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The nonlinear filtering problem of estimating the state of a linear stochastic system from noisy
observations is solved for a broad class of probability distributions of the initial state. It is shown
that the conditional density of the present state, given the past observations, is a2 mixture of
Gaussian distributions, and is parametrically determined by two sets of sufficient statistics which
satisfy stochastic DEs; this result leads to a generalization of the Kalman—Bucy filter to a structure
with a conditional mean vector, and additional sufficient statistics that obey nonlinear equations,
and determine a generalized (random) Kalman gain. The theory is used to solve explicitly a
control problem with quadratic running and terminal costs, and bounded controls.
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1. Introduction

The celebrated Kalman-Bucy filter provides the solution of a state estimation
problem with linear dynamics, linear observations and a Gaussian prior distribution
for the initial state. The conditional distribution of the present state, given past
and present observations is Gaussian with nonrandom covariance and a mean vector
satisfying (as a random function of time) linear DEs, the ‘Kalman filter’ (see [9, 11]).

This estimation problem becomes substantially harder if any one of the assump-
tions in the Kalman-Bucy scheme is generalized. In the general case of arbitrary
system dynamics, observation model and initial distribution it is known that the
density of the conditional distribution, whenever it exists, satisfies a stochastic
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partial differential equation that is due to Stratonovich [14], Kushner [10] and
Zakai[17]. However, it was only very recently that even an instance of this equation
was explicitly solved for a class of genuinely nonlinear drifts and linear observations
[2].

The present paper considers and solves the problem with linear dynamics and
observations for a broad class of prior distributions. It is shown that the conditional
distribution is a mixture of Gaussians, and is propagated by two sets of ‘sufficient
statistics’, i.e., random processes that parametrically characterize the distribution
completely. These statistics obey usually nonlinear stochastic DEs implementable
in the form of a ‘filter’. The controlled version of the model is also considered and
a particular control problem is solved explicitly. We also check that for a Gaussian
initial distribution there is only one random sufficient statistic propagating the
conditional density, in accordance with the classical theory. All these results are
illustrated in a block diagram for the controlled case in Fig. 1.

2. Formulation

We start with a probability space ({2, %, Po; %) and a Wiener process (w,, y;)’ of
dimension n +m defined on it, and construct on this space the solution (x,, %,) of
the linear stochastic differential equation

dx, =A(t)x, dt+dw,, 0=¢=<T, x(0)=1x0 (2.1)
according to the classical Itd theory, where A(f) is a continuous (n X n) matrix-
valued function and x¢ a random variable independent of the Wiener future
a{w,, y,; t =0}. x¢ has a distribution function F(-) on R", with finite first and second
moments. Call P(P,, x € R") the measure induced on (2, %) by the {x,;0<:<T}
process (conditional on knowing the exact starting point x € R"); clearly, P(A)=
fan Px(A) dF (x) for any A€ &.

Now let U be a compact subset of R” and H (¢) be a continuous (m X n) matrix.
Consider a stochastic process {u,; 0<t¢=<T} with values in U and progressively
measurable with respect to the family {F) =o(y,; 0<s=<t);0<¢<T}. The class
A of all such processes is called the class of admissible controls. Corresponding to
each u € & we now define a new measure P, on (§2, ) through the derivative

dP (2.2)

L,(u)=exp[J {us dw, +x H'(s) dys}— J’ {us|*+ 1 H (s)x] }ds] (2.3)

According to Girsanov [6] (see also [1, Appendix]), P, is a probability measure,
and the process

-0

t

J- u, ds
0

. , 0=¢=<T, 2.4)
j H(s)x, ds
0
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is Wiener on ({2, &, P,; %.). In differential form (2.1) in conjunction with (2.4) now
reads on the new probability space as

dx,=A(t)x, dt +u, dt +dw?, x(0) = xo, 2.5
dy, = H(t)x, dt +db,, y{(0)=0. (2.6)

The two stochastic equations above constitute a classical model for a linear, partially
observable system with an element of control (u,), which is allowed to depend only
on the past history of the observation process (y.).

The estimation problem is to characterize the conditional distribution P, (x, €
A|#)), A € Borel,. If the distribution of the initial state xo, which is ‘prior’ to any
observations, is Gaussian, we are in the realm of Kalman filtering and it is well
known (Kalman and Bucy [9], Davis and Varaiya [4]) that the conditional distribu-
tion is again Gaussian, with nonstochastic covariance matrix R (¢) satisfying a matrix
Riccati equation and conditional mean £, = E, (x| #? ) solving the stochastic equation

df, =A(l))?, dr + u, dt +R([)H,(t) dV,, fozEuxo —"—'EoXo,

in which the innovations process

vy, —j H(s){. ds, O0st<T, 2.7
0

is Wiener on the space (£2, %, P,; #}), i.e., on the past of the observations. In this
case the components of the conditional mean are the only statistics required for
the characterization of the conditional distribution.

In this paper we prove that for any prior distribution on x, with finite first and
second moments, the conditional distribution of the state, given the record of the
past and present observations, is a mixture of Gaussians, and is propagated by two
sets of sufficient statistics: one is the conditional mean vector and the second
conveniently determines the now random conditional covariance.

A version (2.9) of the Kallianpur—Striebel formula is instrumental in subsequent
developments featuring the fundamental unnormalized version of the conditional
density (see also [8]). First, since (L,(u), %,) is a Py-martingale, it is an exercise on
conditional expectations to verify the Bayes’ formula,

EO[f(xr)Lt(u)ngy]é Wt(f) (2.8)
EO[L,(u)|.°75,y] 77':(1)’ )

Eu[f(xr)lg:ry]:

for any bounded, measurable f: R" > R'. Since (x.), (y,) are independent under
Py, {x;; s <t} can be ‘integrated out’ to give

7 f) = ELf(x)Lo(u)] = j Eu[f(x)L )] dF (x).
.

If we now define the density g,(z; x) through
qi(z;x)dz £ E;[1(x,ean L. (1)), (2.9)
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it is readily seen from (2.8) with f = 14, A € Borel,, that
PureAlF =] p2)dz,
A

where

frrqi(z; x) dF (x)
farq:(z 5 x) dz dF (x) (2.10)

pr(z)=j i

Therefore, the quantity defined in (2.9) is a version of the unnormalized conditional
density, conditional on also knowing the starting place xo=x € R.

3. Summary

In Section 4 we employ the Kallianpur-Striebel formula (2.9) to solve the
estimation problem in the one-dimensional case with A(¢)=0. The success of the
approach depends on the possibility of carrying out the function space integration
in (2.9)—a hard problem in all but a few cases (see, for instance, Benes§ [2]).

The general case is attacked in Section 5 via the Zakai stochastic partial differen-
tial equation of nonlinear filtering. This approach is less direct and seems to impose
some unnatural restrictions, e.g., existence of initial densities. The exact form of
the conditional distribution is given parametrically, in terms of two ‘sufficient
statistics’ ((4.17) and (5.17)). These satisfy a system of stochastic DEs similar to
Kalman’s filter ((4.15)-(4.16) and (5.15)-(5.16)). The special structure of this
system is employed in Section 6 to solve a control problem in which control effort
costs nothing but is bounded.

4. The one-dimensional case, via Kallianpur-Striebel

In this section we illustrate the usefulness of the Kallianpur-Striebel formula by
performing the function space integration of (2.9) in the particular case n =m =1,
A(t)=0, H(t)=1. Under these assumptions (2.9) becomes

!

t
q:(z;x)dz=Ex[1(,+w.sdz>exr>” us dws—%J u? ds
(4] 0

+Ll (x +ws)dys—%L' (x +w,)? dS}]- 4.1)

Notice that [ (x +w,) dy, = zy, — o ys dws, and fo (x +w,) dw, =3(z>~x>—1) on the
indicated set. Therefore, with the convention

(@) E —L $o dwe —3 '[’qs% de,
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(4.1) becomes

t

q:{z;x)dz =exp{zy,+%(zz—x2—t)—%J u? ds}
0

XEx[l(x+w,edz) eXP{I (us _YS) dws +(E)(x +w }]
(V]

x + w. is the Wiener process started at x. Let £ be the Ornstein—Uhlenbeck process
started at x,
dé =—¢ dt+dw,, t=0, fo=1x;

the measures induced by ¢ and by x + w, are equivalent, and by Prokhorov’s formula
{11, Theorem 7.7] the derivative of the first with respect to the second is

d
ﬁ(x +w.)=explo(x +w.);
dl-’vx+w.

thus (4.1) becomes

t

qz;x)dz =exp{zy,+%(zz—x2—t)—%J- u? ds}
o

X Ey [1 (&edz) exp{ J‘O‘ (ys —us)és ds — L‘ (ys —us) dws}]- (4.2)

The auxiliary vector process

h £ (f:, J: (ys ~us) dw,, J: (ys = us ). ds) '

is governed by the stochastic equation
dh, = Gh,dt+1 dw, ho=(x,0,0)
where
-1 0 0
G= 0 0 0y, =1, y.~u,0).
ye—u, 0 0

The mean vector m(t) and covariance matrix R (f) = {r;(f)}1<ij<3 of the process (k,)
satisfy the equations

m(t)=Gm(t), m(0)=(x,0,0),
R(t)=R(t)G'+GR()+D, R(0)=0

(4.3)

with

1 Ye—u, 0
D= ye—u, ()’r_ux)z 0].
0 0 0
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It is readily seen that

t
mith=(xe ' 0 xB) withR, 4 [ e *(v.—u)ds.
BV TRA Y Vs AR LLLLY o4 Y /

The expectation in (4.2) can be written in terms of the A, process, with v = (0, —1, 1)/,
as
E[1(nicas) exp{v'h ] =

=(2m) **det R(1))™?

@

X JJ dh, dhs exp[-—%(h —m)'R_l(t)(h —m)+v'hly,-, dz.

Writing the exponent as
~Yh-m-RvYR*h-m—Rv)+v'm+3v'Ry

we obtain

1 -t 2
T~ e ROWF]

whence, after solving (4.3) and doing a lot of simple algebra and calculus

Qmri(0)™? exp[u’m () +3'R(t)v —

L 22 =2u(x)  (ue(x)—q@)y.)* x>—~2xB,
aei )= enpl -1 T B - “4)
with
_ a ) a x e +ris(t) ~riat)
q(t)—tanht—————-l_ru(t), pex) tanht(y,+ p——— )

and 7, a time function, not necessarily the same throughout this paper, adapted to
%) foreachO0<r=<T.

We pause for a moment to see that u,(x), tanh ¢ are the Kalman filtering mean
and variance, if the starting place xo=x is fixed; indeed, it is easily verified that
r11/(1 —ry,) satisfies the Riccati equation

gt)=1-q*@t), q(0)=0,

so r11/(1 —r1;) = tanh ¢, the Kalman variance. On the other hand, by applying It6’s
rule to the expression for u,(x) and taking the equation for R (¢) into account, we
obtain the familiar Kalman filter equation

dl"'t(x)=ut dr +[tanh t](d)’:*u:(x)dt), polx)=x.

The last can be readily solved:

t

m(x)=x exp{ ——J tanh s ds} +J. exp{ —I tanh @ dt9}{us ds +tanh s dy,}
(1] 0 s

=(x +a,)/cosh t 4.5)
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with
!
a, = J (cosh 5 u, ds +sinh s dy). (4.6)
0

Substituting the expressions for u.(x), g (¢) into (4.4) we finally obtain

x+ta 2
(z—— ') +(x tanh t —v,)?
cosh ¢

\Z; =M - 4.7
q:(z; x)=m, exp > tanh t 4.7)
where
v, 2B, +(1—tanh t)(a, +y, cosh ?). (4.8)
By virtue of (2.10) the conditional density has the form
2
+a,
. ( _zos:t) +(x tanh 1 —,)*
—1/2 _
o (2 tanh ¢) Lw exp T dF(x) ws)
\Z)= = .
P J x [_(x tanht—v,)z] dF (x)
—eo P 2 tanhr«

We conclude from (4.9) that (a,, v,) is a pair of sufficient statistics for the conditional
density. From (4.6), (4.8) and Itd’s rule, we see that they satisfy the equations

da, = (cosh #)u, dt + (sinh ¢) dy,, ap=0, (4.6)
do, = ——= —dr + d 06=0 4.10)
‘" cosh’t coshz 7® o ’

We now introduce another pair of sufficient statistics for the conditional density
p.(z), which turns out to be more convenient for purposes of implementation and
control. In particular, we wish to bring the conditional mean £, and the innovations
v, into the picture. It is observed that

= o +c(t, )

¢ A (z)dz =—— 4.11
* J._oo zpi(z) dz cosh ¢ ( )

where
0 2
J . exp[—(x tanh ¢ — v) ]dF(x)
A Z—© 2 tanh ¢
C(t’ U)= 3

(x tanh ¢t — v)z] ’
.Lo exp[ 2 tanh ¢ dF(x)

(4.12)

and we notice that

méj (z —£)%p.(z) dz = g1, 1) 4.13)
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where
* e [_(x tanh — v)z] 4F (x)
A -2 —o0 2 tanh ¢ 2
g(t, v)=tanhr+cosh™ “ ¢ = = —c(t, v)| .
J‘ ex [_(x tanh t — v) ]dF( )
—eo P 2 tanh ¢ x
(4.14)
The conditional mean £, satisfies the stochastic differential equation
di,=u, dt+g(t,v)dv, 0st<T, xo=j x dF(x), (4.15)

where v, is the innovations process y, — {; £, ds. Similarly, substituting the expression
X, cosht—c(t, v,) for a, in (4.10) we get the equation

— C(t, vl)

do, =
‘" cosh’t cosh ¢

dv, 0=t=T, Uo=0. (4.16)
We sum these results up as follows.

Theorem 4.1, Consider the one-dimensional linear system
dx, = u, dr +dw;, x(0) = xo,
dy, = x, dt +db, y(0)=0,

on a probability space (2, F, P,; %) constructed as in Section 2, with the same
notation and assumptions. If the p.d.f. F(-) of xo admits finite first and second
moments, then the conditional distribution P,(x, € A|F}) has a density p.(z) given by

x—c(t, v,))}2

cosh ¢

p(z)=(2mtanh ) /2 Eo exp[ _{{z - (x +

+ (x tanh ¢ —v,)z} /2 tanh z] dF(x)

-1

X (J-:o exp[ —()C—tg—?gglf;)l] dF(x)> . (4.17)

The conditional distribution is fully characterized by the pair of sufficient statistics
(£, v1), obeying the filter equations (4.15)-{4.16).

Special case. Suppose

X _ 2
Fe=[ pdy,  pe)=@mod)expl-E41]

Then,
w+ crzv

clt, v)=—p——
« v) 1+g?tanh¢
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and

2
+tanh ¢t
g(t, U)=1&Ar(1)

+o*tanht
is the Kalman-Bucy variance, solving the Riccati equation (d/df)r(¢)=1 —(r ()%,
r(0)=c>. On the other hand, it can be shown using (4.7) and the particular form
of the distribution function F(-) that

_ 2 2
p:(2)=Q2ur(t))"? exp[—%}
with

., _p+a,+o’(,+a tanht)
cosh ¢ +o 2 sinh ¢

and it is not hard to verify that £, thus defined satisfies (4.15).

5. The multivariate case

The task of performing the function space integration in the Kallianpur-Striebel
formula (2.9) is equally feasible in the general setting of Section 2. For variety,
however, we concentrate on a different method of getting an explicit expression
for the conditional density, which makes direct use of the stochastic (and nonstochas-
tic) partial differential equations of filtering. To this end, it is assumed throughout
this section that the a priori distribution F(-) has a density p(-), and that the matrix
function H(¢) in (2.6) is continuously differentiable on [0, T'].

If the starting place xo =x € R" is known, the Kalman filtering ‘conditional mean’
t.(x) and ‘conditional covariance matrix’ R (¢) satisfy the equations

dp(x) =A@, (x)dt +u, dt + ROH' () dy, — H (O (x)dt), 0=st=<T,

(5.1)
Molx)=x.
R"(t)=A(t)R(t)+R(t)A'(t)—R(t)H'(t)H(t)R(t)—I,,, Ost=<T, 5.2)
52
R(0)=0,,

respectively, and it can be checked that the Gaussian density
ki(z;x)={(2m)"|[det R(1)[} " exp{~3(z —u(x))'R " (t)(z — e (x))}
satisfies the stochastic partial differential equation

dk (z;x)=1Fk(z; x) dt + k(z; x)(H (0)(z — e (x)) (dy, — H () (x) dt)
(5.3)
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subject to the initial condition ko(z; x) = 8(z —x), where [} is the forward operator
[¥F 234 —(A(t)z +u,)'V —tr(A(1)).

Consider the likelihood process

A 2exp [ o) v, -4 [ IH 0P as) (5.4)
along with the random function

p,(z)éJ'w k(23 X)A,(x)p(x) dx. (5.5)
An application of 1t6’s rule to (5.5) yields, in conjunction with (5.3) and (5.4), the
so-called Zakai equation (see [17]) for p,(z),

dp(2)=1p(z) At +p,(zYH ()z) dy, O0<t<T, polz)=p(z). (5.6)

We propose to show that p,(z) as in (5.5) is a version of the unnormalized conditional
density for P,(x, € A |#}), i.e., that

m(f)= [ e dz (5.7)

in the notation of (2.8). Indeed, (5.7) above can be established for any solution
p:(z) of the Zakai equation (5.6),1 so our claim would follow provided we showed
that (5.6) admits a unique classical solution. To see the latter, we employ a device,
first used by Rozovsky [13] (see Liptser and Shiryayev [11, pp. 327-328]), that
has by now become standard in the study of the stochastic differential equations
of filtering. The transformation

Yi(z) =pi(z) exp{—(H (t)2)'y:} (5.8)
reduces the stochastic equation (5.6) on p,(z) to the nonstochastic partial differential

equation

ft—w,(z)=l”'-¢,<z>+e<z, O(z), O<t<T, olz)=p(z) (5.9)

for ¢,(z), with
1" =34 +{H'(t)y, — (A(t)z +u,)YV—tr(A(?)),
e(z, ) =3H' )y, -y HOIA@z +uy~-3|H Oz -y H(1)z.

The coefficients of (5.9) depend parametrically on the observation sample path
{ys; s <t} and, since they have the proper growth in z (constant diffusion, linear
drift and quadratic potential terms), uniqueness of a solution follows from the
maximum principle for parabolic operators (Friedman [5, Theorem 9, chapter 2]).

! By an adaptation of the forward and backward PDE method used by Pardoux in [12].
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We now calculate the expression in (5.5). Introducing the fundamental matrix
@(t) as a solution of the matrix equation

D) ={A()-ROH' (OH1)}@ (), 0<t<T,
@(0) = I,, = the identity matrix for n dimensions,

we verify that (5.1) is solved by

w(6) = (e +ar) mmaﬁ3[¢*ux%ds+R@nr@nw¢ (5.10)
0
and that A,(x) =7, exp{— 3(x'S(f)x —2x'v,)} with the conventions

sméL@mHum@mum&
(5.11)

v, & j @'(s)H'(s){dy, — H(s)D(s)a, ds}.
o

Therefore,

p(z)=mn, Jw exp{—3(z ~ @ (t)(x +@,))R 1)z = D () (x +a ), (x)p(x) dx.

(5.12)
From (5.12) it is seen that the conditional mean
. fr zpi(2) dz
X =| zp(z)dz =57
Ln b fnpe(2) dz
is given by
X = D(t)[c(t, Ue)+ay]
with
_ 1 _ '
. v)éfn x exp{—3(x'S()x —2x'v)}p(x) dx (5.13)

frr exp{—z(x'S(t)x —2x" v)}p(x) dx
while the conditional covariance matrix is

th" (z _fr)(z —f:)'Pr(Z) dz
Sarpe(2) dz

c{v(\x,)= =Gt v)

where

frr xx" exp{—3(x'S(t)x — 2x'v)}p(x) dx
fa exp{=3(x'S(t)x —2x'v)}p(x) dx

—dgmamuﬂ¢wy
(5.14)

G, v)éR(z)+¢(t)[
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It can also be checked that, in analogy with (4.15) and (4.16), the two statistics
(£,, v,) satisfy the pair of stochastic differential equations

di =A0OL dt+u, dt+ G, v)H' () dv, 0<t<T,
(5.15)

Xo= J xp(x)dx
and

dv, = (H(O)P@)(H ()@ (), v,) dt + (H(2)D(2)) dv, 0<t=T, (5.16)
Vg = 0. .

We formulate these conclusions in the following theorem.

Theorem 5.1. Consider the system (2.5), (2.6) under the assumptions of Section 2.
Let the a priori state distribution F(-) have a density p(+) and let H (t) be continuously
differentiable. The conditional distribution P,(x,€ A|%}), A € Borel, then has a
density

pAa)= | {@midet RON ™ expl-He - (5 + PO = w)}R ™)

X {Z - (-fr + ¢(t)(x _’C(t, vt)))}]

X exp{—3(x'S(t)x —2x'v,)}p (x) dx / I exp{—2(x'S(t)x — 2x'v.)}p(x) dx,
-
(5.17)

propagated by the pair (£, v,) of sufficient statistics; the latter constitute the ‘filter’
(5.15)~(5.16) depicted in Fig. 1.

Remarks. (1) The drift in (5.16) for the statistic v, is nonlinear, and is a gradient.

(2) The form of (5.15) and (5.16), in particular the fact that the control process
(u.) only appears in the former, suggests that, for purposes of control, the
process (u,) could only depend on £. In other words, we guess that the statistic £,
may be ‘sufficient’ for control.

In the next section we exhibit an instance where the above guess is true. Here
we propose to show that the class & of separated control processes of the form
u=u(t,£), u:[0, T]1xR" -» U measurable, is a subclass of the admissible controls:
¥ c . In fact, the system of equations

di, =[{A @) -G, v)H'(t)H ()}%, +u(t, £)]dt + G, v)H'(t) dy, O=:=<T,
(5.15)

dv, = (H@O)D @) H @)D (t)c(t, v,)—x]dt +(H (@)D @) dy, 0=<t<T,
(5.16)
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Fig. 1. Block diagram for filter based on equations (5.15) and (5.16).

on the probability space ({2, &, P, ; %) is solvable in the strong sense that (£,, v,) is
%!-measurable for all 0<¢=<T (see [15] or [18] for the one-dimensional case).
Therefore u, = u(, £,) is #:-measurable, 0 <t < T, and the resulting control process

is admissible.

6. A control

problem

Consider the system of one state dimension

dx, = u, dt +dw?, x(0) = x,,
dy,=x,dt+db, y(0)=0,

treated in Section 2, with control set U =[—1, 1]. As a sample control problem,
let us minimize a cost functional of the form

T

J(u)=Eu(j0 x2 dt+x21).

We notice immediately that J(u) = J(u) where

Fw) =Eu(j0

T

T
g(t, v) di +g(T, ur>+j (8 dr+ (¢7)°).
0

6.1)

(6.2)
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On the basis of intuition, and of similar results in the case of a Gaussian initial
distribution (Bene§ and Karatzas [3]), it is natural to expect that the bang-bang law,

uy =-sgnit,

is optimal. However, an attempt to prove the optimality of this law by classical
(dynamic programming) arguments would have to overcome the difficulty that the
Bellman equation for this problem is degenerate, since (4.15)-(4.16) for the two
sufficient statistics (£, v,) are driven by the same Wiener process (»,). We provide
an optimality argument that avoids the use of partial differential equations.

On a space (12, %, P,.; #), consider the processes (£§, v{) satisfying the pair of
stochastic equations

dif¥ =-sgnif¥ dt+g(t, oF)dvf, x§=I x dF (x),
dv¥ =(cosh™? f)c(t, v¥)dr +(cosh ' 1) dv¥, ¥ =0.

The process (uf), u¥ = —sgn £¥ is admissible, as mentioned in Remark 2 at the
end of Section 5. Consider also any admissible process (u,) € &, along with the pair
of processes (x;, v)') on an appropriate probability space (2, &, P.,;; #7),

o0

A2 = u, di +g(, o) dv?, =j x dF (x),
dv! = (cosh™? t)c(t, v*) dt + (cosh™' ) d v, vg=0.

Theorem 6.1. For any admissible control process (u,) e A
Jw*)<J(u). (6.3)
PEOO!. By a lemma of Ikeda and Watanabe [7] there exis"ts a probability space
2, %,P;%) and a quintuPle~ of real-valued, &%,-adapted processes
(Y, X%, oF, £F, §,), such that (7, %, P) is Wiener and
i) @y, ¢, ) has the same law as (v, £¢, v{).
() (5% £F, 7F) has the same law as (vf, £F, v}).
On this new probability space,
d5¥ =(cosh 2 t)c(t, 5F)de+(cosh™ 1) ds, % =0,

dé¥ =(cosh™2t)e(t, 5¥)dr+(cosh™ ' 1) db, 55 =0,
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and for some %, adapted process (#4,) with values in [-1, 1],

df¥ =—sgnx¥ dt +g(t, o) dd, f’é‘=deF(x),

47 =i de+g(t, 54 db, =j x dF (x).

The processes (7, 07 ) satisfy the same stochastic equation, with smooth coefficients,
driven by the same Wiener process (7,); consequently,
P(3' =55 0<t<T)=1.

Now, by a comparison theorem for solutions of stochastic differential equations
(Ikeda and Watanabe [7, Theorem 1.1]),

P(it|=|8},0=1=<T)=1,

and a fortiori

T T
Jw) =é“ g6, ) dr +g(T, 5;)+I 542 dt+|x‘“T|2]
0 0

T T
>E” glt, 6F)dr+g(T, 6T)+f [£F [ de + 5% 2] =JF(u*),
[¢] o
which proves (6.3) and the optimality of the law u*

Note. In this special case it is possible to verify the admissibility of the control process
(uf), u¥ =-sgnz} directly. Indeed, it is a straightforward exercise to check

pathwise uniqueness for the system of equations,

dif =—[g(t, vF)2F +sgn £F]1de +g (¢, 0F¥) dy, iy =J x dF(x);

1
———[c(t,v¥)—cosh (1)£F]dr + dy, ve =0,

cosh t cosh ¢

~ ¥

Strong existence is then guaranteed by the existence of a weak solution and pathwise
uniqueness (see Yamada and Watanabe [16]).
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