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Abstract: This paper provides an
understanding from first principals the
switching of discount curve when collateral
is posted: from risk free to collateral return
rates. In the case of a collateral currency
different than the flow currency, replication
argument reveals the formula in the case of
deterministic interest rates. The goal to get
insight to understand the general formula
given in [MFAT] from simple cases.
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Details

While discussing the new formulation of
derivative pricing for bi-directional fully
collateralized trades along the line of
[MFAT], frequently I see the need of a
somewhat more elementary treatment to
help explain the results to those who are not
necessarily sophisticated quants. This note
hopefully would help make the subject
accessible to a wider audience. All mistakes,
however, shall remain solely mine.

We will follow the notations in [MFAT]:
Let r" (r) be the risk-free continuous

compounding zero rate for currency at
times. We assume that one can lend and
borrow at this rate without collateral. If cash

collateral is posted in currency & , let et )(t)
be the continuous compounding collateral
return rate for at time 7. Let f“/(¢)be the

value of one unit of currency jin currency
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i attime 7. Let y*(t)=r®(t)-c(r),

For elementary treatment, we first assume

all interest rates are deterministic.

Consider a zero coupon bond in currency i
maturing at time 7 . If no collateral is posted,
by standard replication argument, the value

. . _r(‘) i .
attimez is e "7 where r(0,T)is the
forward interest rate. To simplify notions we

Xt

. N .
simply write e * where no confusion
should arise when the period for the forward

rate is omitted. The replication is to deposit

g, . .
e”” "in currency i with the risk-free source

and wait to collect one unit of currency i at
time 7', at which time to pass to the holder
of the zero coupon bond. When collateral
posting is required, such replication won’t
work, especially when the collateral return
rate is less than the borrowing rate of the
replicator. One can however instead
replicate directly with the holder of the zero
coupon bond: Consider the collateralized
zero coupon bond is valued as V(). As
holder of the bond requires V(r) as cash
collateral, the issuer receives nothing net.
Note the collateral grows at the rate of
c(i)(t). Therefore, putting e as collateral,
one sees that at time 7', holder of the bond
will find the collateral account containing
exist one unit of currency i which is exactly
the payoff of the bond.



The above argument shows that in the
presence of fully collateralization, the
discount rate used for pricing should be the
replaced by the collateral return rate.

For the case when collateral is posted in
currency k , the replication would involve a
foreign exchange. The issuer would need to
exchange V(r)into currency k so to post as

collateral. It will grow at the rate of ct )(t),

which finally at time 7" we need it to be
exchangeable to one unit of currency i .
Since there are risk-free interest rates of the
respective currencies, we can use an un-
collateralized FX forward trade for the
purpose. Hence:

# ec(k)TF;i’k)(T) =1where F)fi’k) (T) is
£4(0)

the FX forward at time zero from an
uncollateralized forward. Since we know

F(zk)(T) — fx(l',k)(o)e(r(‘)—r(k))f ,we get

X

V(O) _ e[_c(k>_,(«->+,.w]T or V(O) _ e_[,.(i)_ym]T
One can interpret as a need to subtract the
currency k instantaneous return when
depositing risk-free the collateral, from the
risk-free rate of currencyi . As a result,
discounting a future flow of
currency i requires also knowing what the
collateral currency is.

Consider now a FX forward contract to buy
one unit of currency jby selling K units of
currency i at time 7, fully bi-directionally
collateralized in currency k. Since itis a
package of two collateralized zero coupon
bonds, its value, in currency i is

v(0)= f(i,j)(O)e(—r(j)+r(k)—c("))T _ gl =)

X

which is the same as

V(O) — f(i-j)(o)e*[rm*)'(k)]T _ Ke*[r(')*)'(k)]T
— e(—r(')+r(")—c<"))T (Fx(l,k)(T)_K)
= I (FO (1) - k)

This shows that the break-even FX forward
rate for a collateralized FX forward is the
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same as the un- collateralized one. This
formula has the usual interpretation of
discounting the forward profit along a single
currency (with collateralized adjustment).

The above is not true in general when
interest rates are stochastic. To see this,
apply formula (4) in [MFAT]:

. i — Tr(i) s )ds g (k) s)ds .
o = E° {ei s {562 h(’)(T)},one

gets currency k collateralized currency
i zero-coupon pricing as

r_—Tr(‘)ss T(k)ss
E° ej‘ ()dej’y ()d}whichaftera

change of measure becomes

,_ —Tc(‘)s s i - (0) (5)ds
E° ej‘ ()d}ET{ej’y ()d},or

. i - Tc(’) s)ds
Where D(¢,T)= E? {e J et }, and'

_J.[Ty(j'i)(l’s)ds _ ETj |:e_J'[Ty(j.i)(S)de| ’

e

therefore the FX forward value is

FE0(). Dm(t,T)e‘fy“%,s)ds _K. D(i)(t,T)e‘f""*’(z,s)ds

giving us the break-even FX forward as

o - (e, T) -0 s)as ich i
()= £ei). 26T) o) which is
fx ( ’ ) fx ( ) D(I)(I,T)e

formula (16) in [MFAT]
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