Solution to Homework 11

8.16

Since all elements of X are less than the elements of Y, we know that X is bounded above and Y
is bounded below.

Also, X and Y are non empty sets of real numbers.
(**) According to the least upper bound property, any non-empty set of real numbers that has an
upper bound must have a least upper bound in real numbers. (There is a corresponding version

for greatest lower bound).

(Think about it. Why is the above version of the least upper bound property the same as the one
with Dedekind cuts given in the textbook? Is a non empty set of real numbers a Dedekind cut?)

Therefore, X has a least upper bound and Y has a greatest lower bound. We can denote them
by c and d.

Ifc=d,wecanleta=c=d=(c+d)/2 and thus x<=a<=y.
if c <d, we can let a = (c+d)/2. Therefore, a is greater than c, which is greater than or equal to
any element in X.

a is less than d, which is less than or equal to any element in Y.

The case that ¢ > d is impossible because there will be a contradiction(Think about it).

8.18

Check the proof for the existence of the "least upper bound" for a set in R that is bounded above
in the book.

8.20

(a) In homework 5, question 3.23, we showed that every interval contains rational and irrational
numbers.

Therefore, for any a < b in R, we have an interval [a, b] and there is some rational number q in
it. Therefore, Q is dense in R.

(b) By question 3.23, there exists some irrational number c in the interval [a, b]. Therefore, R\Q
is dense in R.
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