.8) Bo= ——21% (a6 = n)efvBa <
oV 2«

and

(6.9) fo=fol) 2 \/12—a (VZ?K - 1) >0,

respectively. Note that fy is the unique positive solution of the equation

A

and that the function X +— fo(A) of (6.9) is strictly increasing on (0, «d). Having thus determined
the solution of the system (6.1)-(6.6), one can then check that the process

t
Y; = e Qo (x + Wy) + / e~ XNz + W,)? ds, 0<t< oo
0

11



is a submartingale, whereas the stopped process {Yia.:, 0 <t < oo}, with

(6.11) wEmf{t>0/ s+ Wi <fol <oo  as,

is a martingale. These two properties lead to the computation of the optimal risk, to the optimality
of the stopping time 7 for the problem of (3.5), namely

(6.12) Vo(@) = Qo(w) = E [ / " e A (@ 4+ W) dt + de T (x + Wi )? |

and thus also to the justification of the guess that [—fo, fo] should be the optimal stopping region.
We leave the details of these derivations to the care of the reader.

7 THE CASE )\ < ad, y=oo: INFINITE FUEL

This is the problem of (3.6), which was solved by Davis & Zervos (1994). These authors showed
that the value-function Vo (-) can be sought as the solution of the free-boundary problem

(7.1) %ng(x) A% = aQu(@) >0 5 2 €0, far) U (goo, 0)
(72) 5Q(@) + X2 0Que(@) =0 ;T € (foer0u0)

(7'3) Qoo(x) < ox? ; T € (fomoo)

(7.4) Qw(z) = dx? ; z € [0, foo

(7.5) Q(z) <1 ; z € [0, 9c0)

(7.6) Quo(®) =1 5 € [goo, )

(77) Qoo(_:v) = Qoo(x) ; z <0

in the space of functions C*(R)NC%(R\ {£fx}), for suitable constants 0 < foo < goo < 00 that have
to be determined along with the function Qo (). As will be explained in more detail in (7.17)-(7.19)
below, the constant fo, (respectively, goo) plays the role of an absorbing (respectively, reflecting)
barrier. Together, the two constants fo,goo determine the nature of the optimal policy for the
problem (3.6), in the form of an optimal stopping region ¥ = [— foo, foo], an optimal continuation
region C = (—goo;, — foo) U (foo, 9oo), and a region A = (=00, —goo] | [goo, o0) where immediate
action is optimal. The postulated continuity of Quo(+), QL. (+) across the points foo and goo, and of
QY (+) across the point g, leads to the smooth-fit conditions

(78) Qoo(foo+) = 5f020, Q:)o(foo"i‘) = 2(Sfoo
(7.9) Qu(9oo—) =1, Qg(9e0—) =0.

As Davis & Zervos (1994) demonstrate, the system (7.1)—(7.9) can be solved for two constants
foo, goo and for a function Qo (+) in C*(R) NC3(R \ {£fw}), in the form

%:v2 + ﬁ + Aooe’”‘z/Z + Booe_wm : foo <7< goo
ox ; 0<z<f
710 00 €Tr) = Y — — o0
( ) @ () Qoo(goo)'i_w_goo ; Joo < < 00
Qoo(—1) <0
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The four free constants Ass, Boo, foo, Joo Of this expression, can be determined by the four conditions
of (7.8), (7.9); in particular,

(7-11) A = hl(foo), Boo = h2(f00)7
and the constants fo,, goo are uniquely characterized by the equations
(7.12) h3(goo) = h1(foo)V2e,  ha(goo) = ha(foo)V 2.
We have set
A ad =X /ey
(7.13) hi(z) = g ¢ 2e h(x)
A ad — A 4z
14 2 =T 7 V2 o
(7.14) tafe) £ SR () - S2)
in the notation of (6.10), and
A A« 1 v32a
(7.15) hs(z) = " [2)\ < + m)] e
A « 1 V2a
1 = (= 4+ — zV2a
(7.16) ha(x) 5 [m (2)\ + m)]

With the solution of the system (7.1)—(7.9) thus determined, the optimal policy takes the form
of a combination of “act, continue, or stop” moves, whereby one:
( )

(i) Stops immediately, if || < foo: 7TF=0, £ =0.

(i) Erects “reflecting barriers” at the endpoints of the interval (—goo,goo),
spends no fuel as long as the state process X is in (—goo, — foo)U(foos oo )5
(7.17) and stops the first time | X| hits foo, if foo < |Z| < goo -

(iii) Spends the amount |z| — goo of fuel at t = 0, in order to move to the
position goo-sgn(z) at once, and then continues as in (i) above, if |x| >
Joo -

\ Vs

In other words, the optimal policy is of the form ¢* = (£*)T — (¢*)~, with

A
()7 = max [0, maxo<s<¢(—7 — Wy — goo)]

(7.18) A

(5*); = max [0, maxogsgt(l' +Ws — 90)], Xf=z+W;— &
and
(7.19) T Einf{t >0/ X7 < fao} < 00, a.s.

The processes (£*)* of (7.18) act only as much as is necessary to bring (at time ¢ = 0) or keep (at
all times ¢ > 0) the state-process X* inside the interval [—goo, goo], up until X* enters [— foo, foo),
at which time it is optimal to stop. Davis & Zervos (1994) also show that foo < fo, where fj is the
optimal stopping boundary of (6.9) in the case y = 0.
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8 THE CASE )< ad, 0 <y <oo: ANALYSIS

Motivated by the solutions to the problems with no fuel at all (Section 6) and with infinite fuel
(Section T7), let us postulate now a solution of the finite-fuel problem (2.6), in the form suggested
by Figure 2.

In particular, we guess that for every finite fuel-level y > 0, there exist an absorbing barrier
f(y) and a reflecting barrier g(y) with 0 < f(y) < g(y) < oo; these function much like fo, and
Joo Of Section 7. We also guess that the functions y — f(y) and y — g¢(y) are continuous and
monotone (decreasing and increasing, respectively), with f(o0) = fe, g(00) = goo as in Section 7
and f(0+) = fo as in Section 6. (These guesses will be vindicated in Section 9, but only for values
of the parameter A in the smaller range (0, ] as in (2.7); a more elaborate guess is made, and
then justified, in Section 10 for the case A € (A, A*], whereas the case A\ € (A\*, ad) is still open.)

The graphs of the functions f(-), g(-) should then describe the optimal policy for the problem
of (2.6), by determining an optimal stopping-region ¥ = {(z,y)/ 0 <y < oo, |z| < f(y)}, an op-
timal continuation-region C = {(z,y) /0 <y < oo, f(y) <|z| < g(y)} U{(z,0)/|z| > f(0)}, and
an optimal action-region A = {(z,y) /0 <y < oo, |z| > g(y) }; see Figure 2, as well as (9.6)—(9.13)
for a detailed description of the optimal policy (&*,7*).

We shall assume that the value V(z,y) of (2.6) can be characterized in terms of the following
moving—boundary problem

(8.1) %Qm(x,y) + A2 — aQ(z,y) >0 ; 0<z<f(y) or >g(y), y>0
82 SQuley) A’ —0Qey) =0 5 f) <z <gly), y>0

(8.3) Qz,y) <d2> ; x> f(y), y=0

(8.4) Q(z,y) =062 ; 0<z<f(y), y>0

(8.5) Qu(z,y) + Qy(z,y) <1 ;  0<z<g(y), y=>0

(8.6) Qz(2,y) + Qy(z,y) =1 ;  x>g(y), y>0

(8.7) Q(-z,y)=Q(z,y) ; z<0,y>0

(8.8) Q(z,0) =Qo(z) ; z€R,y=0

(8.9) Qz(z,y)| < K(y)(L+z]) ; 2€R,y>0

for two suitable “moving-boundary” functions f : [0,00) — (0,00), g : [0,00) — (0,00) of class
C! with f(-) < g(-), and for some function @ : R x [0,00) — [0,00) of class C}(R x [0,00)) N
C? (R x [0,00)) \ {(z,y)/z = £f(y)}). In the last two equations, we have used the notation of (4.2)
and (6.7). Notice that if the triple (f,g, Q) solves the moving-boundary problem of (8.1)—(8.9),
then @) solves the variational inequality (4.1)—(4.6).

To make headway with solving the moving-boundary problem of (8.1)—(8.9), let us fix a number
y € [0,00) and write the solution Q(-,y) of the equation %Qm + 2?2 —aQ =0 as

(810)  Qa,y) = 20>+ 3 + AWV 4 Blyle TV, for fly) < <g(y), y20

Here A : [0,00) - R, B : [0,00) — R are suitable functions of class C!, to be determined
below. The postulated continuity of Q(-,vy), Qz(+,y) across the absorbing-barrier x = f(y), gives
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the smooth-fit conditions

(8.11) 2 + f + A(y)e™? £ B(y)e V2 =g2® ;  atz = f(y)
(8.12) %:v +V2« [A(y)er\/% — B(y)e * 2a] =20z ; at ¢ = f(y)

or equivalently

(8.13) Aly) =m(f(y), By =h(fly); y=0
in the notation of (7.13), (7.14). From these and (6.7), we expect to have f(0) = fy, as well as
A(0) =0, B(0) = By.

.. . . . . A
On the other hand, the postulated continuity of the directional derivative U = Q. + @y and of
Up = Qo + Qqy across the reflecting-barrier © = g(y), leads to the additional smooth-fit conditions

(8.14) Q:U—{—*Qa [A(y)ex\/Za — B(y)e™® Za] _,_Al(y)ew\/?a —i—B'(y)e_x 22 _ 1
o
2
(8.15) g)\ + 20 [A(y)e™Y + B(y)e %] + Vaa | A'(y)e™V® — B'(y)eV®| = 0

at © = g(y), or equivalently

(8.16) A'(y) + vV2aA(y) = hs(9(y)) ; y >0
(8.17) V2aB(y) — B'(y) = ha(g(y)) ; y>0

in the notation of (7.15), (7.16). (The continuity of the directional derivative D@, and the continuity
of its first spatial derivative U,, were used as smooth-fit conditions to similar effect in the paper of
Benes, Shepp & Witsenhausen (1980).)

8.1 Lemma: For every A € (0,ad), the function hqi(-) of (7.13) (respectively, ha(-) of (7.14)) is

strictly increasing (respectively, decreasing) on [0, \6/(ad — )\)} , with 0 < fo < +/8/(ad — )
and

(8.18) h1(0) = h2(0) = %, hi(fo) =0,  h2(fo) = —2(0[57\/_%)]% .efov2e = g
(8.19) hy(z) = —h)(z) - e2V22 2 eR.

We collect in Appendix A the proofs of those results in Sections 8,9 that are not developed fully
in the text.

Let us assume, for a moment, that the absorbing moving-boundary f(-) is strictly decreasing,
with f(0) = fo as in (6.9) and limy_,o f(y) = foo as in (7.12); see Proposition 8.5 below for
justification. Under this assumption, and in conjunction with the properties of the function hy(-)
from Lemma 8.1, we can re-write the equations (8.13) in the form

(8.20) fly) =h*(A(y)),  Bly) = H(A(y))
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with H = h2 o hy', so that (8.19) implies H'(h1(2)) = hy(2)/hi(z) = —e22V2a Qubstituting the
expression for B( ) from (8.20) into (8.17), and using (8.16), (8. 13), we obtain
ha(g(y) = v2a-H(A(y)) - H'(A(y)) (y)
= V2a-ho(f() = H' (b (F) - [hs(9(v)) — V2a- b (£(9))]

or equivalently

(8.21) q(9(y); f(y)) =0,

where we have set

Q(x; Z) V2a ‘LQ(Z) AL1(Z) -e* 2a] n3(x)622 20 AL4(1‘)
d—A 2V 2a A zV 2 1 2(z—z)v2a 1
22 = 2, X T AV A S . Veaa (2 2 ).
(8.22) z e e [(2)\ x \/2_> e oy ¢ N

8.2 Lemma: Assume that 0 < A < \* in the notation of (2.7). Then for every z € [0, fo] there
exists a unique number x = X (2) € (&, 00) such that q(X(z);z) =0 holds, and we have

1 1
X(z) < & .
2% <o < ()<2)\+1/_a

Proof: For fixed z € [0, fo], consider the function ¢(-;2) of (8.22) on [z,00). We have ¢(z;z) =

(8.23) z< fo <

e*V2%(1 — 2§2) > 0, since z < fo < o; this is because the function A — fo(\) of (6.9) is strictly
increasing, and fy < % amounts to the condition 9(26) > 0 in the notation of (6.10). This, in turn
is equivalent to the condition

ad

1+1‘5+/‘”
vt/

(8.24) 0<A<A 2

in the notation of (2.7). It is easy to verify that ¢(oo;2z) = —oo; furthermore, the quantity

(8.25) %q(m;z) )\\/j (% - x) etV (1 - eﬂz*x)m) , z2<r <00

has the sign of 35 — 2. Now fy < fo(A*) = 215 < 3%, so the function ¢(-; z) is strictly increasing
on (z,£) and strictly decreasing on (#%,00). Thus, there exists a unique X(z), as in (8.23), that

satisfies q(X'(z); 2) = 0. The last inequality of (8.23) follows from the simple observation ¢(z} +
\/Lz_a; z) <O0. O

8.3 Lemma: Under the assumption 0 < X\ < \*, the function z — X(z) of Lemma 8.2 is of class
C2, strictly decreasing and strictly concave.

We shall impose for the remainder of this Section the assumption (8.24), as it seems to be
critical for the validity of Lemmata 8.2 and 8.3. Thanks to these two results, we deduce that the
two moving-boundary functions f(-) and g(-) are related by

(8.26) 9(y) =X(f(y); 0<y<oo.
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On the other hand, substituting A(y) = h1(f(y)) and its consequence A'(y) = f'(y) - b} (f(y))
from (8.13) into (8.16), we obtain for the moving-boundary function f(-) the first-order differential
equation

m(f(y))
h(f(y))’

8.4 Remark: The relation (8.26) is valid, at least formally, also for y = co. Indeed, g(c0) = goo and
f(00) = foo satisfy the equation goo = X(fxo) trivially, thanks to (7.12) and (8.21), (8.22).

(8.27) f'(y) = 0<y<oo where  m(2) 2 ha(X(2)) — V2 hy(2).

8.5 Proposition: The differential equation of (8.27) has a unique solution f : [0,00) — (0, 00)
with f(0) = fo, in C'([0,00)). This function is strictly decreasing, strictly conver, of class C2, and
satisfies limy o0 f(y) = foo; whereas the function g : [0,00) — (0,00) given by (8.26) is of class
C2, strictly increasing, strictly concave, and satisfies limy 00 9(¥) = goo-

8.6 Lemma: The function Q of (8.10) satisfies Q(z,0) = Qo(z) for all z € R, and for any y > 0

(8.28) Qulw,y) = f'(y)h (F(y)e =2 (22 — 2 0V2) < g
(820 Qulirs) = Lo VB [ (1) — ha(1(0) %] > 0
(8.30) %Qm(fv,y) +a2? = aQ(z,y),  Qz,y) < da?
(8:31) L Quate) = 2 o[ (P 4o ()] > 0
(8.32) Quy(,y) = m(f(y))V2ae™V22 |22 4. (212

0
(8:33)  Qu(@,y) = f'(y)e 2 [m'(F(y)) (22 = HTOVE) — 2v/20 m(f(y))]
for f(y) <z < g(y), and

(8.34) Uz,y) 2 Qulw,y) + Qula,y) <1, for fly) <z < g(y).

In particular, Q(z,-) is not convez, since Quy(x,y) <0 for x — f(y) > 0 sufficiently small.

The strict concavity of the function g(-), established in Proposition 8.5, implies
(8.35) Jd0)<1 <= g¢g'(y)<1, VO0<y<oco.

This property will be crucial in the next section, when we construct the optimal policy for the
problem of (2.6), so we shall need conditions to ensure it.

8.7 Proposition: For given a > 0, & > 0, there exists a constant A\, = A\i(,d) with

)
(8.36) 0<A <A =—20
1+ e
[ERVeT
as in (8.24), such that
(8.37) J0)<1 <= 0<A<A,.



This proposition will be proved in Appendix B. It should be noted here that the second inequality
in (8.36) can be strict. For instance, with o = 1/6 = 2, we have A\* = 0.8 from (8.24), while the
methodology of Appendix B computes the constant A, of (8.36) as A, = 0.7885.

9 THE CASE 0< A <), 0<y<oo: SYNTHESIS

We are now in a position to reverse the steps of the analysis carried out in Section 8, and to verify
the guesses made in the beginning of that Section, at least for 0 < A < A,. Let us fix the parameters
a >0, d>0and A € (0,\] as in Proposition 8.7, construct the solution f(-) of the differential
equation (8.25) and from it the function g(-) of (8.26), as in Proposition 8.5, and define the function

( 6z 5 0<z < f(y) )
§x2+%+h1(f(y))exm+h2gf(y))€_’“’ 20; ; f((y)) <z <g(y) 0
A (+Q—-¢y—¢) ; gy)<z<y+g(0
(0-1) Qz,y) = y+Qo(z—y) ; y+g(0)<z<oo
Qo(l‘) ; 1‘20, y:()
L Q(—z,y) ; —oco<z<0 J

for 0 < y < oo. We have used here the notation of (7.13), (7.14), (6.7) and have defined ¢ =
((z,y) € (0,y) uniquely, via
(9.2) z—(=gy—¢), for g(y) <z <y+g(0),

thanks to (8.37) and (8.35). These properties ensure that the 45°-line emanating from the point
(90,0) touches the graph of g(-) at that point only; see Figure 2.

9.1 Theorem: The function Q : R x[0,00) — [0,00), defined in (9.1), is of class C* (R x [0, 00))N
C? (R x [0,00) \ {(z,y)/x = ££f(y)}), and solves the moving-boundary problem (8.1)-(8.9) as well
as the variational inequality (4.3)—(4.6). Furthermore, this function has the properties

(9:3) Qy(e,y) <0, for 0<y<oo;  lim Qz,y) = Quo()

for any x € R, in the notation of (7.10).

From Theorem 4.1, we know then that Q(z,y) is a lower-bound on the attainable expected cost
V(z,y) of (2.5); namely, that (4.7) holds. We shall show that, in fact, we have equality in (4.7),
namely

(9.4) Q(:v,y)zlE[ e+ /[0 O )+ EL0) 40T ()7 | = V()

for a policy & =& — &7 € A(y), 7 € S with 7, < oo, a.s. Here
(9.5) X{ =4 Wt &lt), ¥P=y— (€50 +& (1), 0<t<oo

are the optimal “position” and “remaining-fuel” processes. By analogy with (7.17), this policy
takes again the form of a combination of “act, continue, or stop” moves. In terms of the regions

(9.6) S E{(z,y) /0<y<oo, |2]<fy)}
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(9.7) C 2 {(z,y) /] 0<y<oo, f(y)<lz| <gly)}U{(z,0) /e > £(0)}

(9.8) A 2A,UA,
depicted in Figure 2, where

A2 {(2,y) /0<y<oo, gly) <le| <g0)+u}, As={(z,y)/0<y< o0, || >g(0)+y},

the moves of the optimal (£, 7«) can be described as follows:

( 3

(i) Stops immediately; if (z,y) € 2.

(13) Erects “reflecting barriers” along the moving boundaries £g(-), spends no fuel
as long as (X;,Y,") € C, spends just enough fuel along the “reflecting barriers”
to ensure | X*| < g(y — &) - 5*_()) at all times, and stops the first time

(13i) Spends at t = 0 as much fuel as necessary to move to the closest “reflecting
barrier”, and then continues as in (ii) above; if (z,y) € Aj.

(iv) Spends all available fuel at once, moves to the position ' = x —y- sgn(z), and
stops the first time t such that |2’ + Wi| = fo; if (z,y) € As.

\ Vs

More precisely, we can construct a pair of non-decreasing processes ¢ (-) € A, such that

(9.10) & () = max [0, Jmax, (:v + W, — g(y — §*(u)))] Ny, 0<t<mr
(9.11) & (t) = max [0, ax, (. —Wy—g(y - éi(U)))] Ay, 0<t<m,

and &F(t) 2 ¢ (r) for t > 7., where

(9.12) rEimf{t>0/|X;| < f(¥)} < oo, as.

(9.13) &Ee — e Aly), (X°,Y*) asin (9.5).

The reader should consult Benes, Shepp & Witsenhausen (1980) for the actual construction of the
processes £5(-) in (9.10) and (9.11), and should argue the a.s. finiteness of the stopping time 7,
as indicated in (9.12).

9.2 Theorem: The policy (&4, 7) € (A(y) X S) of (9.10)-(9.13) is optimal for the problem of (2.6),
whose value is then given by the expression of (9.1); in other words, (9.4) holds.

Proof. Let us consider the policy (&, 7«) of (9.10)-(9.13), recall (9.5), set n = &5, and observe that

(9.14) (XL, V0 e® & QXi,Yi)=d(XL) as.
1
(9.15) (X;,Y)eC < §wa(x’y) + 2 — aQ(z,y) =0

(zy)=(X},Yy)
for every 0 <t < 7, a.s. on {7, > 0},
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(9.16) { n* is flat away from {t >0 / Y* >0, X} < —g(Y}*)} = } ,
{t>0/Y2 >0, (-Qz+Qy)(X; Y ) =1}
(0.17) { n~ is flat away from the set {t >0 / V;* >0, X} > g(YV*)} = } ,
{t>0/Y2 >0, (Qu+Qy)(X; Y ) =1}
at any time ¢ € [0, 7,] with An > 0, we have

(9-18) Qz £,y —0) — Qz,y) + 9 =0, as.
(@y)=(X;_, Y} ), 9=An;

It follows from (9.14)—(9.18) that we have I;(7,) =0 a.s., for j =1,--- ,5 in the proof of Theorem
4.1, and (9.4) is then a consequence of Corollary 4.2. O

We discuss the situation A, < A < A* in the next Section 10. By contrast, the case A* < A < ad
has so far eluded our efforts. It may require the development of a new methodology; we suggest its
analysis as an interesting open problem.

10 THE CASE )\, <A< ), 0 <y < o0

When A, < A < A*, one expects that the optimal policy will be characterized by two curves
{(z,y) /Jx=F(y), 0<y<oo}and {(x,y) / z=G(y), 0<y < oo} with F(-) < G(:), and will
obey the rules:

;

(a) In region 12 {(z,y) /0<z<F(y), 0<y< oo}, stopimmediately.

(b) In region I 2 {(z,y) /| F(y) <z <G(y), 0<y< oo}, continue without exer-
cise of control (expenditure of fuel).

(10.1)
(c) If the starting point (zg,yp) is in region I 2 {(z,y) /[ > G(y), 0<y< oo},
expend fuel immediately and bring the state to the boundary

{(z,y) [ 2 =G(y), y>0}U{(z,0) /x> G(0)} of the region.

(d) Use the optimal stopping rule of Section 6, if y = 0.

\

Because of the definition of A\, we guess that, if the optimal strategy has the suggested form,
then there should exist a critical level of fuel § € (0,00), such that

(10.2) G'(y)>1 for 0<y<y, and 0<G'(y)<1 for y>1j.

Along the part of the curve {(z,y) / = = G(y), y > y} where G'(y) < 1, the strategy is to use fuel
to reflect the vector-process (X;,Y;) so as to keep it in the region {(z,y) / F(y) <z < G(y), 0<
y < 00}, just as was done in the previous case of 0 < A < A, (Section 9). However, along the part
of the curve {(z,y) / * = G(y), 0 <y < g} where G'(y) > 1, this is no longer possible. We
propose that the policy of (10.1)(c) extend to this portion of the boundary:
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(10.1)(e) From any initial condition (z9,y0) € {(z,y) / z=G(y), 0<y <y},

one expends all available fuel to bring the state to the z-axis.
This guess is natural, because the 45°-line segment connecting any such (xg, yo) to the axis, remains
in region II; cf. Figure 3.

Let n(F'; G) denote the control/stopping policy outlined in the above discussion of (10.1)(a-e).
This strategy treats always F(-) as an absorbing boundary (stops, as soon as | X¢| < F(Y;)). As long
as Yy > g, this policy treats G(-) as a reflecting boundary, in the manner of (9.9)(iii); but as soon
as Y; € (0,9], it treats G(-) as an ezit (“repelling”) boundary, i.e. spends all available fuel at once
if | X¢| > G(Y:). In particular, with initial fuel Yy = yo, the state-process {(X;,Y:); 0 <t < oo}
never visits the region {(z,y) / |z| < G(y), 0 <y < §Ayo} if the policy n(F;G) is used.

We shall show that, for A, < A < X*, there are curves F(-) and G(-) as in Figure 3 such
that m(F; G) is optimal, and F(-), G(-) are uniquely determined by the smooth-fit conditions of
(10.4) below. Let Q(z,y) denote the expected cost associated with 7(F; G) and initial condition
(Xo0,Y0) = (z,y), and assume as an Ansatz:

(10.3) Gly) >y+ 55, for 0<y<y;

(a) Q(,y), Q«(-,y) are continuous across ¢ = F(y), YV y € (0, 00);

(b) Q(a y)a (Qa: + Qy)('a y) and (wa + wa)('a y) are continuous across r = G(y)a
(10.4) V' y € (y,00);

(c) Q(-,y) and Q(-,y) are continuous across x = G(y), V y € (0,7);
(d) Q@ € C(R x [0,00)).

\ Vs

10.1 Remark: The requirement (10.4)(b) is the same smooth-fit condition used in the case 0 < A <
A« of Sections 8 and 9 (for which, from the perspective of our more general framework, § = 0).
Condition (10.4)(c) is very natural, since the policy w(F'; G) determines the value of Q(G(y),y) for
0 < y < g; thus, only one more smooth-fit condition is needed to determine F(-) and G(-), namely,
the continuity of Q. (+,y) across x = G(y).

The proof will be developed in two steps. First, we shall identify the critical fuel-level § and the
portions {(F(y),G(y)) / 0<y <y} of the moving-boundaries below it, by imposing (10.4)(c)
under the Ansatz (10.3). We shall construct Q(-,-) on R x [0,y] as the expected-cost-function
under this policy, and show by the Verification Theorem 4.1 that it consitutes the value function
for our problem (2.6).

Next, we shall extend F(-), G(-) to the region y > § above the critical level, using (10.4)(b).
This can be done quite easily, using the results of Sections 8 and 9, once certain facts about F(-)
and G(-) at y = y have been established.

Before presenting the results, we state formulae for the expected-cost-function {Q(z,y) / x €
R, y € [0,9]} associated with m(F;G) and for the smooth-fit conditions (10.4)(a,c). With the

21



notation of (6.7)—(6.9) for Qo(-) = Q(+,0) and fo = fo(\), with given F(-) and G(-) as above, and
with suitable functions A(-), B(-) (to be determined), we have

b ; 0<a < F(y)
A2 A V20 —zV2a .
10.5 _ ) ar &+ Ay)e™ ™ + B(y)e . F(y) <z < G(y)
19 Q) Q(x —y,0) +y 2> Gy)
Q(—z,y) ; <0

for 0 <y < . Because we are assuming (10.3), we have G(y) > y + 5 > y + fo, and thus

(106) Qey) =y + 2@~y + Sy halfo)e E VR 2> G(y), 0<y <5
As shown in (8.13), the smooth-fit condition (10.4)(a) implies
(10.7) Aly) =hi(F(y), Bly) =h(Gy); 0<y<y
On the other hand, the smooth-fit condition (10.4)(c) requires
g:rz + % + h (F(y))e”m +he(F(y))e ™V2* = Qz—y,0)+y

2\ —zV2a
;x+v2a [hl (F(y))ex\/%—hz(F(y))e 2 } = Qu(r —1y,0)
at © = G(y). Algebraic manipulation reduces these equations to

(10.8) h (F(y)) = H3(G(y),y), ha (F(y)) = Ha(G(y),y)

where

A
Ha(w,y) = yha(w) + 5oyPe =
(10.9) o

A A
Haw,y) = —yha(e) + 5oy’ e™> + ha(fo)e!>.

Let us denote again by f(-), g(+) the solutions provided by Proposition 8.5 to the system of (8.26),
(8.27) with f(0) = fo, g(0) = go. Both these functions depend on the value of the parameter A
(though we shall not indicate this dependence explicitly), and satisfy the relation g(g(y); f(y)) =0
of (8.21). Here ¢(-;-) is the function of (8.23), and will play a central role in the analysis that
follows.

10.2 Proposition: For A, < A < X*, there exists a real number Y > 0 and a unique solution
{(Fx(y),Gr(y)); 0<y <Y} tothe equations of (10.8), for which G(-) sastifies (10.3) and

(10.10) Ey()), GA() arein C1([0,Y]) ;
(10.11) F\(0) = fo, F5(0)= f'(0) and Fx(-) is decreasing ;
(10.12) GA(0) = g0 and G4(0) = L[1+¢/(0)] € (1,4/(0)) ;

7(Ga(y); FAy))
20 Gy (y) — (4 + &)] eCrovEa (1 _ ez(awwuw)m)

(10.13) G\(y) =1+ , 0<y<Y.

22



The set {y € [0,Y] / G4\(y) < 1} is not empty; and with = sup{y >0 / Gi(y) > 1}, we have

(10.14) 0<y<Y, G\(H) =1<G\(y) for 0 <y <y, g=sup{y >0/ q(Gr(y); Fr(y)) >0},

(10.15) q(GA(9); FA(§)) =0, or equivalently G\ (§) = X(F\(7))-

10.3 Theorem: Let F)\(-), GA(-), ¥ be given as in Proposition 10.2, and Q be defined on Rx [0, §] as
in (10.5), (10.7). Then Q is of class C(Rx[0,y])NC (R x(0,§)), is twice continuously differentiable
with locally bounded second derivatives away from {(z,y) € R x (0,§) / = = +F\(y) or v = £G\(y)},
and satisfies (4.2) as well as the Variational Inequality (4.8)-(4.6) on R x (0,7).

10.4 Corollary: For A\, < A < X, the function Q of Theorem 10.2 coincides with the value
function V on Rx [0, 7], and the strategy w(Fx; Gx) (of (10.1) and subsequent discussion) is optimal
for the problem (2.6) for z € R, y € [0, 7].

Proof: By Theorems 10.2 and 4.1, we have @ < V on R X [0,7]. Since @ is the expected cost
associated with the policy m(Fy; Gy) we also have @ > V on R x [0, 7], and the claims follow. O

To complete the solution, it remains to determine the functions F'(-), G(-) on [g, 00) and show
that the expected cost @ associated with the policy n(F'; G) satisfies the Variational Inequality of
(4.3)—(4.6). In accordance with (10.2) we want G'(-) < 1 on [g,00). If this is the case, then we
should first apply (10.4)(a,b) as a smooth-fit principle to determine F(-) and G(-) on [g, c0), and
then check the validity of G'(-) <1 on this interval.

The first of these tasks has already been carried out in Section 8 (Lemmata 8.2, 8.3 and Propo-
sition 8.5). Let f(-) be defined on [7, ) as the solution to the equation

hg(X(Z)) - \/ﬁ hl(z)

e for y>g, and f(g)=F\(7)

(10.16) flly) =

2=f(y)
To proceed with the second task, it is important to note the following.

10.5 Lemma: Let f.(-) = fi.(:) be the function of (8.27) defined on [0,00) corresponding to the
parameter value . of (8.36). Then with A < A < X* we have F)\(-) > f.(-) on [0,7]; in particular,
F)\(g) > foo-

Proof: The optimal stopping region for the problem of (2.6) with value V (-, §) corresponding to \,, is
givenby {(z,y) / |z| < f«(y), 0<y <§}. Ontheother hand, theset {(z,y) / |z| < FA(y), 0<y <y}
is the optimal stopping region for the problem of (2.6) with value function V' (-, ) corresponding to

A € (A«, A*]. The optimal stopping region increases with A, and the claims follow. O

From Proposition 8.5, the equation (10.16) admits a unique solution; this is a strictly decreasing,
strictly convex function, of class CQ((g, oo)), and satisfies limy ;o f(y) = foo. Now define

Fyx(y) ; 0<y<y }

(10.17) Flo) = { fly) 5 I<y<oo
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as well as
(10.18) Gly) é{ Ga(y) ; 0<y<y }

In particular,
(10.19) a(G(y); F(y)) =0, g <y <oo.

Since F'(-) is continuous at y = § by (10.16), it follows from (10.15), (10.19) that G(-) is also
continuous at y = g. Furthermore, we have limy ;o G(y) = goo from Proposition 8.5.

10.6 Theorem: The function F(-) of (10.17) is continuously differentiable at y = §:

F(y) — F(y F(y) — F(3
(10.20) Fily) 2 1im FW = F@) _ pry ) 243, PO~ F@)
yly y—y yty y—y
On the other hand, the function G(-) of (10.18) satisfies
(10.21) G'(g+) <1 and
(10.22) G'(y) < 1, for all y > 9.

Proof: Let us recall G'(g) = 1 from (10.14); differentiation in (10.8) with respect to y, and then
calculation at y = y, gives

LR - Flg—) = (218 4 98 ().
(10.23) Wy (F(7) - F'(5—-) = ( 9% e (G(9),9)-
Now an easy calculation in (10.9) shows
(10.24)
(97'[3 (97'[3 . 8%4 8H4 _ -
<% + a—y> (x,y) - h3($) \/%HB(may)a < ax + ay > (xay) - \/%H‘l(x’y) h4(£L‘)

From (10.18) and (10.8) we obtain G(§) = X(F (%)), h(F(§)) = H3(G(y),y) and thus (10.23)
reads

z=F(g)
But the right-hand side of this expression coincides with F'(y+) thanks to the definitions (10.17)
and (10.16), so (10.20) follows. Now use (10.14) to obtain

(1025) 0> 1y G W; F() —a(GW) F(y) _ 0q
' T oyt y—y ox

(G@); F@) +F'(§) - 5 (G@); F®))

since G'(g—) = 1, and recall (8.25) to observe

%(G(ﬂ);F(y)) = )\\/g (% _ G(g)) eltnvery [1 _ e2(F(g)—G(g))\/ﬁ -0
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thanks to (10.3). Therefore, (10.25) yields

1> 0q/0z

>~ 5a)0n (G@); F(9)) - F'(5+) = G'(g+)

in conjunction with (10.19) and (10.20). This proves (10.21). Proposition 8.5 implies that G(-) is
strictly concave on (7, 00) and so (10.22) follows immediately. O

In terms of the functions F(-) and G(-) of (10.17), (10.18), let us define now for y > § the
function

(10.26)
52 ; 0<z<F(y)
| A2 A+ (F(y) eV 4 ha(F(y))e ™ 5 Fly) <o < G(y)
Q(z,y) = (+Q(z—¢y—¢) ; Gly) <z <GH) +(y—7)
y+Q(z—y,0) s > G+ (y—9)
Q(—IE,Z./) ;¢ <0

where ( = ((z,y) is defined uniquely via x — ( = G(y — (), and observe lim,_,, 5 Q(z,y) =
Q(zo,y). Hence @ is continuous at all points of {(:L‘,y) /y = 37}. It is also clear that Q is C?
except possibly on {(:v, Y) / z==2xF(y) or x = :l:G(y)} (by the analysis of the proof of Theorem
9.1, Q is C* across the boundary {(z,y) / = = +G(y), y > §}).

It can be shown that Q is of class C' on R x [0,00). Indeed, we know from Theorem 10.2
that @ € C! (R x [0,7]), and from the analysis of Theorem 9.1 that Q € C* (R x (%, o0)). Hence it
suffices to show

lim  Qu(z,y) = Qu(0, %)

z—xo, YlYo

and similarly for @,. This is easily checked using straightforward differentiation and part (iii) of
the proof of Theorem 9.1.

The proof of Theorem 9.1 shows that @ satisfies the Variational Inequalities (4.3)-(4.6) for
y > ¢y, and @ satisfies (9.3). Since we have verified that @ satisfies the conditions of (4.3)—(4.6) for
y < g, it follows that @ solves them everywhere. Thus we have proved

10.7 Theorem: Let A\, < A < X*. The function Q defined in (10.26) is the value function for the
problem of (2.6), and w(F'; G) is the optimal strategy.

Proof of Proposition 10.2: Abusing notation slightly, we shall denote F)(-) by F(-) and G (")
by G(-), throughout this proof.

Step 1: Reduction of the equations (10.8) to an implicit equation for G(-). From Lemma 8.1, the

function hy(-) restricted to [0, fo] admits an inverse h; ' : [—ﬁ,O] — [0, fo]. It is shown

+
in Appendix C that Hs(z,y) € (—ﬁ,ﬂ), fory > 0 and z > (% + 4 - \/%) . Therefore,

H (Hz(z,y)) = (hgohy") (H3(x,y)) is defined on this domain, with H = haoh] " as in Section
8. Set

n
(10.27) L(z,y) = Ha(z,y) — H(Hs3(z,y)); y>0, z> (% + % - \/%>
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and note that, for y = 0, we have H3z(z,0) = 0 and H (H3(z,0)) = ha(fo), thus L(z,0) = 0.
We claim that if G(-) solves the equation

(10.28) L(G(y),y) =0,

then F'(-) 2 hit (H3 (G(:),-)) and G(-) solve the equations of (10.8). Indeed, F(- ), G(-) satisfy
the first equation in (10.8) by definition, and from (10.28): H4(G(y),y) = ha (h; (G(y),y)) =

ha (F(y)).
Step 2: Solution of (10.28). In Appendix C it is shown that

there is a Y > 0 such that, for every 0 < y <Y, the equation (10.28)
(10.29) has a unique solution G(y) > y + 5%. Moreover, G(y) > y + 55 for

0<y<Y, and G(Y)=Y + 2. Also, G(0) £ limyo G(y) = go.

Two immediate consequences of (10.29) are F(y) = hy ' (H3(G(y),y)) < fo if y > 0, and
F(0) =1limy o F(y) = hi' (H3(90,0)) = hy ' (0) = fo.

Step 3: Proof of (10.10)—(10.13). From (C.8), (C.4) in Appendix C, we obtain

L 0L
(10.30) =+ - ) (G(y),y) = a(G(y); F(y)),

or Oy
(10.31)
oL _ 2 (Y4 X)) CwVEa ] 2vVEa(F()-Cw)
5 (Cwhy) = =72 (6 = (5 +53)) e 1 ] <0, for 0<y<v.
Therefore, G(-) € C* ((0,y]) by the implicit function theorem, and

L a(G(y); F(y))
10.32 G’ :—<—y>G vy =1—- 222" 0<y<Y,
(10.32) (v) I, (G(y),y) T.(Gw). 1) y <

which proves (10.13).

By differentiation of the first equation in (10.8), and the fact that h{(-) > 0 on [0, fo], we
deduce that F(-) € C'((0,y]) also. An explicit formula for F’(-) is given in (C.9); using
that formula, it is shown that lim, o F'(y) = f'(0) and that F(-) is decreasing. Thus F(-) €
C! (]0,y]) with F’(0) = f'(0), as claimed in (10.10) and (10.11).

The proof that G(-) € C' ([0,y]) and G'(0) = (1 + ¢/(0)) is carried out in Appendix C.
Step 4: Proof of (10.14) and (10.15). Since G(Y) = Y + g3 and G(0) = go > 3, we have
w < 1. Therefore, by the Mean-Value Theorem, there is a § € (0,Y) with G'(7) < 1.

Since G'(0) > 1, there must exist a § € (0, 7) with G'(g) = 1. The alternative characterization
of § and (10.15) follow immediately from equation (10.13) for G'(). O

The major remaining technical work is summarized in the next lemma, proved in Appendix C.
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10.8 Lemma: The function Q(-,-) of (10.5), (10.7) is of class C' (R x [0,7]) and satisfies

(10.33) (Qz +Qy)(z,y) <1;  for 0<2<G(y), 0<y<y,
(10.34) (Qz + Qy)(z,y) = 1; for ©>G(y), 0<y<g.

Proof of Theorem 10.3: Lemma 10.8 establishes the fact that @Q is C'. It is easy to see that Q is
C? except at the curves {(z,y) /2 = F(y)} and {(z,y) /2 = G(y)}, and that its second derivative
are locally bounded. It remains to check the Variational Inequality (4.3)-(4.6) and (4.2). The
condition (4.2) is immediate from the construction of Q. Lemma 10.8 takes care of that part of
the Variational Inequality having to do with the directional derivative @, + Q. To conclude, it

remains to verify
(1) 1Que + A2 —aQ > 0;  inregions I, II,
(1) Q < 6z%;  in regions I, 1I.

Now 2Que + A22 —aQ =6 — (a8 — N)z? > § — (ad — N) f& > 0 is checked, for |z| < F(y), exactly
as in the proof of Theorem 9.1. On the other hand, we have in region II:

1

5@,,,;4—)\1‘2—0[62:)\[1‘2—(:L‘—y)2—ay] =2)\y [:r— (%4—%)} > 0.

To check (ii), observe Q,(z,y) = hi(F(y))F'(y)e®V3® - [1 — ez(F(y)_””)m} < 0 in region I, because
F'(y) <0, h(F(y)) >0 and = > F(y) there; likewise,
2 Voa (v-=)V2a
Qy(z,y) =1 - —(z —y) + V2a-ha(fo) e <0

in region II, because hz(fo) < 0 and z > G(y) > y + 53 there. O

27



A. APPENDIX: PROOFS OF RESULTS IN SECTIONS 8, 9

Proof of Lemma 8.1: It is straightforward to verify (8.18). It is checked from (6.10) and (7.13),
(7.14) that

ad — A\ 1) ad — A\ 1)
1 i 2 TV 2a i 2 V2«
(A1) hy(z) = Ve ( ; )\—x )e >0, hy(x)= Ve (:p o )\)e <0

for 0 <z < 4/ 5 v, and (8.19) follows. On the other hand we have p (, / M X ) > 0, which implies

fo <4/ a5 5> 50 hi(-) > 0 and hy(-) < 0 on (0, fo). O
Proof of Lemma 8.3: The first claim follows from the implicit function theorem, since
0 0
(4.2) ¥ = (gawn) [ fawa))| <o
0z ox :c:X(z)
Indeed, both %q(w;z) from (8.25), and
0 ad— N d 1
A v . - _9 v 2V 20 / “« (22—&?)\/%
(A:3) azq(x,z) o dz ( ) Ty < v \/Qa) ¢ ’
are negative at * = X(z) > 5. On the other hand, differentiating further in (A.2), we obtain
d%q d%q %q %q 2
(A.4) @(m;z) + 28waz(:v;z) - X'(2) + W(:v z) - X'(z) + @(x;z) (X'(2))" =0
with z = X(z). Now from (8.25), (A.3) we have the computations
a/2 82 _ a 2(z—z)v2a 2(z—x)v2a

VL Py (o ) o ] (- ) <o

0%q (22—2)v2a

5055 57 = (2 g3 ¢ >0

0%q ad — X d? 1

ZH . - _9 A= — 2 — (2z—z)V2a

5.2 (z;2) = gz (z ) +8 (2)\ x ——2a> e <0
for = X(z) > g%, which lead in (A.4) to X"'(z) <O0. 0

Proof of Proposition 8.5: Let us start by observing that the function m(-) of (8.27) is strictly
decreasing. This is because we have m'(z) = hf (X (2))-X'(z)—v2a-h)(z) < 0, thanks to Lemmata
8.1-8.3 and hj(z) = /S (%x -1) e~®V2 5 0 for z > 3x- In particular, we obtain then

(A.5) m(z) <0 for feo<z<fo

from the first equality in (7.12), which amounts to m(fs) = 0. Let us consider also the strictly
decreasing function

fo p! u
(A6)  F(»)2 —/ };i((u))du fao<2<fy with F(fat)=o00, F(fo) =0
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and F'(z) = h{(z)/m(z). In view of (8.27) and (A.
comblned w1th the fact that F(fo) = 0, implies F(f
construct the solution of the differential equation (8.

taking the inverse f(-) 2 p- () of the function F(-) in
For this function, (8.27) gives

5), this gives F'(f(y)) = 1/f'(y), which,
y)) =y, 0 < y < co. This way, we may
7) with the initial condition f(0) = fy by

1
2
(A.6); this solution also satisfies f(00) = foo.
y) _ m'(2)hi(2) — m(2)h(2)
h(2) =g f'(y) (ry(2))?

z=£(y)
For fo < 2 < fo, we have m(z) < 0, hj(z) >0, m/(z) < 0 and
d—A 1
R (z) = aﬁe_z 2a [—\/Qa (77 + o 22> - 2z] <0

from the proof of Lemma 8.1, so f”(y) > 0. In other words, the function f(-) is strictly convex.
From these facts, the relation g(y) = X(f(y)) of (8.26) and Lemma 8.3 imply

(A7) W) = WX (f) >0, ¢"W) =Ff"WX () + (F'@)°X"(f() <0,

and the strict increase and strict concavity of g(-) follow. 0

Proof of (8.28), (8.29): The first follows from Lemma 8.1 and f'(y) < 0. For the second,
fix y > 0, and observe that we have Q. (f(y),y)) = 26f(y) > 26fx > 0 and Q. (9(y),y)) =
1-Qy(9(y),y)) > 1, so the maximum principle implies Q,(z,y) > 1A(26f) for f(y) <z < g(y) .
Proof of (8.34): For fixed y € (0,00), the function d(z) 2
ha(g(y))e™®2® | f(y) <z < g(y) of (8.34) satisfies

(A.-8) d(f(y)) =26f(y) <1=d(g(y)),

as well as

Ulz,y) = 2o+ hy(g(y))e*V?* —

d(z) = (DQ:)(x,y) = (Qua + Quy)(z,y) = % +V2a [h?, (9(1)) ™2 + hy(g(y))e ™ 2a} '

Notice that d'(-) is strictly concave, because h3(g(y)) < 0, ha(g(y)) < 0 from (8.26), (8.22) and
(7.15), (7.16). Furthermore d’(g(y)) = 0 from (8.15).

We cannot have d'(-) < 0 throughout the interval [f(y), g(y)], because that would contradict
(A.8). Thus, the only possibilities compatible with the strict concavity of d'(-) and with d'(g(y)) = 0

are: (i) d'(-) > 0 over (f(y),g(y)); or (1) d'(-) < 0 on (f(y),q) and d'(-) > 0 on (g, 9(y)), for some
gin (f(y),9(y)). In either case, we have d(z) < 1 on [f(y), g(y)). |

Proof of (8.32): From (8.27), (8.29) and the proof of Proposition 8.5, we get with z = f(y):

1

—_2aemexy(x,y) = f'(y)hi(2) [ezx\/ﬁ + ezzm} =m(z) [ezx\/ﬁ + e2:V2al .
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Proof of (8.31): We have $Q..(f(y),y) = (aQ(z,y) — )\:cz)‘x:f(y) = (ad — N\)f%(y) > 0, and
Que (g(y),y) = —Quy (g(y),y) > 0 from (8.32). On the other hand, %(Qm)m —aQur = —22 <0

for f(y) <z < g(y), so the maximum principle gives Quz(,y) > Qe (f(¥),¥) A Qua(9(y),y) > 0,
for f(y) <z < g(y). :

Proof of (8.30): The equality is satisfied by construction of the function @, in (8.10). As for

the inequality, for fixed y > 0, the function v(z) 2 5u? - Q(z,y), fly) < x < g(y) satisfies
v(f(y)) =v'(f(y)) = 0 by construction of @, as well as v"(z) > 0 because $Qu(,y) < A/a < 6,
thanks to (8.31) and Lemma 8.1. It follows that v'(-) > 0, v(-) >0 on (f(y),9(y))- O

Proof of Theorem 9.1: (i) In the reglon {(z,y) /0 <z < f(y), 0 <y < oo} we have
Q(z,y) = 622, thus also (Qz + Qy)(:c y) = Qz(z,y) =20z < 26fy < 1 from (8 23), and from the
proof of Lemma 8.1: (3Que +A2? —aQ) (2,y) =0 — (ad — N)2? > 6 — (ad — A)f2 >

), O

(ii) In the region {(z,y) /f(y) <z < gy, 0<y<oo}Uu{(z0 /x> ()} we have
(2Quz + A2? — Q) (z,y) = 0, and Q(z,y) < 62* from (6.3) and (8.30). On the other hand:

(Qz+Qy)(z,y) < Lfor f(y) <z <g(y), 0 <y < oo, from (8.34). Finally, Q(f(y)—i—,y) = 5(f(y))2
and Q(f(y)+,y) =20f(y) from (8.11), (8.12), as well as

Qy($,y) = A’(y)eﬂv\/ﬁ _i_Bl(y)e—w\/% _ fl(y) [hl1 (f(y))ew\/ﬁ + hlz(f(y))e—w 2a]
= S (F@)e Vi (Vi - U <0, f() <o <o)

with Qy (f(y),y) = 0. In particular, Q(-,) is of class C! across the boundary {(z,y)/z = f(y)}.

(iii) In the region {(z,y) / g(y) < =z < g(0) +y, 0 < y < oo}, we have Q(z,y) = { + Q(n,0)
where n =z —(, 6 =y —( and ¢ = ({(z,y) € (0,y) is defined by (9.2). In particular, we have

e=1/1-4'(0)) >0, ¢=-4(0)/(1-4'(f)) <0 and
Qx(xa y) = (z+ (1 - Cx)Qz(ﬂﬁ) + (—Cw)Qy(Uﬁ) = Qw(ﬂﬁ)
Qy(z,y) = C+(=G)Qz(n,0) + (1 = ()Qy(n,0) = Qy(n,0)
wa(xv y) = (1 - <w)Qm:(77v 9) + (_Cx)Qxy(nv 9) = Qm«(ﬂﬁ);

similarly Quy(2,y) = Quy(n,6), Quy(z,y) = Qyy(n,0). We have used here the property Q.(n,6) =
—Quy(n,0) = Qyuy(n, 0) for n = g(0), a consequence of (8.14) and (8.15). It follows that Q,+Qy =1

throughout the region, and that the function Q is of class C? across the moving boundary g(-).
Furthermore,

%wa(may) + )‘12 - aQ(:c,y) = EQZQ}({'],o) + )\x2 — Of(C + Q(U,e))
( Qm—aQ>( 0) + X z? —al = Aaz? — (z = )] —al = X2z — ¢) — af
:2Ag[(m—g)—ﬁ]+xg2_mg oy — g)—5]+Ag2>o

in view of (8.26) and (8.23). For the same reason, we also have Q(z,y) =+ Q(n,0) < (+0n? =
¢+ 6(z — ¢)? < §22 in this region.
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(iv) Similar properties can be established in the region {(z,y)/9(0)+y < z < oo}, where Q(z,y) =
y + Qo(z — y). It can also be seen that the function Q is of class C? across the line {(z,y)/z =
9(0) +y,0 <y < oo}.

B. APPENDIX: PROOF OF PROPOSITION 8.7
From (8.25)-(8.27), (8.18) and (A.2), it is easy to see

B.1) 4'(0) = X'(£(0)) - £'(0) = X'(fo) - h3(X(fo)})L,1zf;;%h1(f0) — X'(fo) - ZZE?;; ,

, B %q(r;z) _=2(6 - 2)(1+ 2az)e?V2 4 21207V 20 g (1)
B2) X = 2T _
3:4(1; 2) 2 (e — %)ex\/ﬁ(l — e2(z-2)vaa)

with z = fo, © = X(fo) = go. On the interval (%, 5% + \/%), let us define the following function

: & ! 20 QN evEa  2(fo—2)V3a
—hs(@) - <_2 (5 - 2) (I+v Qafo)efom + thg(x)esz0> ,
for which we have

(B-4) g'(0) <1 <= M(go;A) > 0.

Let us also define

_ 1
(B.5) M) 2 M (u + g;A) , for  we(0,1/v32a),
\ )
so that
' ~ «
. < - — .
(B.6) JO) <1 M(g0 2A,A)>0

The definition of M (+;-) depends on A, and so do fy and gq. It will be convenient to think of
the parameters o and ¢ as fixed, while A can vary. We will write fo()A) (resp., go(\)) instead of fo
(resp., go), to emphasize that both fy and gy depend on .

B.1 Lemma: For every fized 0 < A < X*, the function u — M(u; \) is strictly increasing on
(0, \/L?—a) with M(0;\) < 0. For every fized u € (0, ﬁ), the function A — M (u;\) is strictly

decreasing on (0, A*].

Proof: Suppose A € (0, \*] is fixed. Clearly, as u increases, the first term on the right-hand side of
(B.3) increases; as for the second term, the function u — h3(u 4 g% ) is increasing (see the proof of
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Proposition 8.5). However, we have h3(u + £%) < 0, so u — h3(u + %) decreases. Hence M (-; \) is
strictly increasing, and thus so is M (+; \). Furthermore,

(B.7) M- M(O;)\) = M(g;)\) = h3(i) [2 (5 _ 2) (1+ \/ﬁfo)efox/% 2/ 2ae 2f°mh (2

2\ 2\ )

2)

is negative since h3(5%) < 0 and A < ad. Now suppose u € (0, —==) is fixed. From (B.3), we have

L
BS) M) = |2 (f00) (1 A0SR et v
(8%
1 « A
_- el N B _A foM)V2a
~hs (u+2)\) [ 2(5 a) (1+f0()\)\/2a)e

+2v2a - hs (u + %) e2f°()‘)‘/%]

for the function of (B.5). From (A.1), we observe that the first term

\/gh'l (fo(V) (1 - 62(’"0(*)—“—%)«/5) it &)Via

B A (L1 2fe(V) ut & foN)v2a _ _—(ut & —fo(N)v2a
‘“(‘5 a><a+m>[e( J el )

_ % T [e(u-k%—fo()\))\/ﬁ _ e—(u-l-%—fo()\))\/ﬁ]

is clearly decreasing. Recall from (6.9) that A — fo(\) is increasing, and observe that we have
Thy(u+ &) =—L(u+ \/Lz—a)e_( +3%)V2e therefore

1 « « 202 1 2 a
- ) . 9v2ah &) 2foMV2a _ ) e2fo(N—u—55)v2e
— \ 3<u+2)\> o 3<u+2)\>e o2 u + o e 2X

is decreasing. It suffices then to show that, in (B.8), the term

252 _ )2 .
A Lhs (u a ) 5.2 (1 n fO(A),/—Qa) fovaa _ _Ver =X L () ue ) Vaa
A 2 «

is decreasing. But this follows from

d _ o df o -
L (252 _ 22 J(fo(A)—55)V2a) av/a282 — \2(20 4 2y ). (oW 5x)v2a
d)\( a2d? — )2 elo 2X ) = ( a252 +v a?d )\( +2)\2)) e\Jo 2x
- ad av 2o «
— 252 _ )2 . o(fo(N)—3x)V2a
( a2(52—)\2+a5—)\+ a?f? — A 2 ) e 2X > 0,
since \/QQ;‘L)\Z < ad)\—)\ < ag"f)‘. O

B.2 Lemma: The function X+ go(A) — 5% is decreasing for 0 < X < \*.
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Proof. Note that go = go(A) is actually the solution of the equation

(B.9) a(z; fo) = v2a[ha(fo) — hl(fo)ezfom] + h3($)€2f°m — hg(z) =0

a

in the notation of (8.22). Since g(-; fo) is strictly decreasing on the interval (&, & T) for fixed
A (see the proof of Lemma 8.2), we only need show that

(B.10) G(u; \) 2 q (u + %; fo) is a decreasing function of A,
for any fixed u € (0, \/%—a) We compute
(B.11)
G(u; \) = —2f (5 — g) efov2a _ g <u + \/%) (2fo—u=g5)v2e _ g (u — \/%_O) elutsx)v2a,
Observe from (6.9) that the function A — fy(\) is increasing, therefore A — %(u—i—\/%_a)e(?fo()‘)_“_%)m
2 \/2a

is also increasing. Furthermore, A — Ae2x is a decreasing function; this follows from

i () = (1= ) T <o

for 0 < A < A*, since

V2 V2« ) V2 1
PPt VDI PR 1+% = 5 f >1
and this last inequality is clearly valid. The function X — % (u — \/Lz_a) euts)v2a o increasing,
so it remains to show that )\ — (a8 — \) fo(A\)efoMV2a s increasing. From (6.9) it develops that
)
axfoN) = \/_(aéa )2 o573 hence

ddA (08 — N fo(Wefo V) = efomm( f(A)+%(A) (1+ fo(0)v2a) (aé—)\))

. J@Nm(_ﬁuy%wu+fm»%EU

V2a/a2 N

e s A()VER (a6~ Va2 )] >0
which completes our proof. O
Let us define
(B.12) A Esup {0 <A <X/ M(go(A);A) >0} AN

We have then the following claim.
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Proposition 8.7: A, is always strictly positive, and ¢'(0) <1 if and only if 0 < X < A,.

Proof: To prove A, > 0, we only need to to show M (gg()\) )\) > 0 for X sufficiently small. However,
as A — 0+, we have fo(A\) — 0 and go(\) — +o0 (see Lemma B.2), as well as hi(fo(\)) — 0,
ha(fo(A)) — 0, hs(go(A)) — 0. Now equation (8.21) implies h4(go(A)) — 0, or equivalently,

ego()\)\/ﬁ ()‘90_()‘) D S l) — 0. However, )\690()‘)‘/% — +o00 as A — 04, since g()()\) >

« av22a 2
/2. Therefore, eg0(A )\/%( (A\z/a) — (1/2)) — 400, as A — 0+. In conjuction with A} (0+) =
§/v/2a, the equation (B.3) now yields M (go(\); ) = +o0 as A — 0+.
As for the second part of the claim, it suffices to show

M(gg()\) )\) >0, VO<A<A, and M(gg()\);)\) <0, VA> A
However, M (go(A);A) >0 <+ M(gg()\) ;) > 0. Now, for every A € (0,\,], we observe

that 3

M(go()\*) — 25 )\) (by Lemmata B.1 and B.2)
M(go(A) — 533 M) (by Lemma B.1
0 (

)
since M(go( )5 As
and similarly, M(go()\) — 550 < M(go()\*) —55A) < M(go()\ ) — 555 As)

*

M(go(N) — £&;A)

IV IV IV

)

<0, for all A > A,.

C. APPENDIX: PROOFS OF RESULTS IN SECTION 10

The following identities are helpful, along with those of (10.24), and may be verified by substitution.
Where needed, the fact H'(w) = —e2hi (W)V2a g yised (see Lemma 8.1):

OH OH 2\ o
ov2a 9713 _ —ev2a 9714 2 (YL
(C.1) € Ox (w,y) =e oz (@, y) v2a [ac (2 + 2)\)} ’
oL _ OHs 22v%a _ 2av2al. ., _ -1

(C2) So@y) = G (@ y) [V V] = i (Ha(a,y).
First we establish
(C.3) Ha(my) € (== 0) for y>0, z> +9—i+

. 3\T, Y 202" ry y X 2)\ m .
Clearly H3(z,y) = )‘y eV (2)\ +4—z— \/——) < 0 in the given range. From (C.1), the function
H3(-,y) has a global minimum at © = ¥ + &, and H3(4 + 35;9) = —ay;—ae V2a(y/2ta/2)) 5 — 525

(use supyzo(ye_ﬂy) = [% and e > 2).

+
Proof of (10.29): For =z > (% +3 - L) , set z = z(z,y) 2 hyH(Ms(z,y)); observe z < fo if

V2a
y>0,and z=0if y = 0. From (C.1), (10.24), (C.2), we have then
— 2My y @ V2o 2v2a(z—1)
(C.4) Le(e,y) = =22 E (2+2A)}e 1-e |,
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A A
(C5)  Ly(w,y) = —ha(e) + ~2e™>* - VBahy(fo)eV>* + 22 [h3(:v> e,

o 0
(C-6) ( 5+ 3 ) L(z,y) = v2a [Ha(w,y) = Ha(w,)e* 2] + hy(2)e>V? — hy (o).
Reading (C.4) with 2 > ¥ + 5% > fo > 2z we see that L(-,y) is strictly decreasing on (¥ + 5}, 00),
and lim,_, o L(z,y) = —oo. Observe from (10.27), (C.5) that

(C.7) L(z,0) =0, Ly(z,0) = q(z; fo), L,(z,0) =0.

It was shown in Lemma 8.2 that g(z; fo) > 0, for 0 < = < go. Therefore, %L(y + %,y)‘ 0
y:

q(sx; fo) > 0, and it follows that Y’ 2 sup{y >0 / L(y + 5%;y) > 0} > 0. Since L(-,y) is strictly

decreasing on (y + £, 00) and tends to —co as ¢ — 0o, the existence of G(y) € (y + &, 00) solving
(10.28) is established for 0 < y < Y. Because H(H3(z,y)) remains bounded on the domain of L,

and because \ \
@ — (-~ (y+55)V2a yV2a
%4 (y+ 2)\ay) ( y a\/—>e 22 +h2(f0)€ )

it is clear that limy .o L(y + 53;y) = —oo. Therefore, Y < oo and L(Y + 5x;Y) = 0, which shows
GY)=Y + 5.

With G(-) so defined, set F(y) = h;* (H3(G(v),y)), 0 < y < Y. From (C.7) we have L(z,y) =
yq(z; fo) + R(z,y), where R(z,y)/y — 0 as y | 0, uniformly for x in compact sets; it follows that
limy o G(y) = go, and the proof of (10.29) is complete.

Proof of (10.30): Just evaluate (C.6) at « = G(y), so that H3(G(y);y) = hi(F(y)) and
Ha(G(y);y) = ha(F(y)), to obtain

(C8) (Lo +Ly) (Gy)y) = V2 [ha(€) = ha(§)esV™] + ha(2)eV* — hy(2)

= q(G(y); F(y))-

Analysis of F'(-): Differentiation in hy(F(y)) = Hs(G(y),y) using (10.32), (C.2) and (10.24),
yields

§=F(y), z=G(y)

BPW) - FW) = 6) F2C0) + S (Cl).)

— W -1 2w+ (52 + T2) W)

Letting y | 0 gives lim, o F'(y) = h?gg 0) — = f'(0), in conjunction with (8.27) at y = 0. For the limit
1

h
calculation, use H3(go,0) = h1(fo) =0 and g¢(go; fo) = 0. Further manipulation gives
(C.9)

FU)I (F(y) - (200V2 - 2PV} = 22 (4 4 0 Gy)) GOV 1oy fp)et ™™

v
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The right-hand side is negative, because h2(fo) < 0 and G(y) > y + 5x. Since hi(-) > 0 and
e2CGWV2a _ 2F()V2a 5 (it follows that F'(yy<0for0<y <.

Calculation of G'(0): The function L(-,-) has a saddle point at (z,y) = (go,0), and an analysis
by Taylor expansion shows that G'(0) exists and

Ly,
2L,

(C.10) G'(0) = (90,0).

To calculate G'(0), it is actually easier to use the equation (10.13) and the linear approximation

2(G(y); F(y)) = y [¢a(905 fo) G'(0) + ¢y (g0; fo) £'(0)] + o(y).

Observe also from (8.25), (C.4) that

8_L . — . . A2 Gvea __2v2a(F-G)
(©11)  GHGWIFW) = v aalG F) + =y [1—e ]

By substituting these in (10.13), recalling (C.4), and taking the limit as y | 0, we obtain

F=F(y), G=G(y)

(C.12) ¢'(0+) 2 limG'(y) = 1 = €'(0) +4'(0),

where we have used ¢'(0) = — (¢y/4z) (90; fo) - f'(0) from (B.1), (B.2). From (C.12) we have that
G €' (0,Y]), G'(0+) = G'(0) and, solving (C.12) for G'(0), we get G'(0) = (1 + ¢'(0)) /2.

Proof of Lemma 10.8: By choice of F(-) and G(-), the function @ and its derivative @, are
continuous across both boundaries {(z,y) /x = F(y)} and {(z,y) /2 = G(y)}. Thus, it remains to
check the continuity of the derivative @, or, equivalently, of the directional derivative

(C.13) Uz,y) 2 (g—g %—3) (2, y).

Since U(z,y) = 2§z for xz < F(y), and U(z,y) =1 for =z > G(y), it is necessary to calculate
U(z,y) for F(y) < x < G(y) and show continuity at z = F(y) and z = G(y). From (10.5)

A A
Qa,y) = ~a + 5 + H3(Gy), w)e™ > + Ha(G(y),w)e ™2

Now from (10.24) and (C.1), we obtain

TH(CWEY = T2EWi) -6+ 2 (C)i)
= T Gl - () - 1) ~ VEa- Hy(Glw)w) + hs(Glw),
SHAGEY = TAGWi) - (C0) - 1)+ VEa - HalGu)iy) - ha(6(w)

— ezG(y)m%(G(y);y) (G'(y) = 1) +V2a - Ha(G(y);y) — ha(G(y)).
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Straightforward differentiation and substitution, with help from (10.32) and (C.2), lead to the
expression

©1) Uy = 22 4 hy(G)e™ - ha(@ly))e ™™
HE ) - 1) 28wy )™ [1 - 2VEn-]
2z

= =+ ha(G(y)e™ > — ha(G(y))e V"
1 — 2V2a(G(y)—2)
e2G(y)V2a _ g2F(y)v2a

+q(G(y); F(y)) - e*V>®

Direct calculation shows U(G(y);y) =1 by using

2\
hg(x)exm — hy(z)e ®VE2 =1 - g,

and U(F(y);y) = 26F(y) (observe e FV22q(G; F) = % — 20F + h3(Q)efvV2a — py(Q)e FV2),
Thus U is continuous at both boundaries.

Clearly, (10.34) holds by the construction of @ in (10.5). The proof of (10.33) follows the
strategy of the proof of (8.35), writing U(z, y) in place of d(x). As in that proof, it suffices to show
that = — %—g(m,y) is strictly concave on (F(y),G(y)), and %—Z(G(y),y) > 0. Now we can write
(C.14) in the form

2\ _
(C.14) Ulw,y) = —a + Cly)e™™ + D(y)e =¥,

By collecting terms in (C.14) - or by noticing that U solves U, +2Xz = aU in F(y) < z < G(y)
with boundary conditions U(F(y),y) = 20F(y), U(G(y),y) = 1, and then solving for C(y) and
D(y) — one finds C(y) < 0 < D(y). As a consequence, %—g(x, y) is strictly concave.

Finally, further calculation using the definition (8.22) of ¢(-,-), shows
(C.15) (2602 2FOVE) 17, (G(y)s y) = 2v2a - CWVE 4(Gly); F(y)).

Since ¢(G(y); F(y)) > 0 for 0 < y < g, and q(G(9); F(g)) = 0, we deduce U,(G(y); F(y)) > 0 for
0<y<y. O

37



1
“stop” “move to 55, then stop”

x:y-i—%

3 @y A
/
4 “move to x — y, then stop”
/ (z,y)
/
/

/

Y

0 21—6 “stop” X

Figure 1: A >ad

y
* “stop” | “continue” “act”
z = f(y)
|
|
> C

|
| (ZL' - Ca y— C)
|
|
|
| . .

0 foo fo 90 Joo x

Figure 2: 0<A <),
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“continue” “act”

A4 |

Figure 3: Ae <A<\
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