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6.1 Laurent Series

The field of fractions of a commutative domain is the smallest
field containing it. The construction of the field of fractions is
modeled on the relationship between the ring of integers and the
field of rational numbers.

Definition 6.1.1 (Field of fractions). Fix a commutative domain A.
Let A* := A \ {0} denote the set of nonzero elements in A. Define
the binary relation ~ on A x A* by setting (a,, by) ~ (a;, b;) when
agb; — bpa; = 0. Since A is a commutative ring, this relation is
clearly reflective and symmetric. For any (a,, by) ~ (a;, b;) and any
(ay, by) ~ (a,, b,), we have

0 = b,(0)+by(0) = by(agb;—bya;)+by(a;b,—bya,) = by(agb,—bya,) .

Since b, # 0 and A is a domain, it follows that ayb, — bya, = 0 and
(ay, by) ~ (a,, by), so this relation is also transitive. In other words,
we have an equivalence relation on the product A x A*. The set of
equivalence classes is denote by Frac(A). Traditionally, one writes
ay/b, for the equivalence class of the pair (ay, by).

For any two elements a,/b, and a,/b; in Frac(A), we define
addition and multiplication by

Qo , a1 ._ aob +a;by <@) (ﬂ) ._ Qo
bo "B, = bob; and bo/\B,) = byb;

Observe that the elements (ayb; + a;by)/byb, and aya,/byb; in
Frac(A) depend only on the equivalence classes a,/b, and a;/b;.
Indeed, if (ay, by) ~ (a,, b,) then we have a,b, = a,b, and

(apby + a;b)(byb,) = (agb,bi + a,byb,b,)
= (aybob} + a,byb,b,) = (ayb; + a;b,)(bob,),

(apa,)(byby) = agba,b, = a;bya;b; = (aa,)(byb,),

Wthh lmply that (aobl + albo)/(bobl) = (a2b1 + albz)/(bzbl)
and (aya,)(bob;) = (a,a;)/(b,b;). Because these definitions
immediately imply that

0,% _% (1)(@)_@
1 b, b, 1/\by) by’
the additive identity is 0/1 and the multiplicative identity is 1/1.
One easily verifies that these binary operations endow Frac(A)
with the structure of a field. Since we also have
aQ , a4 _a+a Qo) (A1) _ Qoly
1 t1T =71 (1)(1)‘1’
the canonical map from A to Frac(A), which sends a ~ a/l,is

compatible with addition and multiplication making Frac(A) into
an A-algebra.
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For our combinatorial applications, there are three important
special cases of this general construction.

- The field Q of rational numbers is the field of fractions for the
ring Z of integers.

- The field R(x) of rational functions is the field of fractions for
the ring R[x] of polynomials in the variable x with coefficients
in R.

- The field R((x)) of Laurent series is the field of fractions for
the ring R[[x]] of formal power series in the variable x with
coefficients in R.

To describe a normal form for the elements in R((x)), we first
identify the units in R[[x]].

Lemma 6.1.2. A formal power series ZjeN a; x/ € R[[x]] has an
inverse if and only if the constant term a, has an inverse in R.

b; x/ in R[[x]]

Proof. The existence of a formal power series Zj o bj

satisfying

1= (S )3 be)= ¥ (b) X,

jeN JjeN jeN

is equivalent to having a solution to the system of equations:
J
aobo =1 N aobl + albo = O, e g z ak b]—k =0
k=0

for all positive integers j. Using this observation, we prove both
directions of the claim as follows.
<: When q, has an inverse in R, it follows that

by = a3, b, =-—ag'(a;by), b, =—agz'(a;b, + aby),

The coefficients of the inverse are given recursively by b, = ag?

and b; = —ag’ Z{czl aibj_y for all positive integers j.
=: When q, does not have an inverse in R, the equation agb, = 1
has no solutions. O

Proposition 6.1.3. Assume that R is a field. For any nonzero Laurent
seriesh € R((x)), there exists a unique integer ¢ and a unique formal
power series ZjeN Cj xJ € R[[x]] such thatc, # 0 and

h= xe[z cjxj] = cjpx).
JjeN Jj=t
Proof. Consider nonzero Laurent series h € R((x)). By definition,
there exists f € R[[x]] and a nonzero g € R[[x]] such that h = f/g.
Setting m := Qrd(f) and n := ord(g), we have f = ZjeN a; x) and
g= ZjEijxJ where a,, # 0,a; = 0forall0 < j < m, b, # 0,and
b, = Oforall 0 < k < n. The lemma establishes that the formal
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74  Foundations of Enumerative Combinatorics

power series f*:= Y. @y ;X and g* := ¥, by, X/ are units in
R[[x]]. Let g € R[[x]] be the inverse of g*, so q(0) # 0. Hence, we

obtain m m
* *
g x"gr xngeq
so setting ¢ := n — m and Z}.GN ¢j x/ ;= f*q proves existence.
To see uniqueness, suppose that we have

h=x’ [Z ¢ xf] = x’ [Z e xi]

JjeN JjeN

=x"""(f*q),

where ¢, # 0 and ¢y # 0. Choosing k >> max(|¢|,|¢']), we see
that xk+¢ YienCiX = xk+e! Y jen ;X! are nonzero elements in
R[[x]]. Comparison of orders shows that k + ¢ = k + ¢ which

means ¢ = ¢’. Finally, dividing by x?, which is a unit in R((x)), we

cxd = ' xJ
conclude that ZjeN cjxl = ZjeN cjx/. O

Remark 6.1.4. The polynomial ring R[x] is canonical embedded
into algebra of formal power series R[[x]] defined by sending the
polynomial ay + a; x + --- + a, x" € R[x] to the formal power series
aG+ax+--+a, x"+ Zj>n0xj € R[[x]]. This map induces a
canonical embedding of R(x) into R((x)), so we may regard any
rational function as a Laurent series.

Problem 6.1.5 (Geometric series). Show that the rational function
(1 — x)7!in Z(x) equals the formal power series Zj o X! in Z((X)).

Solution. We have

(1—x)<2xj>:fo—2x1:1+2xj—2xj:1. O

jen jen =1 j>1 >

Exercises

Problem 6.1.6. Let K be a field of characteristic zero and consider
the K-algebra K((x)) of formal Laurent series. The formal residue
map Res: K((x)) — K is defined by Res(f) := [x~!](f). For any
two f, g € K((x)), prove the following:

@) Res(‘;—f:) = 0; Hint: Differentiation is defined term-by-term.
(ii) Res(% g) = —Res(f g—i); Hint: Assume the product rule holds.

(iii) Res(}—lc %) = ord(f) for all f # 0.

6.2 Formal Derivatives

A surprising amount of calculus extends to formal power series.

Definition 6.2.1. For any formal power series f := ZjeN a; x/ in
RI[x]], its derivative is &L := 3 el + D ajyr %7 € Ri[x]].

This operation satisfies the usual rules.

Copyright © 2021 by Gregory G. Smith
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Proposition 6.2.2 (Differentiation rules). Forall f,g € R[[x]] and
allr,s € R, we have the following:

(Linearity) —(r f+sg)=r ﬂ +5 Z_i
(Product rule) ( fg= df f
. d f o
(Kernel)  The equation Ix = 0 implies that f = f(0) € R.

Proof. When f:=Y,._ a;x/andg:= Y. b;x/, we have

JEN a; jeN =i

dd—x(rf+sg)_d [Z(raj+sb)xl] = 2+ D(raj +sbjy)x/

JeN JjeN

= V[Z(J+1)a]+1xj] +S[Z(]+1)b]+1x1] - Vf/ +Sg/.

JeN jenN
and
Jj Jj+1
;—x(fg) = ;_x [Z(Z a bj—k>xj] Z((] +1) Z A bjii- k)
JEN k=0 JjeN
j+1 ‘
= 2(2 kagbj_+(J+1-k)a bj+1—k> x/
jeN k=0
j .
=y [(Z (k+ Da by i) + (LG +1- 0w b,-+1_k)] x)
jeN k=0
[Z(] +1)ajp x/ ] [Z b, xJ] + [Z ajxj] [Z(j +1)bjy, xf]
JeN JeN JjeN jeN
_af
=358t f

The equation df/dx = 0implies that, for all j € N, we have

(J + 1) aj;; = 0. Since the coefficient ring R is a domain having
characteristic zero, the number j + 1 is a nonzerodivisor in R.
Therefore, we deduce thata;,; = 0 for all j € N, so f = a,. O

Having built a rigorous foundation, we return to the variant of
the binomial theorem [2.3.5] for multichoose coefficients.

Theorem 6.2.3 (Generalized binomial). For any nonnegative integer

n, we have
o - 2(G)=2( )

JEN JEN

Inductive proof. Whenn = 0,we have1 = 3, () x/, so the base
case holds. Suppose that given identity holds from some nonnega-
tive integer n. Differentiating the induction hypothesis and using
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76 Foundations of Enumerative Combinatorics

the absorption identity [2.3.1] for multichoose coefficients gives

a (o) = |2 ()~

jen
= gz
S e L (S
S = ) (1 EE G ER

Differentiation allows one to extract coefficients.

Proposition 6.2.4 (Maclaurin series). Assume that the coefficient
ring R contains Q. For any formal power series f € R[[x]], we have

r= %5 (@)

JeN
Proof. Consider the formal power series f := ZJ.GN a;x’ € R[[x]].
For any nonnegative integer k, repeated differentiation gives

k
TS S GG +2) G+ R a,

dxk =
so we deduce that jkT{: +—o = Kk!ay. Since R contains Q, we may
divide by k!. O

As an application, we extend the binomial theorem to any com-
plex exponent.

Problem 6.2.5. For any complex number r, show that
r . rl .
1+x)" =), ( .)xf = >, = x e C[[x]].
JjeN J jeN J:

Solution. For any nonnegative integer m, we obtain

an N : .
dxm(z ajxj) =(Zaj(])(]—1)'--(J—m+1)xf‘m) =m!a,,,
JjeN x=0 j=m x=0
dm
T (X)) Ly =1 =D =2 (r = m+ DA+ x| _ =,
am rl ) ( rl . ; r
- x = —JjG=1)--(j—m)xi—m = —m =,
docr <J;\1 J! x=0 J'ZZWI J! x=0 m!
Comparing coefficients establishes the desired equality. O

Remark 6.2.6. The ring of polynomial differential operators (also
known as the Weyl algebra) is not commutative. For example, the
product rule implies that

() = 8(x8) ) = (7 + )i = 1

Copyright © 2021 by Gregory G. Smith
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d d _
S0 72X — Xz; = 1. As a consequence, we have

2
d\ _(,d d\ _ (d \d _ d d _ ,2d? d
(xa) = (xa)<xa) = x(ﬁx)a = x(xa + 1)5 =Xt Xy
Problem 6.2.7. Let 0 := % denote the basic differential operator
on Q[[x]]. For any nonnegative integer n, prove that

n n
(xd)" = %{k}xk 65 and x"9" = %(—1)'1 k[k](xa)k.
Solution. For the first identity, we proceed by induction on n.
Whenn = 0,wehave (x0)° =1=3,_, {g}xk 8k, so the base
case holds. Assume that the formula holds for some nonnegative
integer n. The induction hypothesis, the product rule, reindex-
ing the sum, and the addition formula [3.0.3] for Stirling subset
numbers give

(x0)"+! = (x8)(x8)" = xd [Z {Z}xk ak]

keN
_ N\ .k ak R k+1 gk+1
_ka{k}xa + S lelea
(V4 kez
1
= 2 (efief+ {2 f) o= Bk o,

For any two nonnegative integers m and n, Stirling inver-
sion [5.2.4] asserts that Zkez(—l)"‘k [%] {,lfl} = &»- Hence, the
first identity implies that

sefoor = g (1] g1

kez kez
k
_ o[ )] }] mam
= 3 X" O™ = X" 0", 0
mezZ

Exercises

Problem 6.2.8. The exponential power series is defined to be

xn
exp(x) = % 7 € Qllx]l.
(i) Let f € Q[[x]]. If Z—i = f, then show that there exists ¢ € Q
such that f = ¢ exp(x).
(ii) By extracting coefficients, show that the binomial theorem is
equivalent to the identity

exp(t(x + y)) = exp(tx) exp(ty) € Q[[t, x, y]].
(iii) For all nonnegative integers k and n, use a similar approach

to prove the multinomial theorem

n! J14.J2 Jk
(x1+x2+"'+xk)n= Z le x2 xk .
ikt j=n JV2TTIK
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6.3 Coefficient Extraction

The operators that isolate individual coefficients from a formal
power series provide the crucial tools for our applications.

Definition 6.3.1. For any nonnegative integer m, the coefficient
extraction function [x™] : R[[x]]— R is defined by

[xm]<2 a; xj) =a,,.

JjeN

The definition of addition and multiplication in R[[x]] establish
that this are R-linear operators.

Problem 6.3.2. For all nonnegative integers m and n, use the
equation (1+x)™ (1+x)" = (1+x)™*" to reprove the Vandermonde
identity [2.1.5] for binomial coefficients.

Solution. The binomial theorem [2.1.6] is equivalent to having
[x*]((1 + x)") = (%) for all integers k. Hence, the definition for
multiplication of formal power series gives

(1)) =i oras o
m+n
).

= (@ + o = ("]

Problem 6.3.3. For any formal power series f := Z}.eN a; x’ in

R[[x]] and any nonnegative integer m, find [x™]((1 — x)~' f).

Solution. The geometric series [6.1.5] satisfies (1 — x)~! = ZjeN x4,
Hence, the definition for multiplication in R[[x]] gives

S PRI RSN

Remark 6.3.4. When f := (1 — x)! = ZJ.GN xJ, the previous
problem shows

1 ; X .
—— = > (+1x/ and — = jx/ .
a=xr - 2 a-xr = 2/

Proposition 6.3.5. For any polynomial p in R[x] and any formal
power series f := ¥, a; xJ in R[[x]], we have

p(x)f = p(j)a;x/

JjeN
Inductive proof. For all nonnegative integers m, it suffices to
d : -
prove that (x )" f = Yjen J7ajx. Whenm = 0, we have
d 0 . . .
(xgz)f = f =2y X = 3y J°a; X/, so the base case holds.

Copyright © 2021 by Gregory G. Smith
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Assume that the claim holds for some nonnegative integer m. The
induction hypothesis and properties of the derivative [6.2.2] yield

(8" = (Yo =5 3 rarw) 5B 0+ 07

JjeN JjeN
=2 (+Dmaj, Xt =7 jma;xi. O
JeN JjeN

Problem 6.3.6. Use the previous proposition to reprove the Ab-
sorption Identity [2.1.3] for binomial coefficients.

Solution. Applying proposition for the polynomial x € Z[x] gives
n+1 k — i n+1> — n
Zk( N )x _<xdx>((1+x) =(n+1)x(1+x)

keN
= (n+1)<2)x’“rl =D, (n+1)<ki1>xk,

keN keN
so extracting the coefficient of x* completes the proof. O
Problem 6.3.7. Prove that log ( — " na
roblem 6.3.7. Prove that og(m) _%j'l'l in Q[[x]].

Solution. Suppose that log(%) = ZjeN a; xJ in Q[[x]]. The propo-
sition and the geometric series [6.1.5] give

jEZN jajxi = (xj—x>log<1 ix)
= x<(1 —1x)‘1)<(1 :;)2)(_1) ==X

Jj>0

Comparing coefficients establishes that ja; = 1 for all positive
integers j. O

Problem 6.3.8. Find a closed formula for the formal power series
. . J
ZjeN(]Z +4j+5) %
Solution. Applying the proposition, we have
) . xj
= ((x8) + 4(x8) + 5) exp(x)
= (x0)(x exp(x)) + 4x exp(x) + 4 exp(x)

= x(exp(x) + x exp(x)) + 4x exp(x) + 4 exp(x)
= (x? + 5x + 5) exp(x). O

Exercises

Problem 6.3.9. Find the unique sequence (a,, a;,a,, ... ) of real
numbers such that, for all nonnegative integers j, we have

J
Z ag aj_k =1.
k=0
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