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1. Motivation and statement of theorem

In [6], ]J. Duistermaat and W. van der Kallen establish that, for any Laurent polynomial f €
C[z,z~1] that is neither a polynomial in z nor z~!, there exists a positive power of f that has a
nonzero constant term. Motivated by this result, Sturmfels [15, §2.5] asks for an effective version: Can
we enumerate the Laurent polynomials that have the longest possible sequence of powers with zero
constant terms?

By rephrasing this question in the language of commutative algebra, Sturmfels also offers a two-
step approach for answering it. Specifically, consider the Laurent polynomial

f@=z"+x 1z ™ kg T 42 (1)
and, for any positive integer i, let [f']] denote the constant coefficient of the i-th power of f. First,
Problem 2.11 in [15, §2.5], together with computational evidence, suggests the following:

Conjecture 1. The coefficients [f1, [f21,..., [f™™] generate the unit ideal in the polynomial ring
Clx—m+1, .-, Xn-1].

E-mail addresses: derman@math.berkeley.edu (D. Erman), ggsmith@mast.queensu.ca (G.G. Smith), varilly@rice.edu
(A. Varilly-Alvarado).

0097-3165/$ - see front matter © 2010 Daniel Erman. Published by Elsevier Inc. All rights reserved.
doi:10.1016/j.jcta.2010.02.006


http://dx.doi.org/10.1016/j.jcta.2010.02.006
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcta
mailto:derman@math.berkeley.edu
mailto:ggsmith@mast.queensu.ca
mailto:varilly@rice.edu
http://dx.doi.org/10.1016/j.jcta.2010.02.006

D. Erman et al. / Journal of Combinatorial Theory, Series A 118 (2011) 396-402 397

Second, assuming this conjecture, Exercise 13 in [15, §2.6] asks for the degree of the ideal I, :=
(LD, 0F2D, - .., LF™™11). The zeros of Iy, would be the Laurent polynomials of the form (1) that
have the longest possible sequence of powers with vanishing constant terms.

The goal of this article is to complete the second part. Theorem 2 provides the unexpected and
attractively simple answer. Following [9, §6.2], the Eulerian number (,’:) is the number of permutations
of {1,...,n} with exactly k ascents.

+n—1
mmil )

Theorem 2. If Conjecture 1 holds, then the degree of the ideal I,  is (

This result is equivalent to saying that the dimension of the C-vector space C[X_p+t1,...,%X—1]/
Im.n is (mnfff)

Notably, Theorem 2 gives a new interpretation for the Eulerian numbers: (m;:f;]) enumerates cer-
tain Laurent polynomials. Even without Conjecture 1, we show that these Eulerian numbers count
the solutions to certain systems of polynomial equations; see Proposition 4. Despite superficial sim-
ilarities between our work and other appearances of Eulerian numbers in algebraic geometry (e.g.
[1-3,11,13,14]), we know of no substantive connection.

Our proof of Theorem 2, given in Section 2, recasts the problem in terms of toric geometry—we
construe the degree of I, as an intersection number on a toric compactification of the space of
Laurent polynomials of the form (1). Building on this idea, Section 3 provides a recursive formula
for the degree of ideals similar to I, , that arise from sparse Laurent polynomials. As a by-product,

. . . . -1 .
we give a geometric explanation for a formula expressing <m+n ) as a sum of nonnegative integers;
m—1

see (3). We list several questions arising from our work in Section 4.
2. Toric reinterpretation

This section proves Theorem 2 by reinterpreting the degree of I, as an intersection number on
a projective variety X(m,n). Section 2.1 introduces a homogenization of the ideal I, ,, Section 2.2
describes the toric variety X(m,n), and Section 2.3 computes the required intersection number.

2.1. Homogenization
For positive integers m and n, consider the Laurent polynomial

fr=xmz ™t X 2™ kg 2 4k 2

and, for any positive integer i, let [[fi]] denote the constant coefficient of the i-th power of ]‘ Let
S be the polynomial ring C[X_p,...,x,] and let J be the S-ideal ([f'T, [f21,..., [f™" 7). The
C-valued points of V(J) ¢ A™"*1 are precisely the Laurent polynomials for which the constant term
of the first m +n — 1 powers vanishes. Since ] is contained in the reduced monomial ideal B :=
(X—m,...,X_1)N{Xg, X1, ..., Xn), the C-valued points of V(J) not contained in V(B) give rise to Laurent
polynomials that are neither polynomials in z nor z~1.

To understand the ideal | more explicitly, let w :=[-m - n]t € Z"H1 [f y € N1 then the
multinomial theorem [9, p. 168] implies that

Fi i u i up Uz Um+n+1
= X = X_ X S X .
R YN (LD U G |
|u|=i |lu|=i
w-u=0 w-u=0
i
0
to the Z2-grading of S induced by setting deg(x;) := []1] € Z? for all —m < j < n. In particular, J is
invariant under the automorphism of S determined by the map f(z) = A]‘(éz) where A,& € C*.
Moreover, if x_p, and x, are both nonzero, then there exist scalars A, & € C* such that the image of f
under this (C*)2-action has the form (1).

Hence, for all positive integers i, the polynomial [f'] is homogeneous of degree [ ] with respect



398 D. Erman et al. / Journal of Combinatorial Theory, Series A 118 (2011) 396-402

2.2. Toric variety

When m +n > 2, let X(m,n) be the toric variety with total coordinate ring S (a.k.a. the Cox ring)
and irrelevant ideal B; see [5, §2]. The variety X(m,n) provides a toric compactification for the space
of all Laurent polynomials of the form (1). When no confusion is likely, we simply write X in place
of X(m,n). Proposition 2.4 in [5] shows that homogeneous S-ideals (up to B-torsion) correspond to
closed subschemes of X. Hence, the ideal | determines a closed subscheme Vx(J) of X. If x_px, is a
nonzerodivisor on Vx(J), then Section 2.1 shows that the degree of the ideal I, equals the degree
of Vx(J). We prove Theorem 2 by computing the latter degree.

More concretely, X is the toric variety associated to the following strongly convex rational poly-
hedral fan X; see [7, §1.4]. The lattice of one-parameter subgroups is N = Z™*"~! and the rays (i.e.
one-dimensional cones) in the fan X are generated by the columns of the matrix:

1 -2 10 --- 0
2 -3 01 ---0
: : oo (2)
m+n—-1 —-m—n 0 0 --- 1
With the column ordering, we label the rays in X' by p_p,..., op. For integers 1 <i<m and 0 <

j <n, let 0j; be the cone in R™=1 — N ®7 R spanned by all the rays except o_; and pj. The fan
X is defined by taking these oj j as the maximal cones. By construction, X is a singular simplicial
projective toric variety of dimension m+n — 1.

2.3. Intersection theory

Since X is a simplicial toric variety, its rational Chow ring A*(X)g has an explicit presentation;
see [7, §5.2]. Specifically, if D; is the torus-invariant Weil divisor associated to the ray p; for all
—m < j <n, then we have

D_m,...,Dp
#(X)g = Hppe 2l

where the monomial ideal M := (D_;D_jpyq1---D—q, DgD1---Dp—1Dy) is the Alexander dual of B,
and the linear ideal

L:=(iD_pm— (41D _my1+D_myip1: 1<i<m+n—1)

encodes the rows of the matrix (2).

Choosing a shelling for the fan X yields a distinguished basis for A*(X)g; again see [7, §5.2]. With
this in mind, we order the maximal cones of X by o j> ok, if i+ j>k+ € ori+ j=k+ ¢ and
j>{. Let 7; j be the subcone of o; ; obtained by intersecting the maximal cone o; j with all cones
oOk,¢ satisfying oy ¢ > 0j j and dimo; j N oy, =m+n — 2. We obtain a shelling for X' (i.e. condition
(x) in [7, p. 101] is satisfied) because dimoj jNox,=m+n—2ifand only ifi=k and j# £ or i #k
and j=¢,50 Tj j =0 j N (=i Ok, j) N (ﬂz>j oi,¢). Hence, the collection {[V(z; )]} forms a basis for
A*(X)g-

Set D(_jjy:=D_ijt1---D_1-Dg---Dj_q; the empty product D(_1,0) =1 is the unit in A*(X)q.
The generators of M imply that D_; jy =0 in A*(X)qg if i >m or j>n. Since 7; j is spanned by the
rays p; with —i < £ < j, it follows that [V(7; j)] = D j). Thus, D(_; j for 1<i<mand 0 j<n
forms a basis for A*(X)qg. The degree of a zero-dimensional subscheme Y of X, denoted deg(Y), is
the rational number such that [Y]=deg(Y)Dpm.n) in A"“r"*](X)Q.

The following calculation is the key to proving Theorem 2.

Lemma 3. For 1 <k <m+n — 1, we have

k! DK =

k
i=

k .
<i 1 >D(—i,k—i+1) in A*(X)q.
1
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Proof. In the polynomial ring Q[z], Worpitzky’s identity is z* = Z(i‘)(z:l) see Eq. (6.37) in [9, p. 255]

1
or for a combinatorial proof see [4, §7]. Rearranging, reindexing, and homogenizing this identity give
the equation

k

k k . . .

iz :2<i_1>(z+(l—1)}’)(z+(1—2)}’)"'(2+(l—k)J’)
i=

in the Z-graded polynomial ring Q[z, y] with deg(z) = deg(y) = 1. Under the substitution z +— Dy

and y — D1 — Dy, we obtain the equation

k
k ) . . .
k! Df =Z<i_1>((1 —(i—=1)Do—(i—1)Dy)---((1— (i —k))Do — (i —k)D1)
i=1
in A*(X)g. To complete the proof, we observe that the ideal L contains the linear relation D; =
(1—1i)Dg—iDq forall -m<i<n. 0O

Using this lemma, we can compute the degree of certain complete intersections in X.

Proposition 4. Let g1, ..., gnyn—1 be homogeneous elements of S such that deg(g;) = [é] for 1 <j<
m+n—1.0fVx(g1, ..., nin_1) is a zero-dimensional subscheme of X, then its degree is (mnff;]>

Proof. Each homogeneous polynomial g; defines a hypersurface in X. This Cartier divisor is ratio-
nally equivalent to jDg because we have deg(gj) = [é] for 1 < j<m+n— 1. The subscheme
Z :=Vx(g1,---,8n+n—1) has dimension zero if and only if it is a complete intersection. Hence,
the degree of Z equals the appropriate intersection number, namely the coefficient of D) in
H?;%]"_1 JjDo; see Proposition 7.1 in [8]. Since D(_;k—j+1) =0 for i>m or k—i+1>n, Lemma 3
yields

m+n—1 m-+n 1
. _ m+n—1 __ -
|| jDo=(m+n—-"1)!D _< m—1

>D(—m,n)- Od
j=1

Proof of Theorem 2. Applying Conjecture 1 for the pairs of positive integers (m,n—1) and (m —1,n),
we see that Vx(J) NVx(x_mxp) = . It follows that [Vx(J)] belongs to the socle of A*(X)g and thus
Vx(J) has dimension zero. Since x_pX, is a nonzerodivisor on Vx(J), we see that deg(Ip,. ) equals
degVx(J); see Section 2.2. Therefore, applying Proposition 4 completes the proof. O

3. Sparse Laurent polynomials

In this section, we compute the degree of subschemes of X(m,n) corresponding to certain sparse
Laurent polynomials. Given the recurrence relation that these degrees satisfy, they may be regarded as
a generalized form of Eulerian numbers. This computation also generates a decomposition of (m;f]_l>
as a sum of nonnegative integers; see (3).

Fix a pair of positive integers (m,n) and let d be a positive integer dividing m + n. Consider the
closed subscheme X; of X corresponding to Laurent polynomials of the form

XemZ ™+ X myd 2 " Xy g 2 X 2
In other words, X is the subscheme of X defined by the monomial ideal generated by the variables
not belonging to {X_m, X_m+d, ..., Xn—d, Xn}. When d =1, we have Xy = X.
For 1< j<m+n—1,let g; be a generic polynomial in S of degree [(])] These generic polynomials

cut out the subscheme Z :=Vx(g1,..., gn+n—1). Consider Z; := Z N X4. To compute the degree of Zg4,
we introduce the following notation. If 0 < ¢ <d — 1, then we define
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d—1\ _ [0 ifged(+1,d)#1,
e [ |1 ifged(e+1,d) =1,

and we extend the definition of (if)d for all triples (k, £, d) such that d divides k + 1 via

K\ k—d k—d
<K>d"(“”< ) >d+(k—£)<e_d>d.

It follows that <Lf) = (if)].

m+n—1

Proposition 5. The scheme Zy has dimension zero and degree ( o1

scheme Z is empty.

)d when gcd(d, n) = 1; otherwise the

Before proving this proposition, we record a technical lemma. Let W; be the vector space of all
polynomials in S of degree [(')] with support contained in {X_p, X_m4d, - - -, Xn—d, Xn}. Given a subset
Sc{d2d,...,m+n—d}, let D(S) be the subscheme of Xy defined by the ideal generated by W; for
allieS.

Lemma6.IfS C{d,2d,...,m+n—d}, thendimD(S) < ™ —1—S|.

Proof. It suffices to show that D(S) is contained in a finite union of subschemes with dimension
’”T+” —1—|S]. Toapoint P =[p_m : P—m+d : - : Pn] in the subscheme D(S), we associate the support
sets £ :={i>0]|p;#0} and £_ :={i > 0| p_; # 0}. From the definition of X4, we deduce that
E+C{m,m—d,...} and £~ C{n,n—d,...}. Observe that P lies in the subspace defined by the ideal
(xi |i€e{—m,—m+d,...,n}\(£4+ UE_)) and that this subspace has dimension |£; |+ |E_| — 2. Hence,
it is enough to prove |E4|+|E-| —2 < mT” —-1-18|= |SB| where St := {d,2d,....,m+n—d}\S.
To accomplish this, we consider the set

P:={i+jlie&;s, jeé_,andi+j<m+n—-d}c{d,2d,...,m+n—d}.

To conclude, one verifies that P  SC and that €41+ 1E-1—=2<|P|]. O

Sketch of the proof for Proposition 5. To begin, we assume that gcd(d, n) = 1. Let P(W) :=P(Wy) x
P(Wyq) x -+ x P(Wi4n—q) and consider the incidence variety

U:={(P,(hg.....hmyn-a)) | ha(P) =+ = hpin_a(P) =0} € Xg x P(W)

with canonical projection maps 71 : U — X4 and 73 : U — P(W). We claim that dimU < dimP(W).
To see this, observe that a general point Q in X; does not belong to the base locus of any Wj,
so the fiber nl’l(Q) has dimension dimP(W) — mT“ + 1. One must also consider the dimen-

sions of the various 711_1(D(S)), but Lemma 6 shows that none of these preimages has dimension
greater than dimP(W). Since Z; equals the fiber of 5 over a general point of P(W), the inequality
dimU < dimP(W) implies that Z; has dimension zero. The appropriate modifications to the proofs
of Lemma 3 and Proposition 4 show that the degree of Z; is (mr:fl_l)d.

Assume that e :=gcd(d,n) > 1. If m’ :=m/e, n’ :=n/e, and d’ :=d/e, then there is an isomor-
phism Xgq = X(m,n)q > X@m',n")g = X7,. Under this identification, Zy is determined by the ideal
(&', &2d'+ - - - » e +m)—a'). Let U’ be the incidence variety for the parameters (m’,n’,d’). From the
proof of Lemma 6, we deduce that x_,;x, is a nonzerodivisor on the top dimensional components
of U’. Hence, the generic polynomial g, . is also a nonzerodivisor on U’, so the intersection of the
general fibre of 7 : U — IP(W) with the hypersurface defined by gy is empty. Therefore, we have
Zg=¥. O

To obtain a decomposition for the Eulerian numbers, we stratify the generic complete intersection
Z by singularity type. Let X3 be the open subscheme of X consisting of all singularities of type
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B(Z/dZ) in X. Each point in Z belongs to X for some d that divides m + n. Setting Z; := Z N X3, we
obtain

<m+n_1>=deg(2)= Z deg(Zz3). (3)

m—1
dim+n

Moreover, Mobius inversion and Proposition 5 yield

deg(2)= Y u(c)<m,;§ n >Cd,

cl(m+n)/d

where w is the classical Mobius function; see Egs. (4.55) and (4.56) in [9, p. 136].

Eq. (3) has an elegant combinatorial refinement which we learnt from Alexander Postnikov; cf.
[12, §6]. To sketch this refinement, we observe that the Eulerian number (,’:) also counts the cir-
cular permutations of {0,...,n} with k + 1 circular ascents. The group Z/(n + 1)Z naturally acts
on this subset of circular permutations; add 1 modulo n + 1 to each element. The cardinalities
of the orbits then give rise to (3). More precisely, deg(Z3) equals the product of (m +n)/d and
the number of orbits with cardinality (m + n)/d. For example, if m =2 and n = 3, then we have
(;‘) =11, deg(Zz) =1, and deg(Z7) =10 =2 -5. On the other hand, the eleven circular permuta-
tions of {0, ..., 4} with two circular ascents are partitioned into three Z/5Z-orbits, namely {03241},
{01432,04312,04231,03421,03214}, and {02143,04132,02431,04213,03241}.

4. Further questions
4.1. Regular sequence

Theorem 2 underscores the significance of Conjecture 1. To prove this conjecture, it would be
enough to show that Vx([f'1,...,[f™"]) is the empty set. From this perspective, the proof of
Proposition 5 could be viewed as evidence supporting this conjecture: for generic elements g; of S
with degree [é] the subscheme Vx (g1, ..., gmin) is indeed empty.

On the other hand, Conjecture 1 is false over a field with positive characteristic. For instance, if
f:=z"14zeTF,z,z7 1], then we have [fi] =0 for all i. Even if Conjecture 1 holds, the [Fp-vector
space Fp[X_m41, ..., Xn—11/Im,n may fail to have a finite dimension; this happens when p=2, m=1,
and n=2.

4.2. Combinatorics

The positivity and simplicity of many formulae in this article suggest that we have uncovered
only part of the combinatorial structure. To help orient the search for further structure, we pose two
specific questions:

e Can one find an explicit basis for C[x_+1,...,X:—11/Im.n together with a bijection to the per-
mutations of [m +n — 1] with exactly m — 1 ascents?

e Does Z]>0 dimdm)[é] — (anlrj?) hold for all positive m and n? When m=3 and n=3,

we have
<g>=66=1+0+2+3+6+7+9+10+9+7+6+3+2+0+1.
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