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ABSTRACT. This paper studies the Fourier expansion of Hecke-Maass eigenforms for GL(2,Q) of
arbitrary weight, level, and character at various cusps. It is shown that the Fourier coefficients at a
cusp satisfy certain very explicit multiplicativity relations. As an application, it is proved that a local
representation of GL(2,Qp) which is isomorphic to a local factor of a global cuspidal automorphic
representation generated by the adelic lift of a newform of arbitrary weight, level N, and character
X (mod N) cannot be supercuspidal if x is primitive. Furthermore, it is supercuspidal if and only
if at every cusp (of width m and cusp parameter = 0) the mp? Fourier coefficient, at that cusp,
vanishes for all sufficiently large positive integers ¢. In the last part of this paper a three term
identity involving the Fourier expansion at three different cusps is derived.

§1. Introduction

Consider the group

- {(: 1)

Then I'g(N) acts on the upper half-plane h := {x +iy | € R, y > 0} by linear fractional
transformations.

We fix an integer k (called the weight), an integer N > 1 (called the level), and a Dirichlet
character x : (Z/NZ) — C*. For any function f : h — C, and any matrix v € GL(2,R) of
positive determinant, define the slash operator

(1.1) (f],7) (=) 1= (m)_kf <Z’jidb) |

and the character x : I'g(IN) — C* defined by

(12) (L h) =

An automorphic function of weight &, and character y for I'g(/V) is a smooth function f: h —
C which satisfies the automorphy relation

(1.3) (f[y7) (2) = X(Nf(2),  (2€b)
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for all v € I'g(N). Note that this forces f to be identically zero unless k and y satisfy the com-
patibility condition y(—1) = (—1)*. Clearly, an automorphic function of weight k& and character
x for To(N) is also an automorphic function of weight k& and character x’ for T'g(M) whenever
N divides M and y’ is the Dirichlet character (mod M) obtained by pulling x back via the
natural projection (Z/MZ)* — (Z/NZ)*. Such automorphic functions are said to be “old”. An
automorphic function is said to be of level N if it is an automorphic function of weight k& and
level y for T'g(IN), for some k, x, and it is not an automorphic function of level M for any M
dividing N.

Now fix v € C. A Maass form of weight k, type v, level N and character y (mod N) is
an automorphic function of weight k, level N and character x which has moderate growth and
which is also an eigenfunction of the weight k& Laplace operator (see §2) with eigenvalue v(1 —v).
A Maass form is said to be a “new form” if it lies in the orthogonal complement (with respect to
the Petersson inner product) of the space of old forms (see [2]). A Hecke newform is a newform
which is an eigenfunction of all the Hecke operators. The main result of Atkin-Lehner theory [2]
is that the space of newforms has a basis where each basis element is an eigenfunction of all the
Hecke operators.

Cusps are defined to be elements of Q U {oc}. We define an action of GL(2,Q) on cusps by

%7 a:ooﬂ 6#07
, a=o00, c=0,
g:;j__s’ ae@v C'a+d7é07
0, aeQ, cca+d=0.

N
o
SRS

~__

a
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In addition, an element of SL(2,R) may be allowed to act on the set of cusps if it is of the form
d -~ with v € GL(2,Q) and d diagonal. Two cusps a,b € QU {oc} are I'g(N)- equivalent if
~va = b for some vy € T'g(V).

The group SL(2,Z) permutes the cusps transitively. Thus, given a cusp a it is possible to
choose a matrix v, € SL(2,Z) such that 400 = a. The matrix ~, is unique up to an element of
the stabilizer, I's, of co on the right. This group is given explicitly by

=)

and is contained in the group I'g(N) for every N. In particular, 407, ' is independent of the
choice of v, for each § € I',.

Let Ty = {v € To(N) | va = a}. Then v, 'Ty7y, is a subgroup of finite index in I, and
contains the scalar matrix —1. As such it is the product of the group of order 2 generated by —1

eE{:I:l},nEZ},

1 mg

o 1 ) for some positive integer m,. This integer my

and an infinite cyclic group generated by (

may be characterized as the least positive power of v, (é 1) 74! which is in To(N), and as such
is independent of the choice of 4. Let

(1.4 o= (V0" et ).

then o, has the following key properties:

—1
0400 =a 04 T'woa =T,
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. 11
The matrix oq (0 L

It generates I'y together with the scalar matrix —1. We define the cusp parameter 0 < pq < 1
determined by the condition

(1.5) X(ga) = €.

It was shown in [15], [16] that a newform of weight k, level N, and character x (mod N)
for I'o(N) has a Fourier-Whittaker expansion at every cusp. The expansion takes the following
explicit form.

) o' €T, is independent of the choice of o,. We denote this element by g,.

Proposition 1.6 (Fourier-Whittaker expansion at a cusp) Let f be a newform of weight
k, type v, level N, and character x (mod N) for To(N). Let a € QU {oo} be a cusp and let
Oas lbq be as in (1.4), (1.5), respectively. Then

(f!kaa) (z) = Z a(a,n) Ww o1 <47r]n + pal -y>62”i(”+““)x, (z=x+1y €h)
n+pa #0

where a(a,n) € C is called the n'* Fourier coefficient at the cusp a and

y”+%e_%

W (y) = )A eVt (144 % @t (aeR, veC)

T (1/ —a+ %
is the Whittaker function.

Remark: In general, the coefficients a(a,n) depend on the choice of v, and not only on the
choice of a.

It is known by the theory of Hecke operators that the Fourier coefficients (at the cusp infinity)
of a Hecke newform of arbitrary weight, character and level satisfy multiplicativity relations.
Similar results regarding the Fourier coefficients at an arbitrary cusp have been proven by Asai
when the level is squarefree [1] and by Kojima when the level is 4q where q is a prime [14]. The
essential reason for this is that if IV is squarefree, then the cusps are represented by the quotients
1/t with ¢ running over the positive divisors of N, and the corresponding Fricke involution W;
maps the cusp oo to 1/t and, at the same time, acts as an involution on the space of newforms
commuting with all Hecke operators. When N is not squarefree, this reasoning breaks down
and very little was known about the Fourier coefficients at cusps other than co. The difficulty
in dealing with level N when N is not squarefree can also be seen from the adelic theory of
automorphic representations, because in this case there may exist supercuspidal representations
which appear to be extremely elusive objects.

An aim of this paper is to explicitly relate the Fourier coefficients of a Hecke newform (arbitrary
weight, prime power level, and character) at an arbitrary cusp to the Fourier coefficients at the
cusp co. We shall prove the main theorem below whose proof makes use of the modern theory
of automorphic representations.

Theorem 1.7 (Main theorem) Let ¢° be a fized prime power. Let f be a Hecke newform of
level ¢¢, character x (mod ¢¢), weight k, type v for T'o(q®). Assume X = X0 * Xuivia WPETE Xirivin
is the trivial character modulo q and xo is a primitive Dirichlet character of prime power level
q°° (with 0 < eg <e). Take S, a set of inequivalent cusps for I'o(¢®) as

S:{Qmﬁu{l

cq

1<i<e, (¢,q) =1, 1§c<min(ql,q6_l)}.
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For a € S and n € Z, let a(a,n) denote the n'" Fourier coefficient of f at the cusp a as in

Proposition 1.6. Assume that a(oo,1) = 1. For any a € S and an arbitrary non-negative integer
M let

eM + pia = emapy™ - pp - "

where ¢ = +1, mq, ... ,m, are positive integers, m € Z, p1,... ,pn are distinct primes different
from q, and pg is the cusp parameter given in (1.5). Set My = pi"* ---p". For each cusp
a= ciq, € S, there exists a unique cusp ﬁ € S, determined by the conditions

1 < < min (qe*l, ql) , €My = ¢ (mod min (qe*l, ql)) )
If 1 < e/2 then there is, in addition, a unique integer j determined by the conditions
21

0 S] < qe_ 5 CC,j = (C/GMO — c) . q—l (mOd qe—2l)'

Let a« > 0 denote the greatest integer such that q® | M. Then m,pu, and a(a,eM) are given as
follows.

e a=o00: In this case o =0, m = a, and
a(oo, eM) = a(oo, €)a(oo, pi™) - - - a(oo, py'™ )a(oo, ™).

ea=0: In this case up =0, m = a — e, and

a(0,eM) = a(oo, eMy)a(0, g™ ) x(eMy) L.

oq= Ciql, and pq # 0 : In this case eg > max(l,e — 1), m = —eg + [, and
. . —1
a(oo, eMp)a (C,lql , 0) e (@™ §) x (g +1) 7,
1 ifl< 3,
a <l, 6M> = / 2
“q a(OO, 6*]\40)0’ (cllql ) 0) )
if 1 > 35,
Furthermore, the cusp parameter of C,—lql € S is min(g® ! g0t "L (If eq = e, d.e., if X

s primitive, then there is a unique cusp ag = ﬁ € S having this property, so that ¢ = ¢y,
independently of ¢, e, and M!)
o (1l —

o> and po =0 In this case m = a — max(e — 2[,0) and

_ . . —1
a(oo,eMo)a< s 4° 2”""”) e (@™ §) x (g +1) 7,

1 ifl <
a <l’ €M> = f
cq a(oo,eMo)a< L m) ,

Q

[N

C/ql7 q
if 1> 5.
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In theorem 3.8, we obtain an extension of theorem 1.7 to the case of I'g(N) where N is a
product of prime powers. We then apply our methods further to obtain an interesting application.
In theorem 3.9 it is shown that a representation of GL(2,Q,) which is isomorphic to the local
representation factor of an irreducible automorphic representation of GL(2,A) (generated by
the adelic lift of a classical newform) is supercuspidal if and only if the mqp® Fourier coefficient
vanishes for all sufficiently large integers ¢ for each cusp a € QU {co}. Here my, also called the
width of the cusp, is an integer given by (1.4). It is well-known (see [3, 7] and also proposition
5.1 of [17]) that every supercuspidal representation of GL(2,Q,) can be realized as a component
of a global irreducible cuspidal automorphic representation of GL(2,A), and that every such
representation may be associated to a unique normalized Maass-Hecke newform (for a detailed
proof, see [9]). Theorem 3.9 gives a criterion for recognizing those Maass-Hecke newforms which
are connected with supercuspidals in this way. In corollary 3.10 it is further shown that a
local representation of GL(2,Q,) cannot be supercuspidal if it isomorphic to a local factor of a
global cuspidal automorphic representation generated by the adelic lift of a newform of weight
k, level N and character x (mod N) if x is a primitive character. This shows that supercuspidal
representations can only arise from newforms of level N with imprimitive characters (mod N).
In this connection, we would also like to mention a result of Casselman (see [5]), which implies
that supercuspidal representations of GL(2,Q,) can only arise from newforms of level N such
that p? | N. For more detail see the remark which follows the proof of corollary 3.10.

Finally, in §7, we attempt to derive relations between the Fourier coefficients at different cusps
for Maass forms of arbitrary weight level and character by using a purely classical approach. The
main result is given in Theorem 7.4 where a three term relation (involving three different cusps)
is obtained.

Acknowledgment: The authors would like to thank Hervé Jacquet, Muthu Krishnamurthy and
Omer Offen for some helpful conversations.

§2. Newforms and Hecke operators

Let f be an automorphic function of weight k, level N and character y. An automorphic
function f is a Maass form of type v € C, if

(Arf) (2) = v(1 = v)f(2)

where o2 e 5
Ap ==y 35+ 75 ) +ikyo-
k y <8x2+8y2>+2k‘y8x

is the weight k£ Laplace operator.
Let f be an automorphic function of weight k, level N and character y. For any positive
integer n, the Hecke operator (twisted by a character x) is denoted T)X, and is defined by

IO DY x(a)§<fk<8 1)) e

ad=n,a,d>0 b=
Let f be an automorphic function of weight &, level N and character x. Then f is cuspidal if

/0 (flkow) (& + iy)dz = 0
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for any cusp a. A Maass cusp form f of weight k, type v, level N, and character x is a newform
if f is an eigenfunction of the Hecke operator T)¢ for every positive integer n.

Let f be an automorphic function of weight k, level N and character y. Define the T
operator by

(T1f) () := f(=2),  (Vzeb).

Then T_; f is an automorphic function of weight —k.

Proposition 2.1 Let f be a newform of weight k, type v, level N and character x. Then f has
a Fourier- Whittaker expansion at infinity of the type

f(z) = Z a(oo,n)Wwyy_%@ﬂn’y)ezmm‘
n#0
Assume f is normalized so that a(co,1) = 1. If n = sgn(n)py"*py? ---pl"~ for distinct primes
pi,--+ ,pr and positive integers my,- -+ ,m,., then we have

T

a(o0,n) = a(oo, sgn(n)) H a(00, p;™*).

Proof: The Fourier-Whittaker expansion is given in proposition 1.6. Since f is a newform,
it is an eigenfunction of all the Hecke operators T)X for every positive integer n. It follows from
[16] (see also [8]) that for n = p]™* - - plin,

a(oo,n) = H a(oo, p;*t).

Since (TXT_1f) (z) = (T_1TX f) (2) for any positive integer n, we have

a(oco, —n) = a(oo, —1)a(oco,n). O

§3. Whittaker functions for the adelic lift of a newform

Let A be the ring of adeles over Q. A place of A is defined to be either a rational prime or
oo. For a finite prime p and for z € Q, let

-1 , o0 .
() dooapt, fx= Y ap'€Qp, withk>0,0<a; <p-—1;
= 9q i=—k i=—k
0, otherwise.

We now define an additive character e, at each place v. If x € Q,, we let

e2riT, if v = o0;
eo(@) = e 2midz}if gy < 0.

Furthermore, for = {x,}, € A, define a global additive character for A as

e(x) :== H ey(xy).

v<00
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Let x be a Dirichlet character modulo N and let x,, .. : Q“\A* — C* be the idelic lift of x
as in [9]. For the convenience of the reader we repeat the definition

Definition (Idelic lift of a Dirichlet character) Let x be a Dirichlet character of conductor
p! where p is a fized prime power. We define the idelic lift of x to be the unitary Hecke character
Xigerie * Q\AG — C* defined as

Xiene (9) = Xoo(go0) - X2(92)  X3(g3) -, (9= {9o0,92,93,--- } € AJ),
where
17 X(_l) = 17
Xoo(goo) = 1, X(_l) = -1, Joo > 0,
_17 X(_l) = _17 Joo < 07
and where

x()™, if go € VML) and v # p,
Xv(gv) =

x() 7Y, if g, €pF (j —I—prp) with j,k € Z, (j,p) =1 and v = p.

Ji

-
More generally, every Dirichlet character x of conductor ¢ = T[] pj*, where p1,p2,...p, are
i=1

r . .
distinct primes and f1, fa,... fr > 1, can be factored as x = [] x\?, where X\ is a Dirichlet
i=1

character of conductor p{ It follows that x may be lifted to a Hecke character x,,... on A@

T
_ 7
where Xidelic — AH1 Xi(thc'
1=

For each p|N, let

b
Iy = {(‘; d) € GL(2,Z,)

Here ¢ =0 (mod N) means ¢ € N - Z,. Then we can define

¢=0 (mod N)}

Ko(N) = | [[ Lo~ | | ][I GL(2,Z,)

p|N PIN

For each p|N, define a character x, : I, v — C*, where

() o

Define a character x : Ko(N) — C* such that

idelic

jzidelic(k) = H %(kjp)

p|N
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for all k = {k,}, € Ko(N). If x is primitive, then the kernel of X is given by

idelic

Ker (V) =TT 62,20 TL{(4 }) € [ =1 (moa 13, .

ptN p|N

Let A; denote the finite adeles. For g = {gv}» € GL(2,A) or GL(2,Ay), define (g), := gs
where v is a place of Q. Then for v < oo, we have the inclusion map i, : GL(2,Q,) — GL(2,A)

defined by -
(iv(90))w = { (0 1> ,ifw# v

o, if w=w.

We shall define the diagonal embedding map i4iqq : GL(2,Q) — GL(2,Aq) by

idiag(ﬁ)’) = {’Yaﬁ)/v’)/a }7 (v,}/ € GL(ZaQ))

By strong approximation, it follows that for any g € GL(2,A), there exist v € GL(2,Q),
goo € GL(2,R)*, k € Ko(N) such that

9 = ldiag (7)iso (goo)ifinite (k),

where i
adeles.

Let f be a cusp form of weight k, type v, level N and character y modulo N. By the above
decomposition, we may define a function f, :GL(2,A) — C as

anire denotes the diagonal embedding of GL(2,Q) into GL(2,A,,,.), the group of finite

delic

(3'1) fadelic (g> = fadelic (idiag(y)ioo (goo)ifinite (k)) = (f‘kgoo) (Z) : %idelic (k)

It follows from (1.3) that f,
with a central character y
The function f,

adelic

is well-defined. Further, f

adelic

delic is an adelic automorphic form

idelic®

has a Fourier expansion,

Fuaanc(9) = Y Wy <(g (1)>9>

acQX

Wit = [ o (6 1) 9) el

for all g € GL(2,A). The function Wy(g) is called a global Whittaker function for f,

adelic *

where

Theorem 3.2 Let f : To(N)\h — C be a cusp form of weight k, type v, level N, and character
X (mod N). Let S be a set of representatives for the T'o(N)-equivalence classes of cusps. Then
f has the Fourier- Whittaker expansion at every cusp as in Proposition 1.6. By the Iwasawa
decomposition, every g € GL(2,A) has a decomposition

(3 )6 DG el )
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where x € A, 1,y = {yo}v € A, with yoo > 0, k = {ky}, € K = SO(2,R)[[,. . GL(2,Z,),
koo = ( cos ¢ Sine) ; (0< 0 <2m), and e = £1. Let t :=[], lypl, . Then

—sin 6 cos @

CL(Cl, emgt — /La) W%,uf% (47Ty00) Xidetic (T> 6(.7)) €oo (% + tje) %idelic (k0)7
Wf(g) = if emqt — pq € Z,

0, otherwise.

Here ko € Ko(N), the cusp a € S, and an integer 0 < j < mgy are uniquely determined by
. 1 g . t=ty, 0
Leinite <7a<0 1>> ]]—]Ivlp<< Op 1>kp>:k0 € Ko(N)
P

Proof: See [9]. O

Definition 3.3 Let f : To(N)\h — C be a cusp form of weight k, type v, level N and character
x (mod N). For each place v, we define a function Wy, (g,) : GL(2,Q,) — C as follows.

o V=00

Wf,OO(QOO) =Wy (iOO(QOO))

e v=p< 00!

Corollary 3.4 Let f be a Maass form of weight k, type v, level N and character x (mod N).
Let S be a set of representatives for the I'g(N)-equivalence classes of cusps. Let a € Q be a cusp
for To(N). For each integer n, let a(a,n) be the n-th Fourier coefficient of f at the cusp a as in
Proposition 1.6. For every place v of Q and any g, € GL(2,Q,), we have a decomposition

(1 =z, Yp 0O ry 0
g”‘(o 1)(0 1)(0 rv>k”’
where x, € Q, and y,, 7, € Q). If v = 00, then Yoo >0, € = £1 and ks € (S?)SO(ZR). If

v is finite, then k, € GL(2,Z,).
For each finite prime p, fir y, € Q; and k), € GL(2,7Z,). Then there exists a cusp a, € S, an
integer 0 < j, < mq,, and kyo € Ko(N), which are uniquely determined by vy, and k, such that

. 1 g . 0
Zfinite <7ap (0 jf)) 7’10 (< ‘yp(gpyp 1) kp) = kjpﬁ S KO(N)

Then by Definition 3.3, for each place v for Q, we have the following:

V=0

2

k6
quoo(goo) = a(00, €) Wee V—%(47Tyoo) Xoo(Too) €oo (.%‘OO + 271') .
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ev=p{N:

a(oov‘yp’;jl) Xp(rp) ep(xp>v Z'fyp € Ly,
0, otherwise.

Wf,p@p):{
ev=p|N:

a<apa Mg, ’yp|;1 - Map> Xp(rp) ep(xp) €oo (‘yp|;1jp) Xidetic (kp,O)v
Wi p(gp) = if map|yp’;1 — Ha, € Z,

0, otherwise.

Proof Use Definition 3.3 and Theorem 3.2. O

Remark 3.5 In Corollary 3.4, assume that f is a normalized Maass form, i.e., a(oco,1) = 1.
Then for pt N,
Wy p(kp) =1, for all ky € GL(2,Zy),

and forp| N,
Wyp(kp) =1, for allk, € I n.

Theorem 3.6 Let f:To(N)\h — C be a cusp form of weight k, type v, level N and character
X (mod N). If f is a normalized Hecke newform, i.e., its first Fourier coefficient at oo is 1, then

Wy(g) = H Wi w(gv)-

Proof: If f is a newform then f, generates an irreducible subspace

V c A(GLR,Q\GLE2A), Xuu):

and an irreducible automorphic cuspidal representation (m, V'), under the actions of GL(2,Ay)
and (g, Ko ) for GL(2,R), where g = gl(2,C) and Ko = O(2,R) (see [4] theorem 3.6.1). By [6]
there are local representations (m,, V,) for GL(2,Q,) for each place v of Q such that

e T is an irreducible and admissible (g, K )-module;

e 7, is an irreducible and admissible representation for GL(2,Q,) for all finite places v.
Furthermore, for almost all v, we know that V, contains a non-zero K,-fixed vector where
K, =GL(2,Z,), and

/

(m, V) = ® (0, Vi), (restricted tensor product),

v

where the restricted tensor product is taken with respect to some choice of non-zero K,-fixed
vectors in all but finitely many of the spaces V,. (Different choices may give rise to different
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restricted tensor products, but the representations obtained are all isomorphic to one another
and to (m,V).)

We shall use the existence and uniqueness of Whittaker models for (7,V’) and for each of
the local representations (m,,V,) (see [4] section 3.5). For each place v, let W(m,,e,) denote
the Whittaker space, corresponding to (m,,V,) and the additive character e, introduced at the
beginning of this section. For each place v such that (m,,V,) contains a K,-fixed vector, the
space of K,-fixed vectors is one dimensional (see [4] theorems 2.4.2 | 4.6.2), and contains a
unique element which takes the value 1 on all of K, (the existence of such an element in the
non-archimedean case is proved in [4], proposition 3.5.2; existence in the Archimedean case can
be proved along the same lines but we do not need it here).

Let Weensor denote the restricted tensor product of the spaces W(m,,e,) with respect to
the K,-fixed vectors which take the value 1 on K,. Then pointwise multiplication gives an
isomorphism between this space and the unique Whittaker model of the original representation
.

Indeed, suppose that g = {g, }» € GL(2,A) and that ®,W, is an element of Wiepsor, S0 that
for each v, the Whittaker function W, is an element of W(m,,e,), and W, (k,) = 1 for all but
finitely many v (for all k, € K, ). Then the infinite product [[, Wy (g.) is convergent, because
all but finitely many of its terms are 1.

Let [[, W(my, ey) be the space of complex valued functions on GL(2, A) spanned by [[, W, (gv)
where W, (g,) € W(my,€,) such that W, (k,) = 1 for all k, € GL(2,Z,) for almost all v < oo.
(i.e., where ®,W, € Wiensor-)

Then

!/

®(7Tvavv) = HW(?TU,Gv)

v

and [[, W(my, e,) is a global Whittaker function space.

Let

Wir, e) = {W¢(g) - /@\Aqﬁ ((é 1{) g> e(—u)du, for all g € GL(2, A) ‘ ¢ € V} .

Then W(, e) is a Whittaker model isomorphic to (7, V). By the global uniqueness of Whittaker

models,
/

(m, V) 2 W(r,e) = [[W(rv.en) = Q) (10, V).
v v
The statement of theorem 3.6, amounts to the assertion that the element of the restricted tensor
product @), V, corresponding to the element f, . of V is a pure tensor ®,<s & . This may be
deduced from uniqueness of the “local new vector” at each place [5]. However, we shall take a
different approach.
There is a bijection between (m, V') and W(w,e) = [[, W(7y, €,) such that for any ¢ € V,

Wolo) = | K ((5 §)s) et € wimo),
and for any W € W(r,e),

ow(g) = Y W<<g ?)g) ev.

aeQX
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Since f, € V, it follows that for some fixed integer M > 0,

delic

M
We(g) = Z ciWilg), (g9 € GL(2,A)),

where ¢; € C, Wi(g) = [I, Wiw(go) with W; ,, € W(my, e,) for every place v of Q. Furthermore,
Wi »(ky) =1 for all k, € GL(2,Z,) for almost all v # co. For each place w of Q,

M
. 10
Witiu(on) =3 oc | TTWr (5 1))] Wl (0w € GLEQ))
i=1 wFv
which implies W (i (gw)) € W(Tw, €w). Therefore, Wy ,,(g,) € W(my, €,) since

{ Wi(iv(gy)), ifv=o00

Wio(go) =9 Wiliv(go))

W (i) if v < o0
PRl
for all g, € GL(2,Q,) and for each place v.
Let
(3.7) W(g) =T Wr.o(g0)-
Then W(g) € W(m,e).

Definition (The functions ¢, Iy ) Let W € W(m,e) be given by (3.7). Then we define

e ({3 D) en e (= (4 D) D))

forx,y € R and y > 0.

Then Fy , (z +iy) is a Maass cusp form. Furthermore,

F¢W($+iy)=¢w<ioo<< f) <g ?)))
- w((5 )e(G 1)@ Y))

O =

=m0 )60 1) (6 V) L ((65)

Next, we evaluate the Whittaker functions appearing above at every place.

® V= Q!

m=((55) (o D) G 9))=me (o 7)) (57 1) (5 1)

= a(oo, sign(a)) Weign(aw (4r|aly) e ().
2 )

_1
v—3
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- a 0 B a(oo,|oz|;1), if o € Zp,
b 0 1 0, otherwise.

(6 D=6 D E D)

a(oo, sign(a)) WW V_%(47r]a]y) eoo (i) Hp a (oo, |oz|;1) ,
= if « € Z and o # 0;
0, otherwise.

e v=p<0o0:

Therefore,

Then we have
Fy, (z+1y) = Z a(00,sign(n)) Wagnwr 1 (47|nly) e (nz) H a (oo, \n\;l) .
2 4 2
n€Z, n#0 p
Since f is a newform, it follows from Proposition 2.1 that,
a(o0o,n) = a(oo, sign(n Ha \n\p
pln
This implies that for a = oo, we have a Fourier-Whittaker expansion for f, as follows:

f(.'L‘ “I‘ Zy) = Z CL(OO, n)WsignQ(n)k’ I/—% (47T’7’L’y)627rznm
n€Z,n#0

= Z a (oo, sign(n)) WM V_%(47T]n]y) oo (N) Ha (o0, ]n];l) :

n€Z, n#£0 p

Therefore, Fy  (x +iy) = f(x +iy) for z,y € R and y > 0. This implies that

o (= (G D) (6 9) = (= (G 1) (5 1)

for z,y € R and y > 0. For any g € GL(2,A), there exist a unique v € GL(2,Q), such that

(1 7 Yoo O s 0 cosf) sind +
goo_(() 1 )(0 1> ( 0 roo> (—sin@ cos@) €GLZR),

with 0 < 6 < 27, real numbers o, Yoo, oo, With Yoo > 0 and ro # 0, and ky € Ko(IN) such that

o . 1 2o Yoo O oo O cosf sinf
g_zdlag(’”z“«o 1 >< 0 1) < 0 roo> <—sm0 cosG)) brce (R0

Then for a € Q*, we have

(5 1)) =i ((5 1) (0 T) (5 7))o= (52)
LW (5 1)) Rt

i3 ) (G5 (5 ) ()
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Therefore
(s 1))
“Z (o (6 1) (G )05 1)) o Gt
= ¢, (ioo <<(1) x‘l"’) (yg’ ?))) oo <§i> Xoo(To0) Xiaerie (Kf)5

and for all g € GL(2,A), roo € R*, 0 <6 <27 and ky € Ko(N),

) oo O cosf siné
Wf <gZOO << 0 Too) <_Sln0 COS@)) fmlte(k:f)>
kO -
= Wf(g)eoo <27‘r> XOO(TOO)Xidelic (kf)

It follows that for all g € GL(2,A) as above, we have

swiw=ow (i (6 T) (% 1)) ex (5 ) v (i)
e (i (6 ) (%5 0))) e (52 ) el Rt
= 3w (e (5 9)) = ((0 7)) (5 1)) e (50 rermunsten

eQx

- S w (zm((g (1)>>g)

aeQX

= fadelic (g) .

Therefore for all g = {g, }» € GL(2,A), we have an equality of Whittaker functions

9) = [[Wrw(ge) = Wy(g). O

Theorem 3.8 Fiz a positive integer N = ¢i* ---q;" where ¢i*,--- ,q;" are powers of distinct
primes. Let S be a set of inequivalent cusps for T'o(N). Fiz an integer k > 1 and let f be a
normalized Hecke newform of weight k, type v, level N and character x = [[,<,<, Xi, where x;
is a Dirichlet character (mod ¢{*) for 1 < i < h. Fiz one cusp a € S and let M be a positive
integer such that

€M + pig = emgp™ - pim gt g
(formi,mg €Z, m; >0, withl <i<n, 1§j§h),

where p1, ... ,pn are distinct primes which do not divide N.
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Then for each i =1,... , h, there exist a unique cusp b; € S and a unique integer 1 < j; < my,
such that
Logi\ _. (@ b
Ye, (O 1) - (Ci dz )

Yo, 1 Ji EM'L 0 7;1 _ aqi bQi ’ fOr Mz = w € @ s
0 1 0 1 Cq; dth €maqml

where yp, € SL(2,7) with vp,00 = b;. For all 1 < u < h with u # i, we have (Zl Zi) € To(gs).

Let 6; := [, qinax(o’fm;) and 6, be an integer such that §;6; = 1 (mod ¢;"). Then we have
diaq,, 0ibg;, 0icq,, 0idg, € Z and d;icq, =0 (mod ¢*).
Let a(a,eM) denote the eM™ Fourier coefficient of f as in proposition 1.6. Then we have

a(a,eM) = a(oo,€) H a (o0, pi"")
i=1

T a(bimea™ = ps. ) eccla™ 52) ﬁ Xu(di) ™! Xz‘((?if%dqi)il

i=1 u#i, u=1
if mbiq;n; — pp, €Z for alli=1,...  h. Otherwise a(a,eM) = 0.

Proof: Fix one cusp a € S. Then there exists v, € SL(2,Z) such that y4,00 = a. For
y={ytv €AY, Yoo =1, let t =[], lypl, ! and for each ¢ | N, let

ty-1 0\ -
b= (M )) e

Then k, € GL(2,Z,) for every q | N. Let e = £1 and take

gz(g [1)>zdg<<8 ?))Hiq(kq)eGL(Q,A).

q|lN
Then )
. . t~ 0
Linite (7(1) H g (( qu 1) kq) S KO(N)
q|lN
since .
%(t qu ?)kq:<é (1)> € I, n for each g | N

and v, € GL(2,Z,) for any prime p.
By Theorem 3.6, we know that

oo (5 9 (6 )M
(5 ) (e (5 2) 6 9)

ptN

s (5 9) (6 3))

q|N
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Then by Corollary 3.4, for each fixed prime ¢ | N, there exists a cusp b, € S and an integer
0 < jq < mg, which are uniquely determined by

. 1 G} 0\ (e 0
fimive <%q<0 ]f>>zq<<‘yq(|)qu 1> (0 1>kq> =: kg0 € Ko(N).

This is equivalent to
1j 0\ .—
(kq,O)q = rybq (0 ]lq) (Etl%qlq 1) Ya 1 c Iq,N;

for each prime ¢’ | N and ¢’ # q,

1 .
(kq70)q/ = ’ybq <0 jlq> S Iq’,N;

and for each prime pt N,

1
(kq,0)p = 70, (0 Jf) € GL(2,7Zy).

It follows form Corollary 3.4, that

W, <g ‘f)zdg((f) ?))Hiq(kq) = a(a, emgt — ) Wer 1 (47)

q|N

¢

a(oo,e)W%7 y—%(4ﬂ) <H a(bq’mbq|yq|;1 - qu> € (|yq|;1jq) Xidetie (kq,0)>

q|N
= : H CL(OO,‘yp|;1),
ptN

if emat — po and my, |ygl; ' — p, € Z for all ¢ | N;

L 0, otherwise.

Therefore,

a(a, emqt — pg)

a(oo, €) (H a(bqvmbq|yq‘q_l - qu> €oo (|yq‘q_1jq) %idelic(k(ko)>

q|N
= ' H 0(007’3/17‘;1),
pIN

if emqt — fiq, mbq]yq|q_1 — pp, € Z for all ¢ | N,

. 0, otherwise.

Now let emgt — pig = €eM € Z. Then emqt = eM + pq. Since t = Hp ]yp\;l,

/
my,

eM + piq = emap™t - P gt - q),
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for distinct primes pi,...,p, (different from ¢i,...,qpn), and mq,... ,my,, my,... ,mj) € Z.
This means that for each prime p, we take

p;'t, ifp=p,; forsomei=1,...,n,
Yp = qzmi, if p=gq; forsomei=1,...,h,
1, otherwise.
It follows that if m; < 0, then a(co,p;"") = 0. So assume that mq,... ,m, > 0. Then for each
1t =1,...,h, we use the uniqueness property above for choosing b; and integers 1 < j; < myp,. U

Theorem 3.9 Fiz a prime p, let V), be a complex vector space, and let m, : GL(2,Qp) — GL(V},).
Assume (mp, Vp) is an irreducible and admissible representation of GL(2,Qy).

Let f be a normalized Hecke newform of weight k, type v, level N, and character x (mod N)
forTo(N). For each cusp a € QU{oc} andn € Z, let a(a,n) denote the n'* Fourier coefficient of
f at the cusp a. Let f. .. be the adelic lift of f as in (3.1). If (mp,V}) is isomorphic to the local
representation factor of the irreducible global automorphic representation of GL(2,A) (which is
generated by fadeiic), then (m,, Vp) is supercuspidal if and only if for each cusp a € QU {oo} with
e = 0, there exists an integer My > 0, such that

a(a,mgp™) =0, (for allm € Z, m > M,),
where mq, e are given by (1.4), (1.5), respectively.

Proof: If p { N, then fogeiic is fixed by K, = GL(2,Z,). It follows that (m,,V,) has a
nonzero K,-fixed vector, and a nonzero Whittaker model, which forces it to be an irreducible
principal series representation (see [4], theorem 4.6.4). It follows that if p { N then (m,,V))
cannot be a supercuspidal representation. On the other hand, if pt N and f is an eigenfunction
of T)X, then it follows easily that infinitely many of the coefficients a(oo, p™) are nonzero. This
proves the equivalence in this case, and henceforth we shall assume that p | N.

Let Wj denote the global Whittaker function of f, ... It follows from Theorem 3.6, that
there exist local Whittaker functions Wy, on GL(2,Q,) at each place of v such that

Wf(g) = HWf,v(gv)a (Vg = {gv}vﬁoo S GL(ZvA))'

For a prime p, assume that (7, V},) is isomorphic to a component of the irreducible automorphic
representation of GL(2, A) generated by f,, ... As we have noted before (see proof of theorem
3.6) there exists a Whittaker space W, := W(m,, e,) associated to (mp,V,) and Wy, € W,. We
also have a corresponding Kirillov space, denoted k), where

;cp:{w«g ?)) ‘ye@;, Wewp}.

It is a theorem of Kirillov (see [9], [12], [13]) that the representation (7, V}) is isomorphic to one
and only one Kirillov representation (7', K,) where the representation 7, : GL(2,Q,) — GL(K,)
operates in such a way that

(3 D) (5 9)) = e (7 9))
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for all a,y € Q) for all b € Q,, and for all W € K.
Define the Schwartz-Bruhat space

S(@;) — {¢ : @; C ¢1is locally constant, and INg4 > €, > 0 such that } .

P(y) = 0 if [yl < e or |yl, > Ny

Then by [9], [11], (7p, V},) is supercuspidal if and only if K, = S(Q,’).
Assume that p | N. For y € Q), define

= (1 0)) <5

() = a(oo, lyl,t), if [yl ' €Z,
P 0, otherwise.

By Corollary 3.4

Then ¢,, is invariant under the action of

Iy = {(‘c‘ Z) € GL(2,Z,) ’ ce sz},
and /C,, is spanned by
{W’(g)-sop ‘ g€ GL(ZQP)}.

Now fix g = <‘: Z) € GL(2,Q,). We will compute 7’ (g) .¢(y) for y € Q; and determine

under what conditions this function lies in S (Q;) . There are two different cases that need to
be considered.

Case (1) c=0:

"((6 a)or=w (5 2) 6 2))

{0 G e Y e bt <

0, otherwise.

For fixed (g Z) € GL(2,Q,), the function 7’ ((g Z)) pp € S(Q)) if and only if there exists
an integer M > 0 such that 7/ <<g Z)) <op(y) =0ify € pMZ,. Since x,(d) # 0 and e, (bd~'y) #

0, this function vanishes if and only if a (oo7 ]ad_ly\;l) = 0. It follows that =’ <(g Z)) .pp €

S(@;) if and only if there exists a an integer M., > 0 such that a(co,p™) = 0 whenever
m > M.

Case (2) c#0:

-G DT
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Consequently

(G T D6 T
ot o) (5 (0 ) (5 10)) ) -

If e ld e Z,, then

(@, <(‘1) ‘01> <(1) 0_11d>> .g0p> (c~2(ad — be)y) = <7r;, <<(1’ ‘01>> .¢p> (¢=2(ad — be)y)
_w,, (<c—2(ad0— be)y (1)> ((1) —01>)‘

Then by Corollary 3.4, there exists a cusp a € QU{oo}, an integer 0 < j < myq, and ko € Ko(N),

which are uniquely determined by g = (‘CL Z) and y such that

i <% ((1) {>> i <<|c‘2(ad—bc)ygpc_Q(ad—bc)y (1)> <(1) —01>) ko € Ko(N).
Then
o (7 ()

a((a,male(ad = be)yly ! = pa ) eoe (e (ad = be)yl;15) Toause (ko).
if mg|c™?(ad — be)yl, ! — pa € Z,

0, otherwise.

Therefore, if ¢c™1d € Z, then

77}» ((ZL Z)) ()

xp(c)ep(ac™1y) a(a, mq|c 2 (ad — bc)y|;1 — ,ua) €oo (|C*2(ad — bc)y|;1j) Xigeri (K0),
= if mglc™?(ad — be)yl, ' — pa € Z,

0, otherwise.
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0 -1 1 c¢cld\ [(ct'd 0 2d=% —cd! 1 0
1 0 0 1 N 0 ¢l 0 1 ed™t 1

€ GL(2,7Z,) since cd~! € pZ,. It follows that

()6 ) )it
= xp (¢ 1d) ep( — el (ad — bc)y) <7r;, <<Cd1_1 ?)) .g0p> (d=2(ad — be)y)

and

(e D)4 ) ()

There exists a cusp a € QU {oo}, an integer 0 < j < m, and kg € Ko(N), which are uniquely
ab
cd

- (% (é {)) ip <<‘d_2(ad_bc)ygpd_Z(“d_bc)y ?) <cd1_1 ?)) = ko € Ko(N).

It follows that

(7 ()

a((a,mald=2(ad = byl — pa ) eoo (142 (ad = be)yl; 5 ) Ko, (ko).
= if mqld=2(ad — be)yl, ' — pa € Z,

0, otherwise.

determined by g = ( ) and y such that

Therefore, if ¢c71d ¢ Z, then

ACMIET

xo(©)ey (acy) a(a,mald=2(ad = be)yl,t = pa ) oo (1472 (ad = b)Yl ) Kigue (o),
= if mq|d=2(ad — be)yl, ! — pa € Z,
0, otherwise.

For fixed <Z Z) € GL(2,Q,) with ¢ # 0, the function =/ ((i Z)) pp € S(Qy) if and only if

p
there exists an integer M > 0 such that 7, ((Z Z)) op(y) =0 for y € pMZ,. If pg # 0 then
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a(a,malyl,* — pa) € S(Q)) already. Therefore, for each cusp a € QU{oo} with g = 0, if there
exists a non-negative integer M, such that a(a, mqap"™) = 0 for any integer m > My, then by the

above computations, 7, ((Z Z)) p € S(Q)) for any <a b) € GL(2,Q,).

Now assume that there exists a cusp a € QU {oo} with pg = 0 such that for any non-negative
integer M, there exists an integer m > M and a(a, mup™) # 0. By Theorem 3.8,

a(a, map"™ HWfq<< ?)%?1)#0-

q|N

So for any non-negative integer M there exists an integer m > M such that Wy , ((P;n (1)) ’Y;l> _
(W; (%_1) -SDp) (p™) # 0. Therefore

(12 h) -en(y) ¢ S(Q).
Then (7, V},) is not supercuspidal. O

Corollary 3.10 Let f be a normalized Hecke newform of weight k, type v, level N, and character
X (mod N) where x is a primitive Dirichlet character. Let f. . be the adelic lift of f as in
(3.1).

For a prime p, let (m,,V,) be an irreducible and admissible representation of GL(2,Q,). If
(7p, Vpp) is isomorphic to the local component of the irreducible global automorphic representation
of GL(2,A) (which is generated by f,,...), then (m,,V,) cannot be supercuspidal.

adelic

Proof: If p| N and x is primitive, we know that a(co,p) # 0 by [10]. Since f is a newform,
for any positive integer m, a(oo,p™) = a(oo,p)™ # 0. By Theorem 3.9, (m,,V),) cannot be
supercuspidal. O

Remark: In the proof of theorem 3.9 we say that if (7, V) is supercuspidal then p|N. In fact,
more it true: it follows directly from [5] that if (mp,V}) is supercuspidal then p?|N. For the
convenience of the reader we briefly show how to deduce this fact from [5]. We shall assume
the reader is familiar with the notation of [5] for the remainder of this paragraph. Suppose that
the field k considered in [5] is Q, and the representation o considered in theorem 1 of [5] comes
from a Maass form of level N, such that p®|N and p®*! { N. Then Casselman’s conductor ¢(p)
is the ideal p® - Z,. It is also shown in [5] (page 304, line 16) that in the supercuspidal case
c(0) = p~™ where n; is a certain integral invariant of the representation ¢ which was shown by
Jacquet-Langlands to be at most —2. (See [5], p. 303, paragraphs 1 and 2.) Thus o = —ny > 2.

¢4. Some cusp representatives

In order to give the proof of theorem 1.7, we wish to describe a convenient set of representatives
for the equivalence classes of cusps in the case when N = ¢ is a prime power.

Lemma 4.1 If g is a prime, and e a positive integer, then the set

{0, 00} U {1

Clql

1 S I < €, ng(CLQ) = 17
1 <c < min(qlaqe_ )7
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is a set of representatives for the I'g(q°)-equivalence classes of cusps.

Proof: It is well known and easily verified that the group SL(2,7Z) permutes the set of cusps
transitively. It follows that I‘o( °)- equivalence classes of cusps are naturally identified with

double cosets T'o(q*)\SL(2,Z) /T, where I'y denotes the stabilizer in SL(2,Z) of any fixed cusp
a. It is convenient to employ this identification with a = co. As remarked above, the stabilizer
I'no = I' is independent of N and given explicitly by

{6

Now, it follows easily from the definition of I'g(¢®) that T'g(¢®)\SL(2,Z) is naturally identified
with BY(Z/q°Z)\SL(2,Z/q°Z), where B'(R) denotes the group of upper triangular matrices
with entries in the ring R and determinant equal to 1. The projective line P*(Z/q°Z) is given by

{(x0,21) € (Z/q°Z)? | (o, 21) = Z/q°L} | ~ .

Here, (xg,x1) denotes the ideal generated by zy and x1, and ~ denotes the equivalence relation
given by

ee{il},nez}.

(o, 1) ~ (26, 7)) <= (204,7}) = (Az0, Ax1), some \ € (Z/q°Z)*.
We write [zg : x1] for the equivalence class of (xg,x1). The group SL(2,7Z/q°Z), has a natural
right action on P(Z/q°Z) given by

[xozml]-(i Z) — azotcar : bro+da1],  [z0: 31] € PNZ/¢°T), (“ Z) € SL(2,Z/¢°T).

Clearly, the stabilizer of [0 : 1] is BY(Z/q°Z). Thus P*(Z/q°Z) may be identified with the coset
space I'g(¢°)\SL(2,Z). It follows that I'g(¢°)\SL(2,Z)/T'« is in one-to-one correspondence with
orbits for the action of T'n, on PY(Z/q°Z) via inclusion into SL(2,Z) and then projection to
SL(2,Z/q°Z). Note that the coset in I'g(¢°)\SL(2,Z) which corresponds to the element [z( :

x1] € PY(Z/q°Z) consists of all matrices <‘Z Z) such that (¢,d) = (Azg, Az1) (mod ¢°) for some
Ne(Z/qZ)™.
It is clear that
PY(Z/q°Z) = {[1 1] ] = Z/qu} U {[a:o 1] \ o € Z/q°L — (Z/qu)X},

and that the action of ', permutes the elements of {[1 : x| | x1 € Z/q°Z} transitively. It
follows that the I'g(g¢)-cosets corresponding to these elements comprise a single double coset in

To(g°)\SL(2,Z)/T o which is represented by (1 0 ) . This matrix maps oo the the cusp 0.
We study the action of I'ss on {[zo : | xo € Z/q°Z — (Z/q°Z)* }. Writing g = ¢'c; with

1<i<e1<c <q " and ged(er,q) = 1, we compute
L. L' n\ 1. . I Y s seera
[qcl.l] 0 1 —[qcl.qcln—i—l]— qgeci(dlein+1): 1,

where @ denotes a~! modulo ¢¢~'. From this we see at once that each part of the partition

{ [qlcl : 1] ‘ (Clch) - ]-7 1< 1 < qe—l}

N
Il ( ®
MR
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is preserved by the action of I'y,, and that I'y, acts trivially on
{[qlcl :1] ‘ (cl,g)=1,1<c1 < (f‘l}

whenever e — [ < [, for in this case (¢glc;n + 1) = 1 (mod ¢°~!), whence [¢'ci(¢lein +1) : 1] =
[¢'cy : 1]. When | = e, {[¢'c1 : 1] | (c1,9) =1, 1 <1 <¢°7'} = [0 : 1], which corresponds to
the element of T'g(¢¢)\SL(2,7Z) represented by the identity matrix. The corresponding cusp is
co. For other values of [ > 5, we have shown that for each c¢; such that 1 < ¢; < ¢ ! and
ged(er, q) = 1, the coset in T'g(¢®)\SL(2,Z) corresponding to [g'c; : 1], is in fact a double coset

To(¢°)\SL(2,Z)/T «. This coset is represented by the matrix (qllcl ?) which maps oo to —

gler”

When e —1 > [, the action of ((1) T) on {[¢'c1 : 1] | (c1,9) =1, 1 < ¢1 < ¢°7'} factors through

the function n +— (¢‘cyn +1). This maps Z into the group U, of units in Z/q°Z which are
equivalent to 1 modulo ¢'. It is easy to see that this function is surjective. More precisely
n — cin is a bijection Z/q®~'Z — Z/q°~'Z, while m +— 1 + ¢'m is a bijection Z/q*~'Z — Uy,
and s a bijection U; — Uj.

Thus we are reduced to studying the action of U; on (Z/q°~'Z)*. Clearly ciu = ¢; (mod ¢')
for all ¢; € (Z/q*~'Z)*, and u € U,. Equally clearly, if ¢1, ¢} € (Z/q*'Z)*, and ¢; = ¢} (mod ¢')
then c¢je; € U;. Tt follows that the orbits for the action of U; on (Z/q*~'Z)*, are precisely the
residue classes modulo ¢'. This completes the proof. [

5. Proof of the main theorem

For a prime ¢ and positive integer e, fix N = ¢¢. From lemma 4.1, we can take the complete
set of inequivalent cusps for I'y(¢°) as

(5.1) S = {0,00} U {1

c1¢t | 1< e <min(q',q°™"),

1 < I < €, ng(ClaQ) - 17}
l qe .

For each cusp a € S, we have the following.

4 _ _ £ O
a=0 Ya (? 01)70a:((1) 01) q02 qu)aga—(qe(l])yma:qea
_ 1 (10 10 5=t 9
s e () () (4 ).
1—g®™ e—21 _
ga:< —Z czcl—(il-qe_lc y Ma = q° 2l’
10 10
a= >80 s= (L) o= (1Y),
1—¢! 1
L ga:(_ngccz 1+C’}zc>7ma:1-
From the above table, we can easily see that (g = oo = 0 since X(go0) = X(9goo) = 1. If a # 0, 00,
thenaz%ql,with1§0<min(ql,qe_l) and (¢,q) =1 and

X(g9a) =x(1+c- max(q', qe*l)) =x(1+ max(q’, qefl))c _ p2mita
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—~ . I e—1
SO X(gu)mln(q »q ) =1.

Lemma 5.2 Fiz an integer e > 1. Let x be a Dirichlet character of prime power level N = ¢°.
Let x,,..... be the trivial character modulo q¢. Let xo be a primitive Dirichlet character of prime
power level Nog = ¢ (with 0 < ey < e) such that X = X0 * Xuwia - Lhen the following hold.

e For each integer 1 < | < e with max(¢',¢*~") > ¢, and any cusp a = Cqu with

1 <c < min(q',¢°7Y) and (c,q) = 1, the cusp parameter 4 is zero.

e For each integer 1 <1 < e with max(q',¢*~") < ¢, there exists a cusp ag = ﬁql with

cusp parameter piq, = min (g%, qe°_6+l)_1- Here 1 < ¢ < min(g®~", ¢®~**") and
(co,q) = 1. Then

o _ _ -1
27sz1n(q60 L go0 e+l)

%(gao) =€ ’

and for any cusp a = c%ﬂ with 1 < ¢ < min(¢', ¢*7') and (c,q) = 1, there exists a unique

integer 1 < r < min (qeo_l, qu_e“) with (r,q) = 1 such that

c = reg (mod min (qeo_l, qeo_e"'l)) and g = Tfgq-

Proof For any integer m with 1 <m <e, let U, ={a € (Z/¢°Z)* | a =1 (mod ¢)™}. This is
a subgroup. In fact, it is the kernel of the natural projection from (Z/q°Z)* to (Z/q™7Z)*. The
integer eq is the smallest integer such that x factors through this projection. Thus the restriction
Xlu,, of x to Uy, is trivial iff m > eq.

Use the set of representatives for cusps S in (5.1). As we see from the table above, the
lower right entry d, of the generator g, is an element of Upaxie—1. Since g is defined so that
e*Te = x(dy), we need to study the restriction x|u,,. . .-

If eg < max(l,e — ), this restriction is trivial and p, is zero, regardless of ¢. The function
¢ = 14 cgm™e=D js an isomorphism Z/q™"(¢=DZ — Uyaxe—1y- Composing with x, we
obtain a homomorphism ¢ from Z/q™"*(:¢=D7Z to C. For any m with max(l,e — 1) < m < e,
the preimage of U, in Z/qmin(l’e*l)Z is the cyclic subgroup generated by g™ ™ax(be=l) = and
these are the only subgroups of Z/q™"(¢=D7Z. Since the kernel of y contains U.,, but not
Ueco—1, it follows that the kernel of x|v,..,._, is precisely equal to U,,, and that its image
is the (qe(’_ma"(l’e_l))th roots of unity. Furthermore, ¢ factors through the natural projection
Z/qmi“(l’e_l)Z — Z/qeO_maX(l’E_l). For ¢(, we take the least positive element of the residue class

qco—e+l)_1 |:|

. i mi eg—1
which maps to e?™ min(q0~",

Proof of Theorem 1.7: Fix a € S. Let M be a positive integer and ¢ = +1. Write
€M + pa = emapy™ - PR g™,

for distinct primes p1,- -, pn # ¢, and integers my, -, my,, m with mq,--- ,m, > 0. It follows
from lemma 5.2 and the discussion preceding it that p, = 0 except when a = chzl with max(l, e —

l) < eg. Also, in all cases, mq is a power of q. Thus, when py = 0, the expression

M = p?inl . p;n" . (maqm)
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is the prime factorization of M. The expressions for m in terms of « in the various cases now
follow easily from the values of m, tabulated above.

When a = C—;l with max(l,e —[) < ep, it follows from lemma 5.2 that p, is a rational
T
min(qeofl’qeofele)
is a rational number with the same denominator, and a numerator which is congruent to r

number of the form = qeO,m:Xu,e,l) with ged(r,q) = 1. Consequently eM + g

(mod min (g°~!, g°~¢*!)). Since in this case mq = ¢™**(-¢=D=1 we obtain m = —eg + [
Let M
M, ::6 +7/ia:p11nl”.p:7:n.
€Maq

Then by theorem 3.8, there exists a unique cusp b € S and a unique integer 1 < j < my such

that
1 57\ _[a b
Vo <0 1) =: (C d> € SL(2,7Z),

1 eMy 0\ 1 [aq bg
wlo ) (" )= a)
where ¢, =0 (mod ¢¢). Then

n

a(a, eM) = a(co, €) Ha(oo,pl-”i) (a(b,muq™ — pp)ess (¢ - §)x(dg) 1) -

(we shall show that mpq™ — pp is always integral).

(1) If a = oo, then g = 0 and my = 1. Since Yoo (61\040 ?)”ygol = (51\040?) €lyn. Sob=oo0.

Since m = a > 0 and up = 0, it follows at once that myq™ — pp € Z. Furthermore,

n

a(0o, eM) = a(oo, €) Ha(oo,pzni) -a(oo, ™).

(2) Tf a = 0, then jig = 0 and mq = g°. Then 7 (J\(;Io (1)> ol = (é d&(}) € I, n. Therefore,

b =0 and j = 0. Once again pup = 0. Furthermore, myq¢™ = q* € Z. Finally,

n

a(0,eM) = a(oo, €) Ha(oo,p?) ~a(0,¢“T™)x(eMp)

If a # 0,00 then a = c%l for some fixed integers 1 < [ < e and 1 < ¢ < min(q', ¢°!) with

(c,q) = 1. Also, my = max(q°~2,1). Let us explicitly determine b in this case. First, assume
[ > 5. Consider the computation

EMO 0 -1 1 0 EM() 1 0
Tl g 1)7 d¢t 1 0 1)\ —cg 1

(5.3) = <ql(c'6€]]\\44§—c) (1)>
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It is clear that the matrix on the right-hand side is an element of I, x if and only if ¢ = 'eM,
(mod ¢¢~!). Thus b = c%q, for this particular value of ¢’. Referring to the table above, we see

that my = mgq =1, and d, = dEMo (mod ¢¢), whence eMypp — g € Z.
Now assume [ < 5. Consider the computation

1 j\[eMy O\ 1 (1 0\[/1 j\[eMy O 1 0
T lo 1 0o 1)7% T\t 1)\ 0 1 0 1)\ —cd 1
' ¢ (ceMy — jc'eqt —¢) jcgd+1 )"
It is clear that the matrix on the right-hand side is an element of I, y if and only if ¢/ and j are
such that ¢ = ¢’eMy (mod ¢¢~!) and jc'c = (%) (mod ¢)¢~2!. This shows that b = ﬁ,

where ¢’ is the unique solution to ¢ = ¢’eMy (mod ¢°~') in the range 1 < ¢/ < ¢'. Tt follows at
once that my = mq = ¢, and that eMopuy — i € Z.

(3) If pq # 0, then by Lemma 5.2, max(q’, ¢°~!) < ¢° and

.
min (g0, geo—etl)’

Ha =

for some integer r with 1 < r < min(g® !, g°~¢*!). Similiarly

,’,l

Inin(qeo—l7 qeo—e—l—l) ’

for some integer 7’ with 1 <7/ < min(g®~, g°o—**!). Since

r — mi o M M e—21 . ,m
eM + min(geo T, geo—erT) — CMePl o = eMomax(q“™ 7, 1) - q

it follows that eM min(g® !, g®0—*!) + r = eMyg™**~!. This implies that m = —eg + I
and eMy = r (mod min(g® !, g% ~¢*!)). Since eMoup — pta € Z, we deduce that eMor’ = r
(mod min(g®~!, ¢g®o~¢*!)), and hence that ' = 1. It follows that pup, = min(g® !, geo—¢t)~1 =
mepq™.

o <e—1land p1qg = rq, # 0: In this case it follows from (5.4) and the definitions of ¢’ and
7 that

1 - _ 1 . _ . B
o (ggueetr) =atoes [T (o (70) e (a7 5) 0 +1) 7).

q =1

where ¢’ and j are determined by ¢ and eM, as above.

o/ >ec—1land pq = rug, # 0: In this case it follows from (5.3) and the definition of ¢’ that

1 “ - 1
a <l,eM> = a(oo,e)Ha(oo,pi Na (c’ql’o> ;

C
q =1

where ¢ is determined by ¢ and eM, as above.
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(4) For a fixed integer 1 < I < e, take an integer 1 < ¢ < min(q’,¢°~!) and (c,q) = 1. Let
a= Cq . As shown above, b = ,1ql, where ¢’ is the unique solution to
1< ¢ <min(¢',¢¢7) deMy—c=0 (mod min(¢',¢*™")).

Assume that g = 0. Then pp = 0 by Lemma 5.2. Furthermore my = mg = ¢™®*(e=2L0) Tt
follows that ¢"'my — pp = ¢ (where « is the highest pwer of ¢ that divides M as before), which
is integral.

o [ <e—Iland pg =0: In this case it follows from (5.4) and the definitions of ¢/ and j that

1 = 1 . N _
al g M) = afoo,¢ ) [T aloo,p ( a( G e (@™ - §)x (i + 1) 1)-
=1

e[ >e—1[and pug =0: In this case it follows from (5.3) and the definition of ¢’ that

1 - 1
'm2 . m
a(cql,e ) (00, € IlozoopZ (c’ql’q )

=1

[l
6. Remarks on choices of a and ~,

As remarked in §1, the Fourier coefficients a(a,n) of a Maass form f at a cusp a actually
depend on the matrix o, or, equivalently, the matrix ~, used in its definition, and not only on
the choice of a. Further, while it is intuitively obvious that when considering Fourier expansions
at various cusps, it is sufficient to consider a maximal set of I'g(/N)-inequivalent cusps, it is also
clear that the choice of representative for each I'g(INV)-equivalence class will influence the precise
numbers considered. In this section we make these dependencies completely explicit and then
offer some remarks on choice of representatives for N not a prime power.

Because we wish to study the dependence of the Fourier coefficients on the choice of matrix
~a used to define them, it is necessary to make this dependence explicit. Thus, we write a(yq,n)
rather than a(a,n).

Lemma 6.1 Suppose that a and @' are two I'o(N)-equivalent cusps, and that vq,ve are two
elements of SL(2,7Z) such that y,00 = a and yy00 = a'. Let a(yq,n) (resp. a(vq,n)), n € Z
denote the Fourier coefficients of a Maass form f at a (resp. a') defined using an element o
(resp. oq) obtained from ~yq (resp. Yar) as in §1. Then

o) = X0) ¢ (0 o)+ ) -t

a

where v9 € To(N) and j € Z with 0 < j < mq are uniquely determined by the condition that

e (LT
’Va’—’VO ’Ya 0 1 .

Proof: This follows easily from the definitions. O
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We would like to extend the idea for choosing explicit representatives for the equivalence
classes of cusps described in §4. It is not convenient or necessary to make a completely explicit,
choice of cusp representatives. It turns out to be sufficient to specify our representatives only
modulo a suitable power of each prime dividing N.

For the remainder of this section and the next, we shall employ the following notation. We
take S to be a finite set of primes, denoting a general element of S by ¢, and a general prime
which is not in S by p. For each element ¢ of S we fix a strictly positive integer e,, and we let

N = qusqe‘I.

Lemma 6.2 For each q € S, let 7y : Z/NZ — 7Z/q*Z denote the natural projection. The
natural map Z/NZ — [,cs Z/q°Z given by n — (m4(n))qes induces a bijection PYZ/NZ) —
[les PY(Z/q%Z). Furthermore, two elements of P(Z/NZ) are in the same T o -orbit if and only
if their images in PY(Z/q%Z) are in the same T's-orbit for all ¢ € S.

Proof: The Chinese remainder theorem states that the natural map Z/NZ — [[ 5 Z/q*Z
is a ring isomorphism. It follows easily that gives a bijection

{(mo,xl) € (Z/NZ)? | (zo, 1) = Z/Nz} -1I {(mo,xl) € (Z)q“Z)? | (z0,71) = Z/qeaz}.
qeS

Furthermore, if (zf,2]) = (Azo, Az1), then (my(xf), mq(x))) = (mg(N)mg(x0), mg(N)7g(21)) for
each ¢ € S. Finally, suppose for each ¢ € S there exists A\, such that (m,(z(), mq(2])) =
(Aqmq(z0), Aqmq(x1)). Then it follows that (xf,z}) = (Axg, Ax1), where X is the unique solu-
tion to the system of congruences m,(A\) = A\; Vg € S. Consequently, we have a well-defined
bijection
PY(Z/NZ) — [[ P (Z/q*Z).
qgeSs

In the same manner, we see that In € Z/NZ such that [zo : x1] = [yo : v1] ((1] T) if and only if,

for each ¢, In, € Z/q°Z such that [z¢ : z1] = [yo : y1] (é "f) (mod ¢°). O

Corollary 6.3 Suppose that, for each q € S, a set C, of representatives for the double cosets
Lo(q°0)\SL(2,Z)/T o has been chosen. Let C be a set having the property that, for any element

(Vq)qes of the Cartesian product qus Cqy there is a unique element v € C such that

v = 74 (mod ¢°), (Vg € S).
Then C is a set of representatives for the double cosets T'o(N)\SL(2,Z)/T .
Remark: A choice of representatives for I'g(N)\SL(2,Z)/T « is slightly more information than

a choice of representatives for the I'g (N )-equivalence classes of cusps: it includes also a choice of
matrix 7y, for each representative cusp a.

By corollary 6.3, we may fix a set C of representatives for the double cosets I'o(N)\SL(2,Z) /T
such that, for each ¢ € S and each v € C, the matrix v is equivalent (mod ¢°?) to one of the
representatives for I'g(¢®1)\SL(2,Z) /T« fixed in §4:

R (CR N (i | R O

1<l<e, ged(er,q) =1,
1 < ¢ <min(g,¢¢h) '
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Such a choice determines a maximal set of inequivalent cusps for I'g(N) and a choice of ma-
trix v, for each element a of this set. Declaring that we choose our representatives a and the
corresponding matrices v, in this manner does not uniquely determine ~,, but it does uniquely
determine the coefficients a(vyq,n), for if 74 and ~/ are equivalent (mod N) then they differ by
an element of the principal congruence subgroup I'(/V) on the left, and I'(/V) is contained in the
kernel of the character X.

Lemma 6.5 Let a be a cusp and v4 a matriz such that vo00 = a and, for each q € S, v, is
equivalent (mod ¢)° to one of the elements of (6.4). Let a, denote the corresponding cusp.
That is, 7,00 = ag with g, from (6.4) and vq = a, (mod ¢°). Let pq be the cusp parameter of
a, defined using some character x (mod N). The isomorphism Z/NZ — [],cqZ/q*Z ensures
that x = [],ecs Xq for some characters (xq)qes with x4 (mod q°) for each q. For each q € S, let
Ko, denote the cusp parameter of ag relative to x4. Then

Mg = gcerg (Ma,),

m m
Pa = Z 2 Ha, — Z —a,uaq (greatest integer function).
qes % qeS Mag

Proof: The lower left entry of v, - ((1) i) a1 is congruent to 0 (mod N) if and only if it is

congruent to 0 (mod ¢°) for each ¢. This is the case if and only if j is divisible by m,,_ for each
q. The first statement follows. We see at once that for each q € 5,

1 m _ 1 m _ 1 m ag _ e
7&(0 1‘1),7a157aq'<0 1(1),,7[1111:7(1{1_(0 1aq> .r)/aql (mOdqq)

It follows that d, = d:?q (mod ¢°) for all ¢ € S and from this the second assertion follows
immediately. [

The following lemma will be useful later on.

Lemma 6.6 Let a be a cusp and let (¢,d) denote the bottom row of 4. Let a be an integer
prime to N. Let o/ be the cusp such that 4 represents the double coset in T'o(N)\SL(2,Z)/T
corresponding to the U so-orbit of [ac : d] in PY(Z/NZ). Then mq = mq and pgr — a - p1q € Z.

Proof: For each ¢ in S, the pair (c,d) is equivalent to (0,1),(1,0) or (ciq’,1) modulo g®
where ¢1,l are subject to the constraints in (6.4). It follows at once that the bottom row
of 74 is equivalent to (0,1),(1,0) of (c;q¢',1), respectively, where ¢| = ac; (mod ¢®~') and
0<d < gmin(bea—  The value of My, is 1, except when the bottom row of ~, is equivalent to
(c1¢',1), with I < e — 1, in which case it is ¢°~2. It follows easily that Ma; = Ma, for each ¢ and
thence that mge = mg. Similarly, dq, is equal to 1 if (c,d) = (0,1) or (1,0) (mod ¢°?), while if it
is congruent to (ci1q’,1), then do, = (1 + c1g™@(be=D)  Clearly, with ¢| as above, we have

(1_’_Cllqmax(l,efl)) = (1_’_aclqmax(l,efl)) = (1+C/1qmax(l,efl))a (mod qeq).
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It follows that ap, — Pal, € 7. The second assertion of this lemma now follows from lemma 6.5,
because mq/mq, and mar/ma; are the same integer. [

It is easy to see from the proof of lemma 6.6 that the mapping (a,a) — o’ which is considered
in lemma 6.6 actually defines an action of (Z/NZ)* on our set of cusps. Abusing notation we
regard it as an “action” of the set of all elements of Z which are prime to N. We shall write
a - a for the cusp o’ obtained from a in this fashion, and ="' - a for the unique cusp a’’ such that
a-a’=a.

§7. Toward a classical proof of theorem 3.8

In this section we study the problem of giving a proof of theorem 3.8 in purely classical terms,
with a partial result in this direction being given in theorem 7.5 below. It is helpful to first
review the classical proof of multiplicativity of Fourier coefficients at infinity. Suppose that

—(TXF) (= .:L ; = z4+1
(7.1) A-f(z) = (TX[) (2) : \/ﬁ(x(p)f(p)ﬂL;f( 5 ))

for some A € C and all z € §). Suppose further that

(72) ) = 3 alo0,m) W,y (sl )

Now plug (7.2) into (7.1), using the identity

p_l 2mwinb {p 1f]’)|/n/7
DU
— 0 ifpfn.

By comparing coefficients of Wegnr 1 (47r|n| . y) e2™ne in (7.1), we see that
2 ’ 2

(7.3) (

with the understanding that a (oo, %) = 0 if p fn. It follows that for all n with ged(n,p) = 1,

) a(oo,n) + v/pa(oo,np) = 0,

“@\S

and all k > 0, the coefficient a(oco,np®) = by - a(co,n), where (bg)?_, is the unique sequence
satisfying the recurrence relation

Dbk — b1 + ng br—2 = 0,

and the initial conditions b_; = 0, by = 1.

It is natural to ask whether one may prove that the Fourier coefficients at cusps other than
oo satisfy a recurrence relation analogous to (7.3). The answer, in general, appears to be “no.”
In fact, what we shall prove in theorem 7.4 below is a formula which, in general, involves Fourier
coefficients at three different cusps.
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Theorem 7.4 Let f be a Maass form of weight k level N and character x. Assume that a mazimal
set of I'o(N)-inequivalent cusps and a matriz vy, for each cusp a in this set have been chosen as
in §6. Let a(a,n) denote the Fourier coefficients defined using the matrices o, determined by
these choices of a,7q. Let p be a prime which does not divide N, and assume that TXf = Af.
Then for each representative cusp a there exist cusps a’ and a”, and integers j',7", N, N, such
that

A// + a )
XA (a2 Ve (n+ pa) — Aafam)

L /B(V)e (J”;“) ald, [p- (n+ o)) = O,

with the caveat that ”J;% — par need not be integral, and the convention that if it is not then

1

a (a”, "J;% — Ma”) is defined to be zero. The cusps ', and a” are p-a and p~—" - a, respectively,

in terms of the action of Z/NZ on a set of cusp representatives satisfying our hypotheses which
was defined at the end of the last section.
For prime power q¢, the values of X', N, are given in the table below. The integers j',j", are

both zero unless a = cllql with | < 5. In that case, we have

0<y,j"<q¢ ", 0<d,d <,

dip=ci (modq'), ¢ =cp (modg),
dp—j"de)=c (mod q)®,  (1—d'erj'p)c) = eip (mod ¢°).

For N = qus q°e, the integer N may be taken to be the smallest positive solution to the system
of congruences: N = A\ (mod ¢°¢), (V q € S), where, for each q, the integer A is obtained
by applying the result to the prime power ¢° and the cusp a, for I'o(q®) such that vq = 7a,
(mod ¢%1). The values of j',j", N are obtained similarly.

a N N

00 1 1

0 1 P
Cllql’ b2 % p 1
o 1< 5 (¢h) e () e

(Inverses taken modulo ¢°.)

Remarks: If y is not primitive, it may not be necessary for A’ to be congruent to A; modulo
q°?; a lower power of ¢ may suffice. The same applies to \”. It will turn out that the systems of
congruences for j' and j” can always be taken modulo properly lower powers of ¢. (See e and
N’ in the statement of proposition 7.5.)

Theorem 7.4 follows easily from the following proposition, by the same argument sketched in
the classical case at the beginning of this section. This proposition works with the group algebra
C[GL(2,Q)™]. The action of GL(2,Q)" on functions h — C by the weight k slash operator |y
extends by C-linearity to an action of C[GL(2,Q)"], and this identifies the Hecke operator T)X
with )

p 0Y X
x(p) <0 1) +

(é 2) € ClGL(2,Q)*].

b=0
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We shall also consider the right ideal in C[GL(2, Q)] generated by all y—x(v) with v € T'o(V).
It is easy to see that any modular form of character x for I'g(N) is annihilated by this ideal.

Proposition 7.5 Fiz a cusp a and let a’,a”, X', N, 7', 5" be defined as in theorem 7.4. For each
q €S, let

0, ag = 00,

/ _
eq: eq, aq—O,
_ 1
eg—1, ag= L.

cq

Let N' =] cs q%a. Let T denote the right ideal in the group ring C[GL(2,Q)™] generated by all
v =x(7), v € To(N). Then

X — 7 , p 0 1 j/l , / 1 b
Tp%l = X()\ )7a (0 1) (0 1 +X(/\ )")’a g 0 p (mod I).
0<b<N'p
b=j’ (mod N’)

As a first step towards the proof of proposition 7.5, we show the following.

Lemma 7.6 For each element of the set {(c,d) € (Z/NZ)? | (c,d) = Z/NZ}, fix an element
s(e,d) of SL(2,7Z) such that the bottom row of s(c,d) is congruent to (c,d) (mod N). Take p
a prime not dividing N. Then for any matriz v € SL(2,7Z) such that the bottom row of 7 is
congruent to (c¢,d) (mod N), we have

Txy—s(cpd< )—I—pzlspcd (é ;) (mod T),

where I is the right ideal of C|[GL(2,Q)™] defined in proposition 7.5.

C((p O AN
=45 1)ju{(o 5)-0si=r}.
Then, for all £ € S,

SL(2,Z)-¢-SL(2,Z) = [] SL2,2)-¢ = ] ¢-SL@2,Z

&'es, §'esy

Proof: Let

It follows that for all £ € S,,v € SL(2,Z) there exist unique ¢ € S,,7 € SL(2,Z) such
that £y = /¢, and that, for fixed v, the map & — &' is a bijection S, — S§,. If £ and v are
given, then the element ¢ may be described concretely as the unique element of S, such that

§y(€) 71 € SL(2,7).
Fix any vy € I'g(V) such that x(v0) = x(p), and let

= (o3 DJo{(6 £) 05059}

Then
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To prove that two individual matrices in GL(2,Q)" are equivalent (mod Z) it suffices to prove
that their bottom rows are congruent modulo N. It is clear that the bottom row of £s(c,d) is
(pe,pd) for all € € S}, so that the bottom row of £s(c,d) (€)™ is the row vector (pe, pd) - (€/)71.
As & ranges over S}, this row vector ranges over the set {(pc,d —ic)} U{(c, pd)}. This completes
the proof. [

Proof of proposition 7.5 We assume that we have fixed a maximal set of I'g(N)-inequivalent
cusps together with a choice of matrix -, for each cusp b in this set as in §6. Let X =
{(c,d) € (Z/NZ)? | {c,d) = Z/NZ} . For any x = (z9,x1) € X, there exist a unique cusp b
from our fixed set of representatives, corresponding to the I'w-orbit of [zg : x1] in P*(Z/NZ).
If v € SL(2,7Z) has bottom row = (xg,z1) (mod N), then it is possible to choose vy € T'o(V)

and j € Z such that v = o7y <(1J {) . It follows immediately that v = X(70)7e <é {) (mod 7).

It is possible to make vy and j unique by requiring 0 < j < my, but we will not do so. It turns
out that it is sometimes possible to gain a bit of control over Y(7p) by allowing j to vary over a
larger range, and this approach is more convenient.

In order to prove proposition 7.5, we must carry out this analysis carefully for each element
of the set {(pc,d —ic)} U{(c,pd)}, as (¢, d) ranges over the bottom rows of the matrices v4,. We
first complete the case when N = ¢°. In this case, the pairs (c,d) considered are (1,0),(0,1),
and (cq!,1) for 0 <1 <e,0 < c < ¢* ' and ¢ 1 c. Let us first look carefully at (pc,d — ic) in the
case when (¢,d) = (1,0). clearly (pc,d —ic) = (p,—1) in this case. The corresponding element
of PY(Z/q°Z) is [p : —i], or [1 : —ip|, where p denotes the inverse modulo ¢¢. This element of
PY(Z/q°Z) lies in the 'y -orbit for which the standard representative is [1 : 0]. This tells us that
v in this case is (? _01> . Furthermore, since [1 : —ip] = [1: 0] - ((1) _iﬁ) , we see that j may be
taken to be —i - p. (Here, we interpret this as taking the additive inverse and product modulo
¢, so that the answer is an integer between 0 and ¢ — 1, inclusive.)

In order to keep track of X (7o) as well, it is necessary to work with X rather than P!. The
more precise statement is that (p,—i) =p- (1,0) - (é _liﬁ) . This immediately implies that

G2)-m ()G D)

with vo € T'g(¢°) such that x(v0) = x(p). Hence

(2= () 7) s

in this case. Now, (1 _@) . (1 ' ) = (1 i_;pﬁ) . Clearly, for each i, the integer i — ipp is divisible

0 1 0p 0
by ¢°. Furthermore, these integers are all distinct modulo p, and all in the range from 0 to pg®—1.
It follows that we have

p—1 .
* *> <1 z) - (0 —1) (1 b)
D ) = x(p)- Y :
=0 (p ! 0 p Lo o<ogey N0 P
b=0 (mod ¢°)

Having worked this case in detail to illustrate the method, we shall henceforth be more brief.
To finish the case (1,0) we simply note that if (¢,d) = (1,0) then (¢, pd) is again (1,0), whence
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0 —
10
case N = ¢¢ and a = 0 The case a = oo is, of course, trivial.

We turn to a = 1q . First, consider. (c1¢',p). We must identify the standard representative
for the orbit of this element under the action of Z/NZ x I's, where Z/NZ acts by scalar
multiplication and I'y, acts by matrix multiplication on the right. Referring to §4, it is not
difficult to see that the standard representative is (c/q', 1) where ¢} is uniquely determined by
the conditions that pc} = ¢; (mod ¢°!) and 0 < ¢/ < ¢™*e=D In the simpler case | > e — [,

we get
* x\ 1 0
(enp ) =@ (g 1) tmoad,

If [ < e—1, it is a bit more complicated. Because we deal with reduction and inversion modulo
various powers of ¢, it is convenient to introduce a more explicit notation. For a,r integers with
r positive, let [a], denote the unique integer between 0 and ¢" — 1, inclusive, which is congruent
to a (mod ¢") and [a], 7! the unique integer in the same range such that a - [a];! =1 (mod ¢").

When |l < e—1, we have ¢f = cl[[p];_ll]l. It is necessary to choose j” such that c¢i[p —

a contribution of (] ;) = ( 1) (mod 7). This completes the proof of proposition 7.5 in the

i"e1d'l7, = ¢/ (mod ¢°~!). However, it is possible and more convenient, to choose j” subject
1 — //

to the more Strlngent condition that c;[p — j”c1q¢']S (mod ¢¢). This ensures that x(p —

§"c1q") = x(e1)x(c¢!)~t. We have

1!

. 1 . 1 4"
(e1d',p) = (e1d',p — " e1d") (0 jl ) = (p—j"ad)(cld,1) <0 ‘71 >

£k _ m_1( 1 0 1 4
<Clql p) —X(Cl)X(Cl) < lllql 1> <O 1 .

Now, consider (c1pq', 1 —iciq'). When [ > e — [ the most expedient thing is to write this as

1 () e,

and deduce

Much as above, we get

p—1

S ;

: <61pql 1—i01ql)
=0

1 0> 1 b
v (o)
<Clq 0<b<pge—! 0 p
b=0 (mod g¢°—1)

When [ < e — [ we choose j(i) so that ¢;p[l —ici¢' —j(i)e1pd'];t = ¢) (mod ¢°). It is easy to see
that this has a unique solution modulo ¢°~!, and that the quantity i + 5(i)p is constant, modulo
q¢ !, as i varies. We get
-1
(ot 1) = L2 (0)
1—icig' ) — 0 ‘
P C1pq 1c1q 0<bepge—! p

b=j(0) (mod o)

It is easily verified that j(0) = j’, defined as in the statement of the theorem. This completes
the proof in the prime power case.
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To complete the general case, let us resume the notation N = [] ges 7. Take (c,d) the
bottom row of the matrix 7, corresponding to some cusp a, and consider (c, pd). For each ¢, we
know that (¢, pd) is equivalent modulo ¢ to one of the row vectors for which the analysis was

carried out above. Thus, for each ¢ we obtain a cusp ay, j, € Z and X € (Z/q®Z)* such that

(c,pd) = N - (¢, dy) - ((1) j{?) (mod ¢e), where (cq, dy) is the bottom row of vay. Solving systems

of congruences, we obtain a cusp a”, integer j”/ and element X" of (Z/NZ)* such that
NI 1 j//
(C,pd) = A (Cad><0 1 )

where (¢, d’) is the bottom row of 4. It follows that

1 j//

(Z p*d> = xX(\")var (0 1) (mod ).

Similarly, for ¢ = 0 to p — 1, by passing to the individual primes, using the prime power case,
and then solving systems of congruences, we obtain

(g aie) = X000 () @oan. 0s<i<p

pcd d—ipcd

for some cusp a’ some X € (Z/NZ)*, which are independent of ¢, and some integers j(i),0 < i <
p. Furthermore, it follows from the analysis done in the prime power case above that j(i)-p+i = j (’1

(mod qe;), for each ¢, where e; is defined as in the proposition and j; is as described (for prime
powers) in the statement of theorem 7.4. It follows at once that j(i)-p-+i is constant (mod N'),
where N’ is defined as in the statement of proposition 7.5, and that the value is obtained by
solving the system of congruences obtained from the various ¢q. [J
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