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Abstract

A new characterization of excessive functions for arbitrary one-dimensional regular diffusion
processes is provided, using the notion of concavity. It is shown that excessivity is equivalent
to concavity in some suitable generalized sense. This permits a characterization of the value
function of the optimal stopping problem as “the smallest nonnegative concave majorant of the
reward function” and allows us to generalize results of Dynkin and Yushkevich for standard
Brownian motion. Moreover, we show how to reduce the discounted optimal stopping problems
for an arbitrary diffusion process to an undiscounted optimal stopping problem for standard
Brownian motion.

The concavity of the value functions also leads to conclusions about their smoothness, thanks
to the properties of concave functions. One is thus led to a new perspective and new facts about
the principle of smooth—fit in the context of optimal stopping. The results are illustrated in

detail on a number of non—trivial, concrete optimal stopping problems, both old and new.
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1 Introduction and Summary

This paper studies the optimal stopping problem for one-dimensional diffusion processes. Let
(Q,F,P) be a complete probability space with a standard Brownian motion B = {By;t > 0},

and consider the diffusion process X with state space Z C R and dynamics
dXt = /L(Xt)dt+0(Xt)dBt, (11)

for some Borel functions g : Z — R and ¢ : T — (0,00). We assume that Z is an interval with
endpoints —oo < a < b < +o00, and that X is regular in (a,b); i.e., X reaches y with positive
probability starting at z, for every x and y in (a,b). We shall denote by F = {F;} the natural
filtration of X.

Let 3 > 0 be a real constant and h(-) a Borel function such that E,[e=#"h(X )] is well-defined
for every F—stopping time 7 and € Z. By convention f(X,(w)) = 0 on {7 = 400}, for every Borel
function f(-). Finally, we denote by

V(z) & 81612 E, [e*'@Th(XT)], xel (1.2)

the wvalue function of the optimal stopping problem with reward function h(-) and discount rate
(3, where the supremum is taken over the class S of all F—stopping times. The optimal stopping
problem is to find the value function, as well as an optimal stopping time 7* for which the supremum
is attained, if such a time exists.

One of the best—known characterizations of the value function V'(-) is given in terms of S—excessive

functions (for the process X), namely, the nonnegative functions f(-) that satisfy
f(x) > E,[e Tf(X,)], VT €S, Ve, (1.3)

see, for example, Shiryaev [38], Fakeev [22], Thompson [40]; see also Fakeev [21], El Karoui [18],
Karatzas and Shreve [29, Appendix D], El Karoui and Karatzas [19; 20], Bank and El Karoui [3].
For every [f—excessive function f(-) majorizing h(-), (1.3) implies that f(z) > V(z), € Z. On the
other hand, thanks to the strong Markov property of diffusion processes, it is not hard to show that

V(-) is itself a S—excessive function.

Theorem 1.1 (Dynkin [13]). The value function V(-) of (1.2) is the smallest f—excessive (with

respect to X ) majorant of h(-) on I, provided that h(-) is lower semi—continuous.

This characterization of the value function often serves as a verification tool. It does not however
describe how to calculate the value function explicitly for a general diffusion. The common practice
in the literature is to guess the value function, and then to put it to the test using Theorem 1.1.

One special optimal stopping problem, whose solution for arbitrary reward functions is precisely

known, was studied by Dynkin and Yushkevich [17]. These authors study the optimal stopping



problem of (1.2) under the following assumptions:

X is a standard Brownian motion starting in a closed bounded interval
[a, b], and is absorbed at the boundaries (i.e., u(-) =0on [a,b], 0(-) =1 (DY)
on (a,b), and o(a) = o(b) =0, and Z = [a, b] for some —o0 < a < b <

00). Moreover, 3 =0, and h(-) is a bounded Borel function on [a, b].

Their solution relies on the following key theorem, which characterizes the excessive functions

for one—dimensional Brownian motion.

Theorem 1.2 (Dynkin and Yushkevich [17]). Every O0—excessive (or simply, excessive) function

for one—dimensional Brownian motion X is concave, and vice—versa.

Corollary 1.1. The value function V() of (1.2) is the smallest nonnegative concave magjorant of
h(-) under the assumptions (DY).

This paper generalizes the results of Dynkin and Yushkevich for the standard Brownian motion
to arbitrary one—dimensional regular diffusion processes. We show that the excessive functions for
such a diffusion process X coincide with the concave functions, in some suitably generalized sense
(cf. Proposition 3.1). A similar concavity result will also be established for f—excessive functions (cf.
Proposition 4.1 and Proposition 5.1). These explicit characterizations of excessive functions allow
us to describe the value function V(+) of (1.2) in terms of generalized concave functions, in a manner
very similar to Theorem 1.2 (cf. Proposition 3.2 and Proposition 4.2). The new characterization of
the value function, in turn, has important consequences.

The straightforward connection between generalized and ordinary concave functions, reduces
the optimal stopping problem for arbitrary diffusion processes to that for the standard Brownian
motion (cf. Proposition 3.3). Therefore, the “special” solution of Dynkin and Yushkevich becomes a
fundamental technique, of general applicability, for solving the optimal stopping problems for regular
one—dimensional diffusion processes.

The properties of concave functions, summarized in Section 2, will help establish necessary and
sufficient conditions about the finiteness of value functions and about the existence and characteri-
zation of optimal stopping times, when the diffusion process is not contained in a compact interval
or when the boundaries are not absorbing (cf. Proposition 5.2 and Proposition 5.7)

We shall also show that the concavity and minimality properties of the value function determine
its smoothness. This will let us understand the major features of the method of Variational In-
equalities; see Bensoussan and Lions [5], Friedman [23], Shiryaev [38, Section 3.8], Grigelionis and
Shiryaev [24], Qksendal [32, Chapter 10], Brekke and @ksendal [7; 8] for background and applica-
tions. We offer a new exposition and, we believe, a better understanding of the smooth—fit principle,
which is crucial to this method. It is again the concavity of the value function that helps to unify
many of the existing results in the literature about the smoothness of V() and the smooth-fit

principle.



The results of this paper have been recently extended in Dayanik [10] to optimal stopping prob-

lems where the reward is discounted by a continuous additive functional of the underlying diffusion.

Preview: We overview the basic facts about one-dimensional diffusion processes and concave
functions in Section 2. In Sections 3 and 4, we solve undiscounted and discounted stopping problems
for a regular diffusion process, stopped at the time of first exit from a given closed and bounded
interval. In Section 5 we study the same problem when the state-space of the diffusion process is
an unbounded interval, or when the boundaries are not absorbing.

The results are used in Section 6 to treat a host of optimal stopping problems with explicit
solutions, and in Section 7 to discuss further consequences of the new characterization for the value
functions. We address especially the smoothness of the value function and take a new look at
the smooth-fit principle. In the last section we point out the connection of our results to Martin

boundary theory.

2 One-Dimensional Regular Diffusion Processes and Con-

cave Functions

Let X be a one-dimensional regular diffusion of the type (1.1), on an interval Z. We shall assume that
(1.1) has a (weak) solution, which is unique in the sense of the probability law. This is guaranteed,

if pu(+) and o(-) satisty

/ M dy < oo, for some ¢ > 0, (2.1)
(z—e,x+e) O (y)

at every z € int(Z) (Karatzas and Shreve [28, 329-353]), together with precise description of the
behavior of the process at the boundaries of the state—space Z. If killing is allowed at some time (,
then the dynamics in (1.1) are valid for 0 < ¢ < ¢. We shall assume, however, that X can only be
killed at the endpoints of Z which do not belong to Z.

Define 7, £ inf{t > 0 : X; = r} for every r € Z. A one-dimensional diffusion process X is
called regular, if for any o € int(Z) and y € 7 we have P,(7, < +00) > 0. Hence, the state-space
T cannot be decomposed into smaller sets from which X could not exit. Under the condition (2.1),
the diffusion X of (1.1) is regular.

The major consequences of this assumption are listed below: their proofs can be found in Revuz
and Yor [34, pages 300-312]. Let J = (I,7) be a subinterval of Z such that [I,7] C Z, and o the
exit time of X from J. If € J, then oy =7y A 7y, Py—a.s. For « ¢ J, then o; =0, P,—a.s.

Proposition 2.1. If J is bounded, then the function m;(z) £ E.[os], z € I is bounded on J. In

particular, oy is a.s. finite.



Proposition 2.2. There exists a continuous, strictly increasing function S(-) on I such that for
any l, r,xinZ, witha <l <x<r<b, we have

S(x) —S()
S(r) =S

S(r) — S(x)

75(7’) =50) (2.2)

P.(r <m) = and P.(r <7) =

Any other function S with these properties is an affine transformation of S': S =aS+ B for some

a >0 and B € R. The function S is unique in this sense, and is called the “scale function” of X.

If the killing time ¢ is finite with positive probability, and lim;;¢ X; = a (say), then lim,_,, S(z)
is finite. We shall define S(a) £ lim,_,, S(), and set S(X¢) = S(I). With this in mind, we have:

Proposition 2.3. A locally bounded Borel function f is a scale function, if and only if the process
th = F(Xincaronn), t > 0, is a local martingale. Furthermore, if X can be represented by the
stochastic differential equation (1.1), then for any arbitrary but fixed ¢ € Z, we have

S(:c)/cmexp{/cy 3@‘8«&}@, zed.

The scale function S(-) has derivative S'(z) = exp { [ [-2u(u)/o*(u)] du} on int(Z), and we
shall define S”(z) £ —[2u(x)/0?(2)]S'(x), x € int(Z). This way AS(-) = 0, where the second—order

differential operator

Au() 2 20%() O uO) (), on T, (23)

is the infinitesimal generator of X. The ordinary differential equation Au = fu has two linearly
independent, positive solutions. These are uniquely determined up to multiplication, if we require
one of them to be strictly increasing and the other strictly decreasing (cf. Borodin and Salminen [6,
Chapter 2]). We shall denote the increasing solution by v (-) and the decreasing solution by ¢(-). In
fact, we have

o) = Em[e—ﬁch ?f z<c o) = 1/]Ec£e—ﬁrm], ?f r<c 7 (2.4)

1/Ecle™P™], if > c E,[eP7], if z>c¢

for every x € Z, and arbitrary but fixed ¢ € Z (cf. 1t6 and McKean [26, pages 128-129]). Solutions
of Au = fu in the domain of infinitesimal operator A are obtained as linear combinations of (-)
and ¢(+), subject to appropriate boundary conditions imposed on the process X. If an endpoint is
contained in the state-space Z, we shall assume that it is absorbing; and if it is not contained in Z,
we shall assume that X is killed if it can reach the boundary with positive probability. In either case,
the boundary conditions on #(-) and ¢(-) are (a) = ¢(b) = 0. For the complete characterization
of ¥(-) and ¢(-) corresponding to other types of boundary behavior, refer to It6 and McKean [26,
pages 128-135]. Note that the Wronskian determinant

. LCO
Wb 0) 2 Gela) — i) (25)



of (-) and ¢(+) is a positive constant. One last useful expression is

E,[e#™] = v@)/ly), <yl (2:6)

o(x)/e(y), x>y

Concave Functions. Let F': [¢,d] — R be a strictly increasing function. A real-valued function

u is called F—concave on [c,d] if, for every a <! < r < b and x € [, r], we have
(2.7)

Here are some facts about the properties of F—concave functions (Dynkin [14, pages 231-240],
Karatzas and Shreve [28, pages 213-214], Revuz and Yor [34, pages 544-547]).

Proposition 2.4. Suppose u(-) is real-valued and F—concave, and F(-) is continuous on [c,d]. Then

u(+) is continuous in (c,d) and u(c) < liminf, | u(z), u(d) < liminf, 4 u(zx).

Proposition 2.5. Let (uq)aca 5 a family of F-concave functions on [c,d]. Then u = Ageatia S

also F—concave on |[c,d].
Let v : [¢,d] — R be any function. Define
+ _d ~
Drv(z) = ——(z) £ lim
provided that limits exist. If DEv(x) exist and are equal, then v(-) is said to be F-differentiable at
z, and we write Dpv(z) = DEv(z).
Proposition 2.6. Suppose u : [c,d] — R is F—concave. Then we have the following:

(i) The derivatives Dfu(-) and Dyu(-) ewist in (c,d). Both are non—increasing and Diu(l) >
Dpu(z) > Dfu(z) > Dpu(r), for every c <l <z <r <d.

(ii) For every Diu(wo) < 0 < Dpu(zo) with zo € (¢,d), we have u(zo) + 0[F () — F(z0)] > u(x),
YV € e, d].

(iii) If F(-) is continuous on [c,d], then Dhu(-) is right-continuous, and Dpu(-) is left-continuous.
The derivatives Dfu() have the same set of continuity points; in particular, except for x in a
countable set N, we have Dju(x) = Dpu(z).

3 Undiscounted Optimal Stopping

Suppose we start the diffusion process X of (1.1) in a closed and bounded interval [¢, d] contained

in the interior of the state—space Z, and stop X as soon as it reaches one of the boundaries ¢ or d.



For a given Borel-measurable and bounded function b : [¢,d] — R, we set

V(z) £ f—lelg E.[h(X;)], =€ [cd]. (3.1)

The question is to characterize the function V(-), and to find an optimal stopping time 7* such that
V(z) = Eg[h(X+)], © € [c,d], if such 7* exists. If h(-) < 0, then trivially V' =0, and 7 = o0 is an
optimal stopping time. Therefore, we shall assume SUDPge(c,d] h(z) > 0.

Following Dynkin and Yushkevich [17, pages 112-126], we shall first characterize the class of
excessive functions. These play a fundamental role in optimal stopping problems, as shown in
Theorem 1.1.

To motivate what follows, let U : [¢,d] — R be an excessive function of X. For any stopping
time 7 of X, and z € [c¢,d], we have U(z) > E,[U(X,)]. In particular, if z € [I,r] C [¢,d], we may
take 7 = 7; A 7., where 7. £ inf{t > 0: X; = r}, and then the regularity of X gives

U(z) > B [U(Xpynr )] =U) - Py(m < 70r) + U(r) - Po(m > 70), x € [l,7].

With the help of (2.2), the above inequality becomes

S(r) = S(z)

S(z) - S(1)
2V 57=s0

U S =50y

x € [l,7]. (3.2)

In other words, every excessive function of X is S—concave on [c, d] (see Section 2 for a discussion).
When X is a standard Brownian motion, Dynkin and Yushkevich [17] showed that the reverse is
also true; we shall show next that the reverse is true for an arbitrary diffusion process X.

Let S(-) be the scale function of X as above, and recall that S(-) is real-valued, strictly increasing

and continuous on 7.

Proposition 3.1 (Characterization of Excessive Functions). A function U : [¢,d] — R is

nonnegative and S—concave on [c,d], if and only if
U(z) > E,[U(X;)], Vre8, Ve eled). (3.3)
This, in turn, allows us to conclude the main result of this section, namely

Proposition 3.2 (Characterization of the Value Function). The value function V() of (3.1)

is the smallest nonnegative, S—concave majorant of h(-) on [c,d].

We defer the proofs of Proposition 3.1 and Proposition 3.2 to the end of the section, and discuss
their implications first. It is usually a simple matter to find the smallest nonnegative concave
majorant of a bounded function on some closed bounded interval: It coincides geometrically with a
string stretched above the graph of function, with both ends pulled to the ground. On the contrary,
it is hard to visualize the nonnegative S—concave majorant of a function. The following Proposition
is therefore useful when we need to calculate V(-) explicitly; it was already noticed by Karatzas and
Sudderth [30].



Proposition 3.3. On the interval [S(c), S(d)], let W () be the smallest nonnegative concave majo-
rant of the function H(y) = h(S™'(y)). Then we have V(z) = W (S(z)), for every z € [c,d].

The characterization of Proposition 3.2 for the value function provides information about the
smoothness of V (-) and the existence of an optimal stopping time. Define the optimal stopping region

and the time of first—entry into this region, respectively, by
T2 {zeled:V(r)=h(z)} and 7" 2inf{t>0:X, €T} (3.4)
The proof of the following result is similar to that in Dynkin and Yushkevich [17, pages 112-119].

Proposition 3.4. If h(-) is continuous on [c,d], then so is V(-), and the stopping time 7 of (3.4)

is optimal.

Remark 3.1. Since the standard Brownian motion B is in natural scale, i.e., S(z) = = up to affine
transformation, W(-) of Proposition 3.3 is itself the value function of some optimal stopping problem
of standard Brownian motion, namely

W(y) = supE, [H(Bo)] = suplE, [(57(B7) )|, v € [5(0) S() (35)

>0 >0

where the supremum is taken over all stopping times of B. Therefore, solving the original optimal
stopping problem is the same as solving another, with a different reward function but for a standard
Brownian motion. If, moreover, we denote the optimal stopping region of this problem by r {y €
[S(c),S(d)] : W(y) = H(y)}, then T = S—(T).

PROOF OF PROPOSITION 3.1. We have already seen in (3.2) that excessivity implies S—concavity.

For the converse, suppose U : [¢,d] — [0,400) is S—concave; then it is enough to show
Uz) > EL[U(X)], Vaeled,Vt>0. (3.6)

Indeed, observe that, the inequality (3.6) and the Markov property of X imply that {U (Xt)}te[o, +o0)
is a nonnegative supermartingale, and (3.3) follows from Optional Sampling. To prove (3.6), let us

show
U(z) > E,[U(X)nt)], Vaxeled, V>0, (3.7)

where the stopping time p = 7, A 74 is the first exit time of X from (c, d).

First, note that (3.7) holds as equality at the absorbing boundary points © = ¢ and = = d.
Next, fix any xg € (¢, d); since U(+) is S—concave on [c, d], Proposition 2.6(ii) shows that there exists
an affine transformation L(-) = ¢1.5(-) + ¢o of the scale function S(-), such that L(zg) = U(xo),
and L(z) > U(z) for all « € [¢,d]. Thus, for any ¢t > 0, we have E, [U(X )] < Eg [L(Xoae)] =
Ezo[c1S(Xpnt)+c2] = 1By [S(Xpa¢)]+c2. But S(-) is continuous on the closed and bounded interval
[c,d], and the process S(X;) is a continuous local martingale; so the stopped process {S(X,n¢), t > 0}



is a bounded martingale, and E,,[S(X,r¢)] = S(zo) for every t > 0, by optional sampling. Thus
Euo [U(Xpat)] < e1Eg [S(Xpar)] +c2 = c1S(x0) + c2 = L(zg) = U(zo), and (3.7) is proved. To show
(3.6), observe that since X; = X, on {t > o}, (3.7) implies E,[U(X;)] = Eo[U(X,r¢)] < U(z), for
every x € [¢,d] and ¢ > 0. O

PROOF OF PROPOSITION 3.2. Since 7 = oo and 7 = 0 are stopping times, we have V' > 0 and
V > h, respectively. Hence V (+) is nonnegative and majorizes h(-). To show that V(-) is S—concave
we shall fix some = € [I,r] C [c,d]. Since h(-) is bounded, V() is finite on [c, d]. Therefore, for any
arbitrarily small € > 0, we can find stopping times o; and o, such that E,[h(X,,)] > V(y) — ¢, for
y = I, 7. Define a new stopping time 7 £ (7, +0; 06, WNir<ry+(Tr+0,00: )17 57 3, where 0, is the
shift operator (see Karatzas and Shreve [28, page 77 and 83]). Using the strong Markov property of

X, we obtain

S(r)—S(z S(z) — S(
E; [h(Xs,)] S(( )) _ S((l)) +Er [1(Xo, )] S<(r)) - SEZ))
S(r) - S(x) Sz) = S()
=V Sse s TV S —sa e

Since € > 0 is arbitrary, we conclude that V(-) is a nonnegative S—concave majorant of h(-) on [c, d].

Now let U : [e,d] — R be any other nonnegative S—concave majorant of h(-) on [¢,d]. Then,
Proposition 3.1 implies U(x) > E,[U(X,)] > E,[h(X;)], for every x € [c, d] and every stopping time
7 € S. Therefore U > V on [¢,d]. This completes the proof. O

~

PROOF OF PROPOSITION 3.3. Trivially, V(z) £ W (S(z)), « € [c,d], is a nonnegative concave

majorant of h(-) on [c,d]. Therefore V(x) > V(x) for every z € [c,d].
On the other hand, W(y) £ V(S7'(y)) is a nonnegative S—concave majorant of H(-) on
[S(c), S(d)]. Therefore W() > W(-) on [S(c),S(d)], and V(z) = /W(S(x)) > W(S(z)) = V(z),
O

for every z € [c,d].

4 Discounted Optimal Stopping

Let us try now to see how the results of Section 3 can be extended to study of the discounted optimal
stopping problem

V(z) 2 81612 E.le P"h(X,)], x € [c,d], (4.1)

with 8 > 0. The diffusion process X and the reward function h(-) have the same properties as
described in Section 3. Namely, X is started in a bounded closed interval [c,d] contained in the
interior of its state space Z, and is absorbed whenever it reaches ¢ or d. Moreover, h : [¢,d] — R is

a bounded, Borel-measurable function with sup,¢/. 4 h(z) > 0.



In order to motivate the key result of Proposition 4.1, let U : [¢,d] — R be a [—excessive
function with respect to X. Namely, for every stopping time 7 of X, and = € [¢,d], we have
U(z) > E,[e P"U(X.)]. For a stopping time of the form 7 = 7; A 7., the first exit time of X from
an interval [l, 7] C [¢, d], the regularity of X implies

U(x) > E, [eiﬁ(T’ATT)U(Tl A7)
=U() Eule ""1cry] +U(r) - Eule P 1nry], x€[l,7]. (4.2)
The function u;(z) £ E, [e*ﬁT"l{TKn}] (respectively, us(z) £ E, [e’BTrl{TQTT}]) is the unique
solution of Au = fu in (I,r), with boundary conditions ui(l) = 1, uy1(r) = 0 (respectively, with
uz(l) =0, ug(r) = 1). In terms of the functions (), ¢(-) of (2.4), using the appropriate boundary
conditions, one calculates

@) —bele) el —gel)
B 2 o e o T E o o ) L
Substituting these into the inequality (4.2) above, then dividing both sides of the inequality by ¢(x)

(respectively, by 1 (x)), we obtain

Ul) S U() E(r)-F(z) Ulr) Fl)-FO .
o@) ") Fo) -FO o) Fm-F@ "l 4
and
Ul) U1 G(r)—G(x) U(r) Gx)—-G(1) vy
) = w0 o e T an-an  “hT )
respectively, where the functions
F(z) = () and G(r) = — L —M, x € [c,d] (4.6)

px)’ Fz) ()
are both well-defined and strictly increasing. Observe now that the inequalities (4.4) and (4.5) imply
that U(-)/¢(-) is F—concave, and U(-)/¥(-) is G—concave on [c,d] (cf. Section 2). In Proposition 4.1
below, we shall show that the converse is also true.

It is worth pointing out the correspondence between the roles of the functions S(-) and 1 in the
undiscounted optimal stopping, and the roles of ¥(-) and ¢(-) in the discounted optimal stopping.
Both pairs (S(-),1) and (¢(+), ¢(-)) consist of an increasing and a decreasing solution of the second—
order differential equation Au = fu in Z, for the undiscounted (i.e., 8 = 0) and the discounted
(i.e., 8 > 0) versions of the same optimal stopping problems, respectively. Therefore, the results of
Section 3 can be restated and proved with only minor (and rather obvious) changes. Here is the key

result of the section:

Proposition 4.1 (Characterization of (J—excessive functions). For a given function U :
[c,d] — [0,400) the quotient U(-)/p(-) is an F-concave (equivalently, U(-)/¥(:) is a G-concave)

function, if and only if U(-) is B—excessive, i.e.,

Ulz) > E,[e P U(X,)], VreS, V€ led. (4.7
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Proposition 4.2 (Characterization of the value function). The value function V (-) of (4.1) is
the smallest nonnegative majorant of h(-) such that V(-)/¢(-) is F—concave (equivalently, V (-)/¢(+)

is G—concave) on [c,d].

The equivalence of the characterizations in Proposition 4.1 and Proposition 4.2 in terms of F

and G, follows now from the definition of concave functions.

Lemma 4.1. Let U : [¢,d] — R any function. Then U(-)/¢(:) is F—concave on [c,d], if and only if
U()/4(:) is G—concave on [c,d].

Since it is hard to visualize the nonnegative F— or G—concave majorant of a function geometri-

cally, it will again be convenient to have a description in terms of ordinary concave functions.

Proposition 4.3. Let W(-) be the smallest nonnegative concave majorant of H = (h/p) o F~!
on [F(c), F(d)], where F~1(-) is the inverse of the strictly increasing function F(-) in (4.6). Then
V(z) = p(z) W(F(z)), for every z € [c,d].

Just as in Dynkin and Yushkevich [17, pages 112-126], the continuity of the functions ¢(-), F(-),
and the F—concavity of V(-)/¢(-) imply the following.

Lemma 4.2. If h(-) is continuous on [c,d], then V(-) is also continuous on [c,d].
We shall characterize the optimal stopping rule next. Define the “optimal stopping region”
T2 {zclcd:V(z)=nh(z)}, and ™ 2inf{t >0: X; € T}. (4.8)

Lemma 4.3. Let 7, 2 inf{t > 0: X; =7}. Then for everyc <l <z <r <d,

e M) F()-F@) () F) - F()
Eale MK, )] = () Lom Fe) Q) e F) - F(l)} 7
[P0 G0 G | ) G - GO
=v@) {wa) Gy =G " wln G- G(zJ '
Furthermore,
s Wr) Flo)-F() . h(r) G(z)— (o)
Bale™ )] = 0@ S B —Fo) ~ Y@ 0) G — o)
and
e h(l) F(d) - F) k() G(d) - C(x)

Proof. The first and second equalities are obtained after rearranging the terms of the equation
Eole PN h(X pr )] = h(1) - Egle P 1 cry] + B(r) - Eg[e P 117,57 1], where Eple #7111 4]
and E,[e P71, 5, 3] are given by (4.3). The others follow similarly. O
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Proposition 4.4. If h is continuous on [c,d], then 7% of (4.8) is an optimal stopping rule.

Proof. Define U(z) £ Eyle ?" h(X,-)], for every z € [c,d]. We have obviously V(-) > U(-).
To show the reverse inequality, it is enough to prove that U(:)/¢(:) is a nonnegative F—concave
majorant of h(-)/¢(-). By adapting the arguments in Dynkin and Yushkevich [17, pages 112-126]
and using Lemma 4.3, we can show that U(-)/¢(+) can be written as the lower envelope of a family of

nonnegative F'—concave functions, i.e., it is nonnegative and F—concave. To show that U(-) majorizes

L (M) U@
g‘me{c,d](m) so(x>>>0' (4.9)

Since 0 is attained at some zg € [¢,d], and [U(-)/¢(-)] + 0 is a nonnegative, F—concave majorant of
h(-)/e(-), Proposition 4.2 implies h(xg)/@(x0) = [U(xo)/e(x0)] + 0 = V(x0)/e(x0) = h(xo)/0(x0);
equivalently xg € T', and U(zg) = h(xp), thus § = 0, contradiction to (4.9). Therefore U(-) > h(-)

on [c,d], as claimed. O

h(-), assume for a moment that

Remark 4.1. Let B be a one-dimensional standard Brownian motion in [F'(c), F'(d)] with absorbing
boundaries, and W, H be defined as in Proposition 4.3. From Proposition 3.2 of Section 3, we have
Wi(y) = sup Ey[H(B:)l, y € [F(c), F(d)]. (4.10)
If h(-) is continuous on [c, d], then H () will be continuous on the closed bounded interval [F(c), F(d)].
Therefore, the optimal stopping problem of (4.10) has an optimal rule o* = {t > 0: B; € f‘}, where
T £ {ye[F(c),F(d)]:W(y) = H(y)} is the optimal stopping region of the same problem. Moreover
r=FT).
In light of Remarks 3.1, 4.1 and Proposition 4.3, there is essentially only one class of optimal
stopping problems for one-dimensional diffusions, namely, the undiscounted optimal stopping prob-
lems for Brownian motion. We close this section with the proof of necessity in Proposition 4.1; the

proof of Proposition 4.2 follows along lines similar to those of Proposition 3.2.

PROOF OF PROPOSITION J.1. To prove necessity, suppose U(-) is nonnegative and U(-)/¢(+) is
F- concave on [c,d]. As in the proof of Proposition 3.1, thanks to the strong Markov property of X

and the optional sampling theorem for nonnegative supermartingales, it is enough to prove that
U(z) > B [e PPU(Xppe)], € e,d], t >0, (4.11)

where p £ inf{t > 0: X; ¢ (c,d)}. Clearly, this holds for = ¢ and x = d. Now fix any z € (c,d);
since U(-)/(+) is F-concave on [c,d], there exists an affine transformation L(-) £ ¢; F(-) + ¢z of the
function F(+) on [c,d] such that L(-) > U(:)/¢(:) and L(z) = U(z)/¢(z), so that

Eoe MU (X ppt)] < Eale P o(Xppt) L(Xpne)] = Eo | e PPN o(Xp00) (1 F(Xpne) + 02)}

= 1By [e PP IY(Xpne)] + coBale Mo (X ppr)], V0.
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Because 9(-) is of class C?[e,d], we can apply Itd’s Rule to e P'4)(X;); the stochastic integral
is a square-integrable martingale, since its quadratic variation process is integrable, and because
Ay = B on (c,d) we obtain

By e PP 9(Xpn)] = ¢(x) + B { /0 ’ e P (AY — BY)(Xo)ds| = v(x),  Vt>0.

Similarly, E,[e PP ) o(X ,0¢)] = ¢(x), whence E,[e PP U (X, p)] < c19(x)+eap(x) = p(x)L(z) =
U(z). This proves (4.11). O

5 Boundaries and Optimal Stopping

In Sections 3 and 4 we assumed that the process X is allowed to diffuse in a closed and bounded
interval, and is absorbed when it reaches either one of the boundaries. There are many other
interesting cases: for instance, the state space may not be compact, or the behavior of the process
may be different near the boundaries.

Tt is always possible to show that the value function V(-) must satisfy the properties of Proposi-
tion 3.2 or Proposition 4.2. Additional necessary conditions on V (-) appear, if one or more boundaries
are regular reflecting (for example, the value function V' (-) for the undiscounted problem of Section 3
should be non—increasing if ¢ is reflecting, non—decreasing if d is reflecting).

The challenge is to show that V(:) is the smallest function with these necessary conditions.
Proposition 3.1 and Proposition 4.1 meet this challenge when the boundaries are absorbing. Their
proofs illustrate the key tools. Observe that the local martingales, S(X;) and the constant 1 of
Section 3, and e Pt (X;) and e Ptp(X;) of Section 4, are fundamental in the proofs of sufficiency.

Typically, the concavity of the appropriate quotient of some nonnegative function U(-) with
respect to a quotient of the monotone fundamental solutions ¥ (-), ¢(:) of Au = fu, as in (2.4) ,
will imply that U(-) is S—excessive. The main tools in this effort are It6’s rule, the localization of
local martingales, the lower semi-continuity of U(-) (usually implied by concavity of some sort),
and Fatou’s Lemma. Different boundary conditions may necessitate additional care to complete the
proof of super-harmonicity.

We shall not attempt here to formulate a general theorem that covers all cases. Rather, we shall
state and prove in this section the key propositions for a diffusion process with absorbing and/or
natural boundaries. We shall illustrate how the propositions look like, and what additional tools we

may need, to overcome potential difficulties with the boundaries.

5.1 Left-boundary is absorbing, right—boundary is natural.

Suppose the right-boundary b < oo of the state-space Z of the diffusion process is natural. Let
¢ € int(Z). Note that the process, starting in (¢, b), reaches c¢ in finite time with positive probability.

13



Consider the stopped process X, which starts in [c,b) and is stopped when it reaches c¢. Finally,
recall the functions ¢(-) and ¢(-) of (2.4) for some constant § > 0. Since ¢ € int(Z), we have
0 < ¢(c) < 00, 0 < p(c) < co. Because b is natural we have 9(b—) = oo and ¢(b—) = 0. Let the
reward function h : [¢,b) — R be bounded on compact subsets, and define
V(z) 2 supE,[e PTh(X,)], z€lceb).
TES

For any increasing sequence (b,,)n,>1 C [c,b) such that b, — b as n — oo, the stopping times
on =inf{t >0: X, ¢ (c,b,)}, n>1 increase to o = inf{t > 0: X, ¢ (c,b)} (5.1)

In fact, 0 = inf{¢t > 0 : X; = ¢} almost surely since b is a natural boundary. We can now state and

prove the key result.

Proposition 5.1. For a function U : [¢,b) — [0, +00), the quotient U(-)/¢(-) is G—concave on [c,b)
if and only if U(x) > E,[e P"U(X,)] holds for every x € [c,b) and T € S.

Proof. Sufficiency follows from Lemma 4.3 when we let 7 be 0, oo, and 7; A 7., for every choice of

x € [l,7] C [e,b). For the necessity, we only have to show (as in the proof of Proposition 4.1) that
Ulz) > E.[e P'U(X})], € le,b), t >0. (5.2)
And as in the proof of Proposition 4.1, we first prove a simpler version of (5.2), namely
Ulz) > Ey[e POOU(X,00)], x € [e,b), > 0. (5.3)

The main reason was that the behavior of the process up to the time ¢ of reaching the boundaries
is completely determined by its infinitesimal generator A. We can therefore use It6’s rule without
worrying about what happens after the process reaches the boundaries. In the notation of (5.1), we
have

Ulz) > Egle PO™MU (X, ar)], z€le,b), t>0, n> 1 (5.4)

This is obvious, in fact as equality, for z ¢ (¢,b,,). For x € (¢,b,), X, At lives in the closed bounded
interval [c,by,] contained in the interior of Z; and ¢ and b,, are absorbing for {X, a:; ¢ > 0}. An
argument similar to that in the proof of Proposition 4.1 completes the proof of (5.4).

Since G(+) is continuous on [¢,b), and U(-)/¥(:) is G—concave on [c,b), Proposition 2.4 implies
that U is lower semi-continuous on [¢, b), i.e., liminf, ., U(y) > U(x), for every z € [c,b). Because
on ANt — o At and X, At — Xoar a8 n — 00, we have

Eu[e MU (Xppt)] < B[ lim e P "U(X, )] < lim B, [e PO MU(X, a0)] < Ula),
from lower semi-continuity, nonnegativity, Fatou’s lemma and (5.4). This proves (5.3). Finally,
since ¢ is absorbing, and ¢ = inf{t > 0 : X; = ¢}, we have X; = X, = c on {t > o}. Therefore,
(5.2) follows from (5.3) as in E,[e P1U(X;)] = Ep[e U (Xont)] < Bu[e POMU(X,00)] < U(x),
x € [e,b), t > 0. O
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We shall investigate next, under what conditions the value-function V'(-) is real-valued. It turns

out that this is determined by the quantity

Bt
0y & limsup (2)

nsup ~ o € [0, o), (5.5)

where ht(-) £ max{0,h(-)} on [c,b).
We shall first show that V(z) = +oo for every = € (¢,b), if £, = +o00. To this end, fix any
x € (¢,b). Let (rn)nen C (z,b) be any strictly increasing sequence with limit b. Define the stopping
times 7,, = inf{t >0: X; >7,}, n > 1. Lemma 4.3 implies
h(rn)  G(z) = G(c)
U(ra) G(rn) —Gle)’
On the other hand, since 7 = 400 is also a stopping time, we also have V' > 0. Therefore
_ + _
V) gy (Mo G260 1) G060 5y g
Y(x) ¥(rn) G(ry) — Gle) Y(rn)  G(ra) — G(o)

Remember that G is strictly increasing and negative (i.e., bounded from above). Therefore G(b—)

V(@) > Eoe " h(X,,, )] = (c) n> L.

exists, and —oo < G(¢) < G(b—) < 0. Furthermore since x > ¢, we have G(z) — G(c) > 0. By taking
the limit supremum of both sides in (5.6) as n — +00, we find
V(z) > Jimsup ht(rn) G(z) —G(e) _q. G(z) — G(c)
P(@) T n—too () G(ra) —Glo) G(b=) = G(¢)
Since x € (¢, b) was arbitrary, this proves that V(z) = 400 for all x € (¢, b), if ¢}, of (5.5) is equal to
+00.
Suppose now that £, is finite. We shall show that E,[e #"h(X,)] is well-defined in this case for
every stopping time 7, and that V(-) is finite on [c,b). Since £, < oo, there exists some by € (¢, b)
such that AT (x) < (1 + &)(x), for every x € (by,b). Since h(-) is bounded on the closed and

bounded interval [c, by|, we conclude that there exists some finite constant K > 0 such that

:+Oo

ht(z) < Ki(x), forallx € [c,b). (5.7)
Now read Proposition 5.1 with U £ 4, and conclude that
Y(x) > Eule PT(X,)], Yzeleb), VreS. (5.8)

This and (5.7) lead to K¢(z) > E,[e ?"h*(X;)], for every = € [c,b) and every 7 € S. Thus
E.[e PTh(X,)] is well-defined (i.e., expectation exists) for every stopping time 7, and Kv(z) >
E. [e*'@Th*(XT)] >E, [efﬁTh(XT)], for every z € [c,b) and stopping time 7, which means

0< V(z) < Ko(z) (5.9)

i.e., V(z) is finite for every = € [c,b). The following result has been proved (for a conclusion similar

to Propositions 5.2 and 5.10, see Beibel and Lerche [4, Theorem 1]).
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Proposition 5.2. We have either V = +oc0o in (c,d), or V() < 400 for all € [¢,b). Moreover,
V(z) < +oo for every x € [c,b) if and only if the quantity &, of (5.5) is finite.

In the remainder of this Subsection, we shall assume that
the quantity £, of (5.5) is finite, (5.10)

so that V(-) is real-valued. We shall investigate the properties of V(-), and describe how to find it.
The main result is as follows; its proof is almost identical to the proof of Proposition 4.2 with some

obvious changes, such as the use of Proposition 5.1 instead of Proposition 4.1.

Proposition 5.3. V() is the smallest nonnegative magjorant of h(-) on [c,b) such that V (-)/¢(-) is

G—concave on [c, D).

We shall continue our discussion by first relating ¢, of (5.5) to V() as in Proposition 5.4. Since
V(-)/¥(-) is G—concave, the limit lim,q, V(2z)/¢(x) exists, and (5.9) implies that this limit is finite.

Since V(-) moreover majorizes h*(-), we have

o ht(@) . V(@)
Eb—hn;stup o) Slﬁ% o) < 400. (5.11)

Proposition 5.4. If the reward function h(-) is defined and bounded on compact subintervals of
[e,b), and if (5.10) holds, then limgyy V(z)/9¥(x) = bp.

Proof. Fix any arbitrarily small ¢ > 0, and note that (5.10) implies the existence of some [ € (¢, b)
such that

y€l,b) = h(y) <hT(y) < Uy +e)(y). (5.12)
For every = € (I,b) and arbitrary stopping time 7 € S, we have {X; € [¢,l)} C {y < 7}, on
{Xo = x}. Note also that the strong Markov property of X and (5.8) imply that e P*(X;) is a

nonnegative supermartingale. Consequently,

Eole Ph(X:)] = Eole "Th(X)1ix, cley] + Eale PTh(Xo)11x, e
< KE,[e (X )1 x, efeny] + (U + €)Eale P9 (Xo) 1 x en)]
< KE, [e_ﬂTw(XT)l{TKT}} + (ly + €)E, [e_ﬁTT/J(XT)]

< KEu[e M (Xn) L n<ooy] + (6 + €)1 (2) = KY(DEs[e 7] + (6 + €)t(2)
x
< KU@E L]+ (6 + 0(e) = Kbl ) + (6 + (o),
where the right-hand side no longer depends on the stopping time 7. Therefore, V(z)/¢(z) <
Klp(x)/o(l)] + €y + ¢, for every x € (I,b). By taking limits on both sides as = tends to b, we obtain
limg1p V(2)/9(x) < Klp(b—)/e()] + &, + e = €y + €, since p(b—) = 0, and let € | 0 to conclude
limg1p V(2) /() < €. In conjunction with (5.11), this completes the proof. O
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Proposition 5.5. Let W : [G(c),0] — R be the smallest nonnegative majorant of the function
H :[G(c),0] — R, given by

7h(G_l i ) ) c
Hy) 2 { v (G ()’ f v elelo. o). (5.13)
Eb, Zf Yy = 0.

Then V(z) = ¢(z)W (G(z)), V& € [c,b). Furthermore, W(0) = €, and W is continuous at 0.

Since G(-) is continuous on [¢,b) and V()/4(+) is G—concave, V (-)/1(:) is continuous on (c, b)
and V(e)/v¥(c) < liminf, . V(z)/¢(x). However, ¢(-) is continuous on [c,b). Therefore, V(-) is
continuous on (¢, b) and V(c) < liminf, . V(x). An argument similar to Dynkin and Yushkevich [17]

gives
Proposition 5.6. If h: [c,b) — R is continuous, and (5.10) holds, then V (-) is continuous on [c,b).

In the remainder of the subsection we shall investigate the existence of an optimal stopping
time. Proposition 5.7 shows that this is guaranteed when £ of (5.5) equals zero. Lemma 5.8 gives
necessary and sufficient conditions for the existence of an optimal stopping time, when £, is positive.
Finally, no optimal stopping time exists when ¢, equals 400, since then the value function equals

400 everywhere. As usual, we define
T2 {z€c,b):V(x)=h(z)}, and 7* £inf{t >0: X, € T'}. (5.14)

Remark 5.1. Suppose W(-) and H(-) are functions defined on [G(c),0] as in Proposition 5.5. If
T £ {ye[G(c),0): W(y) = H(y)}, then T = G_l(f‘).

Proposition 5.7. Suppose h : [c,b) — R is continuous, and €, = 0 in (5.5). Then T of (5.14) is

an optimal stopping time.

Proof. As in the proof of Proposition 4.4, U(z) & E,[e %7 h(X,+)], € [c,b) is nonnegative, and

U(-)/4(-) is F—concave and continuous on [c,b). Since ¢, = 0,

A h(z) U(ﬂﬁ)) ( h(x) U(ﬂ?))
IS _ = — 5.15
=0, (56~ v03) ~ 2 (5 - 560 19
is attained in [, b). Now the same argument as in the proof of Proposition 4.4 shows that U(-)/v()
majorizes h(-)/¥(-). O

Proposition 5.8. Suppose £, > 0 is finite and h(-) is continuous. Then 7 of (5.14) is an optimal
stopping time if and only if there is no | € [c,b) such that (I,b) C C = [c,b)\I'.!

IThis condition is stronger than the statement “for some I € [c,b), (I,b) C I'”. Indeed, suppose there exists a
strictly increasing sequence by 1 b such that (bpn, ,bn,+1) € C for some subsequence {bn, }reny C I'. The original
condition in Lemma 5.8 still holds, but there is no [ € [c,b) such that (I,b) C T.
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Proof. This last condition guarantees that 6 of (5.15) is attained, and the proof of the optimality of 7*
is the same as in Proposition 5.7. Conversely, assume that (I,b) C C for some ! € [¢,b). Then 7, < 7%,

P,—a.s., for every « € (I,b). The optional sampling theorem for nonnegative supermartingales implies

o(z

V(z) =E.[e P V(X,-)] < E[e PV (X,,)] = V(l)m, Va € (1,b), (5.16)
where the last equality follows from (2.6). Since b is natural, (5.16) and Proposition 5.4 imply
. Vi) V() .. o(x)
ly = lim sup < —= limsup ——= =0,
o V(@) T oel) e Y(2)
which contradicts £, > 0. O

5.2 Both boundaries are natural.

Suppose that both a and b are natural for the process X in Z = (a,b). In other words, we have
P(a+) = p(b—) =0, ¥(b—) = p(a+) = +o0, and 0 < P(z), p(z) < oo, for z € (a,b).

Let the reward function h : (a,b) — R be bounded on every compact subset of (a,b). Consider
the optimal stopping problem V (z) £ sup, . s E.[e #"h(X,)], for every = € (a,b). In this subsection,

we state the results without proofs; these are similar to the arguments in Subsection 5.1.

Proposition 5.9. For a function U : (a,b) — [0,+00), U(-)/¢(-) is F-concave on (a,b) (equiva-
lently, U(+)/¥(:) is G—concave on (a,b)), if and only if U(x) > E,[e P"U(X,)] for every x € (a,b)
and T € S.

Proposition 5.10. We have either V = +oo in (a,b), or V(x) < +00 for all x € (a,b). Moreover,
V(z) < 400 for every x € (a,b), if and only if

h ht
lq = lim sup (z) and 0y & limsup (2)

zla (,0(33) zTb ¢($)

(5.17)

are both finite.

In the remainder of this Subsection, we shall assume that the quantities £, and £, of (5.17) are
finite. Then limg ), V(z)/p(z) = £4, and limgyp V(x) /1p(2) = £b.

Proposition 5.11. The value function V(-) is the smallest nonnegative magorant of h(-) on (a,b)
such that V(-)/p(+) is F—concave (equivalently, V(-)/v(-) is G—concave) on (a,b).

Proposition 5.12. Let W : [0, +00) — R and W (—00,0] — R be the smallest nonnegative concave

magjorants of

hF(y) h(Gy .

— 0 ~ — %, 0
H(y) 2 { ¢(F(y)) L . and H(y) 2 { ¥(G71(y)) vus ,

Ly, if y=0 Ly, if y=20
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respectively. Then V(z) = o(z)W (F(z)) = ¢(m)W(G(x)), for every x € (a,b). Furthermore,
W(0) = £, W(0) = £y, and both W (-) and W (-) are continuous at 0.

Remark 5.2. Suppose W (-) and H(-) be the functions defined on [0, 4+00) as in Proposition 5.12.
T2 {zc(a,b):V(z)=h(z)} and T £ {y € (0, +00) : W(y) = H(y)}, then T = F~1(T").

Proposition 5.13. The value function V (-) is continuous on (a,b). If h: (a,b) — R is continuous,

and b, = 0, = 0, then 7* of (5.14) is an optimal stopping time.

Proposition 5.14. Suppose that {,, €, are finite and one of them is strictly positive, and h(-) is
continuous. Define the continuation region C = (a,b)\I'. Then 7* of (5.14) is an optimal stopping

time, if and only if

there is no r € (a,b) there is no l € (a,b)
such that (a,r) C C and such that (1,b) C C
if by >0 if by, >0

6 Examples

In this section we shall illustrate how the results of Sections 3-5 apply to various optimal stopping
problems that have been studied in the literature, and to some other ones that are new.

As we have seen in the previous sections, solving a discounted optimal stopping problem with re-
ward function h(-) and discount-rate 8 > 0 for a diffusion X in state-space Z is essentially equivalent

to finding the smallest nonnegative concave majorant of

1) 2 (L) orw). yer@.

where (+), ¥(-) and F(-) as in (2.4) and (4.4). If h(-) is twice-differentiable at z € T and y = F(z),
then H'(y) = g(z) and H"(y) = ¢'(z)/F’(x) with

s 1 (hY 2 and o) — 2¢(x) _ .
o) 2 s (2) @ and o) = 22 (A i) (6.1)
Since F'(-), ¢(-), the Wronskian W (¢, ¢) of (2.5), and the density of scale S’(-) are positive,
7 (L) @20 aa #G) (A= 9@ 20 y=F@ ©2)

with strict inequalities if H'(y) # 0 and H" (y) # 0, respectively. The identities in (6.2) will be useful
to identify the concavities of H(-) and its smallest nonnegative concave majorant in the examples
below when it is hard to calculate H'(-) and H"(-) explicitly. The second expression in (6.2) also
shows explicitly the role of (A — 8)h, which is used often by ad-hoc solution methods.
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6.1 Pricing an “Up—and—Out” Barrier Put—Option of American Type
under the Black—Scholes Model (Karatzas and Wang [31])

Karatzas and Wang [31] address the pricing problem for an “up—and-out” barrier put—option of
American type, by solving the optimal stopping problem

V(z) & SL;I())EQC [e7"(q—S:)T 1r<ryy], € (0,d) with 742 inf{t >0:5(t) > d} (6.3)
using variational inequalities. Here S is the stock price process governed under the risk-neutral
measure by the dynamics dS; = Si(rdt + 0dB;), So = = € (0,d), where B is standard Brownian
motion; and the risk—free interest rate r > 0 and the volatility ¢ > 0 are constant. The barrier and
the strike—price are denoted by d > 0 and ¢ € (0, d), respectively, and 74 is the time when the option
becomes “knocked-out”. The state space of S is T = (0,00). Since the drift r is positive, the origin
is a natural boundary for S, whereas every ¢ € int(Z) is hit with probability one.

We shall offer here a novel solution for (6.3) using the techniques of Section 5. For this purpose,
denote by gt the stopped stock—price process, which starts in (0, d] and is absorbed when it reaches
the barrier d.

It is clear from (6.3) that V(z) = 0, z > d, so we need to determine V on (0,d]. Note that V
does not depend on the behavior of stock—price process after it reaches the barrier d, and

Viz) = Sg%]Ew [e_’"Th(SVT)], x € (0,d]
where h(z) £ (¢ — z)*t is the reward function (see Figure 1(a)). The infinitesimal generator A of
S is Au(z) =
with f = r turn out to be ¥(x) = = and p(z) = 227" g e (0,00). Observe that 9(0+) = 0,
©(04) = +oo. Thus the left-boundary is natural, and the right—boundary is absorbing. This is

(02/2)x2u" (z) + rau/(z), acting on smooth functions u(-). The functions of (2.4)

the opposite of the case studied in Subsection 5.1. Therefore, we can obtain relevant results from
that section, if we replace (¢¥(-), G(-), ) by (¢(-), F(-),£s). The reward function h(-) is continuous
on (0,d]. Since £y £ lim,_.oht(2)/p(z) = lim,_o(q — x)x2r/”2 = 0, the value function V'(-) is
finite (Proposition 5.2). Therefore, V(z) = ¢(z)W(F(z)), = € (0,d] by Proposition 5.5, where
F(z) 2 9¢(z)/¢(x) = 2P, € (0,d], with 3 £ 1+ (2r/0?) > 1, and W : [0,d’] — R is the smallest
nonnegative concave majorant of

H(y) (Z) oFTNw), ve O [y a=y)T ye ]
Lo, y=0 0,

y=0

To identify W (-) explicitly, we shall first sketch H(-). Since h(-) and ¢(-) are nonnegative, H(+) is also
nonnegative. Note that H = 0 on [¢°,d?]. On (0,¢°%), H(z) = y'~ 7% (q— y%) is twice—continuously
differentiable, and
W) =a(1- )y -1 B =gy <0, ze(0.4),
32
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since 3 > 1. Hence H is the strictly concave on [0,¢”] (See Figure 1(b)).

A A A
q L.,
H )
h q r\ ‘
/ / W |
0 p a0 e P 0 o 27

Figure 1: Pricing Barrier Option

The strict concavity of H on [0, ¢°], guarantees the existence of a unique z € (0, ¢%) (Figure 1(c)),
such that

H(d") — H(zo) _ H(2)

H' = = — . 6.4
(ZO) dB — 20 dB — 20 ( )

Therefore the straight line L., : [0,d°] — R,
Lay(y) & H(z0) + H'(20)(y — 20), y € [0,d”], (6.5)

is tangent to H at zp and coincides with the chord expanding between (zg, H(zg)) and (d?, H(d®) =
0) over the graph of H. Since H(zp) > 0, (6.4) implies that L,, is decreasing. Therefore L,, >
L.,(d?) > 0on [0,d?]. Tt is evident from Figure 1(c) that the smallest nonnegative concave majorant
of H on [0,d"] is given by

W) H(y), if y€]0,z0] H(y), if y € [0, 20)
y) = . - . ,
Ley(y), if y € (20,d”] H(z0)—, i y € (0,d"]
— <0

thanks to (6.4) and (6.5). The strict concavity of H on [0, ¢®] also implies that C £ {y € [0,d”] :
W(y) > H(y)} = (20,d%). We have F~1(y) = y'/8, y € [0,d°]. Let 29 & F~'(2) = zé/ﬂ. Then
xo € (0,d), and

q—, 0 S x S Zo,
Vi(z) = o(x)W(F(x)) = r dF—g P (6.6)
(=) — ———5, @<z<d
ro dP —x,
Since ¢y = 0 and h is continuous, the stopping time 7* of (5.14) is optimal (Proposition 5.7).
Because the optimal continuation region becomes C £ {x € (0,d] : V(x) > h(x)} = F_l(é) =
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F~((20,d")) = (w9,d) (Remark 5.1), the optimal stopping time becomes 7* = inf{t > 0 : S; ¢
(z0,d)}. Finally, (6.4) can be rewritten

1+ﬁ%=ﬂ+(%)ﬁ, (6.7)

after some simple algebra using formulae for H, H' and zg = zé/ A Compare (6.6) and (6.7) above
with (2.18) and (2.19) in Karatzas and Wang [31, pages 263 and 264], respectively.

6.2 Pricing an “Up—and—Out” Barrier Put—Option of American Type
under the Constant—Elasticity—of-Variance (CEV) Model

We shall look at the same optimal stopping problem of (6.3) by assuming now that the stock price
dynamics are described according to the CEV model, dS; = rS;dt + UStl*O‘dBt, So € (0,d), for
some « € (0,1). The infinitesimal generator for this process is A = %023:2(1_0‘)% + 7z, and the

functions of (2.4) with 8 = r are given by

oo T oy
P(x) =z, @x)=x- ’ Z—zexp{—ﬁz }dz, x € (0, 400),

respectively. Moreover ¥(04+) = 0, ¢(0+) = 1 and 9 (4+00) = 400, p(+o0) = 0. Therefore 0
is an exit—and-not—entrance boundary, and 4oc is a natural boundary for S. We shall regard 0
as an absorbing boundary (i.e., up on reaching 0, we shall assume that the process remains there
forever). We shall also modify the process such that d becomes an absorbing boundary. Therefore,
we have our optimal stopping problem in the canonical form of Section 4, with the reward function
h(z)=(¢q—x)*, z €10,d].

We can show that the results of Section 4 stay valid when the left—boundary of the state space is
an exit—and-not—entrance boundary. According to Proposition 4.3, V(z) = ¢(z)W(G(z)), = € [0, d]
with

s @) [T e
G(z) = o /x 2 exp{ L }du, z € (0,d], (6.8)
and W : (—o00,G(d)] — R (G(0+) = —o0) is the smallest nonnegative concave majorant of H :

(—o00,G(d)] — R, given by
q —1 .
H(y) 2 (h oG—1> () = OKx - 1) °G } W), li C:(o;: y:OG(Q) , (6.9)
) 1 q) =Y =

Except for y = G(q), H is twice—differentiable on (—oo, G(d)). It can be checked that H is strictly
decreasing and strictly concave on (—oo, G(g)). Moreover H(—o00) = +o00 and H'(—00) = —g, since
G~ 1(—00) =0.
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For every —oo < y < G(g), let z(y) be the point on the y—axis, where the tangent line L, (-) of
H(-) at y intersects the y—axis (cf. Figure 2(a)). Then

H(y) (2 —DG W)

Z(y) =Yy- H'(y) =G(G™ (y)) - [(—qexp{ﬁxzo‘}) 5 G_l] ()

or [T 1
= [(Z/ w2 exp {—%um}du — —exp {_7“2362@}) o G_l} (y),
o? J, ao q oo

where the last equality follows from integration by parts. It is geometrically clear that z(-) is strictly

(6.10)

decreasing. Since G~1(—o00) = 0, we have

2r [*° 1
z(—o0) = J—Z/O u? @Y exp {—#um}du ~

Note that G(q) < z(—o0) < 40 if 1/2 < a < 1, and z(—c0) = +o0 if 0 < a < 1/2.

asymptote of H
at y = —o0

Figure 2: (Pricing Barrier Options under the CEV Model) Sketches of the functions H and W
of Proposition 4.3, when (a) G(d) < z(—oo) (for this sketch, we assume that z(—oo) is finite.

However, z(—oc0) = 400 is also possible, in which case H does not have a linear asymptote), and

(b) G(d) > z(—0o0).

Case I. Suppose first G(d) < z(—o0) (especially, when 0 < av < 1/2). Then there exists a unique
Yo € (—00,G(q)) such that z(yo) = G(d), thanks to the monotonicity and continuity of z(-). In
other words, the tangent line Ly, (-) of H(-) at y = yo < G(q) intersects y—axis at y = G(d). It is

furthermore clear from Figure 2(a) that

H(y), if —oo<y<wo

W(y) = G(d) —y
DI TI iy <y < G(d

Gl 10 Yo <y < G(d)
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is the smallest nonnegative concave majorant of H of (6.9) on y € (—o0, G(d)]. Define 2o = G~ (yp).
According to Proposition 4.3, V(x) = ¢(z)W(G(z)), x € [0,d], i.e.,

q—x, if 0<x<xg

V(z) = z  G(d) - G(z)
—Tp) — i, if o<z <d

(g — o) v G(d) = Glao) if vo<z<
The optimal continuation region becomes C = (zg,d), and 7" = inf{t > 0 : S; ¢ (x0,d)} is an
optimal stopping time. The relation z(G(zg)) = G(d), which can be written as

or ¢ 9 T 1 T 1 T

“r (a—1) 2« _ = b 2al = 0 P2«

o2 Iou exp{ ao? " }du lep{ ag2 0 } dexp{ aUQd }’
determines zy € (g, d) uniquely.

Case II. Suppose now G(d) > z(—oc) (cf. Figure 2(b)). It is then clear that W (y) = —q[y —
G(d)] is the smallest nonnegative concave majorant of H(-) of (6.9) on (—oo,G(d)]. According to
Proposition 4.3, V(z) = ¢(z)W(G(z)) = —qz[G(z) — G(d)], = € [0,d], with V(0) = V(0+) = q.
Furthermore, the stopping time 7* £ inf{t > 0: S; ¢ (0,d)} is optimal.

6.3 American Capped Call Option on Dividend—Paying Assets (Broadie
and Detemple [9])

Let the stock price be driven by dS; = S; [(r —0)dt + adBt], t >0, Sy > 0, with constant o > 0,
risk—free interest rate » > 0 and dividend rate § > 0. Consider the optimal stopping problem

V(z) 2 sg% E. {67”— (S: AL — K)Jr} , x € (0,400), (6.11)
with the reward function h(z) £ (x A L — K)T, 2 > 0. The value function V(-) is the arbitragefree
price of the perpetual American capped call option with strike price K > 0, and the cap L > K on
the stock S, which pays dividend at a constant rate 6. We shall reproduce the results of Broadie
and Detemple [9] in this subsubsection.

The infinitesimal generator of X coincides with the second-order differential operator A £
(02/2)z? dd—; +(r—¢&)z L. Let 71 < 0 < 72 be the roots of (1/2)0? 22+ [r — 6 — (62/2)] z —r = 0.
Then the increasing and decreasing solutions of Au = ru are given by ¥(z) = 272 and () = 27,
for every & > 0, respectively. Both endpoints of the state-space Z = (0,400) of S are natural
(Subsection 5.2). Since £y £ limsup,, AT (z)/p(x) = 0, and £y £ limsup, . T (z)/1(z) = 0,
the value function V() of (6.11) is finite, and the stopping time 7* of (5.14) is optimal (Propo-
sition 5.13). Moreover V(x) = @(x)W(F(z)), where F(x) = ¢(z)/¢(x) = 2%, = > 0, with
0= v —v >0, and W : [F(0+), F(+)) — [0,4+0c) is the smallest nonnegative concave ma-
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jorant of H : [F(0+), F(4+00)) — [0,400), given by

0, if 0<y<K?,
h
1 = (L)t = (M -K)y e w K sy< . (61
(L — K)y "/ if y>1L%,

thanks to Proposition 5.12. The function H(-) is nondecreasing on [0,400) and strictly concave on
[L?, +00). By solving the inequality H” (y) < 0, for K% <y < L?, we find that
HE) convex on [Ke, LG] N[0, (r/8)’K*
-) is
concave on  [K? L] N [(r/8)? K%, +o0)

It is easy to check that H(L?)/L? > H'(L°+) (cf. Figure 3).
Let £.(y) £ y H(z)/z, for every y > 0 and z > 0. If (r/0)K > L, then

Lro(y) > H(y), y=>0, (6.13)

(cf. Figure 3(b)). If (r/0)K < L, then (6.13) holds if and only if
H(Lg) 116

- <

70 <H(L"-) <= 2 S T

(cf. Figure 3(d,f)). If (r/6)K < L and v > L/(L — K), then the equation H(z)/z = H'(z),

K’ < z < L? has unique solution, zg £ [v2/(72 — l)fK‘9 > (r/8)°K?, and L., (y) > H(y), y > 0,

(cf. Figure 3(c,e)). It is now clear that the smallest nonnegative concave majorant of H(-) is

Loonre(y), if 0<y <z ALY

W(y) = _ ;
H(y), if y>20AL
in all cases. Finally
T Y2
(xo/\LK)( > , f0<z<zgAL
V() = e(x)W(F(z)) = ToNL ,

zNL—-K, if ©>x9AL

where 29 2 F~(2) = K72/(72 — 1). The optimal stopping region is T' £ {z : V(z) = h(z)} =
[0 A L, +00), and the stopping time 7* = inf{t > 0: S, € T'} = inf{t > 0:S; > 29 A L} is optimal.
Finally, it is easy to check that 7o = 1 (therefore zy = +00) if and only if § = 0.

6.4 Options for Risk—Averse Investors (Guo and Shepp [25])

Let X be a geometric Brownian Motion with constant drift € R and dispersion ¢ > 0. Consider

the optimal stopping problem

V(z) 2 sup E.[e7""(IV X,)], z€(0,00), (6.14)
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(b) £ > £ (d)1<s<£ <5 (f) 5 <1,7% < 2%

Figure 3: (Perpetual American capped call options on dividend-paying assets) Sketches of (a) the
reward function h(-), and (b)—(f) the function H(-) of (6.12) and its smallest nonnegative concave
majorant W(-).

In cases (b), (d) and (f), the left boundary of the optimal stopping region for the auxiliary
optimal stopping problem of (4.10) becomes L?, and W (-) does not fit H(-) smoothly at LY. In cases
(c) and (e), the left boundary of optimal stopping region, namely 2, is smaller than L?, and W (-)
fits H(-) smoothly at zg.

where the reward function is given as h(z) £ (I V x), « € [0,00), and [ and r positive constants.

Guo and Shepp [25] solve this problem using variational inequalities in order to price exotic
options of American type. As it is clear from the reward function, the buyer of the option is
guaranteed at least | when the option is exercised (an insurance for risk—averse investors). If r is
the riskless interest rate, then the price of the option will be obtained when we choose p = 7.

The dynamics of X are given as dX; = X;(udt + 0dBy), X: = x € (0,00), where B is standard
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Brownian motion in R. The infinitesimal generator of X coincides with the second—order differential
operator A = (0222 /2)(d?/dz?) + px(d/dz) as it acts on smooth functions. Denote by

0 2 (1/2) = (@ufe?) 1) 7/ (@u/e) — 1P + (8r/0%)],

with 71 < 0 < 79, the roots of the second-order polynomial f(z) £ z* + ((2p/0?) — 1) & — 2r/o?.
The positive increasing and decreasing solutions of Au = ru are then given as ¥(x) = 27, and
o(z) = 2™, for every x > 0, respectively. Observe that both end—points, 0 and +oo, of state space

of X are natural, and

+o0, if r<p

ht(z) h*(z)
£y = lim sup =0, and lso = limsup =11, if r=
z—0  p(x) T e Y(2) :
0, it r>p
Now Proposition 5.10 and 5.13 imply that
V = +o0, if r<p
V is finite, but there is no optimal stopping time, if r=p

V is finite, and 7" of (5.14) is an optimal stopping time, if r > pu

(Compare this with Guo and Shepp[25, Theorem 4 and 5]). There is nothing more to say about the
case 7 < u. We shall defer the case r = p to the next subsection. In Subsection 6.5, we discuss
a slightly different and more interesting problem, of essentially the same difficulty as the problem
with 7 = p. We shall study the case r > p in the remainder of this subsection.

According to Proposition 5.12, V(z) = ¢(z)W (F(z)) = 27 W (2%), x € (0,00), where

=g = xﬁ, T € (0,00), B £ Y0 — 71

and W : [0,00) — R is the smallest nonnegative concave majorant of

-1
H(y) 2 M’ ity €0 +o0)( Holy) =ty #, if 0<y<1?

11— .
lo, if y=0 Hiy)=y 7, if y>1°

In order to find W(-), we shall determine the convexities and the concavities of H(-), which is in
fact the maximum of the concave functions Hy(-) and Hi(-), with Hy(-) > H;(-) on [0,1°) and
Hy(-) < Hy(-) on (I”,00). The function H(:) is strictly increasing and continuously differentiable
on (0,00)\{l?} (Figure 4(b)). There exist unique zy € (0,7%) and unique z; € (I?, ) (Figure 4(c)),

such that
H(z1) — H(z0)

H' =
(20) %1 — %0

= H'(2). (6.15)
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<V

Figure 4: Options for risk—averse investors

Since both Hy and H; are concave, the line-segment L (y) = H(z0) + H'(20)(y — 20), y € (0,00),
which is tangent to Hy at zg and to Hy at z;, majorizes H on [0, +00). The smallest nonnegative
concave majorant W of H on [0, 00) is finally given by (cf. Figure 4(c))

H(:’J)a Yy e [O,ZO]U[zl,oo),

L.,(y), ye€(20,2)

Wi(y) =

By solving two equations in (6.15) simultaneously, we obtain

1-m 1=70 -n —70
-1 -1
29 =1° (71) <%> and 2z =1° <%> <’yo ) , (6.16)
m-—1 Y0 m-—1 Yo

and, if zg £ F~1(z) = Zé/ﬁ and 1 2 F~l(z) = zi/ﬁ, then Proposition 5.12 implies

if 0 <z <,
Z T 71 T Yo )

Vi) = oW (Pla) = 5 [vo () - () } L itme<s<m,  (647)
x, if > x.

Moreover, since C £ {y € (0,00) : W(y) > H(y)} = (20,21), C 2 {z € (0,00) : V(z) > h(z)} =
F~1(C) = F'((20,21)) = (zo,21). Hence 7* £ inf{t > 0: X; ¢ (xo,z1)} is an optimal stopping
rule by Proposition 5.13. Compare (6.17) with (19) in Guo and Shepp [25] (note that al and bl of

Guo and Shepp [25] correspond to z¢ and z; in our calculations).

6.5 Another “Exotic” Option of Guo and Shepp [25]

The following example is quite instructive, since it provides an opportunity to illustrate new ways
for finding the function W(-) of Proposition 5.12. It serves to sharpen the intuition about different

forms of smallest nonnegative concave majorants, and how they arise.
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Let X be a geometric Brownian motion with constant drift » > 0 and dispersion o > 0. Guo

and Shepp [25] study the optimal stopping problem

V(z) & Sl;lio) E,[e"(IV X,] - K)+], x € (0, 00),
TZ

where [ and K are positive constants and | > K. The reward function h(z) £ ([l Va] — K)+ can be
seen as the payoff of some “exotic” option of American type. The riskless interest rate is a constant
r > 0, and K > 0 is the strike—price of the option. The buyer of the option will be guaranteed to be
paid at least | — K > 0 at the time of exercise. The value function V(-) is the maximum expected
discounted payoff the buyer can earn. We want to determine the best time to exercise the option, if
such a time exists. See Guo and Shepp [25] for more discussion about the option’s properties.

As in the first subsection, the generator of X is A = (0%22/2) (d*/dz?) + rx (d/dx), and the
functions of (2.4) with 8 = r are given by ¥(z) = z and ¢(z) = 2~2/", for every z > 0. Both
boundaries are natural, h(-) is continuous in (0, o), and

ly £ limsup W () =0 and /s £ limsup W (z)
a—0  $(T) z—oo  Y(T)
Since h is bounded on every compact subset of (0, 00) and both ¢y and ¢+, are finite, V' is finite by

Proposition 5.10. Proposition 5.12 implies V(z) = ()W (F(x)), z € (0,00), where

=1

2
F(x)ézﬁgi:xﬁ, x € (0,00), with Bé1+0—2>1,
and W : [0,00) — R is the smallest nonnegative concave majorant of
h -
Hy) 2 ooF "(y), e (0,00) (1— K)y*~/7, 0<y<I?
y = =
lo. Y= 0. (y"/P = K)y' P,y >0

In order to find W explicitly we shall identify the concavities of H. Note that H' > 0 and H” < 0 on
(0,1%), i.e., H is strictly increasing and strictly concave on [0,17]; furthermore H’(0+) = +oco. On
the other hand, H” > 0, i.e., H is strictly convex, on (1%, +00). We also have that H is increasing on
(1%, +00). One important observation which is key to our investigation of W is that H’ is bounded,
and asymptotically grows to one:
0<H'(°-)<H'(y) <1, y>1°, and lim H'(y) = 1.
y——+oo
Figure 5(b) illustrates a sketch of H. Since H'(0+) = +oo and H'(I°—) < 1, the continuity of
H' and the strict concavity of H in (0,17) imply that there exists a unique zo € (0,1%) such that
H'(20) = 1. If L, (y) £ H(z0) + H'(20)(y — 20) = H(20) +y — 20, y € [0,00), is the straight line,
tangent to H at zg (cf. Figure 5(c)), then
H(y)7 0 < Yy < 205

Wi(y) = , Yy €0,00),
Lzo (y)a Yy > 20-
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|- K ‘
0 Kk I z 0 & y 0z 17 v
(a) (b) ()
Figure 5: Another Exotic Option
and
|- K, 0 <z <o,
Viz) = W(F = 1-p 6.18
(z) = @(x)W (F(x)) (- &) <l_l>m+l<x> e (6.18)
B) xo B \Zo

where x¢g 2 F~1(z) satisfies zog = zé/ﬁ =(1-1/p) (l - K). Compare (6.18) with Corollary 3 in
Guo and Shepp [25] (In their notation vg = 1, v0 — 71 = 8, I* = z¢.) Finally, there is no optimal
stopping time, since £o, = 1 > 0 and (I, +00) C C = {z: V(x) > h(z)} (Proposition 5.14).

6.6 An Example of H. Taylor [39]
Let X be one-dimensional Brownian motion with constant drift x4 < 0 and variance coefficient
0? =1 in R. Taylor [39, Example 1] studies the optimal stopping problem

Vix) £ sup Em[ef’aT(XT)Jr], r €R,
7>0

where the discounting rate S > 0 is constant. He guesses the value function and verifies that the
guess is indeed the nonnegative 3-excessive majorant of the reward function h(z) £ 2+ = max{0, z},
reR.

The infinitesimal generator of X is A = (1/2) (d?/dx?) + u (d/dx), and the functions of (2.4) are
Y(x) = e and p(x) = e¥®, for every x € R, respectively, where k = —pu + \/m >0>ws
—p — +/u? + 203 are the roots of (1/2)m? + um — B = 0. The boundaries +o0o are natural. Observe
that (—o00) = p(+00) = 0 and ¥ (+00) = p(—00) = +0o0. The reward function A is continuous and
{_o=0and {1, =0.

The value function V is finite (cf. Proposition 5.10), and according to Proposition 5.12, V(x) =
Y(z)W(G(z)), = € R, where G(z) £ —p(z)/th(z) = =% 2z € R, and W : (—00,0] — R is the
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smallest nonnegative concave majorant of

M1y, y<o0 0, y € (—o0, ~1] U {0}
EJFOO’ y=0 Hlog (_y)a Y€ (_170)
where o £ —£— (0 < a < 1). Note that H(-) is piecewise twice continuously differentiable. In fact,

H'(y) = (-y)*~*alog (—y) +1]/(x —w) and H"(y) = (-y)* ?[a(a — 1)log (=) + a + (a -
1)]/(k — w) when y € (—1,0), and they vanish on (—oo,—1). Moreover, H”(y) < 0 if and only
—e~0/BIVO*+26 ¢ (-1,0) and H'(M) = 0 gives the unique maximum M = —e~ Y/ € (T,0) of
H(:) (cf. Figure 6(b)).

A

Figure 6: H. Taylor’s Example

Since H(-) is concave on [T, 0] and decreasing on (—oo, M|, M € (T,0), its smallest nonnegative
concave majorant W coincides with H on [M, 0], and is equal to the constant H (M) on (—oo, M].
If we define 29 = G~Y(M) = 1/a(k — w) = 1/k > 0, then

ek, x<1/k,

x, x> 1/k.

Compare this with f(-) of Taylor [39, page 1337, Example 1] (In his notation, a = 1/x). Finally, C £
{reR:V(z)>h(z)} =G ({y € (—00,0) : W(y) > H(y)}) = G ((—00, M)) = (—00,1/k); and
because /o, = {1 = 0, Proposition 5.13 implies 7* £ inf{t > 0: X; ¢ C} =inf{t > 0: X; > 1/x}
is an optimal stopping time (although P, {7* = 400} > 0 for z < 1/k if p < 0).

6.7 An Example of P. Salminen [37]

Let X be a one-dimensional Brownian motions with drift x4 € R. Salminen [37, page 98, Example
(iii)] studies the optimal stopping problem V (z) £ sup, > Ex [e7ATh(X,)], for every = € R, with the

piecewise constant reward function

1, if <0 hi(z), if <0
hi =1, hy =2, on R,

h(z) 2

i

2, if >0 ho(z), if >0
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and discounting rate § > 0. Salminen uses Martin boundary theory (see Section 8) to solve the
problem explicitly for g = 0.

Note that A(-) is not differentiable at the origin. However, we can use our results of Section 5
to calculate V(-), since they do not rely on the smoothness of the reward function. Note that
Xy =ut+ By, t >0, and Xg = z € R, where B is standard one-dimensional Brownian motion.
Its generator is A = (1/2) (d?/dx?) + p(d/dz), and the functions of (2.4) are 1(z) = e** and
o(z) = e“*, & € R, respectively, where k 2 —pu + /2 +206 > 0 > w £ —p — /2 + 23 are the
roots of %m2 + um — 8 = 0. The boundaries +oo are natural, and ¢¥(—o0) = p(4+00) = 0 and
Y(400) = p(—00) = +00. Moreover £_o, and ¢4 of (5.17) are zero. Since h(-) is bounded (on
every compact subset of R), V(-) is finite (cf. Proposition 5.10), and V(z) = p(z)W(F(z)), x € R

(cf. Proposition 5.12), where

F(z) & Y(@) = elrmwz, z eR,

and W : [0, 00) be the smallest nonnegative concave majorant of

h
—oF (y), ye(0,+00) Hi(y), 0<y<1

H{(y) 14 = :

ﬁ_oo’ y:() HQ(y)7 y 2 1.

(1>

where Hy(y) = y7, Ha(y) = 2y7, y € [0,4+00), and 0 < v & —w/(k —w) < 1. Both H;(-) and
H,(-) are nonnegative, strictly concave, increasing and continuously differentiable. After y = 1,
H(-) switches from curve Hy(-) onto Ha(-) (Figure 7(b)).

The strict concavity of H(:) on [0,1], and H'(0+) = 400, imply that there exists a unique
zo € (0,1) such that

H(1+) — H(z0) _ Ha(1) — Hi(z0)
1-— 20 1-— zZ0 ’
i.e., such that the straight line L, (-) tangent to H(-) at zo also passes through the point (1, H(1+))

H'(z) = (6.19)

(cf. Figure 7(c)). Therefore, the smallest nonnegative concave majorant W (-) of H(-) concides with
H(-) on [0, 20] U (1, 4+00), and with the straight line L., (-) on (2o, 1].
If we let 29 = F~1(zp), then

L,
(1 — 2e0) s — (1 — 9eww0) ne
eu}fo — el{mg

2, if >0

if x<uxg

, if o<z <0

Since h(-) is not continuous, we cannot use Proposition 5.13 to check if there is an optimal
stopping time. However, since C £ {z € R : V(x) > h(z)} = (x0,0], and Po(7* = 0) = 1, we have
Eole#" h(X,+)] = h(0) = 1 < 2 = V(0), i.e., 7* is not optimal. Therefore there is no optimal

stopping time, either.

32



A

Figure 7: P. Salminen’s Example

Salminen [37] calculates the critical value z explicitly for p = 0. When we set u = 0, we get
k= —w = /20, v =1/2, and the defining relation (6.19) of zy becomes

1 - 1
§z01/2+§zé/2:2 — 20—423/24—1:0,

after simplifications. If we let yy = 23/27 then o is the only root in (0,1) of > —4y +1 = 0, i.e.,
Yo =2 — V4 —1=2—+/3. Therefore 2o = (2 — v/3)2. Finally,
1 1
= 1 =" = —
Zo (20) . — w 0og Zo 28

which agrees with the calculations of Salminen [37, page 99].

log (2 —V/3), if u=0,

6.8 A New Optimal Stopping Problem

Let B be one-dimensional standard Brownian motion in [0, c0) with absorption at 0. Consider

V(z) 2 Sl;%Ez[e_BT(BT)p], x € [0, 00).
for some 3 > 0 and p > 0. Hence our reward function & : [0, 00) — R is given as h(z) £ 2P, which
is locally bounded on [0, +00) for any choice of p > 0. With A = (1/2)d?/dx?, the infinitesimal
generator of Brownian motion, acting on the twice—continuously differentiable functions which vanish
at +oo, the usual solutions (2.4) of Au = fu are ¥(z) = e*V?P and ¢(z) = e *V2P_ for every
xr€Z=RDI[0,00).

The left boundary ¢ = 0 is attainable in finite time with probability one, whereas the right
boundary b = oo is a natural boundary for the (stopped) process. Note that h(:) is continuous
on [0,00), and £y of (5.5) is equal to zero. Therefore, the value function V(-) is finite, and
V(x) = ()W (G(x)), = € [0,00) (cf. Proposition 5.5), where G(z) £ —¢(x)/¢(z) = —e~2*V28, for
every x € [0,00), and W : [—-1,0] — R is the smallest nonnegative concave majorant of

A h

)2 L oa () - (wlﬁ) [—log (<y)]”-v=h.  yel-1.0)
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and H(0) £ 4., = 0. The function W (-) can be obtained analytically by cutting off the convexities
of H(-) with straight lines (geometrically speaking, the holes on H(-), due to the convexity, have
to be bridged across the concave hills of H(-), see Figure 8). Note that H(-) is twice continuously
differentiable in (—1,0); if 0 < p < 1, then H"(-) <0, so H(-) is concave on [—1,0], and W(-) = H(-).
Therefore Proposition 5.5 implies that V(-) = h(-), and 7* = 0 (i.e., stopping immediately) is
optimal.

In the rest of this Subsection, we shall assume that p is strictly greater than 1. With T
—e~2VPP=Y H(.) is concave on [—1,T], and convex on [T,0]. It has unique maximum at M
—e7?P > T, and nonnegative everywhere on [—1,0] (cf. Figure 8(a)). If L,(-) is the straight line,

> >

H

I
CO concave

)
v

Figure 8: A new optimal stopping problem

tangent to H(-) at z (so-called Smooth—Fit in the context of variational inequalities), then there

exists unique zg € [T, M) such that to

L(=1)=H(-1) <= —z =Pt D/(z-1)
and the smallest nonnegative concave majorant W(-) of H(:) is equal to H(:) on [zg, 0], and to the
straight line L., (-) on [—1, zg), see Figure 8(b). If g & G~ 1(20) = (—1/2v/25) log(—20), then

, eV _ VP ‘o
zP . , i <z < xo,
V(z) = p(@)W(G(z)) = " erov28 — e=wov2B 0 (6.20)

P, if > x.

Since C £ {y € [~1.0) : W(y) > H(y)} = (—1, ), the optimal continuation region for our original
problem is C £ (0, z¢) by Remark 5.1; and the stopping time 7* = inf {t > 0: B; > x(} is optimal.

6.9 Optimal Stopping Problem of Karatzas and Ocone [27]

Karatzas and Ocone [27] study a special optimal stopping problem in order to solve a stochastic

control problem. In this subsection, we shall take another look at the same optimal stopping problem.
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Suppose that the process X is governed by the dynamics dX; = —60dt 4+ dB; for some positive
constant @, with infinitesimal generator A = (1/2)d?/dx? —60d/dz. Since +o0c are natural boundaries
for X, the usual solutions (2.4) of Au = Bu, subject to the boundary conditions 1)(—o00) = p(c0) = 0,
become ¥(x) = €%, p(z) = e*%, where k = 0 + \/m and w £ 0 — \/m

Now consider the stopped process, again denoted by X, which is started in [0, 00) and is absorbed
when it reaches 0. Consider the optimal stopping problem

inf E, [ / e Pr(X)dt+ e P g(X) |, @ e 0,00),
TE 0

with 7(x) £ 22 and g(x) £ 622. If we introduce the function

o] 9 )
Rgr(x) 2 B, { / eﬁtw(Xt)dt} 1, 20 +8 26°+p
0

B TR T Gioe wellx) (621)

then, the strong Markov property of X gives
E. { / e Ptr(X,)dt + e%m)} = Rym(z) — e~ (Rgn(a) — g(a))], @ € [0,00).
0
Therefore, our task is to solve the auxiliary optimal stopping problem

V(z) 2 sup E.le " h(X,)], € [0,00). (6.22)

Here, the function

_1—6ﬁ$2_%$ 20°+6 20+
B B B B
is continuous and bounded on every compact subinterval of [0, c0), and
ht (@) h(z)
lso & limsup = lim
- z—oo  Y(7) z—00 P(x)

Therefore V(+) is finite (Proposition 5.2), and an optimal stopping time exists (Proposition 5.7).
Moreover, V(z) = ¢(z)W (G(z)) (Proposition 5.5), where G(z) £ —p(z)/1h(z) = —e@=™7 7 €

[0,00), and W (-) is the smallest nonnegative concave majorant of

h(z) £ Rgm(x) — g(w) ", z €10,00).

=0.

H(y) & 706 y) = (=y)*[a (log (—9)* +blog (—y) + ] +cy, ye[-1,0),
with H(0) £ /., = 0, and
A K A1—5ﬁ 1 N 20 1 A292-|r5
CY—K_W7 a = ﬂ 7(("}_&)2, b__@i(w—ﬁ;), 6—7/63 . (623)

Observe that 0 < a <1, a € R, b > 0, and ¢ > 0.
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We shall find W (-) analytically by cutting off the convexities of H(-). Therefore, we need to
find out where H(-) is convex and concave. Note that H(:) is twice—continuously differentiable in
(—1,0), and

H'(y) = —(—y)* ‘[aa(log (—y)) + (ab + 2a) log (—y) + ac +b] + ¢, (6.24)
H"(y) = (—y)**Q1(log (-y)), v € (~1,0), (6.25)

where

Qi(z) £ ala — az® + [afa — 1)b + 2a(2a — D]z + 2a + 2a — 1)b + ala — 1)c

for every # € R, is a second-order polynomial. Since (—y)*~2 > 0, y € (—1,0), the sign of H”
is determined by the sign of Q1 (log (—y)). Since log (—y) € (—00,0) as y € (—1,0), we are only

interested in the behavior of Q;(x) when x € (—00,0). The discriminant of @); becomes

0>+

= Ty 25)362@(1 - (620
where 562 552
Qi(z) & 2®> —22+1— E1h :(x71)27m, z €R,

is also a second—order polynomial, which always has two real roots,

g =1- % and ¢ =1+ %
One can show that A; < 0 if and only if §(§ + 3) < 1. Therefore, Q1(-) has no real roots if
§(6% + 8) < 1, has a repeated real root if §(6% 4+ 3) = 1, and two distinct real roots if 5(6% + 3) > 1.
The sign of H”(+), and therefore the regions where H(-) is convex and concave, depend on the choice
of the parameters ¢, # and (.

Case 1. Suppose §(6% + 3) < 1. Then Qi(-) < 0, and H”(-) < 0 by (6.25). Thus H(-) is
concave, and W(-) = H(-). Therefore V(-) = h(-) and the stopping time 7* = 0 is optimal thanks
to Propositions 5.5 and 5.7.

Suppose now §(6% + 3) > 1; then @Q1(-) has two real roots. The polynomial Q1(-), and H”(-) by
(6.25), have the same sign as a(o — 1)a. Note that a(or — 1) is always negative, whereas a has the
same sign as 1 — 63 thanks to (6.23).

Case II. Suppose §(#* + ) > 1 and 1 — §3 < 0. The polynomial Q;(-) has two real roots
g1 <0 < ¢o; and H(:) is strictly concave on [—1,—e%], and strictly convex on [—e?,0] (-1 <
—e? < 0), has unique maximum at some M € (—1,—e?), and H(M) > 0 (see Figure 9(a)). Let
L.(y) & H(z) + H'(2)(y — 2), y € [-1,0] be the straight line, tangent to H(-) at z € (—1,0); then,
there exists unique zo € (M, —e?'] such that L. (0) = H(0) (see Figure 9(b)), and the smallest
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P
] Bt N =

-1 M —ett ]”_j\// 0 —1] =z M 2z —e® 0

Figure 9: Sketches of (a) H(-) (may become negative in the neighborhood of zero as H looks like),
(b) H(-) and W, in Case II.
nonnegative concave majorant of H(-) is

W(y) = W ?f veltall (6.27)
LZo(y)a if yE(ZOaO]

Moreover, trivial calculations show that log (—zp) is the unique solution of
(1-a)[az®+bz+c] =2ax+b, z€ [log (—M),q],

and C 2 {y € [-1,0] : W(y) > H(y)} = (20,0) (cf. Figure 9(b)). Proposition 5.5 implies

h(z), if 0 <z <z
V(z) = o(x) . ) (6.28)
@(xo)h(xo)’ if x9 <z < o0

with z9 £ G~1(z), and the optimal continuation region becomes C = G~1(C) = G~((20,0)) =
(29, 00). We shall next look at the final case.

Case III. Suppose §(#? + 3) > 1 and 1 — §3 > 0. The polynomial Q;(-) again has two real
roots g1 < g2; and H(-) is convex on (—e?, —e), and concave on [—1,0]\(—e?%, —e?), positive and
increasing in the neighborhoods of both end-points (see Figure 10(a)). If L, (y) = H(z)+H'(z)(y—2),
y € [—1,0], is the tangent line of H(:) at z € (—1,0), then there are unique —1 < 29 < 21 < 0, such
that L., (-) is tangent to H(-) both at z; and zo, and L, (-) > H(:), on [—1,0]. In fact, the pair

(2,2) = (22, 21) is the unique solution of ezactly one of the equations,

H(z) - H(3)

H(z) = = = (), 7> -1, and H(2) = HEF-HED

=1
Z— (_1) b Z )
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Figure 10: Sketches of (a) H(-), (b) H(-) and W, in Case IIL. In (a), H depicts another possibility

where H takes negative values, and its global maximum is contained in [—e?,0].

for some z € [—1,—e®], z € [—e?,0). Finally,

W(y) _ LZ1 (y)v if /S [22721]7 (629)

H(y)a if y e [_1722)U(2170]a

(Figure 10(b)). The value function V (-) of (6.22) follows from Proposition 5.5. Since C = {y €
[—1,0] : W(y) > H(y)} = (22,2), the optimal continuation region becomes C = G~(C) =
(G=Y(22),G~%(21)), and the stopping time 7* = {t > 0: X; ¢ (G~ (22), G™1(21))} is optimal.

6.10 An Optimal Stopping Problem for a Mean-Reverting Diffusion

Suppose X is a diffusion process with the state space Z = (0, +00) and dynamics
dXt = Xt[,u(a — Xt)dt + O'dBt], t> 0,
for some positive constants p, o and o; and consider the optimal stopping problem

V(z) 2 sup Eyle P (X, — K)"], 0<z<400 (6.30)
TES

with the reward function h(z) = (x—K)™, where K > 0 is also constant. The functions ¢ (-) and ¢(+)
of (2.4) are positive, increasing and decreasing solutions of the differential equation (1/2)o?2%u” (z)+

pr(a — x)u'(z) — fu(x) = 0. Let

1 pa 1 pa 20 _
+2 (2 _ £ - _ I +
o _<2 02>i\/(2 02>+02’ om <0<,
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be the roots of the equation (1/2)020(8 — 1) + pa® — 3 = 0; and denote by

M(a,b,x) éz(cbl—xn— a)g Zala+1)--(a+k—1), (a) =1, (6.31)
=0
A T (a,b, ) 1M1 +a—0b,2—b,x)
Ula,b2) = 300 {F(l+a—b)F(b) —a T(a)0(2 - ) } (6:32)

two linearly independent solutions of the Kummer’s equation, zw”(x) + (b — z)w'(z) — ax = 0,
where a and b are positive constants (U(a,b, ) is defined even when b — =£n, for integer n), see
Abramowitz and Stegun [1, Chapter 13] and Dixit and Pindyck [12, pp. 161-166]. Then

P(r) = (c:c)‘9+M(9+,a+,cx), and o(z) 2 (cx)9+U(9+,a+,cac), x>0, (6.33)

and ¢ 2 2u/0?, a* = 2(0F + (ua/o?)). Using the relations 1+ 6% —a* = 6T and 2 — a* = aT, and
the integral representations of the confluent hypergeometric functions M (a,b,x) and U(a, b, x) (see

Abramowitz and Stegun [1, Section 13.4]), we obtain

cx)? T(at 1 + _
Y(z) = F(c(ﬁ)—el‘:()l‘(gﬂ/o et 1 )7 dt, x>0, (6.34)
0o -0~
p(z) = ﬁ/{) e~tf -1 <1 + ctx> dt, x=>0. (6.35)

Clearly, ¥(-) is increasing, and ¢(-) is decreasing. By the monotone convergence theorem we have
P(+00) = p(0+) = +oo. Hence, the boundaries 0 and +oo are natural. Since the limits ¢, and
¢y of (5.17) are zero, the value function V() of (6.30) is finite; and there is an optimal stopping
time, thanks to Propositions 5.10 and 5.13. By Proposition 5.12, the value function is given by
V(z) = p(x)W(F(x)), x > 0, where

s P(x)  M@Ot,a", cx)
PO o) = U7t e)

and W (-) is the smallest nonnegative concave majorant of H(y) = (h/¢)(F~1)(y), y > 0. Since h is
increasing, H is also increasing. If p(x) £ —pz?+ (apu— )z + BK, then (A—B)h(z) = p(z) for every
x > K. Let £ be the only positive root of the polynomial p(z). Then H(-) is convex on [0, F'(K V¢)]
and concave on [F(K V §),400) according to (6.2) (In fact, K < & if and only if p(K) > 0 if and
only if @ > K). Finally, it can also be checked that H'(4+00) = 0; see Figure 11.

In fact, by a straightforward calculation using the recursion properties and integral representa-
tions of the confluent hypergeometric functions, see Abramowitz and Stegun [1, Formulae 13.1.22
13.4.21, 13.4.23, 13.2.6], we obtain

z) = /1 h Fla, )t — 1) 10"+ g (6.36)

f(z,t) & [zh/(z)t — 6~ h(z)(t — 1)] (cz)~ ()’ t>1, (6.37)
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for a general function h(+), and for every x where h'(x) exists. In our case, h(-) is linear and increasing
on [K,+00). Therefore sup, s |f(z,t)] < yit72e™ for every ¢t > 1, for some positive constants 7,

and ~y,. Since lim,_,, f(z,t) =0 for every ¢ > 1, H'(+00) = 0 by dominated convergence theorem.

A A A

H

v
v

K F(K) F(O)

Figure 11: Sketches of (a) h(:), (b) H(-) and W for Example 6.10. In the figure, £ is shown bigger
than K (K < ¢ if and only if K < «).

It is now clear that there exists unique zp > K such that H(zp)/z0 = H'(20), and the smallest
nonnegative concave majorant W of H coincides with the straight line L., (y) = (y/z0)H(zy) on
[0, 20]; and with H on [z, +00). If 29 = F~!(2p), then

(“’“)m M(0*,a*, cx)

= 07 0" B(x), 0< < o,
Zo M(0+,at, cxo) (zo) v

V() = (z)W(F(x)) =
h(l‘), xr > xg.

The critical value zg = F~1(2) can be found by solving the differential equation H(z) = zH'(z);

or also by noting that zj is the unique maximum of H(z)/z on (0, 4+00).

6.11 The Example of @Qksendal and Reikvam [33]

Let a and ¢ be positive constants such that 1 — ca > 0; and define

1, z <0,
hMr)=41—cz, 0<z<a, (6.38)
1—ca, x>a.

For a Brownian motion B on a suitable probability space, consider the optimal stopping problem

V(z) 2 supE,le ""h(B,)], z€cR, (6.39)
TES

with the terminal reward function h(-) of (6.38), and constant discount-rate p > 0.
(Oksendal and Reikvam [33] show that the value function of an optimal stopping problem is the

unique viscosity solution to the relevant variational inequalities under suitable assumptions. Later,
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they use their results to solve (6.39) by further assuming that

4pa

T 4
1 20 <c (6.40)

The origin turns out to be one of the boundaries of the optimal continuation region under (6.40);
and since the reward function h(-) is not C! at the origin, using smooth-fit principle would not give
the solution of (6.39). They also point out that the solution could not have been found by using the
verification lemma in Brekke and @Qksendal [8], either.

Here we shall not assume (6.40); and solve (6.39) for all possible ranges of the parameters. Later,
the condition (6.40) will show up with a clear geometric meaning. We also show that the optimal
stopping rule under (6.40) is still optimal when “<” in (6.40) is replaced by “<”.

The fundamental solutions of Au = pu associated with the Brownian motion are ¢(z) = e*vV??
and p(z) = e *V?¢, € R. The boundaries Foo are natural for the Brownian motion. Since
lim, .o h(2)/p(x) = lim, . oo h*(z)/2(x) = 0, the value function V(-) is finite, and there exists
an optimal stopping time. Moreover, V(z) = o(z)W (F(x)), * € R where F(z) £ o (x)/p(z) =

€220 r e R, and W : [0,4+00) — [0, +00) is the smallest nonnegative concave majorant of

VY, y <1

1 2 2o F ) = (1= g i) Vi 1<y<Fly. (6.41)
(1~ ca)i, v Pla)

and F(0) = 1, F(a) = €292 > 1. Therefore, our task is basically reduced to finding W(-). One can
easily check that H(-) is concave on every subinterval [0, 1], [1, F(a)] and [F(a),4+00). It is increasing
on [0,1] U [F(a),400). On the interval [1, F(a)], H(:) is increasing (respectively, decreasing) if
H'(F(a)-) =1—ac—c/y/2p > 0 (respectively, H' (14) = 1 —¢/+/2p < 0); and has unique maximum
in (1,F(a))if 1 —ac—c/+/2p <0< 1—c¢/y/2p, see Figure 12. A straightforward calculation shows
that

H'(1-)> H'(1+) > H(F(a)-) and H'(F(a)-) < H'(F(a)+) < H'(1-). (6.42)

We are now ready to identify the smallest nonnegative concave majorant W of H. It is easy to
see that the nonnegative concave function y — ,/y majorizes H everywhere, and coincides with H
on [0,1]. Therefore W(y) = \/y = H(y), for every y € [0,1]. On the other hand, H is concave
and (strictly) increasing on [F'(a), +0), and H'(4+00) = 0. Therefore, there are unique numbers
1<z < F(a) < 29 < 400 such that

W(JJ) _ H(y)’ ye [07 Zl] U [22’ —|—OO), (643)

Lzlzz(y)v (7S (2’1,22>,
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Figure 12: Possible cases: On [1, F(a)], the function H (a) is increasing if H'(F(a)—) =1 —ac —
¢/+/2p > 0, (b) is decreasing if H'(1+) = 1—¢/y/2p < 0, and (c) has unique maximum in (0, F'(a)) if
1—ac—c/\2p<0<1—c/\/2p. In all figures, L;_ is the straight-line with slope H'(1-), touching
to H at y = 1. Note that the nonnegative concave function y + ,/y majorizes H, and coincides
with it on [0, 1].

where the straight-line

zZ9 — —z
2 Yy +H(22) Y 1 ,
29 — 21 22 — 21

Lz (y) & H(21) y >0, (6.44)

majorizes H everywhere, and touches to H at z; and z5: It bridges the “convex gap” in the graph
of H near y = F(a) (This is illustrated for the case 1 — ¢/v/2p < 0 in Figure 12(b). It is also
evident that z; = 1 for this case). Finally, if we set z; = F~1(2;), i = 1,2, we find by the formula
V(z) = ()W (F(z)), z € R, that

h(z), x € [0, 21] U |12, +00),
Viz) = F(x3) — F(x) F(x) — F(z)

M) Flry) — ) T Fay) — Flm)

x € (21, x2),

and the stopping time 7* £ inf{t > 0: B; ¢ (z1,72)} is optimal. To complete the solution, we only

have to calculate the critical values z; and z, explicitly.

Case (a): 1—ac—c/v/2p > 0. The function H of (6.41) is increasing on [1, F'(a)], see Figure 12(a).
The straight-lines L1+ (y) £ H(1) + H'(1F)(y — 1), y > 0, support H at 1, and have slopes H'(1—)
and H'(1+), respectively. Since L;_ also supports the concave function y — ,/y, which majorizes H
everywhere, it does not meet H on [F'(a), +00). However, L1, can meet H on [F(a),+00), and this
will in fact determine z; and z2 in (6.44), see Figure 13. Note that Li4 supports H at 1 € [0, F'(a)];

and H is strictly concave and majorizes y — (1 — ac),/y on the same interval [0, F'(a)]. Therefore
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L1y (y) > H(y) > (1 — ac),/y for every y € [0, F(a)]. Therefore

Ly (y) = H(y) — Lit(y) = (1 —ac)y/y

(6.45)
for some y € [F(a), +00) for some y > 0

The latter equation in (6.45) is a second-degree polynomial in w £ V¥ in the form of Aw* — Bw +
1—A=0with A= H'(14+) = (1/2)(1 — ¢/+/2p) and B £ 1 — ac; and its discriminant
2

AL B? - 4A(1-A) = g—p — 2ac + a*c?. (6.46)

Thus, depending on the sign of A, the first equation in (6.45) will have one, two or no zeros in
[F(a), +00).
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Figure 13: Case (a). The supporting line L4 of H at y = 1 with slope H'(1+) (i) does not
intersect H, (ii) is tangent to H at 2o, and (iii) intersects H at two distinct points on [F(a), +00),
if A of (6.46) is positive, or equal to zero, or negative, respectively. In (ii) and (iii), 27 = 1. Note

that L, ., fits H smoothly at z; and 2z in (i) and (ii), and only at z in (iii).

Case (a)(i). If A = (c?/2p) — 2ac + a®c* < 0, equivalently, 4ap/(1 + 2pa?) > ¢, then L,
does not meet H on [F'(a),400), see Figure 13(i). Therefore, we have 1 < z1 < F(a) < 23 < +00;
the line L, .,(+) fits H(-) smoothly at z1 and z, which are unique solutions to H'(z1) = (H(z2) —
H(z1))/(22—21) = H'(21). This gives two equations in z; and 29, which can be solved simultaneously
for those unknown critical values.

Case (a)(ii). If A = (¢?/2p) — 2ac + a®c* = 0, equivalently 4ap/(1 + 2pa?) = ¢, then L,
is tangent to H on (F(a),+00) at 22 = [(1 —ac)/(1 — c/\/%)]Q, and, evidently, z; = 1 in (6.44),
see Figure 13(ii). Hence the solution, guessed by @ksendal and Reikvam [33] under (6.40), is still
optimal when “<” is replaced by “<” in (6.40).

Case (a)(iii). If A = (¢?/2p) — 2ac + a*c® > 0, equivalently 4ap/(1 + 2pa?) < ¢, then L

intersects H at two distinct points on (F(a),+00), see Figure 13(iii). Therefore L., ., lies above
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L1y on [1,400). Hence z; = 1, and 23 is the unique solution for (H(z2) — H(1))/(22 — 1) = H'(22),

which gives 2o = [(1+ /1 — (1 —ac)?)(1 — ac)]z.

Case (b): 1 —¢/v/2p < 0. The function H is decreasing on [1, F'(a)], see Figure 12(b). Recall
that H is concave increasing on [F'(a),+o0), and H(400) = +oo, H'(+00) = 0. Therefore, z; and

z9 are as in Case (a)(iil).

Case (¢): 1 —ac—c¢/\/2p <0< 1—c¢/y/2p. This time, H has unique maximum in (1, F(a)).
However, a careful inspection of Figure 12(c) shows that the analysis and the results are identical

to those for Case (a) above.

7 Smooth—Fit Principle and Necessary Conditions for Opti-

mal Stopping Boundaries

We shall resume in this Section our study of the properties of the value function V(). For con-
creteness, we focus on the discounted optimal stopping problem introduced in Section 4, although
all results can be carried over for the optimal stopping problems of Sections 3 and 5.

In Section 4 we started by assuming that A(-) is bounded and showed that V(-)/¢(-) is the
smallest nonnegative F—concave majorant of h(-)/¢(-) on [¢,d] (cf. Proposition 4.2); the continuity
of V() in (¢,d) then followed from concavity. The F—concavity property of V(:)/¢(:) has further

implications. From Proposition 2.6(iii), we know that D} (V/p) exist and are nondecreasing in

;L; (‘;) (2) > % (Z) (@), z € (cd). (7.1)

Proposition 2.6(iii) implies that equality holds in (7.1) everywhere in (c,d), except possibly on a

(¢,d). Furthermore,

subset N which is at most countable, i.e.,
at (Vv - (V d [V
iF <<,0> () = IF (@) (z) = iF (@) (), € (c,d)\N.
Hence V(-)/¢(+) is essentially F-differentiable in (¢, d). Let
T2 {zcled:V(r)=h(z)} and C=[c,d\T ={z € [c,d]:V(z) > h(x)}.

When the F—concavity of V()/¢(+) is combined with the fact that V(-) majorizes h(-) on [c,d], we
obtain the key result of Proposition 7.1, which leads, in turn, to the celebrated Smooth—Fit principle.

2The fact that the left—derivative of the value function V'(-) is always greater than or equal to the right—derivative

of V(-) was pointed by Salminen [37, page 86].
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Proposition 7.1. At every x € T'N (¢, d), where D% (h/¢)(x) exist, we have

(o (D)o (B ()

Proof. The second inequality is the same as (7.1). For the rest, first remember that V() = h(:) on
I'. Since V() majorizes h(-) on [c,d], and F(-) is strictly increasing, this leads to
h(y) _ h(z) V) _ V() V(z) _ V(=) hz)  h(z)

) »(x) »(y) () an »(z) () »(z) p(z) )
Fly)— F@) ~ Fly) ~F@) ™ Fe)—F@) = Flz) - Fa)’ (7.2)

for every x € T, y < x < z. Suppose x € I' N (¢,d), and D (h/p)(x) exist. As we summarized
before stating Proposition 7.1, we know that D% (V/p)(z) always exist in (c,d). Therefore, the
limits of both sides of the inequalities in (7.2), as y T « and z | x respectively, exist, and give
Dy (h/¢) (x) > D (V/9) (z), and D} (V/e) (x) > DL (h/¢) (x), respectively. O

Corollary 7.1 (Smooth-Fit Principle). At everyx € I'N(c,d) where h(-)/¢(-) is F—differentiable,
V()/e() is also F—differentiable, and touches h(-)/¢(-) at © smoothly, in the sense that the F-

derivatives of both functions also agree at x:

i (5)©=ar (5) 0

Corollary 7.1 raises the question when we should expect V(-)/¢(+) to be F—differentiable in (¢, d).
If h(-)/p(-) is F—differentiable in (¢, d), then it is immediate from Corollary 7.1 that V(-)/¢(:) is F—
differentiable in IT' N (¢, d). However, we know little about the behavior of V(-)/¢(-) on C = [¢, d]\T’
if h(-) is only bounded. If, however, h(-) is continuous on [c, d], then V(-) is also continuous on [c, d]
(cf. Lemma 4.2), and now C is an open subset of [c,d]. Therefore, it is the union of a countable

family (J,)aeca of disjoint open (relative to [, d]) subintervals of [¢,d]. By Lemma 4.3,

V@) Bele B _ V() Flra) = F@) | Vira) | F(o) = Flla)
P @ o) Fla) = FUa) T pre) Flra) =) O 09

where I, and r, are the left— and right-boundary of J,, o € A, respectively. Observe that V(-)/¢(-)

coincides with an F-linear function on every J,; in particular, it is F—differentiable in J, N (¢, d)
for every o € A. By taking the F—derivative of (7.3) we find that

A AV = 1 Vi) V)] )
dF (s0>( )= ) - F@) Lo(ra) go(la)}’ € JaN(e,d) (7.4)

is constant, i.e., is itself F—differentiable in J, N (¢, d). Since C is the union of disjoint J,, a € A,
this implies that V(-)/¢(+) is twice continuously F—differentiable in C N (¢, d). From Corollary 7.1
and the F-concavity of V(-)/¢(+), it is not hard to prove the following result.

Proposition 7.2. Suppose that h(-) is continuous on [c,d]. Then V(-) is continuous on [c,d] and

V(-)/o(:) is twice continuously F—differentiable in CN (¢,d). Furthermore,
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(i) if h(-)/@(+) is F—-differentiable on (c,d), then V(-)/¢(-) is continuously® F-differentiable on
(¢,d), and

(i) if h(-)/p(-) is twice (continuously) F—differentiable on (c,d), then V(-)/¢(-) is twice (contin-
uously) F—differentiable on (¢, d)\0C,

where OC is the boundary of C relative to R or [c, d].

Proposition 7.3 (Necessary conditions for the boundaries of the optimal continuation
region). Suppose h(-) is continuous on [c,d]. Suppose l,r € T'N (¢,d), and h(-)/o(-) has F-

deriwatives at | and r. Then Dp (V/(p)() exists at I and r. Moreover, we have the following cases:

(i) If (I,r) C C, then

i (5)0=3 (5)0=20=m - (o= (o

and,

Viz) k() d (h d (h
=—=+4+ |Flx)-F)|-—=(— ()= |F(z) - Fd)|—=—) (), ze(d.
o) e Jar\p) =1 Jar & |
Proof. The existence of Dp (V/ cp), and its equality with Dp (h/ <p) at [ and r, follow from Corol-
lary 7.1. The first and last equality in (i), and the first equalities in (ii) and (iii) are then clear.
Note that the intervals (I,7), [¢,r) and (I, b] are all three possible forms that J,, & € A can take.

Let I, and 7, denote the left— and right-boundaries of intervals, respectively. Then (7.4) is true for

3Note that this is always true no matter whether Dg(h/p) is continuous or not. As the proof indicates, this is as

a result of F—concavity of V(-)/¢(+) and continuity of F' on [c,d].
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all three cases. In (i), both I, =1 and r, = r are in I'. Therefore, V(I) = h(l) and V(r) = h(r), and
(7.4) implies

A AV 1 ) O]
dF <<p>( )= F o - FO) Lp(r) @(l)]’ € (). (7.5)

Since V' (-)/¢(+) is F—concave on [c,d] D [l,r] and F' is continuous on [c, d], Proposition 2.6(iii) implies
that D} (V/¢) and Dy (V/¢) are right— and left—continuous in (c,d). Because V(-)/¢(-) is F-
differentiable on [I, 7], DE (V/g) and D (V/g) coincide on [I,7]. Therefore D (V/) is continuous

on [, r], and second and third equalities in (i) immediately follow from (7.5). In a more direct way,

0)0-5 (ot (Jer-m (- o5
% (Z) (r)= ;lT_: (Z) (r) :E-EIEZZT_«" (Z) (z) :1;?11% (‘;) (2) = %-

Same equalities could have also been proved by direct calculation using (7.3).

The proofs of the second equalities in (ii) and (iii) are similar, once we note that V(c) = 0 if
c € C, and V(d) = 0if d € C. Finally, the expressions for V(-)/¢(-) follow from (7.3) by direct
calculations; simply note that V(-)/¢(-) is an F-linear function passing through (Is, (V/¢)(la)) and
(Tav (V/@)(Ta))- O

We shall verify that our necessary conditions agree with those of Salminen [37, Theorem 4.7]; see
also Alvarez [2] where the same conditions are derived by nonlinear optimization techniques. Let us

recall a definition.

Definition 7.1 (Salminen [37], page 95). A point * € T' is called a left boundary of T' if
for e > 0 small enough (z*,2* +¢) C C and (z* —e,2*] CT. A point y* € T is called a right
boundary of T if for ¢ > 0 small enough (y* —e,y*) C C and [y*,y* +¢) CT (c¢f. Figure 14 for

illustration).

(TN [N TN
N N/

x* —e x* ¥ +¢€ y*—¢ Yy +e

Figure 14: z* is a left- and y* is a right-boundary point of T'.

We shall also remind the definitions of the key functions Gy, (+) and G,(+) of Salminen’s conclusion.
At every x € (¢,d) where h(-) is S—differentiable, let

dh dy dh

Gy() = p(2) 7o (@) = h(x)%(x) and  Go(x) £ h(z) 75 — ¥(a) 55 (). (7.6)
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Proposition 7.4. Suppose h(-) is continuous on [c,d]. If h(-), ¥(:) and ¢(-) are S—differentiable
at some x € (c,d), then h(:)/o(-) and h(-)/¥(:) are F- and G-differentiable at x, respectively.

Moreover,

d (h x) = 76?;,(37) an d (h x) = _7Ga(a:
G LR e BRI 1 ) R e (7.7
where Gy(x) and G, (z) are defined as in (7.6), and the Wronskian W (1), p) = cp(~)%(~) 71/;(-)%(.)

is constant and positive (cf. Section 2).

Proof. Since h(-), () and ¢(-) are S—differentiable at z, h(-)/¢(-) and F' are S—differentiable at x.
Therefore, D (h/ go) exist at x, and equals

d (h\, . ds(3), . Dsh-p—h-Dsp
dF (so) @)= ") = 5 D™

ds
— s [P0 @~ o) @) = (7.9
where Dg = %. Noting the symmetry in (¢, F) versus (¢, G), we can repeat all arguments by
replacing (¢, ) with (¢, —¢). Therefore it can be similarly shown that D¢ (h/v)(z) exists and
Dg(h/¢)(z) = =Ga(x)/W (1, ¢) (note that W(—p,v) = W (4, ). O

Corollary 7.2 (Salminen [37], Theorem 4.7). Let h(-) be continuous on [c,d]. Supposel and r
are left— and right-boundary points of T, respectively, such that (I,r) C C. Assume that h(-), ¥ (-)
and ¢(-) are S (scale function)-differentiable on the set A= (1 —¢e,|U[r,r +¢€) for some e > 0 such
that A CT. Then on A, the functions Gy and G, of (7.6) are non—increasing and non—decreasing,

respectively, and

Gy(l) = Go(r),  Gal(l) = Ga(r).
Proof. Proposition 7.4 implies that Dp (h/gp) and Dg (h/z/J) exist on A. Since l,r € I"and (I,r) C C,
Proposition 7.3(i) and (7.7) imply

G _ (1) - L () )= G0
W) dF \¢ dF \ ¢ W (i, )’
i.e., Gp(l) = Gp(r) (Remember also that the Wronskian W (1, ¢) = % -1 g—g of ¥(-) and () is
a positive constant; see Section 2). By symmetry in the pairs (¢, F') and (¢, G), we have similarly
Ga(l) = Ga(r).
On the other hand, observe that Dr(V/¢) and D¢ (V/v) also exist and, are equal to Dg (h/¢)

and D¢ (h/ w) on A, respectively, by Corollary 7.1. Therefore

d (V Gy(z d (V Gu(x

i (5 o=wts = ae(G)@ vy ser 7
by Proposition 7.7. Because V(+)/¢(+) is F—concave, and V (-)/4¢(-) is G—concave, Proposition 2.6(i)
implies that both Dr(V/¢) and D¢ (V/1) are non-increasing on A. Therefore (7.9) implies that

G is non—increasing, and G, is non—decreasing on A. O
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8 Concluding Remarks: Martin Boundary Theory and Op-

timal Stopping for General Markov Processes

We shall conclude by pointing out the importance of Martin boundary theory (cf. Dynkin [15; 16])
in the study of optimal stopping problems for Markov processes. This indicates that every excessive
function of a Markov process can be represented as the integral of minimal excessive functions with
respect to a unique representing measure. If the process X is a regular one-dimensional diffusion
with state space Z, whose end-points are a and b, then Salminen [37, Theorem 2.7] shows that the
minimal B-excessive functions are kq(-) 2 @(+), kp(-) £ ¥(+), and k, (-) = min{y(-)/¥(y), () /e (y)},
for every y € (a,b). Then, according to Martin boundary theory, every [—excessive function A(-)

can be represented as

= Z'Vh X .
hz) = /[a,b]ky” (dy), weT, (8.1)

where "

is a finite measure on [a,b], uniquely determined by h(-). Now observe that k,(-)/¢(-) is
F—concave for every y € [a,b]. Therefore, Proposition 4.1 and its counterparts in Section 5 can also
be seen as consequences of the representation (8.1). The functions ¥ (-), ¢(-) of (2.4) are harmonic
functions of the process X killed at an exponentially distributed independent random time, and are
associated with points in the Martin boundary of the killed process, see Salminen [37; 35; 36].

The same connection can be also made by using Doob’s h-transforms. Let ( and S be the life-
time and the scale function of X, respectively; see Section 2. Remember our assumptions that the
process is not killed in the interior of the state-space Z, and that the boundaries are either absorbing
or natural. For each « € Z, we shall introduce the probability measure (cf. Borodin and Salminen [6,
pp. 33-34))

Pe(4) 2 @Em Pt o(X)1al, AeFN{C>1th t>0. (8.2)
For every stopping time 7 and A € F, N {¢ > 7}, we have P?(A) = (1/p(x))Es[e ?7p(X,)14].
Therefore, the value function V() £ sup,cgEzle ?7g(X;)1(¢5ry], @ € T of our discounted optimal

stopping problem can be rewritten as

Vi) =g [ S| - v Z55 e

where E¢ is the expectation under P¥. The process {X;, Fy;t > 0} is still a regular diffusion in Z

under P?, now with scale function S(-) whose density is given by

= S'(z)
S'(z) = %, z€T, 8.4
@) = (34)
and with killing measure k(dy) = (G¥(xo,y)) 'v¥(dy), y € Z. Here 2o € T is an arbitrary fixed

reference point, G¥(-,-) is the Green function of X under P?, and v¥ is the representing measure of

49



the [-excessive function ¢ in its Martin integral representation of (8.1) (cf. Borodin and Salminen [6,
pp. 33-34]).

Two important observations are in order: Under the new probability measure P¥, (i) the scale
function of X is F' as in (4.6); and (ii) X is not killed in the interior of the state space Z, i.e.,
v?(int(I)) = 0. (If we use a (-excessive function different from the minimal S-harmonic functions
P(), ¢(-) of (2.4) in order to define the new probability measure in (8.2), then X may not have
those properties under the new probability measure.)

Since the Wronskian of ¢(-) and ¢(-)

"z "(z () d x 2(z
W) 00 GG = i (o)) 510
is constant (It6 and McKean [26, pp. 130], Borodin and Salminen [6, pp. 19]), the density in (8.4)

can be rewritten as

S'(z) = W (1, p)F'(z) = constant x F'(x).

Hence the scale function of X under P¥ is the strictly increasing and continuous function F(-) of
(4.6). On the other hand, since ¢ is a minimal S-excessive function and is associated with the point a
on Martin boundary, the support of v¥ is {a} (cf. Borodin and Salminen [6, pp. 33], Salminen [37]);
hence, v%?(a,b] = 0.

Therefore {F(X;),Fi;t > 0} is a regular diffusion on its natural-scale with state space F(Z), and
is not killed in the interior of its state space under P¥. Since (8.3) can be rewritten as

V(z) = ¢(z) supEY {(g o F_1> (F(XT))] , v€el
TES ¥

the ratio V/ is the value function of an undiscounted optimal stopping problem with the terminal
reward function (g/¢) o F~! for a diffusion on the natural scale which is not killed in the interior of
its state space. If the boundaries of 7 are absorbing or natural for X under P, then the boundaries
of F(Z) will be absorbing or natural for F(X;) under P¥. It is now clear that V/p is the smallest
nonnegative concave majorant of (g/¢)o F~! on F(I).

By replacing ¢(-) by #(:), the other minimal (-excessive function for X (associated with the
point b on Martin boundary), we obtain same results in terms of G(-) of (4.6).

The Martin boundary has been studied widely in the literature for general Markov processes,
and seems the right tool to use if one tries to extend the results of this paper to optimal stopping

of general Markov processes. Such an extension is currently being investigated by the authors.
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