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Abstract

We prove that the word problem in the mapping class group of the once-punctured surface of genus
¢ has complexity (lezg) for lw| > log(¢) where|w| is the length of the word in a (standard) set of
generators. The corresponding bound in the case of the closed surfage j%gé). We also carry
out the same methods for the braid groups, and show that this gives a bound which improves the
best known bound in this case; namely, the complexity of the word problem in-h@id group
is O(|w|2n), for |w| > logn. We state a similar result for mapping class groups of surfaces with
several punctures] 2000 Elsevier Science B.V. All rights reserved.
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0. Introduction

A group G is said to have @olvable word problenif there is a finite generating set
S for G such that there is an algorithm to decide if a given werdh S represents the
identity element inG. The word problem is said to hawemplexityO( f (|w|)) if there
exist such an algorithm which takesk f (Jw|) steps on a Turing Machine (TM) to produce
a “yes” or a “no”, for a wordw of length|w| wherek is a constant (see Appendix for more
on complexity and Turing Machine). The conjugacy problem is defined similarly, but the
objective is to decide if two given words are conjugate in the grGup

Sometimes one has to deal with a sequence of grahpslepending on an integer
parametem (say mapping class groups of closed surfaces which is parameterized by
genus), and one can pose the question of how the complexity of a problem graws as
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becomes larger. This is a crucial issue in implementation of a uniform algorithm, because
the parameter becomes an input. In this case we say the word probleomifiasn
complexityO(f (|w|, n)) for the groupsG, if there exists some finite set of generators
for eachG, such that for a wordv in generators of5, of length|w], it takes a Turing
Machine< kf (Jw|, n) steps to determine ib = 1.

The word problem and conjugacy problem in the mapping class group have been known
to be solvable for a long time (see [7,9,18,15]). In recent years, with development of the
theory of automatic groups, some new ideas in this direction have been discovered. In [5],
the authors discuss an automatic structure derived from Garside’s algorithm [7] for the
braid groups. This results in an algorithm which is of uniform complexityuQ¥n log =),
wheren is the number of strands, atd| is the length of the braid, which is given as a
wordw in the standard set of Artin generators (see (3.1)). Mosher [16] proved that mapping
class groups are automatic, giving an algorithm for the word problem which is quadratic
in the word length [17], with no implication on uniform complexity. As the authors of [5]
mention, it is important to have a bound on the uniform complexity; i.e., in terms of the
genus and the number of punctures. Here we prove that the word problem in the mapping
class group of the closed surface of gepusas complexity Qw|?¢? + |w|g?logg). The
corresponding bound for a once-punctured surface of ggrim@(|w|zg + |w|glogg).

In a sense we answer the Open Question 9.3.10 in [5], but we do not use the automatic
theory. Our methods rely on the action of the mapping class group on the space of curves,
or measured train-tracks. This could be related to the Open Question 9.4.5 in there as well,
although we do not speak about conjugacy problem at all. It is an interesting question to try
to use the methods here to solve and analyze the complexity of the conjugacy problem in
the mapping class groups. In this respect the work of Kleinberg and Menasco [12], Masur
and Minsky [13,14] is of interest. In particular, the authors of the latter prove that if two
pseudo-Anosov maps are conjugate, then there is a conjugating element whose word length
is linearly bounded by the larger of the word lengths of those elements.

Our methods apply to the braid grougd, and give the complexity Quw|%n +
|lw|nlogm), which is the best known bound to date. In [2] Birman et al. give a fast and
practical algorithm for the word problem i8,,, which works well with a “Random Access
Memory” (RAM) machine, and has “complexity” @w|?x). But RAM is usually much
faster than TM (in particular, they assume that the braid indexan be encoded in one
unit of memory; see Appendix A), and their algorithm gives the same complexity as in [5],
namely Q|w|%xn logn) if practiced on a TM.

Here is an outline of the rest of this paper: In Section 1 we develop the necessary notation
for measuredr;-train-tracks and the mapping class groups. In Section 2 we prove the
bound on the complexity of the word problem in once-punctured surfaces. In Section 3
we apply our methods to deduce a bound on the complexity of the word problem in the
braid groups. In Section 4 we develop the theory for closed surfaces; we prove the analog
to Theorem 1.5 for closed surfaces. Section 5 is devoted to analyze the complexity of the
word problem in closed surfaces. Finally in Appendix A we briefly address some issues
about our definition of complexity.
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1. Some notation and background on train-tracks

Let8 = /85 be an oriented surface of genusvith p fixed points, called punctures. Let
M= Mg = ,M;l the mapping class group &f i.e., the groug(8)/Ho(48), whereH(4)
is the group of homeomorphisms 6ffixing the punctures pointwise, artdy($) € H(3$)
is the (normal) subgroup of the ones homotopic to identity withi®$). We denote the
elements ofM by f, g, etc. An element ofM can be thought of as an isotopy class of
a homeomorphism (or diffeomorphism) éf Sometimes we pick a representative of the
classf and call it f too. We assumé has a given smooth or piecewise linear structure,
depending on what suits the situation the best.

Notice that if 8 is a surface withb boundary components, one can define the mapping
class groupM ¢ of 8" by the group of isotopy classes of diffeomorphisms which fix the
boundary components pointwise. l£be obtained by shrinking the boundary components
of 8’ to punctures. Then we have the short exact sequence

1570 > Mg — Mg — 1. (1.1)

In the following we only study the surfacegl. The corresponding information about
surfaces with boundary can be obtained using (1.1).

Definition 1.1 (Train-track). (See [19].) A compact, connected subseif § is called a
train-trackif z is a smooth branched 1-manifold embedded smoothdy it each branch
pointv (also called a switch point) there is a well-defined tangent space. Every connected
component oft — {branch pointsis called a branch. There is a natural partition into two
subsets for the set of branchegoming to a switchv (i.e., v € b) depending on which
direction they become tangent at the switch point. We call these twarsstsingand
outgoing The particular choice does not matter. Also, there is a “hyperbolicity condition”
on the complemenf — 7: The doubles of components §f— ¢ must have negative Euler
characteristic. Notice that the double of “corners” give rise to punctures. In computing the
Euler characteristic, every puncture contributesla

Definition 1.2 (Measured train-track (See [19].) Ameasured train-trackz, 1) consists
of a train-trackr, and an assignment of a non-negative numb@n for each brancl of
7, so that the following condition holds: For any switclof z,

Z {u(®) | banincoming branch to} = Z {u(®) | b an outgoing branch te}.

The above condition is called tlsgitch conditionWe also use the term switch condition
for a particular switch.

Definition 1.3 (wr1-train-track). (See [3].) Supposé = 5;2 is a surface withy (8) =
2—2g — p < 0. The universal cover of then can be identified with hyperbolic plaHE.
Fix a polygonRr in H? as a fundamental domain for the actionmf §) on H?. Notice that
R is naturally identified with§ cut open along a number of arcs. lzebe a train-track in
&. We callt ami-train-track (with respect to the choice &) if the following conditions
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hold: If we look atr in the cut-open surfacg, there is at most one switch point on each
edge ofR, no switch points in the interior a?, and all the branches are properly embedded
in R, joining distinct switch points i R (not necessarily distinct iA).

Definition 1.4 (The moves (See [19].) We denote 17 (§) the space of all measured
train-tracks on a surfacé, modulo an equivalence relation which is generated by the
following three moves:
(i) Isotopy.
(i) Right or left split (Fig. 1).
(iii) Shift(Fig. 2).

We have only shown the relevant piece of the train-track in Figs. 1, 2. Notice that the
inverse of a split is called eollapse

The set of measures on a train-tracks denoted by (), and can be identified with a
subset of some Euclidean space defined by a finite set of equalities and inequalities. The
setV () is closed under (positive) scalar multiplication and addition. In particular, it is a
convex cone.

The following theorem, which is probably due to Thurston, gives a coordinate system
for M7 (8), in the case whicl has negative Euler characteristic and is not closed.

Theorem 1.5. Let 8 be a non-closed surfadge., 2 > 0) with x($) < 0, and letR be

a polygon representing a fundamental domain for the action168) on the hyperbolic
plane. Then any measured train-track éris equivalent to a unique-train-track with
respect toR. In particular, every non-trivial multiple closed curve corresponds to a unique
(integral) measuredr: -train-track.

This theorem is proved in [8] (see Theorem 5.1 there) in the case of a surface with
1 puncture. The general proof is completely similar. The following direct corollary gives a
piecewise linear structure o7 (4).



H. Hamidi-Tehrani / Topology and its Applications 105 (2000) 237-259 241

Corollary 1.6. For a surface$ and polygonk as above M7 (8) is the finite union of the
conesV (t) wheret ranges over the finite set afi-train-tracks with respect t@®.

For any surface the mapping class group(s acts onM7 (8), since if one changes
a train-tracke by any of the moves (i)—(iii) or change a homeomorphigsms — § by
isotopy, thenf (r) changes by a sequence of the moves (i)—(iii). When a homeomorphism
f acts on ars-train-trackr it need not map it to a1-train-track. Using Theorem 1.5 one
can put the imagé (t) in the-train-track by a sequence of the moves (i)—(iii). We will
study how these moves must be performed, and what the corresponding acjioonof
V(t)is.

Let 8 = 55 be a surface withy (8) < 0, and the polygorR be a fundamental domain
for the action ofr1(8) onHZ.

1.7. Let n be the number of edges in the polyg@nand call the edgesy, e», ..., ¢, in
clockwise order. Give eack; the orientation induced by the clockwise orientation on
dR. If ¢; is identified withe; in 8 (obviously with the opposite orientation, sindeis
orientable), we denote that oy = e/Tl.

Pick a base pointg in the interior of R. We want to specify a set of generators for
I' = m1(4, x0). Let y; be a simple closed curve basedratdefined as follows: It starts at
xo, it crosses; (it naturally comes out o¢; = el._l) and then it goes back tay, without
crossingd R any further. The curve; gives rise to an element ifY, which by abuse of
notation we calk; too. Notice that the equatiary = e[l holds inI" as well. It is easy to
see thaty, ..., e, generatd".

1.8. A simple closed curve€ can be given by a cyclic worel,, . . .eq, Where 1< o; < n.
To draw the curve irR from the given word, just start on the base paintgo toe,,, come
out of intervaleojll and connect it t@,,, So that it will come out oizojzl, etc. All the curves
that we consider are assumed to be tight,&lé.l, #+ a;41 for all i (consideri to be a cyclic
index modulok).

1.9. Let's set up some notation for the case whee- 5; is a surface of genug with

one punctureP, since this case is the simplest case. We use the standard fundamental
domain R for the surfaces, which is a 4-gon with edges labeled aB = E(R) =
(a1.br.a; . bit ... ag. by a;t b, Y, in clockwise order. We calk the edge set.

When we draw curves iR, if we are only interested in their free isotopy class, we
draw them off the base point. It is important to notice, for example, that the curve given
by the sequence; is different from edgeu. It is actually parallel to the edde, but in
different orientation. Also, the curnvg is parallel to edge;l, with the same orientation.
Let's introduce the curvesy, ..., x,. For 1<i < g¢, the curvey; is given by the sequence
bia;i+1 (take the indices mog, for example, in the case= ¢ in the definition ofx;). Let
D, denote the (right-handed) Dehn twist about the simple closed eug [10] or [1]
we have

Ms =M =(Day, Dy, ..., Day, Dp,, Day, ..., Dy, ). (1.2)
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Fig. 3.

One has to notice that, the same set generﬂt%sif the curves are considered in the
closed surface.

Any mapping classf on 5; (¢ > 2) is specified with its action on the simple closed
curves (with base point)

ai, bi,...,ag,by.

If so, then for any simple closed curve=e1...ey, f(c) = f(e1)... f(en). This is
simply becausef induces a homomorphism on the fundamental group, arfdiifduces
the identity onw1(8), f is the identity mapping class. (f = 2 then f also could be
hyperelliptic involution.)

We know thatM 5 is generated by finitely many Dehn twists. Therefore, it is enough to
study the action of a single Dehn twist on a measurgtrain-trackv = (z, ).

For awi-train-trackz on R, we call a brancly of T outerif it connects two consecutive
edges of the polygo®. Otherwise we calb inner. By ouf(t) (respectively inqr)) we
mean the set of outer (respectively inner) branches.dfhe train-tracke is identified
with the set of branches af. Sot = inn(t) U out(r). We say a measured train-track
is precisely carriedon ami-train-trackz, if v is carried onr and is not carried on any
sub-train-track of.

For a measured;-train-trackv = (z, u), thetotal measuref v is defined by

T() =) ub).
bet
Notice thatT (av) = aT (v) for a > 0. The space of projective measured train-tracks can
then be defined by
PMT () ={ve MT($)|T(v)=1}.

Also the canonical projectioM 7 (4) \ {0} 4 PMT (8) can be defined bjp] = v/ T (v).

2. Complexity of the word problem in the mapping class groups of once-punctured
surfaces

Let 8§ = /S;. As we saw before, a generating set fats is given by (1.2). In
this section we consider the following problem: What is the complexity of computing
(i) Dg; (v) or Dy, (v), (ii) Dy, (v) for a given integral measured -train-trackv = (z, ).
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Let T (v) = ¢. Unfortunately the notation in [8] is different from our notation. There
E(R) = (e1, ..., eag) While hereE(R) = (a1, b1, ay >, byt,...). Also, in [8], for 1< 7 <
2g,the curve, is defined to bey; —1e2;+1 for odds andey; e, for event. In other words,
our collection of simple closed curvésy, b1, ..., az,, ba,} is the same aghy, ..., bay}

in [8]. To make the notation clear, |&f denote the, in [8]. We will only use this notation

in Section 2.1 below. Let's look at the complexity of the computatiobpf(v).

2.1. Complexity of computinBy: (v)

Step 1. Entew in the machine in the following formL(v) = {(e;, e;, (e, e;)}i.j,
wheree;, e; are edges ofR, and u;; = u(e;,e;) > 0 is the corresponding measure.
Since there can be at mostEAR)| — 3 branches i, L(v) has Qg) elements. Since
1< e, ej <4g and 1< p;; < ¢, this has complexity Gy (log? +logg)) = O(g log(¢£)).
Notice that entering a number of siz& /) into the machine has complexitylog N).

Step 2. Puk(i) = 2i for i odd andk(i) = 2i — 1 fori even. ChecK ifug )k (r+1) = 0.
Looking atL(v), this has complexity @y log(g¢<)).

Step 3. Ifuray ka+1) # 0, 9o to Step 5. liuk) ki+1 = 0, the resulting train-track af-
ter applyingD,: is collapsible to ari-train-track. One can obtaiby, (v) by changing all
(e exr), (e, ex)) 10 (ei, exn+1. (e, exry)) and addindex iy, exiy—1, 2 _; 1lei, exr))))
to L(v). This results in a collectiod; = L1(Dy; (v)). Notice that obtainind.1 has com-
plexity O(¢ log(¢£)) as well. Also,|L1| = O(g). Also notice that since we added only
some of the terms af (v) at most onceT (Dyx(v)) < 2T (v) = 2¢.

Step 4. To obtair.(Dyx(v)) from L1, sortL lexicographically in terms of the first two
components. Then combine any string of consecutive terms of the @areh m1), ...,
(e,e',ms) t0 (e, €', ), m;). This givesL (D (v)), as desired. The sorting and combining
processes each have complexitgy@g(gL)).

Step 5. Ifuk) ke+1) # O, the resulting train-track after applyiid, is not collapsible to
ami-train-track. As in Step 3, one can obtah;;;f (v) by changing alle;, ek, e (ei, exa)))
to (ei, ex(ry+1, 1 (ei, ex(ry)) and addindex i), ex)-1, 2_; 1(ei, exn)) to L(v). This results
in a collectionL1 = L1(Dyx(v)). Notice that obtaining.1 has complexity @y log(¢¢))
as well. The listL; has an element of the forey 41, exi)+1, n(k (@), k(i) + 1)). Drop
this from L1. This is equivalent to reducing the bad curve. Following 3.2 in [8], Now we
have to do a split. Create two listd1, ..., A,,} and{B1, B2}, as instructed in Figs. 8 and 9
there. Then decide which split to do as in Fig. 10. All these steps can be implemented
with complexity Q(¢ log(¢£)). ChangeL; accordingly, and then go to Step 4 to obtain
L(Dyx(v)). The estimatd’ (Dyx (v)) < 2T (v) = 2¢ still holds.

Steps 1-5 show that

Theorem 2.1. Letv = (7, u) be an integral measured;-train-track with respect to the
standard fundamental domait for 5; with 7'(v) = £. Then one can compuf®,, (v) and

Dy, (v) with complexityO(g¢ log(¢£)) and one had (D, (v)) < 2¢ andT (Dy, (v)) < 2¢.

Similarly, but by a more detailed argument one can obtain from 3.3 in [8] the following:
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Fig. 4.

Theorem 2.2.Let v = (t, ) be an integral measured-train-track with respect to
the standard fundamental domait for »S; with T'(v) = ¢. Let x; be the simple closed
curveb,a; 1. Then one can comput®,, (v) with complexityO(g log(¢¢)) and one has
T(Dy, (1)) < 30,

Theorem 2.3. There are4 integral measuredr;-train-tracksv;, i = 1,...,4, on /3;,
g > 2, such that forf € M1, the following condition implieg = id.

fvi)=v; fori=1,...,4 (*)

Proof. Fig. 4 shows a “pair of pant” decompositionﬁ)j‘ by a set of simple closed curves
P ={u;, Bi, y,»}?;ll U {8}. For any curvep € P one can define the simple closed cup/e

by Fig. 5. If a mapping clasg fixes all the curves irP, then it must be a product @2,
p € P.If, moreover,f fixes allp’, p € P, thenf =id. Set

v =i, i, v} U8,

vo={y{ ... Véfl} U {s},

v3={ay, a5, ... U{Bs By, ...},

va={ap, ay, .. JU{BL B, ...}

Itis easy to see that each collectignconsists of mutually disjoint curves, so can be made
into a measured-train-track. Moreover, by construction, if a mapping class fixes;all
it must be the identity. O

Theorem 2.4. The word problem im{; has complexitp(|w|2g +|w|g logg), for a word
w in the generators given i(l.2) of length|w]|.

Proof. Let K = maxX{T (v1), ..., T (vs)}. Notice thatk = O(g). Compute eachw(v;),
i=1,...,4, by applying generators iteratively. At each step, the total measure grows by a
factor of at most 3Therefore the total complexity is

O(¢log(¢K) + ¢10g(3¢K) + - - + ¢ 10g(3"" ¢ K)) = O(lw|?¢ + |w|g logg).
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Now check ifw(v;) = v;. This takes @w|g¢ logg). This shows that the word problem in
M; has complexity Qw|?g + [w|glogg). O

Conjecture 2.5. The bound given in Theorem 2.4 is in fact optimal.

3. The complexity of the word problem in braid groups

To study the complexity of the word problem in the braid grofs » > 3, we can use
similar methods as before. First we study the mapping class gt(fﬁpl of the(n + 1)-
punctured spher&{f“. Let’s call the puncturesy, ..., P,,. Because of the nature of braid
groups, we have to allow mapping classes to permute the pundtures, P,, but keep
Py fixed. Let’s call this extended grouﬁg‘“. Then we have an exact sequence

1— M6l+1—> ﬁg“Ll—) S, — 1,

whereS,, is the symmetric group on elements.

We can use the fundamental polygRr= (a1, a{l, ey Oy, a;l) torepresent = /36‘“.

Let’s assume thak; is the vertex shared hy, a[l. We can look at the space of measured
train-tracks on$. As in [8], one can prove that any measured train-track can be represented
uniquely as a measured -train-track.

To determine the action of € M= ﬂg” on a measureg -train-trackv = (z, ) one
has to also specify a permutatienc S,,. The groupM is generated by: — 1 half-twists
H; along the curvey; = g;ja;41fori=1,...,n — 1.

By a half-twist alongy; we mean the following mapping class, which interchanges
andP; 11, and is obtained by cutting along a strip parallel tg;, rotating the component
containing P;, P;+1 by 180, and then gluing to the rest of the surface continuously,
twisting towards left (we could use twists to right as well, since the situation is completely
symmetric). We will use the set of generatéfs, ..., H,_1 as our basic set of generators
for M.
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3.1. Computation off; on a measuregt;-train-track

Now let's see how one can compuig (v) for a given measured-train-trackv =
(r, w) on R. Look at Fig. 6, where we have a “general-train-track. We have shaded the
region bounded by; containingP; and P; 1. The outcome of{;(r) is shown in Fig. 7.
To put H; (v) in 1-train-track form, we have to consider different cases, as follows:
Casel. r andy; do not intersect. To gel;(v), we just have to change the branches

according to the rotation of the hexagon boundediby, a5, andy; by 180°. Namely,

a' — afl anda’}; — a'. This can be done by searching through a list of lengt)O

and replacing numbers of ord&xv).
Case?. u(a;ll, a,:fl) # 0 only possibly fork =i, i + 1. In this casdd; () is collapsible
to a mi-train-track. Therefore (v) can be computed by @) additions of numbers
<T(®).

Case3. Otherwise. In this case there are going to be bad curves, i.e., curves going from
a[l to a[l. By reducing the bad curves one can see that after a split the resulting train-track

Fig. 6.
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Fig. 7.

will be collapsible to ari-train-track. Again the number of operations needed to obtain the
answer is @n), and the numbers involved arg Q(v)).

This finishes the computation. One can observe that this computation is much less
detailed that the corresponding one/iq}. Let's summarize the above discussions in the
following theorem:

Theorem 3.1. Letv = (7, u) be a measured;-train-track on the standard fundamental
domainR for 56”1 with T (v) = £. Let H; be one of the standard generatorsﬁg““l.
Then one can compufg; (v) as a measured-train-track with complexityD(n (log(nt)).
Moreover,T (H; (v)) < 2¢.

The following is similar to Theorem 2.3.

Theorem 3.2. There are3 integral measuredr;-train-tracks v;, i = 1,2, 3, on Sg”rl,
n > 3, such that forf € Mg, the following condition implieg = id.

f)=v fori=1,23. (%)
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Proof. The (n + 1)-punctured sphere can be divided up into “pairs of pants” using the
simple closed curvess, ..., a,—2. See Fig. 8. Iff fixesyi, ..., yn—2 andas, ..., ay—2

then it has to fix all the punctures. This is easy to see whend. If » = 3, i.e., there are

4 punctures, then use the fact tifatis fixed by all mapping classese ﬂg. It follows that

f must be a product of twists ;. If f fixesy;,i=1,...,n — 2, thenf can not have a
twist in o, S0 f = id. Now letv; be the measured train-track obtained{by, . . ., oy, 2},

v2 be obtained byy1, y3, ...} andvz be obtained byy», y4, ...}. Now if f fixesvi,v2 and

vz then it fixes allP;, y;, ;. Thereforef =id. O

Theorem 3.3. The word problem inM{;*l has complexitY(n|w|? + |w|n logn), for a
wordw in {Hq, ..., H,_1} of lengthjw]|.

Proof. Let K = max{T (v1), T (v2), T (v3)}. Notice thatk = O(n). Compute eachw(v;),
i =1, 2, 3. Each has complexity

O(mlog(nK) + nlog(n2K) + - -+ nlog(n2"'71K)) = O(n|w|? + |w|n logn).

Now check ifw(v;) = v;. This takes @n logn|w|). This shows that the word problem in
MZ T has complexity Qn|w|? + nlogn|w]). O

Now we turn to the word problem in the braid groups. Teraid groupB,, is given
by the mapping class group of anpunctured disk, with the possibility of permuting
punctures. Notice that

1-7Z— B, — ﬂ6‘+1—> 1.
Also, 8, has the Artin presentation

By =(0o1,....0n-110i0; =0j0;, |i — j| =2,
0j0;jO; =0;0;0j, |i —]| =1>. (31)

It is easily seen geometrically that — H; in the natural projectionB, — ﬁg*l.

Therefore given a word in of length|w| one can check if the image ofis the identity in
ﬂg” with complexity Qn|w|? + |w|n logn). To solve the word problem i,,, we have
to only check the following: For a word € ker(8,, — ﬂg“), isw = id? Geometrically,
this means that the given word is a twist around the boundary of the disk; i.e., a power of

A, whereA is the generator of the center &f,. We need to know if this power is 0. For
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this let’s take a look at the fundamental dom&rand the arg connectingpP; to a point
in the boundary of the disk as in Fig. 9. We can find the actiow @ . It is natural to
encode the arg as ameasuredr;-train-track with dead-ends

This goes as in the case of measutegdrain-tracks, but one has to keep a neighborhood
of the both ends of fixed while applying each generator. The details are similar to the case
of 1 -train-tracks. In particular, this has complexity®@w|? + n logz|w|). This implies

Theorem 3.4. The word problem in the braid groug, has complexityO(n|w|? +
|lw|n logn), where|w| is the length of the word in the Artin generatorgos, ..., 0,1}

Corollary 3.5. If wis aword in the Artin generators &8,, of length|w|, with jw| > logn,
one can determine if = id with complexityO(|w|%») on a Turing Machine.

Using similar ideas with a standard fundamental domain for the susfgceith » > 2
incorporating the cases of once-punctured surfaces and braid groups one can similarly
prove:

Theorem 3.6. The word problem inM} has complexityO(|w|?(¢ + ) + |w|(g +
2)10a(g + p)), for awordw in a set of “standard” generators of lengthw|.
4. The case of a closed surface

Now let’s discuss the case of a closed surface, i.e., \Mhenﬁg = 4,. The basic group
structure ofM, in terms of,M; is given by the short exact sequence (see [1])

1— nl(J,*)ﬁM;i))Mgel.

Here the canonical mapis defined by just forgetting the puncture.
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Notice that by this exact sequence the generators in (1.2) can be naturally considered as
generators oft({.

Let's introduce an artificial puncture oy i.e., let’s fix a pointP on 4, and call the
corresponding once-punctured surfaéde Also let R be the standard fundamental domain
for &, having all vertices equivalent tB on §. Suppose a simple closed curvés given
on the closed surfacg, anda does not pass through. The curvex can be considered
as a curve on the punctured surfate, and can be given by a cyclic word = sy .. .6y,
wheree; € E(R), as in (1.8). Notice that by isotopingin 4§, we might obtain a shorter
cyclic word. We want to discuss here a geometric analog of Dehn’s well-known algorithm
(see [11], e.g.) to get a shortest representativexfofhe shortest representative is not
unique, as we will see below.

Representv by a measured-train-trackv carried precisely on a;-train-trackr. Let
m = |E(R)|/2=2g. If there is no patht = (b1, ..., bx) of outer branches im such that
k > m then we claim thatv is a shortest representative tor Recall that in this case is
given by awordw = ey, .. . ¢, in letters inE (R) representing a simple closed cupgon
47, We can assume does not have back-tracking; i.e,, # e;Hll forall i (modn). If w
is not a shortest representative éqithen there is another word = Csp ey, withn' <n

representing a curwe; in 8 which is isotopic tax in $. Take an isotopy; betweerug
andwy on 4. By changingy, a little bit, one can subdivide this isotopy to subintervals in
which, either (i) no part o is in a small neighborhood a?, or (ii) only one segment of

« is passing througl?, and everything else is fixed. Notice that in intervals of type (i) the
word representing the curve ¥ does not change since that part of the isotopy can be
looked at as an isotopy &f \ { P} andr1(8 \ {P}) is free. Therefore, one can find a finite
sequencer = o, oy, - - ., &, = a1 Which give all the different simple closed curves that
appear ons” . Every element in this sequence is obtained by the previous one by taking
a piece ofw and passing it througlk. We can assume that, # «,; for i # j, otherwise

we can just drop the repeating part of the isotopy. Since by assumyptidoes not have a
path of outer branches = (b1, ..., bx) with k > m, we must have (a,) > T (e,), With
equality only in the case in whiak, has a patht as above wittk = m — 1, and the move

is to just push the path to the other sideo{Fig. 10). Notice that Fig. 10 is drawn in the
universal cover o8.

Ifthe sequencey,, o;,, . . ., a;, only consists of moves which push a path of length 1
across the puncture, th@hag) = T («1); i.e.,n = n’, which is a contradiction. Otherwise,
let 1< j < ¢ besuch thal (a,) = =T (o, ) < T(oy). If j=¢ thenn’ > n which
is a contradiction. Since;,,, cannot be equal to any of the preceding it is easy to see
that T keeps monotonically increasing on the sequengey,,, ..., o, . This shows that
n’ > n, which is again a contradiction.

Let's summarize the above arguments in the following theorem. A subword of a word
e1...e, is any word of the forne;e;11...¢;.

Theorem 4.1. Let R be a standard fundamental domain for the closed surfaee 4,
with 2m edgeg(m = 2¢), with the vertices oR equivalent to a poinP on 4. Let 8 be a
once-punctured surface obtained by fixifgn §. Leta be a simple closed curve aghnot
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passing throughP, and letw = ey, ... ey, be a cyclic word in letters irE (R) representing
a up to isotopy in. Thenw is a shortest representative if and only if
(1) e, # e;+11 for all i modn, and
(2) w does not have a subword of lengthm consisting of outer branches.
Moreover, any two shortest length representatives affe related to each other by pushing
a finite number of identical subwords of lengthof the outer branches to the other side

of P.

With the same assumptions on the fundamental domailet v be a measured train-
track carried precisely on aj-train-trackz on 4. As we know by now from simple
closed curves, thai-train-track representative is not unique4nWe want to describe
an algorithm to put in a mp-train-track form which has the smalle¥t We call r a
reduced-lengthr-train-track if it has no path of outer branches of lengthn.

Lemma 4.2. If v = (7, u) is a measurecrs-train-track on4$, there exists a measured -
train-track v’ = (z’, /) which represents and it has the smallest possikile

Proof. Let {c¢,} be a sequence of simple closed curves$oand 1, > 0 be such that
Ancn — v asn — oo. Put each, in a reduced forng,. By passing to a subsequence we
can assume all thg, are carried on a reduced-lengthrtrain-trackz’. Now one can look

at the sequencg¢,]} in PMT (8F). By compactness, this sequence has a convergent
subsequence. Without loss of generality, let's ass@igpg— v/ € PMT (8"). Notice
thatv’ is of reduced length since it is carried oh Using the surjectio®P M7 ($7) —
PMT(8), one gets a corresponding convergent sequénde— v’ in PM7 (8). We
denote the limit point with the same notation since it is given by the same measyred
train-track. This shows thd] = v/, i.e., v is equivalent to a reduced-length measured
m1-train-track. Now we have to prove th@t(v) is minimal among allT (v""), wherev”



252 H. Hamidi-Tehrani / Topology and its Applications 105 (2000) 237-259

is a measured-train-track representative far. Supposer’ (V") < T (v'), for such av”.
Then by definition of the space of measured train-tracks, there is a finite sequence

V=v—>vm—> =y, =" (4.1)

where eachy; is obtained by performing one of the following movesign:

(i) Split,

(i) Shift,

(i) Isotopy without crossingP,

(iv) Pulling a branch from one side to the other sidePgfand

(v) Collapse.
It is easily seen that one can arrange the sequence (4.1) so;that, v, are obtained
by performing the moves of type (i)—(iv), and the restvpfare obtained only using the
collapse move. Choose a simple closed curvand A > 0 such that’ is carried ont’,
and it stays-close tov; at each step along the sequemge— - -- — v, as we perform
the corresponding move arx’, wheree > 0 is an arbitrary pre-chosen number. Here
e-close is used in the sense that at each stage, the sum of the differences the measures
in corresponding branches is bounded above: bin particular,|T (V') — T(Ac)| < &.
After collapsing tov”, we get a (measured) simple closed cuke€ which is s-close
to v”. In particular,|T (v") — T (Ac")| < ¢. If we choose 2 < T(v") — T(V'), we get
T (Ac") < T (Ac"), which contradicts Theorem 4.1, sinceis carried on a reduced-length
measuredr;-train-track. This finishes the proof of the lemmaz

Corollary 4.3. If v = (7, n) is a measured-train-track on the closed surface carried
on a reduced-length measureg-train-track ¢, then7 (v) is minimal amond’ of all other
measuredrs-train-track representatives of.

A similar limit argument as in the proof of the lemma shows that:

Corollary 4.4. Any two reduced-length measured train-track representatives of the
same measured train-track on the closed surfécare related by the following move
Pulling some measure off a path of outer branches of length 1, where|E(R)| = 2m,
to the other side of the puncture.

Here is an algorithm to put a given measuredtrain-track in the reduced (shortest)
form. Let’s start with a measured -train-trackvy = (t1, ;1) which is not reduced-length.
So there is a unique maximal path= (b1, ..., by) of outer branches im; wherek > m.
Let x; = u(b;) be the measure on each bram¢hi =1, ..., k. We have to use a move as
illustrated in Fig. 11 to put; in a position with smallef". To be able to do that move, we
have to assumeg = min{x1, ..., xz}.

We claim that, after doing the move finitely many times, we will get a sequence of
measuredr-train-tracksvy, ..., v, wherev; = (t;, u;), andr; is of reduced-length. The
reason is that first of all we know that there is a sequence of moves of type (i)—(v) putting
v1 is reduced form. Now notice that as in the case of simple closed curves, If you make a
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move and increasg, to reducer later on you have to undo the move. This proves that
there is a sequence to monotonically decresehich proves our assertion, since at any
given stage, there is only one way to reduce Thef the train-track is not already in the
reduced-length position.

The analog of Theorem 1.5 is

Theorem 4.5. Let 8§ = 8, whereg > 2, and letR be a standard fundamental domain
for the action ofr1(4, ) on H2. Then every measured train-track is equivalent to some
measuredr-train-track v = (z, u) with respect toR having the smallest possiblE.

This representative is unique if and onlyzifhas no path of outer branches of length
|[E(R)|/2 — 1. Otherwise any representative is obtained from any other representative by
pulling some measure from a path of outer branches of lepgtiR)|/2 — 1 to the other

side of the puncture.

5. The complexity of the word problem in the mapping class groups of closed
surfaces

Since thers-train-track representation is not unique for closed surfaces, the main issue
here is the following problem:

5.1. Problem

Find the complexity of the following computation: Given an integral measured
train-trackv = (r, u) on the standard fundamental doma&rfor the surfaces = 8, with
T (v) = ¢, compute a’ = (7/, u') of reduced form such that is equivalent ta on 3.
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Recall thatm = 2¢g = |E(R)|/2. It is easy to check ib is not of reduced length with
complexity Qi¢). One has to check if there is a path of outer branches of lenpgih
Therefore suppose is not of reduced length, to start with. Lét= (b1, ..., b,)) be
the unigue maximal path of outer branchesrirof lengthn(v) > m, and lety (v) =
min{u(ba), ..., (b))}

We usen(v) as a measure of complexity. Notice thdb) < |out(t)| (recall that outr)
is the set of outer branchesof. We will putv in the reduced-length form by a sequence of
moves each of which reduces the complexity function. Notice that is of reduced form
if n(v) <29 — 1. Moreover, it is always possible to reducsuch thatout(r)| < 4¢ — 3,
as we will see below.

Casel.n(v) <4g — 1. Letx = u(b;) = ¢ (v). We can pull a measure afto the other
side of the puncture. This may involve changing some inner branches which connect to
the both ends of the path to outer ones. In particular, this may add a measure tf
at most two of the branches ih. If none of these branches are then we have reduced
the complexity function, because one can easily see that the added outer branches cannot
extendé from either side. Now let's consider the case which pulling the measure adds to
b;, so that after the pulling, we still haye(b;) = x. This subtracts from all the branches
of & except forb; and possibly another branéh. By examining the size of the measures
uw(br), 1<k <n(v), and the ones connecting to the endpointé oive can see how many
times this move is possible, and we can do them all at once. After we do that, there is a
k # i, j such thatu(Br) has become: x, which meansg) (v) is now < x. Now pull this
measure across the puncture, and this will reduce the complexity function. This shows that
one can pub in reduced-length form after @) steps. Each step involveg§) operations
on numbers which are @ (v)). Therefore, the complexity of puttingin reduced-formin
this case is (Q;z logT (v)). If at the end the finab satisfies:(v) = 2¢ — 1, then one can
easily forcgout(r)| < 49 — 3: If n(v) =2¢ — 1 and|out(zr)| = 4¢ — 2, by finding the outer
branch with smallest measure and pulling that measure through the puncture in a similar
fashion as above, we ggtut(r)| < 49 — 3.

Case2.n(v) =4¢ — 1. (Equivalentlyjout(t)| = 49 — 1.) In this case the complexity of
the problem can be much higher, in fact it will be of linear order with respeE(t9. The
problem is that one can pull a small piece of the cunaround arbitrarily long and then
hook it up with the puncture. Then to simplify the curve one has to undo that, which has
complexity QT (v)). See Fig.12.

5.2. Solution to the word problem

In the solution to the word problem img we have to avoid Case 2 in Section 5.1,
because it will have an effect of making it exponential, since our polynomial algorithms
are all based on the fact that the computations with a curve are of ord®r, ibthe size
of the curve at hand i%/.

Here is our strategy for the solution of the word problenw’trj: Letw=h1---h, be
a word in the basic set of generatorsemg (see (1.2) and the note below it). Similar
to Theorem 2.3, we know that there are 4 measuredrain-tracksvs, ..., v4 with
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T (v;) = O(¢) on 4, such that ifw(v;) = v; for all 1 <i <4 thenw =id. (This holds

only for ¢ > 3; in M> there is a mapping class of order 2 fixing all simple closed curves.)
Put vi(o) =v; and vf”l) = hn_j(l)i(j)). Notice thatvi(”) =w(y). Forj=0,...,n, we
computeul.(-’). After each computation, we pmf"') in the reduced-length form. What we
would like to show is that, ik is a generator andis of reduced lengtti (v) can be put into
reduced-length form with complexity@g 7 (v)) with respect td (v). For that we have to

again look closely how each of the generators act on a reduced-length measured train-track
v = (7, ). By the above argumentin Case 1, it is enough to showitiay)) < 49 — 1.

Lemma 5.1. Supposé*! is one of the generators if1.2), andv = (z, i) is an integral
measuredr -train-track on the standard fundamental domain &y, ¢ > 2, of reduced
length. Putz(v) = (t1, n1). Thenn(r1) < 49 — 1, or equivalentlyjout(zy)| < 4¢ — 1.

Proof. We will only discuss the cases whiéhs a generator in (1.2). The cases whieté
is a generator are done by symmetry.

Casel. h = D,,. Let v = (t, n) be a reduced-length measureg-train-track with
n(v) < 2g — 1 and|out(r)| < 4¢ — 3 (see the argument in Case 1 in Section 5.1 above).
We claim that:(v1) < 4¢ — 1. The proof has many steps.

0] u(at_l, b;) = 0. (No bad curves.) Notice thatl(at_l, b)) =0.If ¢ > 2, at least one
of (@41, bi+1), - .., (a, Yy, b1 must be 0, which stays 0 with; instead ofic. This
shows that:(v1) < 4¢ — 1. Supposey = 2 and, say = 1. Sincev is of reduced length,
one of the values

w(byt az), w(az, ba), wba, ay ), wayt, by b

must be 0 and stays 0 if we replagedy 1. Therefore the estimaigv1) < 4¢ — 1 holds
in this case too.

(i) (a7, by) # 0 butu(ey, b;) = 0. Then againui(a; L, b;) = 0 and the argument is
similar to (i).
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(iii) (a1, by) # 0 andu(a;, by) # 0. In this case out) = out(r1) unlessu(b,, b, 1) #
0 and (g, %, b, 1) = 0, in which case ouit;) = out(r) U {(q, *, b; })}. Sincen(r) <
49 —2,n(11) <49 — 1.

Case2. h = Dy,. This case is similar to Case 1.

Case3.h = Dy,.

(i) No bad curves. This means thath,,e) =0 fore € E(R) \ {a; X, b; Y, ay 41, brs1,
a; ). If x, andr do notintersect, themy = 7, and we are done. i(b;, a, ) #0, thenx,
andr intersect only whem(a, ;. e) # 0 for somee € E\ {b;, a; %, b, *, ar1, bit1, a, 4 ).

In that case, o@t;) = out(r) U {(bt_l,a,H)}, thereforelout(r1)| < 4¢ — 2. So suppose
M(bt,a;}l) =0 as well. Applyingh may create new outer branches only of one of the
following types:

(broa; ), (bt aren), (a5, b)-

Sinceu(a,, b;) =0, we haveu(as, by) = 0. Ifany Ofl/«(at_l’ bt_l)» (a1, br1), L (brya,

af+11) are 0, then they will be 0 witl1 instead ofw and we are done. So let’'s assume they
are all non-zero. Let's look at the cage> 4, since the argument is easiest in this case.
Because is of reduced-length, one of the outer branches which does not intersect any of
the simple closed curves, a;, b, a;+1, b;+1 must have zero measure, and this is going to
stay zeroinus. This gives:(r1) < 49 —1. Now lets look at the case= 3, and without loss

of generality assume= 1. If M(agl, b;l) # 0, then again one of the same type of outer
branches must have 0 measure, and again we are done. Therefore ﬁ@ﬁnegl) =0.

The assumptions force

out(r) = E(R) \ {(a1, b1), (b7 ", a2), (a3, by H},

but this is not a reduced-length train-track. This takes care of thegcas@. Now look at
the casey = 2. Similar to the case af = 3, it follows thatu (a1, bz_l) = u1(az, bz_l) =0,
and we are done.

(i) There are bad curves but(a;, b;) = 0. The existence of bad curves means that
11(b;, ) # O for somee € E(R) \ {a; ", b; ", ar11, bi41. a5} In this case the train-track
obtained by pushing the bad curves acrégsis collapsible tor;. Notice that(a,, b;) ¢
out(ry) and oufry) \ out(r) may only contain(bt_l,a,H), (ar+1, br+1), (atjrll,btjrll).
Therefore as ini), if ¢ > 4 we are done. I =2 or 3 and say = 1, then one of the
branches in

E(R)\ {(a1,b1), (b1, a2), (a2, b2), (ay ', by "))

must be missed by o(t) (sincer is of reduced-length) and it will be missed by @b as
well.

(iif) There are bad curves and(a;, b;) # 0. In this case after pushing the bad curves,
we still have to push some “bad pairs” which come out near the eggeln this case

out(r1) \ out(r) C {(bfl»“;ll)}-

Sincelout(t)| < 4¢ — 3, |out(r1)| < 49 — 2 and we are done.O
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Theorem 5.2. The complexity of the word problem Mg is O(|w|?¢? + |w|g?logg),
where|w]| is the word length in the set of generatdis?2). In particular, for jw| > logg,
the word problem has complexi®(|w|%¢?).

Proof. Since the word problem iz is quadratic in the word length, we need to prove the
theorem forg > 3. (This is because there are mapping classedirwhich fix all simple
closed curves but are not the identity element, so our methods purely do not solve the
word problem.) Put the analog of eaghi =1, ..., 4, given in Theorem 2.3 in a reduced-
length form. This takes @) sinceT (v;) = O(¢). Given the wordw = h1 - - - h)y|, apply

each generator on the, i = 1,..., 4. After each application put the resulting measured
train-track in a reduced-length form. This take&®log(size)). But the size grows by at
most a factor of 3, therefore the total complexity is

0(9210g(g) + ¢210g(3g) + - - - + ¢%log(3"1~1g))
which is Q|w|2g,2 + |u)|g,2 logg). O

Appendix A. Turing Machine and computational complexity

A Turing Machine (see [4] or [20], for example) is a hypothetical machine consisting
of an infinitely long tape, a read/write head connected to a control mechanism. The tape is
divided into infinitely many cells, each of which contains a symbol from a finite alphabet
(the alphabet contains a special symbol for blank cell). The cells are scanned one at a time
using the read/write head, which can write a new symbol on the cell just read, move in
either direction or not move at all. At any given time, the machine is in one of the finitely
many internal states. The behavior of the machine and a possible change of state depends
on the current state, and the symbol read from the tape.

Formally, letX C Y be finite alphabets. Auring Machines a quadrupl€Q, §, qo, gr)
where Q is a finite set of statesj is a function defined on a subset ¢f x Y to
0 x Y x {L, R, 0} which is thestate transition functiongp € Q is thestart state and
qr € Q is thehalt state The symbold., R, 0 should be interpreted as moving the head to
the left, right, or no move at all, respectively. The Xeis theinput alphabet

Intuitively, any problem which is solvable by a finite instruction set is solvable by a
Turing Machine (see Church’s Thesis say in [4]). Therefore, we only describe a “program”
for our solutions.

To define the complexity of an algorithm, there is not a unique way. We have chosen
the complexity to be the number of steps the Turing Machine takes to come up with the
answer.

To compute an upper bound for the complexity of a problem, we add up the number of
steps needed for each sub-problem. They are all computed according to the following idea:
To input a number of siz&v into the machine takes Iog steps. The reason is one can
write it in base 2, with @og, N) digits. Also, to add two numbers of sizeN takes logV
steps as well. Now one can devise a Turing machine to add the numbefl®gnN) steps
which we leave as an exercise.
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From a theoretical point of view this definition (or any equivalent one with respect
to complexity) seems appropriate since a Turing Machine is in a sense the most basic
computer. In a Random Access Memory machine (say a typical PC), one assumes that it
takes a constant time to adehy two numbers. This assumption seems reasonable only
when using machine-size numbers.
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