
Seminar Notes : Diamonds I

0
. motivations

.

For a perfectric space X
,

the functor X1- X" has many good properties.

what about analytic adis spaces over Ep ?

There should be a functor analytic adic spaces over Ep3 -> ?

5)
X - X

which forgets the structure morphism to Ep but keeps all topological information.

Fact : X/Ep analytic adic space ,
then X is pro-etale locally perfectoral

X = coeg) * X
=

=Y)

where X + X pro-etale covering .
*, R = *Xx & perfectoid.

Then x* should be coeg(R*** ") .

What category does thisfive in ?

1 . Complements on Perfectoid Spaces.

Perfd : the category of perfectoid spaces

Perf : the subcategory of perfl spaces in char p

Recall : A perfe space X ison adia space covered by opens of the form Spaci,it

where R is perfe ung.

X = Spack ,
Rt) perful is called affroid perfe (affid perfd) if R pofd.



Inverse limit
.

Prop . Let Xi = SpaCRi, Ri") be a cofiltered inverse system of affund pefd spaces.

For my & Rit compatible choice of pseudomiformizers for large i , let

Rt be the -adic completion of GR and R =R.

Then X=Spack , Rt) is again agood pofd .
Moreover

10) The map IX1 -> GKXi) is a nomeomorphism of spectral spaces.

(i) The base change factor (Xilfet -> X
get

induces equivalence of categories

& Xi get its How (Yi , Tj)

2-(Xi] fet X fet 2 e Nilfet=h Homx("")
i->4

(ii) Same as in (i) with fet replaced by each of the following jeu

afford etale <g) Sep - etale < gigs state

Y -> X etale , J affnd .

Po .

Eretch .

10) follows from SpaCE, ) # Space , Rt) is nomeomorphism of spectral space.

(i) follows from the theorem of Gabber-Ramero. III

(A . At Tate par . E At S
.

t . A Meuselia along wat

=> Afet =
get

.
E -adic completion .

Pro-etale Morphisms

Def . A morphism f : Space ,
Bt3 -> SpaCA . At) of agend pered is called afond

pro-etale if there is a filtered direct system (Ai .
Ait) with Ai peod and

-

Spa(Ai . Ait) If SpaCA . Al) etale such that (B
.
B) = G (Ai

,
Ai" and f is

induced by Ji. 2pa2B . B+) -> SpaCAx . At) In SpaLA , AT)

A morphism f : X + Y of peofd spaces is called pro-etale if it is locally

on the source and target afond pro-etall ,
i. . e. FXEX . EXEUCX open, ray

open , f(U) < V and flo : U+ V is affnd pro-etal.







Prop . Let X be found perfd.

Xatt be the category of etale maps f : -X from afond peta

aff
X --- affed pro-etale ---

pro-et

Then the factor Pro(X) -> Xe [4: 3 If "E "Ti

is an equivalence of categories.

pf . By definition the functor is essentially serjective. Enough to show fully faithful.

Write X= Spa(R , Rt) . Yi = SpalSi . Si) . Zj = <(Tj · Tj)

Y = Spals ,
St) ,

2 = Spact , T"(

Need to show Hom
y
(7. 2) = Lim Hom (Yi · zj).

-

This is the Mor1[Yi3 · [2j3) in Pro category,

WLOG assume J is a singleton so 2 X etale. Need to show

More Ti ,
2) : Hom

y
<Y,

2) =

An Hom
, (Yi

,
2).

This can be checked locally on I = Spact , T").

Since locally onetale map is a composition of rational embedding and finite etak map

WLOG assume - : 2-X is one of these.

Of rational embedding : U = Spa(T . ++) <X = SpaCR ,
Rt)

.

9
For any ge Hom 17 . US

. Y= Yi > U actually since UX

YY -1
open immersion , such g

1 * i unique if exists
,

X

Then the mapInTi +X factors through U.





Def .
(The big pro-etall site

Consider the following categories

· Perfo : perfectoid spaces

· Perf : Perfectoid spaces in charm

· Xpro-et : Pefd spaces pro-etale over X

Endow them the structure of a site by saying that a collection [fi : Ti + Y 3
=

is a pro-etale) covering if

· fi pro-etale . ViE]
.

·

- g) open UCY ,
E finite subset InCI

, ga ope Vid Yi · Die I

such that U=U fiCWi
FPg(

Prop . Let X be a peod space .

1. The presheaves Ox
.

Of" are sheaves on Perfo. If X agend then for is o

H"(Xpro-et . Ox) = 0
, M"(Xpovet .

Ox") almost zero

2. The preshead on Perfed defined by ux is a sheaf ,
1 . e

.

all representable

exat excut

presheaves are sheaves , i . e. pro-etale site is subcanonical. Y = Cu

↓ ↓
-> U agend

& fi : Y:
-> 43 Op + Ori -> TTOxixy equalize perfd .

Pf -

↓ ↓ ↓

1 WLOG assume X= Spack ,
Rt) afford perfl since they are already sheaves for

exact+ +O +
-- - E --

the analytic topology. Id ↓d

πOurnu' -
We only need to check the sheat prpc

h
most valishing of Tech

cohomology relative to afford pro-etale covering =SpacRo . Ro) +X.













Prop . Let D. D'be diamonds. Then the producttheat DXD' is a diamond.

py . Write D = X/R ,
D'=XYR' where X

, R ,
X ,

re are perf spaces

and R XXX .

R' * XXX' are crjections unducing equivalence relations
.

Then XXX' .
RXR' are per spaces and RXR -> (xxx)x(X x x

is an injection inducing equivalence relation. Therefore DXD' = X X X / RXR' i

"I
a diamond fiber products of diamonds are diaround.

Example,

X= SpaRp has a pro-etall pefd covering * = Spao

Gal(Qp(Mp/Rp) = Ep . (RP)"=FpK +1) tradic completion of Foltut

where t = <1 . Ep . 3pz .... ) - 1 for 2 Spe] compatible system of poth power

roots of unity. X

27 Zp

Ep outs on Copy by rot = (1 + +3 - 1
.

X considered as a perfe space.
R = xx * = *XE

SpdRp=X" = weg) **x * ") = paFplt/ap
S

Prop.
X= Spa (R ,

Rt) afford perf space , then (SpdRp>(X) is the set of som.

classes of the following data (R+E .
+Er) where

1 . R - E is a Ep
*

- torsor ,
i. e. F=(ER) · Rn/R finite etale with

Galois group (E/"2 >
Y R = Qp

·

Rn = Cp(Mpn)

2 .

-> topologically milpotent unit such that FV- Ep. V. t = (l++)- 1.




