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Abstract. In order to better understand the geometric inter-
section number of curves, we introduce a new tool, thesmooth-
ing lemma This lets us write the geometric intersection number
i(X;A), where X is a simple curve andA is any curve, canonically
as a maximum of variousi(X;A Y, where the A° are also simple
and independent ofX .

We use this to get a new derivation of the change of Dehn-
Thurston coordinates under an elementary move on the pair of
pants decomposition.
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1. Introduction

In 1922, Dehn [2] introduced what he called therithmetic field of a
surface, by which he meant coordinates for the space of simple curves
on a surface, together with a description for how to perform ehange
of coordinates. In particular, this gives the action of the rapping class
group of the surface. He presumably chose the name \arithmeteld"
because in the simplest non-trivial cases, namely the toruthe once-
punctured torus, and the 4-punctured sphere, the result igjeivalent to
continued fractions and Euler's method for nding the grea¢st common
divisor. These coordinates were later rediscovered [1,14nd now go
under the name Dehn-Thurston coordinates. But the questionf how
they change under change of coordinates has been largelyleetgd. It
was not until 1982 that Penner [11,12] gave explicit formugafor the
change of coordinates, but probably due to the intimidatingomplexity
of his formulas, little further work has been done with this.

In this paper, we study geometric intersection numberg, -) of two
curves. One principal tool is the following lemma:

Lemma 1 (Smoothing). Let X be a simple closed curve and A an
arbitrary curve (with self-intersections), embedded so that X [CA is
taut (has a minimal number of intersections). Pick an intersection
of A, and let A, and A_ be the two dilerknt ways to smooth that

intersection:
//7\\\ //\_/\ ~X
A:(><,‘ As il ! A_:{>
\, 2 \(}/ \

i(A, X) = max(i(A., X), i(A_, X)).

Then

This lemma and extensions are proved in Section 3; some rements
are in Section 5. With the aid of this lemma we are able to getraple
formulas for the change of coordinates on the space of simplaves in
several cases, including parametrizations by triangulains or by pairs
of pants. This has been considered before: the case of trialagions is
well-known while the case of pairs of pants was previouslyrdered
by Penner [11,12]. In this paper we use somewhat di erent catinates
and new tools to get an end result that is simpler and more coagtual.

Among other consequences, we get &{n?) algorithm for solving the
word problem in the mapping class group, with constants ingeendent
of the surface. We are also able to easily nd the stable and stable
measured laminations of a pseudo-Anosov element of the mappclass
group. This might help in solving the conjugacy problem as We
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Another application of the Smoothing Lemma igonvexity. By pick-
ing a triangulation (resp. a pants decomposition) we give oodinates
on the space of simple curves. Given a simple cury¢ and another
curve A, whereA is not necessarily simple, we can think d{ A, X) as
a function on the space of coordinates. In Section 7 we showattthis
function is convex in terms of these coordinates.

Finally, we note that there is also an algebraic version of hSmooth-
ing Lemma, related to hyperbolic geometry. The two lemmas arre-
lated, on the algebraic side, by tropicalization, and, on th geometric
side, by passing to the boundary of Teichmaller space. Thialge-
braic lemma in the case of triangulations gives examples ofuster
algebras [3]. The cluster algebras constructed in this way from surfas
are the only known in nite class of examples of cluster algeds which
are mutationally nite but not nite. The convexity mention ed above is
also interesting in this case, where it translates into a pajd of positivity
of certain coe cients. For closed surfaces, our results sht be com-
pared with the work of Okai [9,10], who solved the analogousgblem
for hyperbolic geometry and the corresponding Fenchel-Nsen coordi-
nates. Details will appear in a forthcoming paper.

1.1. Acknowledgements. Much of the work was done while | was at
Harvard, rst as a NSF Postdoctoral Fellow and later as a Begmin
Peirce Assistant Professor. | would like to thank Joel Has&eng Luo,
Chung-chieh Shan, and William Thurston for helpful conveetions.

2. Preliminaries on curves

In this paper, we will be considering compact oriented suréas ,
possibly with boundary, and several varieties of 1-manifd$é on them.

De nition 2. A curve on is a properly immersed 1-manifold, possi-
bly with boundary. The set of all curves on is denotedC(). Cy()is
the set of curves with no boundary, and fo6 a subset of the boundary
components of , Cs() is the set of curves with boundary only on S.

The circle components ofC [Cl) are called loops and the other
components are callecrcs.

Note that a curve is what other authors have called a multi-awe or
sometimes a curve system.

De nition 3. A curve C [Ck() is taut if it is immersed with the
minimum number of self-intersections in its homotopy classt has no
trivial components, and it has no components which are homapic
into any of the boundary curves inS. If C is not taut, it is said to
have excess intersections.
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We exclude various trivial cases so that for ang [Ck(), there
is aD [CE() which interesects C essentially, whereS is the set of
connected components ad \S.

There is a nice geometric characterization of tautness.

Theorem 1 (Freedman-Hass-Scott [4], Neumann-Coto [8])et C be a
curve with no components which are proper powers of other curves and
no two parallel components. Then C is taut if and only if it is length-
minimizing in its homotopy class with respect to some Riemannian
metric on

(The reason for the restriction onC is that in the excluded cases,
length-minimizers are covers of a single curve and do not ersect
transversally.)

Corollary 4. If C CCI) is tautly embedded and D [CL) is arbi-
trary, then there is a taut embedding of C IO which agrees with the
given embedding of C.

We will generally be interested in parametrizing simple cked (multi-
)curves.

De nition 5. A simple curve on is an taut, embedded closed curveC,
not necessarily connected. The space of simple curves up takgent
isotopy (or equivalently up to homotopy) is denotedSC( ). Similarly
for SCo() and SCs().

Our \simple curves" are also called \curve systems" or \intger mea-
sured laminations". The name \integer measured laminatidhcomes
from the general theory of measured laminations; all ressltin this
paper extend to the more general case.

To parametrize simple curves, we will use intersection nurebs.

De nition 6. Given C [Ck() and D [T}(), where S and T are
disjoint, the geometric intersection number i(C, D) is the number of
intersections betweerC and D in a taut embedding ofC [DI. We will
also write this asic(D) or ip(C).

3. Smoothing curves
The following lemma is a central tool in this paper.

Lemma 7 (Smoothing). Let S and T be disjoint subsets of 0 , and
let X [SICs() and A [CCk() , with A tautly embedded. Let x be a
crossing of A, and let A, and A_ be the two smoothings of A at x.
Then

ix(A) = max(ix(A+),ix(A)).
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For instance, supposeéA, B, C, D, E, and F are the 4 sides and
two diagonal of a quadrilateral in . (The corners are four baundary
components of , possibly with repetitions.) We can use thigheorem
to compute ix (F) in terms of the number intersections ofF with the
other 5 sides: we consider the non-simple curni& [El. This curve
has one self intersection; if we smooth out the intersectipwe get two
opposite sides of the square, so we have

ix(E CE) =max(ix(A LC),ix(B [D))
ixE + |xF = maX(ixA+ ixC, |xB + |xD)

If we use the number of intersections with the edges of a trignlation
to parametrize the dierent curves X, this equation lets us change
coordinates from one triangulation to another:

A A

E F

c c

This coordinate change was known before and is in any case\eas
to derive by a case analysis. We will be using this theorem inare
sophisticated ways later.

Before we prove Lemma 7, let us study excess intersectionstliis
context a little.

De nition 8. A weak bigon between two curvesC; and C, (intersect-
ing transversally) is a mapf : D? —. so that dD? is the union of two
intervals A; and A, sof agrees withC; on A; and f agrees withC,
on A,.

Hass and Scott [5] have considered various notions of \biggfnand
whether they exist for various types of embeddings with exsg inter-
sections; unfortunately, none of their theorems are quitevat we need.
Our notion of \weak bigon" is even weaker than their weakestation
of bigon, since the boundary of the bigon may wrap more than oae
around C; and/or C,.

Note that the existence of a weak bigon is equivalent to a lifC;
of C, and a lift C, of C, intersecting more than once in the universal
cover ~of .

Lemma 9. If X is embedded and C is a loop, then no weak bigon
between A and X wraps more than once around C.
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Proof. Consider the annulus cover ¢ of corresponding to C. Then
the lifts of C and X to ¢ are embedded. An arc bounding a bigon
that wraps more than once around the lift ofC is necessarily not em-
bedded.

Lemma 10. Let A CC}() and X [SCs() , with S and T disjoint,
and suppose we are given a transverse immersion of X [CA. Then
this immersion has excess intersections between X and A if and only
if there is a weak bigon between X and A.

Proof. If there is a bigon betweenX and A, by Lemma 9 it involves
an arc of A. We can push that arc ofA across the disk de ning the
bigon until it lies on the other side ofA. When we do this we remove
two intersections of A with X (at the two corners of the bigon), and,
since X is simple, we do not introduce any new intersections between
A and X.

Conversely, suppose that there is excess intersection beemA and X.
By a result of Hass and Scott [6, Theorem 2.2], there is a honoply
from A [X to an immersion with minimal intersection which never
increases the number of self-intersections. If we put the imotopy in
general position, this means that there is a sequence 0f33, 2 - 0,
1 - 0, anddl - 0 moves which makesA [X taut. Since there
are excess intersections betweeih and X, there will be at least one
2 - 0 move involving A and X. (This is the only possible move that
reduces the number oAX intersections.) Consider the con guration
just before the rst of such move; by de nition, there will be an em-
bedded bigon betweerA and X. We can follow this bigon backwards
through the sequence of moves that preceded it to nd a weakdon
in our original con guration.

Question 11. Can excess intersections more generally be characterized
by the existence of weak monogons, bigons, and boundary triges?
The argument using curve shortening generalizes to show thathere

IS excess intersection, then there is also a weak monogongdm, or
boundary triangle. The other direction seems more di cult.

Lemma 7. By Corollary 4, we can suppose thalX and A are simulta-
neously embedded so that they are both taut. Themy(A+) < ix(A),
since the concrete con guration ofA;, hasix(A) intersections with X,
and a taut con guration can only have fewer intersections. iBilarly
Ix(A-) = ix(A).
So we only need to show that equality is achieved at least once

Consider the lifts A and X of A and X to the universal cover of , and
a lift x of x. Name the 4 rays ofA that meet at x by p, q, r, and s, in
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cyclic order, so thatA, joinspto gandr to s and A_ joinsp to s and
qtor. If As is not taut, then there is a bigon between the two
curves. (The other cases are ruled out, by assumption @k) Since
the original A was taut, this bigon must not have appeared originally;
that is, it must have come from a triangle involvingX and two rays of
A from x; without loss of generality, these are and q. Any strand of
X that crosses this triangle must meet both strandg and g: it cannot
meet one strand twice, by tautness oK [X, and it cannot meet the
X side, sinceX is embedded. Thus there is a unique innermost such
triangle which involves the rst intersections with X along p and g.
Similarly if A_ is not taut, there is a triangle involving X and
(say) the rst intersections along g and r. But these two triangles
together yield aX-p-r bigon, contradicting the assumption thatA [XI
was taut.

By using Lemma 7 repeatedlyi(A, X), for X simple andA arbitrary,
can be turned into a maximum of variousi(A5 X), where the A are
simple. There may a priori be more than one way to do this: at eh
stage we smooth one crossing, then homotop the resulting ees to
make them taut, and iterate. There is no guarantee that we wilget
the same set of curves regardless of the order we choose td& laiothe
crossings. The following lemma lets us do all the smoothings once.

Lemma 12. Let A [ Ck() and X [3Cy() , where S and T are
disjoint and A is tautly embedded. Let Sm(A) [SCs() be the set
of all curves obtained by smoothing all of the crossings in A, with any
trivial components deleted. Then

i(A, X)= max i(AYX).

AO[SH(A)

Proof. As before, for any smoothingA”of A, the concrete realization
of A%has as many intersections withX as A does, and this number
can only decrease when we mak@&” [X taut, so one inequality is
clear. For the other, we need to show that one curve in SAJ achieves
an equality. By Lemma 7, we know that by smoothing one crosgin
to get a curve AY simplifying the con guration of the curve to AT
and repeating we can get to a curve that achieves equality. B,
Theorem 2.2], the process of simplifying can be done with agsence
of 3 3 2-0,1- 0,anddl - 0 moves. By Lemma 13
below, SmAY [CSin(AY. By induction, one of the elements of Sn&™)
achieves the desired equality with(A, X).

Lemma 13. Let A and A"be two configurations of curves on  di [erk
ing by a single positive elementary move. Then Sm(AY [CSi(A). In
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particular, if A and A are two taut configurations of the same homo-
topy class, then Sm(AY = Sm(A).

Proof. Direct veri cation in cases.

4. Dehn-Thurston coordinates

In this section we review Dehn-Thurston coordinates, adaptl to
the versions that will give us the nicest formulas, and extehthem to
related settings.

We start with the case of a triangulated surface, where we pam-
etrize simple closed curves in the complement of the vertgef the
triangulation.

Proposition 14 ([?]). On a surface equipped with a triangulation T,
a simple closed curve in minimal position with respect to the triangu-
lation is uniquely determined by the number of intersections with each
edge of the triangulation. Any number of intersections is acheivable,
provided it satisfies the triangle inequality inside each triangle and (par-
ity condition).

Proof. There is a unique way to Il in each triangle.

To parametrize curves on an oriented surface with no puncttes,
we start with a pants decomposition, a maximal set{P;} of non-parallel
closed curves. The complement \ P; is then a union of disks with
three perforations, topologically like a pair of pants, whace the name
pants decomposition.

This marking does not su ce to pin down the surface: there istsl
a large subgroup of the mapping class group that xes these pa
curves, namely Dehn twists around the pants curves. Thereeaseveral
equivalent ways to x this subgroup:

e Reversing map: An orientation-reversing mapR : - so
that for each i, R(P;) = P;.

« Hexagonal decomposition: A simple curve H that meets each
pants curve twice, decomposing each pair of pants into two
hexagons.

= Dual curves: For eachi, a curve D; so that i(D;, P;) = 2&;;.

These are all equivalent: the curves in the hexagonal decoosition
are the xed points of R (and converselyR switches the two hexagons
in each pair of pants), and the dual curves are chosen to rurofn one
side of each hexagon to the opposite. (Alternatively, th®; are also
xed by R.)

However we thing about this marking, Dehn-Thurston coordiates
for an integer measured lamination consist of
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 length paramters m; = {#( C n P;)}, the number of intersection
with each pants curve; and
» twist parameters t; for each pants curve.

For the idea behind the twist parameters, note that once then; are
xed there is a unique way to Il them in and determine C nY for
each pair of pantsY [?]. The m; need only satisfy a parity condition,
that the sum of the m; for the three boundary components of a pair
of pants is even; the triangle inequality is no longer necesy. For
eachP; we havem; points of intersection coming from each side, and
we just have to decide how to glue them together: how far to rate
the \cu s" before gluing. There are aZ's worth of ways to glue them
together, giving the twist parametert;. The markings let us determine
a canonical 0O twist for thet;. The map R provides one convenient
basepoint.

De nition 15. The twist parameter t; is the unique parameter on
X [SC() so that

e t; changes by two whenX is twisted postively one step. For-
mally, tj(P;X) = t;(X)+29;j, where the product of curves is as
de ned below in De nition 18.

» t; depends only onX restricted to the one or two pairs of pants
that neighbor P;.

e t; is covariant with respect to orientation reversal:tj(R(X)) =
—ti(X).

We chooset; to vary by two when the curve is twisted in order to
guarantee that it will always be an integer. It is immediate fom the
de nition how the twist parameters change by a Dehn twist arand a
pants curve:

Proposition 16. Under a positive Dehn twist around the pants curve
Pi, the corresponding twist parameter changes by

tiD: t; +2m;.

Remark. There are di erent choices for the basepoint for the twist;dr
instance, Penner?] has a di erent choice from the one above. See Ap-
pendix B for the relationship between the two sets of twist pameters.

More concretely, divide up into annuli {A;j} and pairs of pantsY;.
Arrange the dual curvesD; so that they are xed by the orientation-
reversing mapR. (This is possible because of the relationship between
the two ways of marking the twists.) Arrange the curveX so that
in the pairs of pants it is xed by the involution R and is transverse
to the D;. Also push any parallel copies of the pants curves into the
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corresponding annulus. Then to nd the twist parameter for he pants
curve Pj, orient both X n A; and D; n A; to run consistently from one
boundary component to the other. (The result is independendf this
choice, as long as all components are oriented the same walhlen the
twist t; is de ned by

ti = (X nAj).(Din A)

where . denotes thesigned intersection number. If the measurem;
is zero, then X may have several components parallel to the pants
curve Pj, and it is ambiguous how to orient them. In this case, orient
them all consistently to nd a twist parameter, which has an anbiguous
sign. (In this case, the twist parameter is plus or minus twoimes the
number of parallel components.)

This de nition is independent of the choice of arrangement fothe
the X to be xed by R. It is immediate that all conditions in De ni-
tion 15 are satis ed.

We could also de ne the twistst; by comparingX nA; to the curve H
giving the hexagonal decomposition in the same fashion. Thee addi-
tional complication is that it is then not always possible topick X n'Y;
to be transverse toH n Y; while being xed by R: if X nY; has an
odd number of strands running between two di erent boundarycom-
ponents, the middle one will necessarily agree withl n Y;. When
computing the intersection numbers in the annulus, treat tw curves
with the same endpoint as having half an intersection, withigns as
appropriate.

4.1. Generalized coordinates. We will also consider more general
oordinates, generalizing both triangulations and Dehn-Tiirston coor-
dinates. A maximal decomposition D of a surface (possibly with
punctures) is a maximal collection of non-parallel arcs oobps, with
the endpoints of the arcs at punctures. Such a decompositidmeaks
the surface into pieces which are

e Triangles;

» Pairs of pants; or

e Cusped annuli: an annulus with a puncture on one boundary

component.

As with pairs of pants decompositions, in addition to a decopo-
sition we will need some more marking to completely specify¢ co-
ordinates. A marking of a generalized decompositioD is a choice
of a dual curve Dp for each loopA [D, so that i(Da,A) = 2 and
i(Da, B) = 0 for every other arc or loopB [C1d. Concretely, whenA
is the boundary of two distinct pairs of pantsin \D, Dy isais a
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minimally intersecting curve as before; whe\ appears twice on the
boundary of a single pair of pantsP, is either two parallel copies of a
minimally intersecting curve or a single curve halfway in-btween two
such; whenA is on the boundary of one pair of pants and one cusped
annulus, Da is an arc running from the puncture at the cusp of the
annulus, over the pair of pants, and back to the cusp; and wheA is
on the boundary of two cusped annuliD, is a pair of disjoint arcs
between the two cusps, each minimally intersecting. These two arcs
will either be parallel or at distance 1. In all of these casgsve can
de ne the twist parameter associated toA by

tA=T(A; X,Da)
where the twisting T is de ned below.

5. Twisting of curves

In this section we will put the de nition of the twist parameters
above in a di erent and more universal light.
We rst recall the notion of multiplication of curves, due to Luo [7].

De nition 17  (Luo). SupposeA and B are two unoriented arcs inter-
secting transversally at a pointx in an oriented surface. Thaesolution
of A [Blat p from a to b is the same a®\ [Blaway from a neighborhood
of p and, in the neighborhood, turns left fromA to B, as in Figure??.

De nition 18  (Luo). Given A,B [SC(), the product AB is the
multi-curve obtained by taking the taut embedding ofA and re-
solving all intersection points fromA to B, as in Figure ??.

Among the elementary properties of the product, Luo showed

* AB is again a simple curve (with no forbidden components).

e If An B & [then (AB)A = A(BA) = B.

« Although the product is not associative in general, the exps-
sion A*B is independent of the order of multiplication.

- If Ais a loop andk = i(A,B), than AKB = Da(B), where
Da: - isthe Dehn twist around A.

e If A,B [SCy(), then i(AB,C) <i(A,C)+ i(B,C).

In light of these facts, it makes sense to de né&B for k < 0 to be
BA K if i(A,B) E0. If i(A,B) =0, we de ne AB to be A*IBT]
whereB = BY[Al and B”has no components parallel t\.

A more substantial fact is

Theorem 2 ([7]). Given A,B [CJ() and C [CT) , the intersection
number i(A"B, C) is a convex function of n [Z1
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Thus i(A"B,C) as a function of n is a convex, i(A" - B)
integer-valued function, with slope bounded in abso-
lute value by i(A,C). In fact for n [Qthe slope is
equal to i(A,C), and for n [_O1he slope is equal to
—i(A,C). (This is proved in Proposition 22.) As a
result, i(A"B, C) looks like the function at right as a
function of n. The idea behind the twist parameter is to nd the posi-
tion of the extrapolated minimum.

De nition 19. If A is a simple closed curve an@®,C [C}(), with
i(A,C) 80, the twisting of B and C around A is

T(A;B,C) = lim I(AT"B,C) —I(A"B, C)

n- oo 2

If i(A,C) =0, let k be the number of components of parallel to A,
and setT (A; B, C) = xki(A, B). (The sign is de ned to be indetermi-
nate if i(A,B)=0or i(A,C)=0.)
Proposition 20. For A a loop and B,C [SCq() ,

T(A;B,C)= —T(A;C,B).
Proof. This is clear from the de nition if i(A,B) =0 or i(A,C) = 0.
(For instance, if B hasl components parallel toA, then T(A;B,C) =
—li(A, C).) Otherwise, letk = i(A,B) and | = i(A,C). Then we can

restrict n to be a multiple of k in the limit de ning the twisting to get
Dehn twists:

T(A;B,C)

lim i(A""kB,C) — i(A"™B, C)

= Li;nm i(DA"(B),C) —i(DA(B),C)
= lm_i(B, DA(C)) — i(B, D"(C))
= lim i(A"C,B) —i(A™"'C,B)

n- oo

= —T(A;C,B).

The twisting gives the position of the extrapolated minimumof the
function i(A"B,C). To completely determine the function, we also
need to know the height of that extrapolated minimum, whichs given
by cutting open the surface atA.

De nition 21. For A [SCq(), NA is a regular neighborhood oA
and | Ais minus the interior of NA. For B [SIC(), B | A [
SC( | A) is the restriction of the taut embedding ofB [CAlto | A,
with any components parallel toA removed.
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Proposition 22. For any A a simple closed curve, B,C [Cj§() and
any n with |n| su Lciehtly large,

i(A"B,C) = |i(A,C)n—T(A;B,C)| + i(B | A,C | A).

Proof. The proposition is immediate ifAn B = [or AnC = [
Otherwise, embed | A into as the complement of a neighborhood
NA ofA. ArrangeB,C [ dothat i(B | A,C | A)isachievedin |A.
Orient both B n NA and C n NA from one boundary component to
the other. (Note that this will usually not agree with an orientation
of all of B or C.) Let sa(B,C) be the signed number of intersections
betweenB and C in NA. By the de nitions,

sa(AB,C) = sa(B,C) + 1(A,C).

For k COdresp.k [0)}all of the intersections betweemkB and C
in NA are positive (resp. negative). In either cas@kB [Clis taut by
Lemma 23 below, and

i(A“B,C) = |sa(A*B,C)|+ i(B | A,C | A),

from which we see thatt(A; B, C) = sa(B,C) and get the statement
of the lemma.

Lemma 23. Let Abealoopon , andlet B [C3Cs() and C [
SCr() , with S and T disjoint. If B and C are arranged so that the
intersections between B | A and C | A are minimal and every inter-
section between B and C in NA is positive (resp. negative), then the
number of intersections between B and C on all of is also minimal.

Proof. If the number of intersections betweerB and C is not minimal,
then there is necessarily an embedded bigon between the twoThis
bigon cannot be entirely in | A, sinceB and C are minimal on this
subsurface. If either corner of the bigon is in | A, then we see a
boundary triangle betweenB | A and C | A, which we could compress
and reduce the number of intersections, contradicting mimality. If
both corners of the bigon are ifN A, then the intersections at the two
corners have opposite signs, again a contradiction.

5.1. Comparing twisting.  This section is not necessary for the re-
mainder of the paper. It may help understand the twisting paameters
or lead to better proofs below. In some sense, the twisting(A; B, C)
behaves like a homological intersection number.

Coboundary is not zero, but is bounded in some sense.

De ne T(A;B, C, D); measures \clockwiseness" of triple§ | A, C |
A,D | A) around the boundaryA.
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5.2. Twisting around multiple curves. In Section 7 we will need a
more general notion of twisting, where the curve we twist atmd has
more than one component.

De nition 24. Let A be a collection of signed loops: a set of disjoint
loopsA [, kach with an associated signl(A) [{d1}. Let

Y
A-B=( A®W).B
ALAl

The (multi-)twisting of B and C around A is
T((A);B,C)=Ilim i(A"B,C) —i(A™"B,C).

6. Fundamental pants move

We will now use the theory we have developed for one of the peipal
goals of this paper: to nd the change in Dehn-Thurston cooldates
under an elementary pants move. There are two elementary pan
moves, one taking place on a four-punctured sphere and thehet one
a once-punctured torus; we will consider the rst case herend defer
the other to Appendix A.

Consider a four-punctured sphere, with boundary componetlia-
belled A, B, C, and D. We wish to compare Dehn-Thurston coor-
dinates with respect to two di erent pants decompositionsgiven by
additional curves E and F that intersect twice (the minimum possi-
ble), as shown below.

@Eq@
» @ QO

This should be thought of as part of a larger pants decomposit of .
We need to nd the new measure oF (Lemma 25), the new twist
of F (Lemma 27), and how the twists of the boundary curves change
(Lemma 28).

We will write mE and tE, etc., for the measure and twist coordinates
of X with respect to E.

Lemma 25. With the setup as above, mF is given by
mF = max(mA + mC — mE, mB + mD — mF,
[tE| + g(mA, mB; mE) + g(mC, mD; mE))



GEOMETRIC INTERSECTION OF CURVES ON SURFACES 15

where
9(x,y;z) =max(0,x —z,y —z,(X+ y — 2)/2).

Proof. Consider the curveE [E1 This curve has two intersections and
a total of four smoothings. By the Smoothing Lemma 7ix(E [CE]) =
mE+ mF is the maximum of the intersections of these four smoothings
Two of these smoothings are the products E and EF. If either of
these two smoothings gives the maximum, then & = 0 we are in the
stable range of the functionix (E*F) as in Proposition 22, and by that
proposition we have

ix(F)=|T(E;F,X)|+i(F | E,X | E).

The rsttermis |tE|. The second term is itself a sum of two terms, one
from each of the two pairs of pants that we get by splitting alog E.
Let P be the upper pair of pants. There are four di erent topologial
possibilities for the arcs inX n P. The intersection i(F n P, X n
P) is in any case a function ofmA, mB, and mE; let us call that
function g(mA, mB; mE). It's an easy computation that

%O z=Xx+y

X—2Z X=y+z
§y—z y=XxX+12

~——= all triangle inequalities satis ed.

Furthermore, g(x,y;z) is in fact a maximum of these four terms. Sim-
ilarly for the lower pair of pants.

If ix (E CE]) is not equal to either of these two smoothings (giving F
and F E, respectively), then it is equal to the maximum of the otherwo
smoothings. These other two smoothings each give us two coomgnts,
parallel to the bounary curvesA [CCl and B [[13, respectively. The
formula in the statement follows.

We can generalize the method used in the proof of Lemma 25 ta ge
another version of the Smoothing Lemma:

Lemma 26. Let Abealoopin , B [G(), and X [3Cq() ,
where S and T are disjoint. Let Sm{{A [B) be the set of all smoothings
of A except for the two products AB and BA. Then

i(B, X) =(—i(A, X) + BOErSTI]m%(),(AEBJ i(BY X))

LA (A B, X)[+ (B [A X[ A).
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Returning to the elementary move on pants decompositions emext
need to computetF. To specify tF, we need to x the orientation-
reversing map after the elementary move; fortunately, therminal map
xes both E and F, so we can use the same map.

Lemma 27. With the setup as above, the twist of F is given by
tF = —tE
if mE + mF = (mA + mC) [L(thB + mD), and
tF = —sign(tE)(mF — g(mA, mD; mF) — g(mB, mC; mF))
otherwise, where g is as in Lemma 25.

Proof. If we repeat the same elementary transformation again, we geh
back from the pants decomposition involvindg= to the pants decompo-
sition involving E. In particular, if EF or FE is the dominant term
in the maximum for i(E [E] X), then there is an expression fomE in
terms of mF, tF, and the measures of the boundary curves; we can use
this to solve fortF. This yields the second case in the statement of the
theorem. Note that the sign oftF is opposite to the sign oftE, since
EF = FIE.

In the other case,mE does not depend ontF, so we are unable
to solve fortF; instead, we will argue indirectly. All the measure and
twist parameters we use multiply byk if we replace a curve bk parallel
copies of itself. We can use this to extend our formulas to ilutle cases
when the measure and twist parameters are rational (by reqing them
to behave well under scaling) and then, by continuity, to cas when
they are real. As a transformation on this real parameter spe,
the map from the new to old coordinates must preserve the irgeal
points, those points that come from actual curves, as well &lse points
whosek-fold multiple is integral. In particular, it must be volume-
preserving. In this case, we havenF(mE) = —mE + (mA + mC) [
(mB + mD); this map itself is volume-preserving. This implies in tun
that the twist parameter tF must be *tE plus a function of mE and
the boundary measures. The action of the orientation-reveing map
de ning the twist parameters negates bothtE and tF and commutes
with the transformation from the E parameters to theF parameters;
thus tE = 0 must correspond totF = 0 regardless ofmE and the other
measures, and we havé- = *tE. Finally, if we increasetE enough
while keeping the other parameters constant, we eventuallgrrive in
the other case, in whichtF has the opposite sign tdE. By continuity,
we must therefore havaF = —tE.
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Finally, we need to nd how the measure and twist parametersof
the other curves in the pants decomposition change.

Lemma 28. With the setup as above, the change in the twists of the
boundary curves are given by
tA = tA”—tA = sign tE < I(la, [tE[; Ip)
tB = sign tE = I(Ig, |tE|; Ic)
tC =sign tE = I(lc, |tE|; Ig)
tD = sign tE x I(lp, |tE[; 1A)

where
I(x,y;2)=0 I:IH% 1yl
Ia = I(MA, mE; mB)
Ig = I(mB, mE; mA)
Ic = I(mC, mE; mD)
Ib = I(mD, mE; mC).

If two of these boundary curves happen to be the same curve in the
pants decomposition of , there will be two contributions to the change
in its twisting parameter.

Note that |, ..., Ip are the numbers of strands oX running from
the corresponding boundary circle tde in the inital pants decomposi-
tion.

Proof. Use the de nition of the twist number that involves counting
intersection in the annulus with the hexagonal-decomposain curve H,
where both X and H are arranged to be xed by the orientation-
reversing mapR on the pairs of pants. For the curveA, this amounts
to specifying two opposite basepoints on the boundary of thennulus
around A: the two places whereH meets this boundary. One of these
basepoints is initially in the middle of the possibly empty bndle of
strands running fromA to E. After the pants move, the new basepoint
is in the middle of the bundle of strands fromA to D; we need to nd
how many strands apart these basepoints are on the boundary the
annulus. Note that this can be an integer or half-integer. Té change
in the twist is twice this distance, sinceH intersectsA twice. There are
In = I(MmA, mE; mB) strands from A to E. The strands fromA to D
must rst intersect E, so will be a subset of these strands, as well as a
subset of thelp strands fromE to D. These two bundles of strands are
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shifted relative to each other bytE/2 positions. There are four cases
to consider:

e Ip > I+ |tE|: In this case every strand fromA to D continues
to E,and tA=0.

e Ipn > Ip + [tE|: In this case the strands fromA to D are the
ones in the bundle fromE to D. The center of this bundle is
o set by tE/2 from the center of theAE bundle, so tA = tE.

e |tE| > Ia + Ip: In this case there are no strands fronA to D,
and the new location ofH is at the far left or right of the
original AE bundle, which isla/2 positions from the center, so

tA = signtA x l4.

e Otherwise all triangle inequalities are satis ed, and theAE
bundle and the ED bundle partially overlap on both ends. A
short computation shows tA =signtkE x (Ia + |tE| — Ip)/2.

These four cases correspond to the four cases in the de nitiof (X, y; z)
as in the statement of the lemma.

Remark. The second appearance of the functidiix, y; z) is not a coinci-
dence: the hexagons of the hexagonal decomposition behaweilarly

to the \hexagon" that travels from A to E, along E for a distance
of tE/2, from E to D, alongD for a distance of— tD/2, from D back
to A, and alongA for a distance of— tA/2. Okai [10] works this out
in the hyperbolic setting.

Remark. An alternate, more symmetric, formula for tA (etc.) is

. E+ mA—mB
tA = signtE x 0 [(tE| [TEF| [ m2 m

IﬂF+ mA —mD I__.[qE+ mF —mB — mD
2 2

) .

Perhaps this formula points to some more structure yet to beistov-
ered.

7. Convexity of length functions

Theorem 3. Let be a surface with a triangulation (resp. a pair of
pants decomposition), and let Y be a curve on , with intersections,
multiple components, and ends on punctures. Then for X [SC() ,
i(Y, X) is a convex, piecewise-linear function in the coordinates on
SC() .
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The fact that i(Y, ') is a piecewise-linear function is well-known; the
new ingredient in this theorem is the convexity. Note that a gcewise-
linear function is convex if it is the maximum of (at most coutably
many) linear functions.

This theorem gives some additional structure o8C(), beyond its
piecewise-linear structure: there is a distinguished cksf convex func-
tions.

Question 29. Let T be a piecewise-linear function orsC() which
is convex with respect toevery triangulation (resp. pair of pants de-
composition) of . Is T necessarily the intersection number with a
measured lamination on ? If we further assume thatf has only a
nite number of parts, is T the intersection number with a weighted
collection of curves?

Sherman and Zelevinsky [13, Theorems 1.6{1.7] show that ansi
lar phenomenon holds for the cluster algebras related to sensimple
surfaces.

The proof of Theorem 3, as is common for surfaces, is subsiaity
simpler in the triangulation case as opposed to the case witlo bound-
ary.

Theorem 3, triangulation case. Put Y in taut position. By Lemma 12,
we can writei(Y, X) as the maximum ofi(Y & X), whereY " CSIm(Y ).
Thus we may assume thaty [SC().
Let T be the set of edges of the triangulation.
We will argue by induction on the total weightw(Y ) of Y, de ned
by X
w(Y) = i(Y,E).
E [T1
If w(Y) =0, then i(Y,E) = 0 for all edgesE and Y is a a union of
parallel copies of edged(Y, X) is a linear function of the coordinates,
and so is convex.
Otherwise, letE be an edge so thai(Y,E) E0. Then Y [Elhas at
least one intersection and
; - i iy O
i(Y,X)= —I(E,X) + YO)Y( EEJ|(Y , X)
Since each smoothiny Sof Y [Elhas fewer intersections witte than Y
does (and no more intersections with other edges), ea¥t’has lower
weight than Y , we are done by induction.

Theorem 3, general case. As in the proof in the triangulation case, we
can assume thaty is a simple curve and thatY does not intersect any
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arcs. This implies thatY does not intersect any cusped annuli and is
contained in the pairs of pants in the decomposition of .
Also as before, we may assume that intersects at least one ...

Appendix A. Elementary moves

In this section we give a variety of elementary moves, for ahgula-
tions, pants decompositions, and a mixture of the two.

Appendix B. Comparison to Penner's coordinates

Penner [11, 12] also gave formulas for the change of Dehn-T$ton
coordinates under an elementary pants move, but he used a sawhat
di erent choice for the twisting parameter: his twisting paameter is
always an integer with no restriction on the parity, but as a esult it is
not contravariant under orientation reversal. For concretness, we give
here (without proof) the relation between the two sets of cadinates.

Let t» be Penner's version of the coordinates, and ldig be the
balanced coordinates as given in this paper (i.e., coordiead so that
orientation reversal negates the twist). Suppose that twoairs of pants
have respective bounding curvesA B, E) and (C, D, E) in clockwise
order. (Some of these may be repeated.) Then the twists & are

related by
t, + I((mB, mE; mA) + I(mD, mE; mC) — mE
1) tp = 5

wherel(mA, mB; mC) is the number of strands running fromA to C
on a pair of pants with boundary A, B, C):

X+y—z
I(x,y;2) =0 EIT Cxdlyl .

These formulas also encode the parity restrictions ag: t, is allow-
able i the division in (1) comes out evenly.
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