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Abstract. We develop a multigraded variant of Castelnuovo-Mumford regularity.
Motivated by toric geometry, we work with modules over a polynomial ring graded by
a finitely generated abelian group. As in the standard graded case, our definition of multi-
graded regularity involves the vanishing of graded components of local cohomology. We
establish the key properties of regularity: its connection with the minimal generators of a
module and its behavior in exact sequences. For an ideal sheaf on a simplicial toric variety
X , we prove that its multigraded regularity bounds the equations that cut out the asso-
ciated subvariety. We also provide a criterion for testing if an ample line bundle on X gives
a projectively normal embedding.

1. Introduction

Castelnuovo-Mumford regularity is a fundamental invariant in commutative alge-
bra and algebraic geometry. Intuitively, it measures the complexity of a module or sheaf.
The regularity of a module approximates the largest degree of the minimal generators and
the regularity of a sheaf estimates the smallest twist for which the sheaf is generated by
its global sections. Although the precise definition may seem rather technical, its value in
bounding the degree of syzygies [20], [13] and constructing Hilbert schemes [18], [26] has
established that regularity is an indispensable tool in both fields.

The goal of this paper is to develop a multigraded variant of Castelnuovo-Mumford
regularity. We work with modules over a polynomial ring graded by a finitely generated
abelian group. Imitating [14], our definition of regularity involves the vanishing of certain
graded components of local cohomology. We establish the key properties of regularity:
its connection with the minimal generators of a module and its behavior in short exact
sequences. As a consequence, we are able relate the regularity of a module to chain com-
plexes associated with the module.

Our primary motivation for studying regularity over multigraded polynomial rings
comes from toric geometry. For a simplicial toric variety X , the homogeneous coordinate
ring, introduced by Cox in [11], is a polynomial ring S graded by the divisor class group
G of X . The dictionary linking the geometry of X with the theory of G-graded S-modules
leads to geometric interpretations and applications for multigraded regularity. We prove
that the regularity of an ideal sheaf bounds the multidegrees of the equations that cut out



the corresponding subvariety. Multigraded regularity also supplies a criterion for testing if
an ample line bundle on X determines a projectively normal embedding.

Multigraded regularity consolidates a range of existing ideas. In the standard graded
case, it reduces to Castelnuovo-Mumford regularity. If S has a nonstandard Z-grading,
then our definition is the version of regularity introduced by Benson in [3] for studying
group cohomology. When S is the homogeneous coordinate ring of a product of projective
spaces, multigraded regularity is the weak form of bigraded regularity defined by Ho¤man
and Wang in [25]. Our description for the multigraded regularity of fat points (Proposi-
tion 6.7) is also connected with the results in [21]. On the other hand, the versions of regu-
larity developed for Grassmannians in [9] and abelian varieties in [33] do not fall under the
umbrella of multigraded regularity.

For ease of exposition we state our theorems in the case where S is the homoge-
neous coordinate ring of a smooth projective toric variety X . Let B be the irrelevant ideal
of X . We denote by NC the semigroup generated by a finite subset C ¼ fc1; . . . ; clg of
G GPicðX Þ. In the introduction, we restrict to the special case that C is the minimal gen-
erating set of the semigroup of nef line bundles on X . For example, if X ¼ Pd then G GZ,
S has the standard grading defined by degðxiÞ ¼ 1 for 1e ie n, B ¼ hx1; . . . ; xni, and
C ¼ f1g.

The main point of this paper is to introduce the following definition, which general-
izes Castelnuovo-Mumford regularity.

Definition 1.1. For m A G, we say that a G-graded S-module M is m-regular (with
respect to C) if the following conditions are satisfied:

(1) H i
BðMÞp ¼ 0 for all if 1 and all p A

S
ðm� l1c1 � � � � � llcl þNCÞ where the

union is over all l1; . . . ; ll A N such that l1 þ � � � þ ll ¼ i � 1.

(2) H 0
BðMÞp ¼ 0 for all p A

S
1e jel

ðmþ cj þNCÞ.

We set regðMÞ :¼ fp A G : M is p-regularg.

In contrast with the usual notation, regðMÞ is a set rather than a single group ele-
ment. Traditionally, G ¼ Z and the regularity of M refers to the smallest m A G such that
M is m-regular. When S has a multigrading, the group G is not equipped with a natural
ordering so one cannot choose a smallest degree m. More significantly, the set regðMÞ may
not even be determined by a single element; see Example 1.2. From this vantage point,
bounding the regularity of a module M is equivalent to giving a subset of regðMÞ.

Example 1.2. When X is the Hirzebruch surface F2, the homogeneous coordinate

ring S ¼ k½x1; x2; x3; x4� has the Z2-grading defined by degðx1Þ ¼
1

0

� �
, degðx2Þ ¼

�2

0

� �
,

degðx3Þ ¼
1

0

� �
and degðx4Þ ¼

0

1

� �
and the irrelevant ideal B is hx1x2; x2x3; x3x4; x1x4i.

This grading identifies PicðXÞ with Z2. It follows that the semigroup of nef line bundles is

generated by the set C ¼ 1

0

� �
;

0

1

� �� �
. A topological interpretation for H i

BðSÞ (see Section
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3) shows that regðSÞ ¼ 1

0

� �
þN2

� �
W

0

1

� �
þN2

� �
. A graphical representation of regðSÞ

appears in Figure 5. Observe that regðSÞ is not determined by a single element of G and
0

0

� �
B regðSÞ.

The following key result shows that the regularity of a module is a cohomological
approximation for the degrees of its minimal generators.

Theorem 1.3. The degrees of the minimal generators of a finitely generated G-graded

S-module M do not belong to the set regðMÞ þ
� S

1e jel

ðcj þNCÞ
�

.

To emphasize the similarities between the multigraded form of regularity and the
original definition in [30], §14, we give the geometric translation of this result below. For
p A G, OX ðpÞ is the associated line bundle on X . Set FðpÞ :¼ FnOX ðpÞ.

Theorem 1.4. Let F be a coherent OX -module. If F is m-regular then for every

p A mþNC we have the following:

(1) F is p-regular.

(2) The natural map H 0
	
X ;FðpÞ



nH 0

	
X ;OX ðqÞ



! H 0

	
X ;Fðpþ qÞ



is surjec-

tive for all q A NC.

(3) FðpÞ is generated by its global sections.

We highlight two consequences of this theorem. Firstly, if I is an ideal sheaf on
X and m A regðIÞ then the subscheme of X defined by I is cut out by equations of degree
m. Secondly, if OX ðpÞ is an ample line bundle and p A regðOX Þ then the complete linear
series associated to OX ðpÞ gives a projectively normal embedding of X . In particular, if
0 A regðOX Þ then every ample line bundle on X gives a projectively normal embedding.

The next result illustrates a second key feature of regularity, namely its behavior
in exact sequences. When S has the standard grading, the following are equivalent: the
module M is m-regular, the degrees of the ith syzgies are at most mþ i, and the truncated
module Mjfm has a linear resolution. We generalize these properties in the following way.

Theorem 1.5. Let d be the number of variable in polynomial ring S minus the rank of

group G and let M be a finitely generated G-graded S-module.

(1) If � � � ! E3 ! E2 ! E1 ! E0 !q0
M ! 0 is a chain complex of finitely generated

G-graded S-modules with B-torsion homology and q0 is surjective thenS
f:½dþ1�!½l�

� T
1eiedþ1

	
�cfð1Þ � � � � � cfðiÞ þ regðEiÞ


�
L regðMÞ:

(2) If c A regðSÞX
� T

1e jel

ðcj þNCÞ
�

and m A regðMÞ then there exists a chain com-

plex
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� � � ! E3 ! E2 ! E1 ! E0 ! M ! 0

with B-torsion homology and Ei ¼
L

Sð�m� icÞ.

If S has the standard grading, then the inclusion in Part (1) is an equality when the
Ei form a minimal free resolution of M, and the chain complex in Part (2) is the minimal
free resolution of Mjfm. Since B-torsion modules correspond to the zero sheaf on the cor-
responding toric variety, there is also a geometric version of this theorem involving regu-
larity and resolutions of a sheaf.

The techniques used to establish Theorems 1.3, 1.4 and 1.5 also apply to a larger class
of multigraded polynomial rings. We develop these methods for pairs ðS;BÞ where S is a
polynomial ring graded by a finitely generated abelian group G, and B is a monomial ideal
that encodes a certain combinatorial structure of the grading. This class of rings includes
the homogeneous coordinate rings of simplicial semi-projective toric varieties. We also es-
tablish these results for other choices of the set C.

This paper is organized as follows. In the next section, we discuss the basic defini-
tions and examples of multigraded polynomial rings. In Section 3, we establish some van-
ishing theorems for local cohomology modules. These results are based on a topological
description for the multigraded Hilbert series of H i

BðSÞ. The definition of multigraded reg-
ularity is presented in Section 4. We also prove that in certain cases the definition of regu-
larity is equivalent to an apparently weaker vanishing condition. Section 5 connects the
multigraded regularity of a module with the degrees of its minimal generators. In Section
6, we reinterpret regularity of S-module in terms of coherent sheaves on a simplicial toric
variety and study some geometric applications. Finally, Section 7 examines the relationship
between chain complexes associated to a module or sheaf and regularity.

Acknowledgements. We thank Dave Benson for conversations which expanded our
notion of regularity. We are also grateful to Kristina Crona for conversations about mul-
tigradings early in this project. The computer software package Macaulay 2 [19] was indis-
pensable for computing examples. Both authors were partially supported by the Mathe-
matical Sciences Research Institute in Berkeley, CA.

2. Multigraded polynomial rings

In this section, we develop the foundations of multigraded polynomial rings. Let k be
a field and let G be a finitely generated abelian group. Throughout this paper, we work with
a pair ðS;BÞ where S :¼ k½x1; . . . ; xn� is a G-graded polynomial ring and B is a monomial
ideal in S. For a positive integer m, we write ½m� for the set f1; . . . ;mg. The convex cone
generated by (or positive hull of ) the vectors fv1; . . . ; vmg is the set

posðv1; . . . ; vmÞ :¼ fl1v1 þ � � � þ lmvm : l1; . . . ; lm A Rf0g:

A G-grading of the polynomial ring S ¼ k½x1; . . . ; xn� corresponds to a semigroup
homomorphism Nn ! G. We say a monomial xu has degree p if u 7! p A G. This map
induces a decomposition S ¼

L
p AG

Sp satisfying Sp � Sq LSpþq where Sp is the k-span of
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all xu of degree p. The G-grading is determined by the set A :¼ fa1; . . . ; ang where
ai :¼ degðxiÞ A G for 1e ie n. We write NA for the subsemigroup of G generated by
A. Let r be the rank of G and identify RnZ G with Rr. If ai denotes the image of ai in
RnZ G ¼ Rr, then the set A :¼ fa1; . . . ; ang is an integral vector configuration in Rr. The
monomial ideal B corresponds to a chamber (maximal cell) GHRr in the chamber com-
plex of the vector configuration A. The chamber complex is the coarsest fan with support
posðA Þ that refines all the triangulations of A; see [4]. We encode the choice of a chamber
G in the monomial ideal

B :¼
DQ

i A s
xi : sL ½n� with GL posðai : i A sÞ

E
:

Alternatively, the monomial ideal B can be described by a regular triangulation ([36],
Definition 5.3) of the dual vector configuration. If d :¼ n � r, then the dual vector config-
uration is a set of vectors B :¼ fb1; . . . ; bng in Rd such that

0 ���! Rd ���!½b1���bn�T
Rn ���!½a1���an�

Rr ���! 0ð2:0:1Þ

is a short exact sequence. The set B is uniquely determined up to a linear change of coor-
dinates on Rd ; see [36], §6.4. We identify a triangulation of B with a simplicial complex D.
Gale duality, specifically [4], Theorem 3.1, implies that the chamber GHRr corresponds to
a regular triangulation D of B. For sL ½n�, let ŝs denote the complement of s in ½n�. From

this standpoint, we have B ¼
D Q

i A ŝs
xi : s A D

E
.

The simplicial complex D (or equivalently the chamber G) also gives rise to two
important subsemigroups of NA. The first subsemigroup K is the intersection

T
s AD

NAŝs

where Aŝs :¼ fai : i A ŝsg. Let ZA be the subgroup of G generated by A. The second sub-
semigroup Ksat is the saturation (or normalization) of K in ZA. In other words, Ksat

is the set of all p A NA such that the image p A Rr lies in the chamber G. The interior of
Ksat, denoted intKsat, consists of all p A Ksat such that p lies in the interior of G.

Example 2.1. Let G ¼ Z and assume that ai > 0 for all i. Since G is torsion-free, we
may identify ai with ai. The polynomial ring S ¼ k½x1; . . . ; xn� has the Z-grading induced by
degðxiÞ ¼ ai for 1e ie n. The chamber complex of A has a unique maximal cell G ¼ Rf0

and the corresponding ideal is B ¼ hx1; . . . ; xni. The dual vector configuration B is given
by the columns of the matrix

an 0 � � � 0 �a1

0 an � � � 0 �a2

..

. ..
. . .

. ..
. ..

.

0 0 � � � an �an�1

266664
377775:

The semigroup KHZ consists of all nonnegative multiples of lcmðAÞ and Ksat ¼ N.
It follows that Ksat ¼ K if and only if ai ¼ 1 for all 1e ie n. When ai ¼ 1 for all i, S is
standard graded polynomial ring and B is the unique graded maximal ideal.
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Example 2.2. Fix t A N. Suppose that G ¼ Z2 and let A correspond to the columns
of the matrix

1 �t 1 0

0 1 0 1

� �
:

Again, we identify A with A. The polynomial ring S ¼ k½x1; x2; x3; x4� has the Z2-grading

defined by degðx1Þ ¼
1

0

� �
, degðx2Þ ¼

�t

0

� �
, degðx3Þ ¼

1

0

� �
and degðx4Þ ¼

0

1

� �
. There are

two possible choices for the chamber G: R2
f0 ¼ pos

1

0

� �
;

0

1

� �� �
or pos

�t

1

� �
;

0

1

� �� �
and

the ideal B equals hx1x2; x2x3; x3x4; x1x4i or hx1x2; x2x3; x2x4i respectively. The dual vec-
tor configuration is given by the columns of the matrix

1 0 �1 0

0 1 t �1

� �
:

Figure 1 illustrates the associated vector configurations when t ¼ 2. Regardless of the
choice of G, both Ksat and K equal GXZ2.

Example 2.3. If G ¼ Z2 l ðZ=2ZÞ2 and A corresponds to the columns of the
matrix

1 0 1 0 1

0 1 0 1 1

1 0 1 0 0

1 1 0 0 0

26664
37775

where the entries in bottom two rows are elements of Z=2Z, then S ¼ k½x1; x2; x3; x4; x5�
is graded by a group with torsion. The vector configuration A is given by the columns

of the matrix
1 0 1 0 1

0 1 0 1 1

� �
. The chamber G is either G1 :¼ pos

1

0

� �
;

1

1

� �� �
or

G2 :¼ pos
0

1

� �
;

1

1

� �� �
and the ideal B equals either hx1x2; x1x4; x1x5; x2x3; x3x4; x3x5i in

the first case or hx1x2; x2x3; x2x5; x1x4; x3x4; x4x5i in the second. The dual vector configu-
ration B is given by the columns of the matrix

B A
3

2
2

1

4

4

1 3

Figure 1. The vector configurations for Example 2.2.
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264 1 1 �1 �1 0

1 �1 �1 1 0

1 1 1 1 �2

375:
The two triangulations are illustrated in Figure 2. If G1 is the chosen chamber, then

K ¼ N

2

0

0

0

26664
37775;

2

2

0

0

26664
37775

8>>><>>>:
9>>>=>>>; and Ksat ¼ N

1

0

0

0

26664
37775;

1

1

0

0

26664
37775;

0

0

1

0

26664
37775;

0

0

0

1

26664
37775

8>>><>>>:
9>>>=>>>;:

On the other hand, if G2 is the chosen chamber, then

K ¼ N

0

2

0

0

26664
37775;

2

2

0

0

26664
37775

8>>><>>>:
9>>>=>>>; and Ksat ¼ N

0

1

0

0

26664
37775;

1

1

0

0

26664
37775;

0

0

1

0

26664
37775;

0

0

0

1

26664
37775

8>>><>>>:
9>>>=>>>;:

The following lemma further illustrates the connections between the ideal B and the
semigroups K and Ksat. For p A G, let hSpi denote the ideal generated by all the mono-
mials of degree p in S. For u A Nn, let suppðuÞ :¼ fi : ui 3 0gL ½n�.

Lemma 2.4. If p belongs to the interior of Ksat and degðxuÞ ¼ p then xu belongs to

the ideal B. Moreover, if p A K, then BL
ffiffiffiffiffiffiffiffiffiffi
hSpi

p
.

Proof. If p A intKsat and xu A Sp then pos
	
ai : i A suppðuÞ



X intG3j. Since G

is a maximal cell in the chamber complex of A, we have GL pos
	
ai : i A suppðuÞ



and

dimR pos
	
ai : i A suppðuÞ



¼ r. Caratheodory’s Theorem ([36], Proposition 1.15) implies

that pos
	
ai : i A suppðuÞ



is the union of the posðai : i A sÞ where jsj ¼ r and sL suppðuÞ.

Hence, there exists sL suppðuÞ such that jsj ¼ r and posðai : i A sÞX intG3j. Again,
because G is a chamber, we have GL posðai : i A sÞ. It follows that the monomial

Q
i A s

xi

belongs to B and divides xu. This establishes the first assertion.

Γ2 Γ1

33 2

14

2

14

5 = ∞ 5 = ∞

1  3

52
4

A

Figure 2. The two triangulations and chamber complex for Example 2.3.
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If p A K, then for every s A D there exists a monomial xu A Sp with suppðuÞL ŝs. It
follows that a su‰ciently large power of each generator of B belongs to the ideal hSpi
which implies BL

ffiffiffiffiffiffiffiffiffiffi
hSpi

p
. r

Our motivating example of a pair ðS;BÞ is the homogeneous coordinate ring and ir-
relevant ideal of a toric variety introduced by Cox in [11]. Let X be a simplicial toric vari-
ety over a field k determined by a fan D in Rd . By numbering the rays (one-dimensional
cones) of D, we identify D with a simplicial complex on ½n�. We write b1; . . . ; bn for the
unique minimal lattice vectors generating the rays and we assume that the positive hull of
B :¼ fb1; . . . ; bng is Rd . The set B gives rise to a short exact sequence

0 ���! Zd ���!½b1���bn�T
Zn ���! G ���! 0:

Tensoring this sequence with R, we obtain (2.0.1). Geometrically, G is the divisor class
group (or Chow group) of X ; see [17], §3.4. The image of the ith standard basis vector
of Zn in G is denoted by ai. Observe that the set A ¼ fa1; . . . ; ang is uniquely determined
up to an automorphism of G. The homogeneous coordinate ring of X is the polynomial
ring S ¼ k½x1; . . . ; xn� with the G-grading induced by degðxiÞ ¼ ai and the irrelevant ideal is

B ¼
D Q

i Bs
xi : s A D

E
.

This geometric choice of a pair ðS;BÞ fits into the algebraic framework developed at
the start of this section if the fan of X corresponds to a regular triangulation of B. By [24],
Theorem 2.6, this is equivalent to saying that X is semi-projective. In particular, this holds
whenever X is projective. Conversely, an algebraic pair ðS;BÞ is the homogeneous coordi-
nate ring and irrelevant ideal of a simplicial toric variety if and only if, for each i, the ray
posðbiÞ belongs to the triangulation associated to the chamber G.

Example 2.5. The pair ðS;BÞ described in Example 2.1 corresponds to the weighted
projective space X ¼ Pða1; . . . ; anÞ. In particular, when X ¼ Pd , the homogeneous coordi-
nate ring S is the standard graded polynomial ring and the irrelevant ideal B is the unique
graded maximal ideal.

Example 2.6. If ðS;BÞ is the pair described in Example 2.2 where G ¼ R2
f0 then the

associated toric variety is the Hirzebruch surface (or rational scroll) Ft ¼ P
	
OP1 lOP1ðtÞ



.

Example 2.7. If X is the product of projective space Pd � Pe, then the ho-
mogeneous coordinate ring S ¼ k½x0; . . . ; xd ; y0; . . . ; ye� has the Z2-grading induced by

degðxiÞ ¼
1

0

� �
and degðyiÞ ¼

0

1

� �
and the irrelevant ideal B is hx0; . . . ; xdiXhy0; . . . ; yei.

When the pair ðS;BÞ corresponds to a simplicial toric variety X , the chamber G and
the semigroups K and Ksat have geometric interpretations. Assuming all the maximal
cones are d-dimensional, we have PicðX ÞnQGG nQ. As [12], §3 indicates, the cham-
ber G is the closure of the Kähler cone of X . The dual of the Kähler cone is the Mori
cone of e¤ective 1-cycles modulo numerical equivalence. The semigroup Ksat corresponds
to the numerically e¤ective Weil divisors on X up to rational equivalence and elements
in K are nef line bundles. When X is smooth, the class group G is torsion-free and
K ¼ Ksat.
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The next example demonstrates that K can be complicated even when X is
smooth.

Example 2.8. Consider the following smooth resolution X of weighted projective
space Pð2; 3; 7; 1Þ. Specifically, the set B corresponds to the columns of the matrix264 1 0 0 �2 0 0 �1 0 �1 �1 �1

0 1 0 �3 0 �1 �1 �1 �1 �2 �2

0 0 1 �7 �1 �2 �3 �3 �4 �4 �5

375:
Figure 3 illustrates the regular triangulation and the irrelevant ideal is

B ¼ hx1x2x3x4x6x7x9x10; x2x3x4x5x6x7x9x10; x1x2x3x6x7x8x9x10;

x2x3x5x6x7x8x9x10; x1x2x3x5x7x8x9x11; x1x2x4x5x7x8x9x11;

x1x2x5x6x7x8x9x11; x1x2x3x6x7x8x10x11; x1x3x4x6x7x8x10x11;

x1x3x5x6x7x8x10x11; x2x3x4x6x7x9x10x11; x1x2x5x6x8x9x10x11;

x1x3x5x6x8x9x10x11; x1x4x5x6x8x9x10x11; x2x3x5x7x8x9x10x11;

x2x4x5x7x8x9x10x11; x3x4x6x7x8x9x10x11; x4x5x6x7x8x9x10x11i:

In this case, G is an 8-dimensional cone with 16 extremal rays. Using Normaliz [8], we
determine that the set of minimal generators for K has 25 elements all of which lie on the
boundary of G.

3. A topological formula for local cohomology

Throughout this paper, M denotes a finitely generated G-graded S-module. In this
section we derive a vanishing theorem for the local cohomology modules H i

BðMÞ from a
topological formula for H i

BðSÞ. We refer to [5] for background information on local coho-
mology. A module M is B-torsion if M ¼ H 0

BðMÞ. If M is B-torsion then H i
BðMÞ ¼ 0 for

i > 0. For an element g A S, we set

3

1

8

11

5

9

2 = ∞ 

6

10

4

7

Figure 3. The triangulation for Example 2.8.
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ð0 :M gÞ :¼ f f A M : gf ¼ 0g ¼ KerðM !g MÞ:

This submodule is zero when g is a nonzerodivisor on M. We say an element g A S is almost

a nonzerodivisor on M if ð0 :M gÞ is a B-torsion module.

Proposition 3.1. Let k be an infinite field. If p A K and g A S is a su‰ciently general

form of degree p, then g is almost a nonzerodivisor on M. In other words, there is an open

dense set of degree p forms g for which ð0 :M gÞ is B-torsion.

Proof. The module M 0 :¼ ð0 :M gÞ is B-torsion if each element in M 0 is annihilated
by some power of B. This is equivalent to saying that the localization M 0

P ¼ 0 for all prime
ideals P in S not containing B. In other words, g is a nonzerodivisor on the localization
MP. Hence, it su‰ces to show that g is not contained in any of the associated primes of M

except possibly those which contain B.

To accomplish this, observe that each prime ideal P in S which does not contain
B intersects Sp in a proper subspace. Otherwise hSpiLP and Lemma 2.4 implies that
BL

ffiffiffiffiffiffiffiffiffiffi
hSpi

p
L

ffiffiffiffi
P

p
¼ P which contradicts the hypothesis on P. Because M has only finitely

many associated primes, our observation shows that g A Sp is almost a nonzerodivisor on
M if it lies outside a certain finite union of proper subspaces. Since k is infinite, the vector
space Sp is not a finite union of proper subspaces. r

To give a uniform vanishing result for local cohomology, we assume for the remain-
der of this section that posðA Þ is a pointed cone with ai 3 0 for each i or equivalently that
A is an acyclic vector configuration; see [36], §6.2. This condition holds if S is the homo-
geneous coordinate ring of a projective toric variety. We can rephrase this assumption by
saying that the dual configuration B is totally cyclic or posðBÞ ¼ Rd . Hence, any regular
triangulation of B is a complete fan in Rd . We may identify D with a simplicial ðd � 1Þ-
sphere and the collection D̂D :¼ DW f½n�g (ordered by inclusion) with the face poset of a
finite regular cell decomposition of a d-ball. It follows that there is an incidence function e

on D̂D. Recall from [7], §6.2, that e takes values in f0;G1g and is induced by an orientation
of the cells.

For sL ½n�, let xs denote the squarefree monomial
Q
i A s

xi A S. The canonical Čech

complex associated to D̂D is the following chain complex:

�CC :¼ 0 �! �CC0 �!q0

�CC1 �!q1

�CC2 �!q2

� � � �!qd�1 �CC d �!qd �CC dþ1 �! 0;

where �CC0 :¼ S, �CC i :¼
L

s AD; jsj¼dþ1�i

S½x�1
ŝs � for i > 0 and q i : �CC i ! �CC iþ1 is composed of ho-

momorphisms eðs; tÞ � nat : S½x�1
ŝs � ! S½x�1

t̂t �. By combining [2], Corollary 2.13, and [29],
Theorem 6.2, we deduce that H i

BðMÞ ¼ H ið �CCnS MÞ for all S-modules M. It follows that
H i

BðMÞ ¼ 0 for all i < 0 or i > d þ 1.

The next proposition gives a combinatorial description for the local cohomology of
the polynomial ring S. We will use this formula to compute the multigraded regularity in
some examples. This result is a variant on the formulae found in [16] and [34]. For s A D,
let Ds be the induced subcomplex ft A D : tL sg of D. The modules H i

BðSÞ have a Zn-
grading which refines their G-grading.

Maclagan and Smith, Multigraded regularity188



Proposition 3.2. Let ~HH ið�Þ denote the ith reduced cellular cohomology group with

coe‰cients in k. If u A Zn and s :¼ negðuÞ ¼ f j : uj < 0g, then we have

H i
BðSÞu G

~HH i�2ðDsÞ for i3 1;

0 for i ¼ 1:

�
Proof. One easily checks (see [7], Lemma 5.3.6) that dimk S½x�1

t̂t �u ¼ 1 when tL ŝs

and dimk S½x�1
t̂t �u ¼ 0 when tOj ŝs. It follows that the uth graded component of �CC is iso-

morphic to a shift of the augmented oriented chain complex of D̂Dŝs (see [7], §6.2). More
precisely, we have H ið �CCuÞ ¼ ~HHd�iðD̂DŝsÞ. To complete the proof, we analyze three cases:

. If s is a proper nonempty subset of ½n�, then the subcomplex D̂Dŝs equals Dŝs.
Alexander duality ([31], Theorem 71.1) shows that ~HHd�iðDŝsÞ is isomorphic to ~HH i�2ðDnDŝsÞ.
Because Ds is a deformation retract of DnDŝs ([31], Lemma 70.1), we have

~HHd�iðDŝsÞG ~HH i�2ðDsÞ:

Note that ~HH i�2ðDsÞ ¼ 0 when i ¼ 1.

. If s ¼ j, then ŝs ¼ ½n� and D̂Dŝs is a d-ball which implies that ~HHd�iðD̂DŝsÞ ¼ 0 for all i.
It follows that ~HHd�iðD̂D½n�Þ is isomorphic to ~HH i�2ðDjÞ for i3 1 and equals 0 for i ¼ 1.

. If s ¼ ½n�, then ŝs ¼ j and D̂Dŝs ¼ j which implies that ~HHd�iðD̂DŝsÞ ¼ 0 for i3 d þ 1
and ~HH�1ðD̂DŝsÞG k. Since D½n� ¼ D is a ðd � 1Þ-sphere, we also have ~HHd�iðD̂DjÞG ~HH i�2ðD½n�Þ
for all i. r

Remark 3.3. Proposition 3.2 implies that H i
BðSÞ3 0 only if 2e i e d þ 1. Since

H dþ1
B ðSÞu ¼ k when negðuÞ ¼ ½n�, we have H dþ1

B ðSÞ3 0. Moreover, H dþ1
B ðSÞ is the only

nonvanishing local cohomology module if and only if every proper subcomplex of D is con-
tractible. This happens precisely when D is the boundary of the standard simplex. Hence,
H i

BðSÞ ¼ 0 for all i3 d þ 1 if and only if B ¼ hx1; . . . ; xni.

Using Proposition 3.2, we can describe the Hilbert series of the modules H i
BðSÞ.

Corollary 3.4. For all i3 1, we have

P
p AG

dimk H i
BðSÞp � t p ¼

P
sL½n�

dimk
~HH i�2ðDsÞ �

Q
j As

t�ajQ
j A ŝs

ð1 � tajÞ
Q
j As

ð1 � t�ajÞ :ð3:4:1Þ

Proof. For i3 1, Proposition 3.2 implies thatP
u AZn

dimk H i
BðSÞu � xu ¼

P
u AZn

dimk
~HH i�2ðDnegðuÞÞ � xu

¼
P

sL½n�

�
dimk

~HH i�2ðDsÞ
P

negðuÞ¼s

xu
�
¼

P
sL½n�

dimk
~HH i�2ðDsÞ �

Q
j As

x�1
jQ

j A ŝs
ð1 � xjÞ

Q
j A s

ð1 � x�1
j Þ

:

Mapping xj to taj establishes the corollary. r
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We illustrate this corollary with the following example.

Example 3.5. If S is the homogeneous coordinate ring of the Hirzebruch surface Ft

as in Examples 2.2 and 2.6, then the only non-contractible subcomplexes are Dj, Df1;3g,
Df2;4g and D½4�. Since ~HH iðDjÞ ¼ 0 for all i3�1 and ~HH�1ðDjÞ ¼ k, this subcomplex does
not contribute to any local cohomology module. Because ~HH 0ðDf1;3gÞ ¼ k ¼ ~HH 0ðDf2;4gÞ,
the degrees p A Z2 for which H 2

BðSÞp 3 0 correspond to the lattice points in the two
cones �a1 � a3 þ posð�a1; a2;�a3; a4Þ and �a2 � a4 þ posða1;�a2; a3;�a4Þ. We also have
~HH 1ðD½n�Þ ¼ k, so the degrees p A Z2 for which H 2

BðSÞp 3 0 correspond to the lattice points
in the cone �a1 � a2 � a3 � a4 þ posð�a1;�a2;�a3;�a4Þ. These cones are indicated by the
shaded areas in Figure 4 when t ¼ 2.

The next result extends a well-known vanishing theorem for ample line bundles on a
complete toric variety; see (6.3.1) for the explicit connection.

Corollary 3.6. If p belongs to Ksat, then H i
BðSÞp vanishes.

Proof. Fix p A Ksat and suppose u A Zn satisfies degðxuÞ ¼ p. The vector u defines
a function on cu : R

d ! R that is linear on the cone posðbi : i A sÞ for all s A D and sat-
isfies cuðbiÞ ¼ �ui for 1e ie n. [4], Lemma 3.2 implies that p A Ksat if and only if cu

is convex which means cuðwþ w 0ÞfcuðwÞ þ cuðw 0Þ for all w;w 0 A Rd . Hence, the set
fw A Rd : cuðwÞf 0g is convex. It follows that simplicial complex DnegðuÞ corresponds to
the intersection of a convex set with the ðd � 1Þ-sphere. Therefore, DnegðuÞ is contractible
and Proposition 3.2 implies that H i

BðSÞp ¼ 0 which proves the statement. r

As a further corollary, we obtain a vanishing theorem for the local cohomology of any
finitely generated G-graded S-module. Geometrically, this result corresponds to Fujita’s
vanishing theorem ([27], Theorem 1.4.32). We first record a useful observation.

Remark 3.7. Let D be a subsemigroup of G consisting of all points p A G such that
their image p in Rr lies in a fixed convex cone C. If pþD and qþD are two shifts of D,
then their intersection is nonempty. In fact, if p A D, with p A int C, then for all su‰ciently
large j A N we have jp A qþD for any q A G.

H 2
BðSÞ H 3

BðSÞ

Figure 4. Degrees p A Z2 for which H i
BðSÞp 3 0 in Example 3.5.

Maclagan and Smith, Multigraded regularity190



Corollary 3.8. There is m A Ksat such that H i
BðMÞp ¼ 0 for all i and all

p A mþKsat. In particular, H i
BðMÞp vanishes for all i and all p A Ksat su‰ciently far into

the interior of Ksat. If desired we may assume m A K.

Proof. We proceed by induction on the projective dimension pdðMÞ of M. Since
M is finitely generated, there is a short exact sequence 0 ! E1 ! E0 ! M ! 0 where
E0 ¼

L
1e jeh

Sð�qjÞ for some qj A G. The associated long exact sequence contains

H i
BðE0Þp ! H i

BðMÞp ! H iþ1
B ðE1Þp:ð3:8:2Þ

If we choose m 0 A
T

1e jeh

ðqj þKsatÞ, which is possible by Remark 3.7, then Theorem 3.6

implies that the left module in (3.8.2) vanishes for all i and all p A m 0 þKsat. When
pdðMÞ ¼ 0, we have E1 ¼ 0 and there is nothing more to prove. Otherwise, we have E1 3 0
and pdðE1Þ < pdðMÞ. Hence, the induction hypothesis provides m 00 A G such that the right
module in (3.8.2) vanishes for all p A m 00 þKsat. Therefore, by choosing

m A ðm 0 þKsatÞX ðm 00 þKsatÞ;

which is again possible by Remark 3.7, we see that the middle module in (3.8.2) vanishes
for all i and all p A mþKsat.

Lastly, because Ksat is the saturation of K, there exists some m 000 A KX ðmþKsatÞ.
Since m 000 þKsat LmþKsat, the corresponding vanishing statement holds for m 000 which
establishes the last part of the corollary. r

We end this section by examining the assumption that posðA Þ is acyclic. Firstly, we
can remove the condition that ai 3 0 for all i.

Remark 3.9. Let s :¼ fi A ½n� : ai ¼ 0g. For each j A s the variable xj does not
divide any minimal generator of B. In other words, the set s is contained in every facet of
D. Hence, the simplicial complex D is a cone over the induced subcomplex Dŝs. By replacing
D with Dŝs, we can extend Proposition 3.2 and its corollaries to this more general situation.

On the other hand, the next example shows that we cannot eliminate the hypothesis
that posðA Þ is a pointed cone.

Example 3.10. If G ¼ Z and A ¼ f1;C1; 1g, then S ¼ k½x1; x2; x3� has the Z-
grading induced by degðx2Þ ¼ C1 and degðx1Þ ¼ degðx3Þ ¼ 1. Choosing the chamber G to
be Rf0, we have K ¼ Ksat ¼ N. The corresponding monomial ideal is B ¼ hx1; x3i and

the dual vector configuration corresponds to the columns of the matrix
1 1 0

0 1 1

� �
. Since

the first paragraph of the proof of Proposition 3.2 applies in this situation,

H 2
BðSÞu ¼ ~HH0ðD̂DŝsÞ where s ¼ negðuÞ:

If s ¼ f2g, then ŝs ¼ f1; 3g and D̂Df1;3g ¼ fj; f1g; f3gg. It follows that ~HH0ðD̂DŝsÞ3 0 which
implies that H 2

BðSÞu 3 0 when negðuÞ ¼ f2g. However, for all p A N, there exists a u A Z3

with negðuÞ ¼ f2g. We conclude that H 2
BðSÞp 3 0 for all p A K.
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4. Regularity of S-modules

In this section, we define the multigraded regularity of a G-graded S-module. As in
the standard case, multigraded regularity involves the vanishing of certain graded compo-
nents of local cohomology modules. We show that, in certain cases, the definition is equiva-
lent to an apparently weaker vanishing statement.

Before giving the definition of multigraded regularity, we collect some notation.
Throughout this paper, C :¼ fc1; . . . ; clg will be a fixed subset of G. We write NC for the
subsemigroup of G generated by C. A subset D of G is called an NC-module if for all
p A D and all q A NC we have pþ q A D. If DLG and i A Z, then

D½i� :¼
S i

jij ðl1c1 þ � � � þ llclÞ þD

� �
LG

where the union is over all l1; . . . ; ll A N such that l1 þ � � � þ ll ¼ jij. For p A G, we
clearly have pþD½i� ¼ ðpþDÞ½i�. Moreover, if D is an NC-module then D½i� is also an
NC-module and D½i þ 1�LD½i�. The following definition includes Definition 1.1 as a spe-
cial case.

Definition 4.1. If m A G, then the S-module M is m-regular (with respect to C) if
H i

BðMÞp ¼ 0 for all if 0 and all p A mþNC½1 � i�. The regularity of M, denoted regðMÞ,
is the set fm A G : M is m-regularg.

When S has the standard grading, B ¼ hx1; . . . ; xni, and C ¼ f1g, the definition is
simply: M is m-regular if and only if H i

BðMÞp ¼ 0 for all if 0 and all pfm� i þ 1. This

is equivalent to the standard definition of Castelnuovo-Mumford regularity; for example
see [5], page 282. Moreover, if S has an N-grading as in Example 2.1, B ¼ hx1; . . . ; xni and
C ¼ f1g, then the definition of m-regular is compatible with [3], Definition 4.1.

Our definition for regðMÞ conflicts with the standard notation used for Castelnuovo-
Mumford regularity. Traditionally, G ¼ Z and the regularity of M referred to the smallest
m A G such that M is m-regular. In the multigraded setting, the group G is not equipped
with a natural ordering so one cannot choose a smallest degree m. More importantly, the
set regðMÞ may not even be determined by a single element of G. Example 4.3 illustrates
this phenomenon. For these reasons, we regard the regularity of M as a subset of G. From
this vantage point, giving a bound on the smallest m such that M is m-regular should be
interpreted as describing a subset of regðMÞ.

Example 4.2. Let S ¼ k½x1; . . . ; xn� have the Z-grading induced by degðxiÞ ¼ ai > 0
and the ideal B be hx1; . . . ; xni as in Example 2.1. If C ¼ f1g, then Remark 3.3 implies
that regðSÞ ¼ fm A Z : mf n � a1 � � � � � ang. On the other hand, if ai ¼ 1 for 1e ie n

and C ¼ fc1; . . . ; clg with 0 < c1 e � � �e cl, then we have

regðSÞ ¼ fm A Z : mf ðn � 1Þðcl � 1Þg:

Example 4.3. Let t A N. Suppose that S is the homogeneous coordinate ring of the

Hirzebruch surface Ft; see Example 2.6. If C ¼ 1

0

� �
;

0

1

� �� �
then Example 3.5 implies that
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regðSÞ ¼
N2 for t ¼ 0; 1;

t � 1

0

� �
þN2

� �
W

0

1

� �
þN2

� �
for tf 2:

8><>:
Observe that when tf 2 the set regðSÞ is not determined by a single element of G. More-
over, we have intKsat H regðSÞ for all t A N, but 0 B regðSÞ for tf 2. The shaded region in
Figure 5 represents regðSÞ when t ¼ 2.

Without additional hypotheses, it is possible that regðMÞ is the empty set. Indeed,
if S ¼ k½x1; x2; x3� has the Z-grading described in Example 3.10, then regðSÞ ¼ j. Fortu-
nately, there is a large class of pairs ðS;BÞ for which regðMÞ3j for all finitely generated
S-modules M. Specifically, we have the following:

Proposition 4.4. If posðA Þ is a pointed cone and NCX intKsat 3j, then every

module M is m-regular for some m A G.

Proof. Corollary 3.8 states that there is m A Ksat such that H i
BðMÞp ¼ 0 for all i

and all p A mþKsat. By hypothesis, there exists c A NCX intKsat. Remark 3.7 implies
that there exists k A N such that

kc A
T

l1;...;ll AN
l1þ���þlled

ðmþ l1c1 þ � � � þ llcl þKsatÞ:

We conclude that kc A regðMÞ. r

To show that a module M is m-regular directly from Definition 4.1, one must verify
that an infinite number of graded components of the local cohomology vanishes. In fact,
under the appropriate hypothesis, one need only check a finite number of components. To
prove this result, we introduce the following two weaker versions of regularity.

Definition 4.5. Given k A N, the module M is m-regular from level k if H i
BðMÞp ¼ 0

for all if k and all p A mþNC½1 � i�. In particular, M is m-regular if and only if it is
m-regular from level 0. We set regkðMÞ :¼ fm A G : M is m-regular from level kg. For

Figure 5. The regðSÞ for the homogeneous coordinate ring S of F2.
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k > 0, we say M is weakly m-regular from level k if H i
BðMÞp ¼ 0 for all if k and all

p ¼ m� l1c1 � � � � � llcl where lj A N and l1 þ � � � þ ll ¼ i � 1.

Our goal is to show that, when CLK, M is m-regular if and only if it is weakly m-
regular from level 1 and H 0

BðMÞp ¼ 0 for p A
S

1e jel

ðmþ cj þNCÞ. To accomplish this, we
need the following fact.

Lemma 4.6. Let k be a positive integer. If M is weakly m-regular from level k and

g A Scj
is almost a nonzerodivisor on M for some 1e j e l, then M=gjM is also weakly m-

regular from level k.

Proof. Since gj is almost a nonzerodivisor on M, the submodule ð0 :M gjÞ is a B-
torsion module. We set M :¼ M=ð0 :M gjÞ. Because H i

B

	
ð0 :M gjÞ



¼ 0 for i > 0, the long

exact sequence associated to the exact sequence 0 ! ð0 :M gjÞ ! M ! M ! 0 implies that
H i

BðMÞ ¼ H i
BðMÞ for i > 0. Since M is weakly m-regular from level k and k > 0, it follows

that M is weakly m-regular from level k. On the other hand, the long exact sequence asso-
ciated to the exact sequence 0 ! Mð�cjÞ ! M ! M=gjM ! 0 contains

H i
BðMÞp ! H i

BðM=gjMÞp ! H iþ1
B ðMÞp�cj

:ð4:6:1Þ

Since M and M are weakly m-regular from level k, the left and right modules in (4.6.1)
vanish when if k and p ¼ m� l1c1 � � � � � llcl where l1; . . . ; ll A N and

l1 þ � � � þ ll ¼ i � 1:

Therefore, the middle module also vanishes which proves that M=gjM is weakly m-regular
from level k. r

Theorem 4.7. Let k be a positive integer. If CLK and M is weakly m-regular from

level k, then M is weakly p-regular from level k for every p A mþNC.

Proof. Since extension of our base field commutes with the formation of local co-
homology, we may assume for the proof that k is infinite. Because CLK, Proposition 3.1
implies that we may choose a nonzerodivisor gj A Scj

on M for each 1e j e l.

Suppose that k > 0 and that M is weakly m-regular from level k. Since every
p A mþNC can be expressed in the form p ¼ mþ l1c1 þ � � � þ llcl where l1; . . . ; ll A N,
it su‰ces to prove that if M is weakly q-regular from level k then M is also weakly ðqþ cjÞ-
regular from level k for each 1e j e l. We proceed by induction on dim M. If dim M ¼ 0
then Grothendieck’s vanishing theorem ([5], Theorem 6.1.2) implies that H i

BðMÞ ¼ 0 for
i > 0. Thus, M is weakly q-regular from level k for all q A G and there is nothing more to
prove.

Assume that dim M > 0 and set M :¼ M=H 0
BðMÞ. Since H 0

BðMÞ is a B-torsion
module, the long exact sequence in cohomology arising from the short exact sequence
0 ! H 0

BðMÞ ! M ! M ! 0 implies that H i
BðMÞ ¼ H i

BðMÞ for all i > 0. Hence, M is
weakly q-regular from level k and it su‰ces to show that M is weakly ðqþ cjÞ-regular from
level k.
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Since gj is a nonzerodivisor on M, we have dim M=gjM < dim M. Lemma 4.6 shows
that M=gjM is weakly q-regular from level k and the induction hypothesis implies M=gjM

is also weakly ðqþ cjÞ-regular from level k. Taking the long exact sequence associated
to the exact sequence 0 ! Mð�cjÞ ! M ! M=gjM ! 0, we obtain the exact sequence
H i

BðMÞq 0 ! H i
BðMÞq 0þcj

! H i
BðM=gjMÞq 0þcj

. Since M is weakly q-regular from level k and

M=gjM is ðqþ cjÞ-regular from level k, the left and right modules vanish when if k and
q 0 ¼ q� l1c1 � � � � � llcl where l1; . . . ; ll A N and l1 þ � � � þ ll ¼ i � 1. Therefore, the
middle module also vanishes which proves M is weakly ðqþ cjÞ-regular from level k. r

Theorem 4.7 provides the desired alternative characterization of m-regularity.

Corollary 4.8. Let CLK. The module M is m-regular if and only if M is weakly

m-regular from level 1 and H 0
BðMÞp ¼ 0 for all p A mþ

� S
1e jel

ðcj þNCÞ
�

.

Proof. Suppose that the module M is m-regular from level 1 and H 0
BðMÞp vanishes

for all p A mþNC½1�. Since the condition on H 0
BðMÞp is the same as in Definition 4.1, we

only need to show that H i
BðMÞp ¼ 0 for all p A mþNC½1 � i�. However, this is the content

of Theorem 4.7. The converse follows from the Definition 4.1 and Definition 4.5 r

The next example illustrates that the condition CLK is necessary for Theorem 4.7.

Example 4.9. Let S ¼ k½x1; x2� have the Z-grading defined by degðx1Þ ¼ 2 and
degðx2Þ ¼ 3 and let B ¼ hx1; x2i. Example 2.1 shows that K ¼ 6N. Proposition 3.2 estab-
lishes that the nonvanishing local cohomology is concentrated in H 2

BðSÞ and that H 2
BðSÞ

in nonzero exactly in degreesC5;C7;C8;C9; . . . : If C ¼ f1gSK, then S is weakly ðC5Þ-
regular from level 1 but not weakly ðC4Þ-regular from level 1. The strategy used in the
proof of Theorem 4.7 does not apply because S1 ¼ j, so there is no nonzerodivisor of de-
gree 1.

By design, the regularity of a module measures where its cohomological complexities
vanish. Since Gröbner bases calculations are linked to homological properties, one expects
a strong connection between regularity and computational complexity. Both Proposition
6.13 and Corollary 7.3 provide further support for this idea by relating regularity to initial
modules and free resolutions. To make the connection between regularity and complexity
more precise, we are interested in the following open problem:

Problem 4.10. Give a computationally e‰cient method of calculating regðMÞ.

When S has the standard grading, this problem is solved in [1] by showing that
regðMÞ is determined by the largest degree generator of the initial module inðMÞ with
respect to a reverse lexicographic order in generic coordinates. Unfortunately, this tech-
nique does not extend directly to polynomial rings with arbitrary multigradings. As the next
example demonstrates, there may not be any coordinate changes which preserve the grad-
ing and change the initial module.

Example 4.11. Let S be the homogeneous coordinate ring of a toric variety X

obtained from P2 by a sequence of five blow-ups. More explicitly, the minimal lat-
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tice points B on the rays of the fan correspond to the columns of the matrix
1 1 0 �1 �1 �1 0 1

0 1 1 1 0 �1 �1 �1

� �
and the associated irrelevant ideal is

B ¼ hx3x4x5x6x7x8; x1x4x5x6x7x8; x1x2x5x6x7x8; x1x2x3x6x7x8;

x1x2x3x4x7x8; x1x2x3x4x5x8; x2x3x4x5x6x7; x1x2x3x4x5x6i:

Hence, G ¼ Z6 and we may assume that A be given by the columns of the matrix2666666664

1 0 0 0 0 0 1 �1

0 1 �2 1 0 0 0 0

0 0 1 �1 1 0 0 0

0 0 0 1 �2 1 0 0

0 0 0 0 1 �1 1 0

0 0 0 0 0 1 �2 1

3777777775
:

The homogeneous coordinate ring S ¼ k½x1; . . . ; x8� has the Z6-grading induced by
degðxiÞ ¼ ai for 1e ie 8. Since Sai

is the k-span of the variable xi for 1e ie 8, Corollary
4.7 in [11] establishes that AutðSÞ ¼ ðk�Þ8. As a consequence, any change of coordinates
which preserves the grading does not alter the initial ideal. Hence, one cannot develop a
theory of generic initial ideals.

5. Degrees of generators

The regularity of a module should be regarded as a measure of its complexity. In this
section, we justify this idea by proving that the regularity controls the degrees of the mini-
mal generators. To understand the minimal generators of a module, we study submodules
of the following form.

Definition 5.1. Let D be a subset of G. We define the D-truncation of M, denoted
MjD, to be the submodule of M generated by all the homogeneous elements in M of degree
p where p A D.

In contrast with the standard graded case, the next example illustrates that ðMjDÞp
may be nonzero even if p B DþNKsat.

Example 5.2. Suppose that S is the homogeneous coordinate ring of the Hirzebruch

surface F2; see Examples 2.2 and 2.6. If D :¼ 1

1

� �
þN2, then SjD is generated in degree

1

1

� �
. Observe that x3

1x2
2 A SjD but degðx3

1x2
2Þ B D.

To prove the main theorem in this section, we need the following fact.

Lemma 5.3. Let c A NC and let VLG such that H 0
BðMÞp ¼ 0 for all p A V. If M is

m-regular from level 1 and g A Sc is almost a nonzerodivisor on M, then H 0
BðM=gMÞp ¼ 0 for

all p A VX ðmþ cþNCÞ.
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Proof. Set M :¼ M=ð0 :M gÞ. Because g is almost a nonzerodivisor on M, ð0 :M gÞ
is a B-torsion module and the long exact sequence associated to the short exact se-
quence 0 ! ð0 :M gÞ ! M ! M ! 0 implies that H i

BðMÞ ¼ H i
BðMÞ for i > 0. Since M

is m-regular from level 1, it follows that M is also m-regular from level 1. Now, the long
exact sequence associated to the exact sequence 0 ! Mð�cÞ ! M ! M=gM ! 0 con-
tains H 0

BðMÞp ! H 0
BðM=gMÞp ! H 1

BðMÞp�c. By hypothesis, the left module vanishes
when p A V. Since M is m-regular from level 1, the right module vanishes for all
p A mþ cþNC. Hence, the middle module vanishes for all p A VX ðmþ cþNCÞ. r

We now prove that if M is m-regular then Mjm ¼ MjðmþNCÞ. In the standard graded
case, this is true for any m A Z that is larger than the maximum degree of the minimal
generators.

Theorem 5.4. Assume that CLK. If the module M is m-regular, then we have

Mjm ¼ MjðmþNCÞ. In particular, the degrees of the minimal generators of M do not belong to

the set regðMÞ þ
� S

1e jel

ðcj þNCÞ
�

.

Proof. We prove the following claim: If M is m-regular from level 1 and
H 0

BðMÞp ¼ 0 for all p A V, then MjðmþNCÞXV is a submodule of Mjm. We proceed by
induction on dim M. If dim M < 0, which is equivalent to saying that M ¼ 0, then
MjðmþNCÞXV ¼ 0 is trivially a submodule of Mm.

Suppose that dim M f 0. Set M :¼ M=H 0
BðMÞ and consider the short exact se-

quence

0 ! H 0
BðMÞ ! M ! M ! 0:ð5:4:1Þ

We claim that it is enough to prove that MjðmþNCÞ is a submodule of Mjm. To see this, let

p A ðmþNCÞXV and let f A Mp. If f A Mp can be written as
P

i

si fi for some si A S and

some fi A Mm, then f ¼
P

i

si fi þ h for h A H 0
BðMÞp. Since p A V, we have H 0

BðMÞp ¼ 0

which implies h ¼ 0. Thus, f ¼
P

i

si fi and it su‰ces to prove the claim for M. The long

exact sequence associated to (5.4.1) implies H i
BðMÞ ¼ H i

BðMÞ for all i > 0. Since M is m-
regular from level 1 and H 0

BðMÞ ¼ 0, we deduce that M is m-regular.

Extending the base field commutes with the computing local cohomology, so we
may assume without loss of generality that k is infinite. Because CLK, Proposition 3.1
implies that, for each 1e j e l, we may choose a nonzerodivisor gj A Scj

on M. It fol-
lows from Lemma 4.6 that M=gjM is m-regular from level 1 and Lemma 5.3 shows that
H 0

BðM=gjMÞp ¼ 0 for all p A mþ cj þNC. Since dim M=gjM < dim M e dim M, the in-
duction hypothesis with V ¼ mþ cj þNC guarantees that ðM=gjMÞjðmþcjþNCÞ is a sub-
module of ðM=gjMÞjm. It remains to show that this implies MjðmþNCÞ is a submodule of
Mjm.

Suppose otherwise. For each element f A M with degð f Þ A mþNC, we set

reachð f Þ :¼ minfl1 þ � � � þ ll : degð f Þ ¼ mþ l1c1 þ � � � þ llcl and l1; . . . ; ll A Ng:
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Because M is noetherian and we are assuming that MjðmþNCÞ Oj Mjm, there is a minimal
generator f A MjðmþNCÞ which has smallest reachð f Þ among all the minimal generators
of MjðmþNCÞ with degree not equal to m. Since f B Mjm, we have reachð f Þ > 0 and there

exists cj with 1e j e l such that degð f Þ A mþ cj þNC. From the previous paragraph, we
know that the image of f in ðM=gjMÞjðmþcjþNCÞ belongs to ðM=gjMÞjm. Hence, we may

choose homogeneous elements f1; . . . ; fe A Mjm and s1; . . . ; se A S such that

f � s1 f1 � � � � � se fe A ðgjMÞjðmþcjþNCÞ L gjðMjðmþNCÞÞ:

Let f 0 be the homogeneous element of MjðmþNCÞ satisfying the equation

f � s1 f1 � � � � � se fe ¼ gj f 0:

Since f does not belong to Mjm, the element f 0 cannot belong to Mjm. However,
reachð f 0Þ < reachð f Þ and f 0 A MjðmþNCÞ which contracts our choice of f . We conclude

that MjðmþNCÞ is a submodule of Mm. r

Proof of Theorem 1.3. In the introduction we assumed that C was the minimal
generating set of K. Hence, Theorem 1.3 follows from Theorem 5.4. r

When S has the standard grading and C ¼ f1g, the statement that the minimal gen-
erators of M do not lie in mþNC½1� is equivalent to saying that the minimal generators
of M have degree at most m. In this case, Theorem 5.4 proves that the regularity gives a
bound on the degrees of the minimal generators. For an ideal in S, an upper bound on the
minimal generators yields a finite set containing the degrees of the minimal generators. In
contrast, Theorem 5.4 does not automatically produce a finite set containing the degrees of
the minimal generators for an ideal when S has a general multigrading.

We may still ask the question whether if M is m-regular all minimal generators of M

lie in m�NC. It is not hard to find examples showing that this need not be the case, but
to date all such examples have had H 0

BðMÞ3 0. In the bigraded case Ho¤man and Wang
[25] take a di¤erent approach, adding an extra local cohomology vanishing requirement to
guarantee this bound on generators.

6. Regularity of OX -modules

In this section, we develop a multigraded version of regularity for coherent sheaves
on a simplicial toric variety X . Since OX -modules correspond to finitely generated modules
over the homogeneous coordinate ring of X , regularity for OX -modules is essentially a special
case of regularity for S-modules. Nevertheless, the geometric context provides new inter-
pretations and applications for regularity.

To begin, we examine the relation between sheaves on a toric variety X and G-graded
modules over its homogeneous coordinate ring S; see [11]. For s A D, we write xŝs for the
monomial

Q
i Bs

xi A S and Us G SpecðS½x�1
ŝs �0Þ is the corresponding open a‰ne subset of X .

Every (not necessarily finitely generated) G-graded S-module F gives rise to a quasicoher-
ent sheaf ~FF on X where H 0ðUs; ~FFÞ ¼ ðF ½x�1

ŝs �Þ0. If M is finitely generated G-graded S-
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module, then ~MM is a coherent OX -module. Moreover, every quasicoherent sheaf on X is of
this form for some G-graded S-module F and if the sheaf is coherent then F can be taken to
be finitely generated. For p A G, the sheaf associated to the module SðpÞ is denoted OX ðpÞ.
Note that the natural map OX ðpÞnOX

OX ðqÞ ! OX ðpþ qÞ need not be an isomorphism.
For an OX -module F, we simply write FðpÞ for FnOX

OX ðpÞ.

The map sending a finitely generated G-graded S-module M to the sheaf ~MM is not
injective. In fact, there are many nonzero modules which give the zero sheaf. The following
proposition analyzes this phenomenon.

Proposition 6.1. The sheaf ~MM is zero if and only if there is j > 0 such that B jMp ¼ 0
for all p A K.

Proof. Suppose that B jMp ¼ 0 for all p A K. Fix s A D and take f =xu A ðM½x�1
ŝs �Þ0.

Remark 3.7 implies that there exists a monomial xv A S such that suppðvÞL ŝs and
degðxuþvÞ A Ksat. Moreover, we may choose k A N such that p :¼ degðxkuþkvÞ A K. It fol-
lows that xðk�1Þuþkv f A Mp and ðxŝsÞ jxðk�1Þuþkvf ¼ 0 for some j > 0. Therefore, f =xu ¼ 0
and ðM½x�1

ŝs �Þ0 ¼ 0 which shows that ~MM is the zero sheaf.

Conversely, suppose that ~MM is the zero sheaf, fix p A K and let f A Mp. Lemma
2.4 implies that for each s A D there is a monomial xu A S such that degðxuÞ ¼ p and
suppðuÞL ŝs. The monomial xu is invertible in S½x�1

ŝs � and f =xu A ðM½x�1
ŝs �Þ0 ¼ 0. It follows

that ðxŝsÞ j
f ¼ 0 for some j > 0. To see that one j works for all f A Mp and all p A K,

observe that MjK is a submodule of M and thus finitely generated. The proposition now
follows easily. r

As above, we continue to write C ¼ fc1; . . . ; clg for a fixed subset of G, the class
group of X . Geometrically, the set C corresponds to choosing a collection of reflexive
sheaves on X . When X is smooth, G ¼ PicðXÞ and C corresponds to a choice of line
bundles. In particular, fixing an ample line bundle on X determines a set C consisting of
one element. At the other extreme, the toric variety X is equipped with a canonical choice
for C, namely the minimal generators of the semigroup K. We are most interested in this
case. Nonetheless, we expect that the flexibility in allowing other sets C will also be useful
in studying how maps between toric varieties e¤ect regularity.

In analogy with Definition 4.1, we have the following:

Definition 6.2. If m A G, then an OX -module F is m-regular (with respect to C)
if H i

	
X ;FðpÞ



¼ 0 for all i > 0 and all p A mþNC½�i�. We write regðFÞ for the set

fm A G : F is m-regularg.

Remark 6.3. Notice that if F is m-regular then F is p-regular for all p A mþNC.

To make an explicit connection between the two definitions of regularity, we first
recall the following. If F is the coherent OX -module corresponding to M, then the local
cohomology is related to the (Zariski) cohomology of sheaves by the exact sequence

0 ! H 0
BðMÞ ! M !

L
p AG

H 0
	
X ;FðpÞ



! H 1

BðMÞ ! 0ð6:3:1Þ
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and H iþ1
B ðMÞG

L
p AG

H i
	
X ;FðpÞ



for all if 1; see [16], Proposition 2.3. Using this obser-

vation, we have:

Proposition 6.4. Let F be the coherent OX -module associated to the module M. The

sheaf F is m-regular if and only if M is m-regular from level 2. The module M is m-regular if

and only if the following three conditions hold:

(1) F is m-regular.

(2) The natural map Mp ! H 0
	
X ;FðpÞ



is surjective for all p A mþNC.

(3) H 0
BðMÞp ¼ 0 for all p A

S
1e jel

ðmþ cj þNCÞ.

Proof. Since H iþ1
B ðMÞp GH i

	
X ;FðpÞ



for all if 1, we see that F is m-regular if

and only if M is m-regular from level 2. To establish the second part, observe that saying
M is m-regular is equivalent to saying that M is m-regular from level 2, H 1

BðMÞp ¼ 0 for all
p A mþNC and H 0

BðMÞp ¼ 0 for all p A mþ
S

1e jel

ðcj þNCÞ. Since the exact sequence

(6.3.1) implies that H 1
BðMÞp ¼ 0 if and only if Mp ! H 0

	
X ;FðpÞ



is surjective, the asser-

tion follows. r

Example 6.5. Since H i
BðSÞ ¼ 0 for i ¼ 0; 1 (see Remark 3.3), Proposition 6.4 implies

that regðOX Þ ¼ regðSÞ. In particular, Example 4.2 shows that regðOPd Þ ¼ N when C ¼ f1g.

The next corollary shows that Definition 6.2 extends the original definition given in
[30], §14. When X ¼ Pd and C ¼ f1g ð1 A G corresponds to OX ð1Þ A PicðPdÞÞ, the second
part of this corollary is Mumford’s definition.

Corollary 6.6. Let F be the coherent OX -module associated to the module M. If

CLK then the following are equivalent:

(1) F is m-regular.

(2) H i
	
X ;Fðm� l1c1 � � � � � llclÞ



¼ 0 for all i > 0 and all l1; . . . ; ll A N satisfy-

ing l1 þ � � � þ ll ¼ i.

Proof. This follows from Proposition 6.4 and Corollary 4.8. r

The regularity of a finite set of points has a geometric interpretation. [28], Example
2.16 rephrases the following result in terms of the associated multigraded Hilbert polyno-
mial.

Proposition 6.7. Assume that CLK. Let Y be an artinian subscheme of X of length t

( for example, a set of t points in X ) and let IY be the associated B-saturated ideal in S. If

RY ¼ S=IY then m A regðRY Þ if and only if the space of forms vanishing on Y has codimen-

sion t is the space of forms of degree m.

Proof. Since IY is B-saturated, the local cohomology module H 0
BðRY Þ vanishes.
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Because dimY ¼ 0, we also have H iþ1
B ðRY Þ ¼

L
p AG

H i
	
X ;OY ðpÞ



¼ 0 for all i > 0. Hence,

regðRY Þ is determined by the module H 1
BðRY Þ. Since the exact sequence (6.3.1) becomes

0 ! RY !
L
p AG

H 0
	
X ;OY ðpÞ



! H 1

BðRY Þ ! 0, we see that m A regðRY Þ if and only if

ðRY Þm ! H 0
	
X ;OY ðmÞ



is surjective. Again, because dimY ¼ 0, the scheme Y is an

a‰ne variety and every reflexive sheaf on Y is trivial. It follows that for all p we
have OY ðpÞGOY and dimk H 0ðX ;OY Þ ¼ t. Therefore, RY is m-regular if and only if
dimkðRY Þm ¼ t. In other words, the space of forms ðIY Þm that vanish on Y has codimen-
sion t. r

Although the definition of regularity may seem rather technical (‘‘apparently silly’’ in
Mumford’s words), the following theorem provides a geometric interpretation for regular-
ity. Concretely, the regularity of a coherent sheaf measures how much one has to twist for
the sheaf to be generated by its global sections. We first show that the module M and cer-
tain truncations of M give rise to the same sheaf.

Lemma 6.8. Assume that CLK and dimR posðCÞ ¼ r. If m A ZK and M 0 is the

quotient module M=MjðmþNCÞ then there exists j > 0 such that B jM 0
p ¼ 0 for all p A ZK.

Moreover, the module M and its truncation MjðmþNCÞ correspond to the same OX -module.

Proof. Fix p A ZK and f A Mp. If c A intK, then Remark 3.7 (applied to the
group ZK) shows that there is k A N such that pþ kc A mþK. Since CLK and
dimR posðCÞ ¼ r, there exists q A K for which pþ kcþ q A mþNC. Now, Lemma 2.4
implies that BL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hSkcþqi

p
which means that there is j > 0 such that B j L hSkcþqi. Hence,

we have B jf A MjðmþNCÞ. Because M is finitely generated, there is one j that works for all
f A Mp and all p A K which establishes the first part.

For the second part, consider the short exact sequence

0 ! MjðmþNCÞ ! M ! M 0 ! 0:ð6:8:2Þ

Since the functor F 7! ~FF is exact, it su‰ces to show that fM 0M 0 ¼ 0. By Proposition 6.1, this is
equivalent to the first part of the lemma. r

Theorem 6.9. Assume that CLK and dimR posðCÞ ¼ r. If m A ZK and the sheaf

F is m-regular then the natural map

H 0
	
X ;FðpÞ



nH 0

	
X ;OX ðqÞ



! H 0

	
X ;Fðpþ qÞ



ð6:9:3Þ

is surjective for all p A mþNC and all q A NC. In particular, the sheaf FðpÞ is generated by

its global sections.

Proof. Consider the G-graded S-module

M :¼
�L
p AG

H 0
	
X ;FðpÞ


�



ðmþNCÞ

:

Because F is the sheaf associated with the S-module
L
p AK

H 0
	
X ;FðpÞ



, Lemma 6.8 guar-

antees that ~MM ¼ F. Since F is m-regular, Proposition 6.4 shows that M is m-regular
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from level 2. Combining the definition of M with the exact sequence (6.3.1), we have
H i

BðMÞp ¼ 0 for all i ¼ 0; 1 and all p A mþNC. Hence, M is m-regular which implies
that M is also p-regular for all p A mþNC. If p A mþNC, then Theorem 5.4 shows that
Mjp ¼ MjðpþNCÞ. In other words, Mp � Sq ¼ Mpþq for all q A NC and this is equivalent to
(6.9.3) being surjective. Furthermore, Lemma 6.8 also guarantees that F is the sheaf as-
sociated to MjðpþNCÞ. Since Mjp ¼ MjðpþNCÞ, this establishes the last part of the theorem.

r

Proof of Theorem 1.4. Part (1) follows from Remark 6.3. In the introduction, C is
the minimal generating set for K. Therefore, Theorem 6.9 proves Parts (2) and (3). r

When F ¼ OX , Theorem 6.9 has a classical geometric interpretation. Specifically, if
p A regðOX Þ and OX ðpÞ is an ample line bundle then Theorem 6.9 implies that the natural
map H 0

	
X ;OX ðpÞ



nH 0

	
X ;OX ð jpÞ



! H 0

	
X ;OX

	
ð j þ 1Þp




is surjective for all j f 0. It

follows (see [23], Exercise II.5.14) that OX ðpÞ embeds X into PN as a projectively normal
variety where N :¼ dimk H 0

	
X ;OX ðpÞ



.

It is an interesting open problem to describe the set of ample line bundles on a d-
dimensional toric variety X which give a projectively normal embedding. When OX ðmÞ is
an ample line bundle, Bruns, Gubeladze, and Trung [6] show that the complete linear series
of the line bundle OX

	
ðd � 1Þm



produces a projectively normal embedding of X . More-

over, this bound is sharp on some simplicial toric varieties. For smooth toric varieties, the
question of whether the map

H 0
	
X ;OX ðpÞ



nH 0

	
X ;OX ðqÞ



! H 0

	
X ;OX ðpþ qÞ



is surjective for OX ðpÞ an ample line bundle and OX ðqÞ a nef line bundle appears in [32].
This would imply that every ample line bundle induced a projectively normal embedding.

These questions motivate the study of when 0 A regðOX Þ.

Proposition 6.10. If X is a finite product of projective spaces and C is the set of unique

minimal generators of K, then the structure sheaf OX is 0-regular.

Proof. We proceed by induction on the number of factors in X . When there is only
one copy of projective space, Example 6.5 establishes the proposition. For the induction
step, we prove the following stronger claim: Let X be a smooth projective toric variety such
that OX is 0-regular with respect to fc1; . . . ; clg. If Z ¼ X � Ph then OZ is 0-regular with

respect to
c1

0

� �
; . . . ;

cl
0

� �
;

0

1

� �� �
.

To accomplish this, we first fix some notation. Let D and S be the simplicial com-
plexes arising from the fans of X and Z respectively. If the set fa1; . . . ; ang defines the
Zr-grading on the homogeneous coordinate ring of X then the homogeneous coordinate

ring S ¼ k½x1; . . . ; xn; y0; . . . ; yh� has the Zrþ1-grading induced by degðxiÞ ¼
ai

0

� �
and

degðyiÞ ¼
0

1

� �
. For tL ½n� and sL f0; . . . ; hg, we write VtWs for the subset of Zrþ1 given

by
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P
j A t

�aj

�jsj

" #
þN

aj

0

� �
: j A t̂t

� �
þN

�aj

0

� �
: j A t

� �

þN
0

1

� �
: if jsj3 h þ 1

� �
þN

0

C1

� �
: if jsj3 0

� �
:

We also set

R i :¼ �l0
0

1

� �
� l1

c1

0

� �
� � � � � ll

cl

0

� �
: l0; . . . ; ll A N and l0 þ � � � þ ll ¼ i

� �
:

Now, Corollary 3.4 implies that OZ is 0-regular if VtWsXR i ¼ j whenever i > 0 and
~HH i�1ðStWsÞ3 0. We consider four possible cases:

. If j3 s3 f0; . . . ; hg, then every maximal simplex in StWs contains s. Since the
induced subcomplex associated to s is the standard simplex, it follows that StWs is con-
tractible and ~HH i�1ðStWsÞ ¼ 0.

. If s ¼ j then StWs is a subcomplex of D. Since OX is 0-regular, we must have
VtWsXR i ¼ j whenever i > 0 and ~HH i�1ðStWsÞ3 0.

. If s ¼ f0; . . . ; hg and t3 ½n�, then Alexander duality implies that ~HH i�1ðStWsÞ is

isomorphic to ~HH dþh�i�1ðS
tWs

Þc which reduces us to the second case.

. If s ¼ f0; . . . ; hg and t ¼ ½n� then ~HH i�1ðStWsÞ3 0 if and only if i ¼ d þ h. Since
both OPd and OX are 0-regular, we must have VtWsXRdþd 0 ¼ j. r

The following example demonstrates that even when X is a smooth Fano toric variety
the structure sheaf OX may not be 0-regular.

Example 6.11. Let X be a blowup of P2 at three points. Specifically, the lattice

points B correspond to the columns of the matrix
1 0 �1 �1 0 1

0 1 1 0 �1 �1

� �
. The regu-

lar triangulation of B is encoded in the irrelevant ideal

B ¼ hx1x2x3x4; x2x3x4x5; x3x4x5x6; x1x4x5x6; x1x2x5x6; x1x2x3x6i:

We have G ¼ Z4 and we may assume that A is given by the columns of the matrix

1 0 0 0 1 �1

0 1 �1 1 0 0

0 0 1 �1 1 0

0 0 0 1 �1 1

26664
37775:

Let C be the unique minimal generators of the monoid K ¼ Ksat:
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C ¼

1

1

0

0

26664
37775;

0

0

1

0

26664
37775;

1

0

1

0

26664
37775;

0

0

0

1

26664
37775;

0

1

0

1

26664
37775

8>>><>>>:
9>>>=>>>;:

It follows from Corollary 3.4 that

H 2
	
X ;OX ð�c3 � c5Þ



¼ H 2

	
X ;OX ð�a1 � a2 � a3 � a4 � a5 � a6Þ



¼ ~HH 1ðDÞ3 0

which implies 0 B regðOX Þ.

The following remains an interesting open problem.

Problem 6.12. Let C be a set of minimal generators of K. Give a combinatorial
characterization of all toric varieties X such that KL regðOX Þ.

We end this section with an upper semi-continuity result. This is well-known when
X ¼ Pd . We write inðIÞ for the initial ideal of an ideal I LS with respect to some mono-
mial order.

Proposition 6.13. Let S be the homogeneous coordinate ring of a simplicial toric

variety. If I is an ideal in S, then reg
	
S=inðIÞ



L regðS=IÞ. Moreover, if I is B-saturated and

J ¼
	
inðIÞ : By



then regðS=JÞL regðS=IÞ.

Proof. Fix j > 0. If xu f belongs to I for all xu A B j, then xu inð f Þ belongs to inðIÞ.
Hence, f A ðI : ByÞ implies that inð f Þ A

	
inðIÞ : By



. We conclude that

dimk H 0
BðS=IÞpe dimk H 0

B

	
S=inðIÞ



p

for all p A G.

[15], Theorem 15.17 gives a flat family over A1 whose general fiber is S=I and whose spe-
cial fiber is S=

	
inðIÞ



. Since H iþ1

B ðFÞG
L
p AG

H i
	
X ;FðpÞ



for all if 1, [23], Theorem 12.8

implies that dimk H i
BðS=IÞp e dimk H i

B

	
S=inðIÞ



p

for all i > 1. If I denotes the sheaf of
ideals corresponding to I , then the exact sequence (6.3.1) gives

dimk H 0
BðS=IÞp þ dimk H 0

	
X ; ðOX=IÞðpÞ



¼ dimkðS=IÞp þ dimk H 1

BðS=IÞp:

Since the terms on left-hand side do not decrease and dimkðS=IÞp is constant when passing
to an initial ideal, we see that dimk H 1

BðS=IÞp also does not decrease when passing to an
initial ideal. Thus, we conclude that H i

B

	
S=inðIÞ



p
¼ 0 implies H i

BðS=IÞp ¼ 0 and the first

assertion follows. Since H 0
BðS=JÞ ¼ 0 and H i

BðS=JÞ ¼ H i
B

	
S=inðIÞ



for i > 0, this also es-

tablishes the second assertion. r

7. Syzygies and chain complexes

The final section of the paper examines the relationship between the regularity of M

and the syzygies of M. We give a combinatorial formula, involving only the degrees of the
syzygies and the regularity of S, for a subset of regðMÞ. When S is the homogeneous coor-
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dinate ring of weighted projective space, this subset actually equals regðMÞ. In other words,
we recover the characterization of regularity in terms of Betti numbers in this case; see [3],
Theorem 5.5. We extend this formula to coherent OX -modules. Changing directions, we
then describe chain complexes associated to certain elements of regðMÞ. At the level of OX -
modules, we obtain a locally free resolution of F from specific elements in regðFÞ.

If E is a free resolution of the module M, then there is a spectral sequence that com-
putes the local cohomology of M from E, namely E

i; j
2 :¼ H i

	
H

j
BðEÞ



) H

iþ j
B ðMÞ. When

S is the homogeneous coordinate ring of weighted projective space, this spectral sequence
degenerates because H i

BðSÞ vanishes unless i ¼ d þ 1; see Remark 3.3. As a consequence,
there is a simple characterization of the regularity of M in terms of the degrees of the syzy-
gies. In contrast, Remark 3.3 also shows that nonvanishing local cohomology of S is not
typically concentrated in a single cohomological degree. Hence, the spectral sequence does
not degenerate and one cannot expect as simple a relationship between regularity and syzy-
gies in the general situation. Despite this, the syzygies of M do provide a method for ap-
proximating the regularity of M which captures the description in the special case. More-
over, this technique also works on a larger class of chain complexes associated to M.

We start by describing how regularity behaves in short exact sequences.

Lemma 7.1. If 0 ! M 0 ! M ! M 00 ! 0 is a short exact sequence of finitely gen-

erated G-graded S-modules, then we have the following:

(1) reg iðM 0ÞX reg iðM 00ÞL reg iðMÞ,

(2)
� S

1e jel

	
�cj þ reg iþ1ðM 0Þ


�
X reg iðMÞL reg iðM 00Þ and

(3) reg iðMÞX
� T

1e jel

	
cj þ reg i�1ðM 00Þ


�
L reg iðM 0Þ.

Proof. The associated long exact sequence in cohomology contains the exact se-
quence

H i�1
B ðM 00Þp ! H i

BðM 0Þp ! H i
BðMÞp ! H i

BðM 00Þp ! H iþ1
B ðM 0Þp:ð7:1:1Þ

Suppose that both M 0 and M 00 are m-regular from level k. This means that the second and
fourth modules in (7.1.1) vanish for all if k and all p A mþNC½1 � i�. Hence, the third
module in (7.1.1) also vanishes for all if k and all p A mþNC½1 � i� which implies that
M is m-regular from level k.

Similarly, if M is m-regular from level k and M 0 is ðmþ cjÞ-regular from level ðk þ 1Þ
for some 1e j e l, then the third and fifth modules in (7.1.1) vanish for all if k and
all p A mþNC½1 � i�. It follows that the fourth module in (7.1.1) also vanishes under the
same conditions. Thus, M 00 is m-regular from level k.

Finally, if M is m-regular from level k and M 00 is ðm� cjÞ-regular from level ðk � 1Þ
for every 1e j e l, then the first and third modules in (7.1.1) vanish for all i f 0 and all
p A mþNC½1 � i�. Hence, the second module in (7.1.1) vanishes under the same conditions
and therefore m A regkðM 0Þ. r
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The di¤erence between the union in Part (2) and the intersection in Part (3) introduces
an asymmetry in working with short exact sequences. In many cases, this prevents one from
giving a simple characterization of m-regularity in terms of minimal free resolutions. How-
ever, when C consists of a single element, as in the standard graded case, this obstruction is
not present. In this case, we have the more symmetric:	

�c1 þ reg iþ1ðM 0Þ


X reg iðMÞL reg iðMÞ

and
	
c1 þ reg i�1ðM 00Þ



X reg iðMÞL reg iðM 0Þ.

The approach used in the proof of Lemma 7.1 also leads to an analogous result for a
short exact sequence of coherent OX -modules. However, there is a notable change in Part
(3). Specifically, we must assume that i > 1 because the hypothesis that F is m-regular does
not place any conditions on H 0

	
X ;FðpÞ



.

The next theorem provides a method for estimating the regularity of a module M

from certain chain complexes associated to M. We say a chain complex of S-modules has
B-torsion homology if every homology module is a B-torsion module.

Theorem 7.2. Let E :¼ � � � ! E3 !q3
E2 !q2

E1 !q1
E0 ! 0 be a chain complex of fi-

nitely generated G-graded S-modules with B-torsion homology. If q0 : E0 ! M is a surjective

map then we have S
f:½dþ1�!½l�

� T
0eiedþ1

	
�cfð1Þ � � � � � cfðiÞ þ reg iðEiÞ


�
L regðMÞ;

where the union is over all functions f : ½d þ 1� ! ½l�.

Proof. Fix a function f : ½d þ 1� ! ½l�. We claim that for all k f 0T
keiedþ1

	
�cfðkþ1Þ � � � � � cfðiÞ þ reg iðEiÞ



L regkðIm qkÞ:

Since Im q0 ¼ M, this will prove the theorem. We establish the claim by using a descending
induction on k. Since H

j
BðIm qkÞ vanishes for all j > d þ 1, we have regkðIm qkÞ ¼ G for

k > d þ 1 and the claim holds. Suppose k e d þ 1 and consider the exact sequence
0 ! HkðEÞ ! Ek=Im qkþ1 ! Im qk ! 0. Because HkðEÞ is a B-torsion module, the asso-
ciated long exact sequence in cohomology implies that H

j
BðEk=Im qkþ1Þ ¼ H

j
BðIm qkÞ for all

j > 0 and that H 0
BðEk=Im qkþ1Þ surjects onto H 0

BðIm qkÞ. It follows that

regkðEk=Im qkþ1ÞL regkðIm qkÞ for all k f 0:

Applying Lemma 7.1 to the short exact sequence 0 ! Im qkþ1 ! Ek ! Ek=Im qkþ1 ! 0
gives regkþ1ðIm qkþ1Þ½�1�X regkðEkÞL regkðEk=Im qkþ1Þ. Since the induction hypothe-
sis implies that

T
kþ1eiedþ1

	
�cfðkþ2Þ � � � � � cfðiÞ þ reg iðEiÞ



L regkþ1ðIm qkþ1Þ, we haveT

kþ1eiedþ1

	
�cfðkþ1Þ � � � � � cfðiÞ þ reg iðEiÞ



L regkþ1ðIm qkþ1Þ½�1�. Combining these three

inclusions, we obtain
T

keiedþ1

	
�cfðkþ1Þ � � � � � cfðiÞ þ reg iðEiÞ



L regkðIm qkÞ. r
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Since the proof of Theorem 7.2 only used Part (2) of Lemma 7.1, the same approach
leads to a formula for estimating the regularity of a sheaf F from a resolution. We leave
the details to the interested reader. Because it is frequently used in applications, we explic-
itly state the following special case of Theorem 7.2.

Corollary 7.3. If 0 ! Es ! � � � ! E2 ! E1 ! E0 is a free resolution of the module

M with Ei ¼
L

1e jehi

Sð�qi; jÞ for some qi; j A G, then we have

S
f:½dþ1�!½l�

� T
0eieminfdþ1; sg

1e jehi

	
qi; j � cfð1Þ � � � � � cfðiÞ þ reg iðSÞ


�
L regðMÞ:ð7:3:2Þ

Proof. Since reg iðEiÞ ¼
T

1e jehi

	
qi; j þ reg iðSÞ



, (7.3.2) follows from Theorem 7.2.

r

The next three examples illustrate this corollary.

Example 7.4. Suppose S is the homogeneous coordinate ring of weighted projective
space; see Example 2.1. Let C ¼ f1g and let 0 ! Es ! � � � ! E2 ! E1 ! E0 be the mini-
mal free resolution of the module M where Ei ¼

L
1e jehi

Sð�qi; jÞ for some qi; j A Z. Hilbert’s

syzygy theorem implies that se n ¼ d þ 1. Hence, Example 4.2 and (7.3.2) imply that
max

i; j
fqi; j � i þ n � a1 � � � � � ang A regðMÞ. In particular, if S has the standard grading,

then M is
�

max
i; j

fqi; j � ig
�

-regular.

Example 7.5. Let S be the homogeneous coordinate ring of P1 � P1 � P1. This
means that B corresponds to the columns of the matrix264 1 �1 0 0 0 0

0 0 1 �1 0 0

0 0 0 0 1 �1

375;
and the irrelevant ideal is B ¼ hx1; x2iXhx3; x4iXhx5; x6i. Hence, G ¼ Z3 and we may
assume that A is given by the columns of the matrix264 1 1 0 0 0 0

0 0 1 1 0 0

0 0 0 0 1 1

375:
The polynomial ring S ¼ k½x1; . . . ; x6� has the corresponding Z3-grading and
K ¼ Ksat ¼ N3. If C ¼ fc1; c2; c3gHK where ci is the ith standard basis vector in Z3,
then Corollary 3.4 implies that regðSÞ ¼ N3.

Consider the module M ¼ S=I where I ¼ hx1 � x2; x3 � x4; x5 � x6i. Since I is a
prime ideal of codimension 3, the subvariety of P1 � P1 � P1 defined by I is a single point.
The minimal free resolution of M has the form

0 ! Sð�c1 � c2 � c3Þ !
L

1ei< je3

Sð�ci � cjÞ !
L

1eie3

Sð�ciÞ ! S:
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A calculation using Corollary 7.3 shows that
S

1ei< je3

ðci þ cj þN3ÞL regðMÞ. Note that

this is not the entire regularity of M. Proposition 6.7 shows that regðMÞ ¼ N3.

Example 7.6. As in Example 7.5, we assume that S is the homogeneous coordinate
ring of the toric variety P1 � P1 � P1 and we choose C to be the set of standard basis
vectors in Z3. Consider M ¼ S=I where

I ¼ hx1 � x2; x3 � x4; x5 � x6iXhx1 � 2x2; x3 � 2x4; x5 � 2x6i:

The B-saturated ideal I corresponds to two distinct points on P1 � P1 � P1. The minimal
free resolution of M has the form

0 !
L

q AD5

Sð�qÞ !
L

q AD4

Sð�qÞ !
L

q AD3

Sð�qÞ !
L

q AD2

Sð�qÞ !
L

q AD1

Sð�qÞ ! S

where, for 1e ie 5, the set Di is given by the column vectors of the matrix Di and

D1 ¼

264 2 1 1 1 1 0 0 0 0

0 1 1 0 0 2 1 1 0

0 0 0 1 1 0 1 1 2

375;

D2 ¼

264 2 2 2 2 1 1 1 1 1 1 1 1 1 1 0 0 0 0

1 1 0 0 2 2 1 1 1 1 1 1 0 0 2 2 1 1

0 0 1 1 0 0 1 1 1 1 1 1 2 2 1 1 2 2

375;

D3 ¼

264 2 2 2 2 2 2 1 1 1 1 1 1 1 1 0

2 1 1 1 1 0 2 2 2 2 1 1 1 1 2

0 1 1 1 1 2 1 1 1 1 2 2 2 2 2

375;

D4 ¼

264 2 2 2 2 1 1

2 2 1 1 2 2

1 1 2 2 2 2

375; D5 ¼

264 2

2

2

375:
Observe that the length of the minimal free resolution is greater than d þ 1. Applying
Corollary 7.3, we deduce that264 1

2

2

375þN3

0B@
1CAW

264 2

1

2

375þN3

0B@
1CAW

264 2

2

1

375þN3

0B@
1CAH regðMÞ:

However, Proposition 6.7 shows that

regðMÞ ¼

264 1

0

0

375þN3

0B@
1CAW

264 0

1

0

375þN3

0B@
1CAW

264 0

0

1

375þN3

0B@
1CA:
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To describe a partial converse for Theorem 7.2, we concentrate on the situation aris-
ing from smooth toric varieties. Specifically, we assume that K ¼ Ksat and that C is a
finite generating set for the monoid K.

Lemma 7.7. Let NC ¼ K ¼ Ksat. If M is m-regular then MjðmþKÞ is also m-
regular.

Proof. Suppose that M is m-regular and let M 0 be the quotient module
M=MjðmþKÞ. Since NC ¼ K ¼ Ksat, Lemma 6.8 establishes that M 0 is a B-torsion
module. Hence, the long exact sequence associated to (6.8.2) implies that
H i

BðMjðmþKÞÞ ¼ H i
BðMÞ for all i > 1 and H 1

BðMjðmþKÞÞp ¼ H 1
BðMÞp for all p A mþK.

For k > 0, we deduce that M is m-regular from level k if and only if the submodule
MjðmþKÞ is m-regular from level k. The long exact sequence also shows that H 0

BðMjðmþKÞÞ
is a submodule of H 0

BðMÞ. Thus, if H 0
BðMÞp ¼ 0 then H 0

BðMjðmþKÞÞp also vanishes.
Therefore, MjðmþKÞ is m-regular. r

Theorem 7.8. Assume that NC ¼ K ¼ Ksat. If c A regðSÞX
� T

1e jel

ðcj þKÞ
�

and

m A regðMÞ then there exists

(1) a chain complex � � � ! E3 !q3
E2 !q2

E1 !q1
E0 with B-torsion homology and

Ei ¼
L

1e jehi

Sð�m� icÞ, and

(2) a surjective map q0 : E0 ! MjðmþNCÞ.

Proof. We prove by induction on k that there exists a chain complex with B-torsion
homology

0 �! Mk �! Ek�1 �!qk�1 � � � �!q1
E0 �!q0

M �!q�1
0ð7:8:3Þ

such that Ei ¼
L

1e jehi

Sð�m� icÞ, Mk ¼ Ker qk�1 and mþ kc A regðMkÞ. Since M ¼ M0

and M is m-regular, the first step in the induction holds.

Suppose k f 0. Since NC ¼ K ¼ Ksat, Lemma 7.7 and Lemma 6.8 show that
regðMkÞL regðMkjðmþkcþNCÞÞ and that Mk=MkjðmþkcþNCÞ is a B-torsion module. The in-
duction hypothesis states that Mk is ðmþ kcÞ-regular and Theorem 5.4 implies that
MkjðmþkcþNCÞ is generated in degree mþ kc. It follows that there exists a surjective map
qk : Ek ! MkjðmþkcþNCÞ where Ek :¼

L
1e jebk

Sð�m� kcÞ. Setting Mkþ1 :¼ Ker qk, we ob-
tain the short exact sequence

0 ! Mkþ1 ! Ek ! MkjðmþkcþNCÞ ! 0:ð7:8:4Þ

Combining (7.8.3) and (7.8.4) gives the chain complex with B-torsion homology

0 ! Mkþ1 ! Ek !qk � � � !q1
E0 !q0

M !q�1
0

where Ei ¼
L

1e jehi

Sð�m� icÞ and Mkþ1 ¼ Ker qk. It remains to show that Mkþ1 is	
mþ ðk þ 1Þc



-regular. Applying Lemma 7.1 to (7.8.4) yields
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mþ kcþ regðSÞ



X

T
1eiel

	
ci þ regðMkÞ



L regðMkþ1Þ:

Our choice of c guarantees that mþ ðk þ 1Þc lies in both
T

1eiel

	
ci þ regðMkÞ



and

mþ kcþ regðSÞ which completes the proof. r

Proof of Theorem 1.5. In the introduction, X was smooth so K ¼ Ksat. We also
assumed that C was the set of minimal generators for K. Hence, Theorem 7.2 establishes
Part (1) and Theorem 7.8 proves Part (2). r

This theorem leads to a ‘‘linear’’ resolution of OX -modules.

Corollary 7.9. Assume that NC ¼ K ¼ Ksat. If c A regðOX ÞX
� T

1e jel

ðcj þKÞ
�

and m A regðFÞ then there is an exact sequence

� � � ! E3 ! E2 ! E1 ! E0 ! F ! 0

where Ei ¼
L

1e jehi

OX ð�m� icÞ.

Proof. Consider the G-graded S-module

M ¼
�L
p AG

H 0
	
X ;FðpÞ


�



ðmþKÞ

:

Lemma 6.8 implies that ~MM ¼ F and Proposition 6.4 shows that M is m-regular. Theorem
7.8 produces a chain complex � � � ! E3 ! E2 ! E1 ! E0 ! M ! 0 with B-torsion ho-
mology and Ei ¼

L
1e jehi

Sð�m� icÞ. Applying the functor F 7! ~FF , we obtain a chain com-

plex of the desired form. Moreover, Proposition 6.1 implies that the homology of this
complex consists of the zero sheaf. Therefore, the chain complex is a locally free resolution
of F. r

We illustrate Theorem 7.8 with the following examples. The first example shows that
Theorem 7.8 is a converse to Theorem 7.2 in the standard graded case.

Example 7.10. Let S have the standard grading, let B ¼ hx1; . . . ; xni, and let
C ¼ f1g. Since regðSÞ ¼ N, we have c ¼ 1 A regðSÞX ð1þKÞ. Hence, if m A regðMÞ,
then Theorem 7.8 implies that there is a chain complex E :¼ � � � ! E2 ! E1 ! E0 with B-
torsion homology and Ei ¼

L
1e jehi

Sð�m � iÞ and there is a surjective map E0 ! MjðmþNÞ.

Conversely, given such a chain complex, Example 7.4 shows that m A regðMÞ. In fact, [4],
Exercise 1.4.24 proves that E must be a resolution.

Example 7.11. Let M be the module in Example 7.5 and let

c :¼ c1 þ c2 þ c3 A regðSÞX
� T

1e je3

ðcj þNCÞ
�
:

If m :¼ 0 A regðMÞ, then Theorem 7.8 produces a chain complex with B-torsion homology
of the form
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� � � !
L

i

Sð�3cÞ !
L

i

Sð�2cÞ !
L

1eie7

Sð�cÞ ! S:

However, applying Theorem 7.2 to this chain complex yields

S
p1;p2;p3 AN
p1þp2þp3¼8

264 p1

p2

p3

375þN3

0B@
1CAH regðMÞ;

and the smaller set does not contain 0.
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