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Macdonald polynomials Wy (g, %0 m@Sm& [, ..., S(n)

with partitions A= (N 2N, 2 .20 2 0) form a basis in symmetric
polynomials in N variables over () @3 .:%& diagonalize

D) o) = 2 [ 2 g ma

i=4 j+i
with (generically) pairwise different m@as,\&:mm

1 N-1 9 N-2 My
muz_.uy J\ s fv VW V)
They have many remarkable w_x&um_&.mm that include orthogonality
(dual basis 2 ) simple reproducing kernel (Cauchy type identity),

Pieri and branching rules, index/variable duality, explicit generators
of the algebra of (Macdonald) operators commuting with mv,»t etc.
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Reproducing kernel (Cauchy type identity)

gﬂ@f.:.gz.v@we-...w_(./ :

S S(S®) =
A

——
—

(

M .muufoé Anf

Vm.s

:Q.. Q_.\ma. \.@S

b AQ@@%.%S
IF 8, = % and M— co then TT(a;6)—e™
At g=t reduces to Schur function Cauchy identity

1
,_: 0]
Y
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(Ascending) Macdonald processes are probability measures on
interlacing triangular arvays (Gelfand -Tsetlin patterns)

(N) () (N) C))
\.yzﬂ w,zé,q o w(.,, 3 _wv,P
v AZI&\ (N-1) L \ )
rytla Q/ZON U/P
\ . . - . ) , cs.v
, (2) (2) . MV/,V € 20
X, AL g
A r«yﬂ:—\\ M 90%039&%
1

__ N plypeniat
.MIU AQxQJu _ muu,.? AQPV....QZV @i
\/

D?_@smd
>>2h9c.:.92.,@5.:_®zv \ Fvbl][@ff\v Zp

SOxE&MD}GS +wo Groups ﬁv \un§0§n\+n\.m
Cons tant
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Macdonald processes q,‘c e [o, .1_)

Ruijsenaars-Macdonald system

Representations of Double Affine Hecke Algebras

Hall-Littlewood processes

Random matrices over finite fields

q-Whittaker processes
2d dynamics t=0

q-deformed quantum Toda lattice

U, (g,)

170

Spherical functions for p-adic groups

__*:_ ﬁ/?.
General P RMT 9 —1
Random matrices over R , C, H
Calogero-Sutherland, Jack polynomials

A
Representations of gly ,

Spherical functions for Riem. Symm. Sp.

Whittaker processes 3%

(Directed polymersdand their hierarchies
Quantum Toda lattice, repr. of GL(n, R)/

Kingman partition structures

Cycles of random permutations 4=0O
Poisson-Dirichlet distributions €= 4
distrioution

Schur processes 1%\

Plane partitions, tilings/shuffling, TASEP, PNG, last passage percolation, GUE
Characters of symmetric, unitary groups

Rennes Page S



We are able to do two basic things:
1. Evaluate averages of a rich class of observables
2. Construct explicit Markov operators that map Macdonald
processes to Macdonald processes (with new parameters)

The integrable structure of Macdonald polynomials directly
translates into probabilistic content.

By working at a high combinatorial level we avoid analytic
issues (eventually need to work hard to take various limits).

Rennes Page 6



Evaluation of averages is based on the following observation.
Let &) be an operator that is diagonalized by the Macdonald
polynomials (for example, a product of Macdonald operators),

éDP% - d}P%’

Applying it to the Cauchy type identity %_ B () Q, @)= 1\ ()

we obtain E{d%] _ D (a;8) |

T (eyl)
If all the ingredients are explicit (as for products of Macdonald
operators), we obtain meaningful probabilistic information. Contrast
with the lack of explicit formulas for the Macdonald polynomials.
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Macdonald difference &%\_Bwo.a Mmumw:_.é

r(e-D/3 (Tg,x D (x-0%) =%, -8 ;. %)
Qo= £ T ST T, e et

tem. (el x x; ieT
IT\= (J¢I

Commuting operators all diagonalized by mﬂyw L) <N

D Dy k) = 00§ g1, g4 )

Nm,vQc W)= Ve Ve :m_?SrQ Symmehicic. pokyromial

n\-h AF-!

Expectations characterize Macdonald meas. (g=t ->cor kernel):

TTJ e, (4 :nf: — Da D TT(0n-007b.b)

— _ APC:.Qz;. _U..:;TBV
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Note T1(au-00:bubw = TT(a:bubw) - TT( 0 br-b)

Encode products of difference operators as contour integrals

Proposition [Borodin-C '111: For nice ©(w,.. uy)= Pw) - Flwy

(D P@- 8 [ {eettzz), T e i

M=\
>
Here is another exav':/\;)ole for powers of first diff. op. at t=0
(<Ck-\ I
! EA & F( 2) d-Z
(D Po- e 1] T, 2 TT([Tamg) 3

' k 6‘16 @E}‘zﬁ—x e
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N

1 A
Taking t=0, we have that wu @y = mw\ P

So taking products of the first order Macdonald operators (on

different levels) results in the integral representation

-
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(N)
Have seen how these led to the q-Laplace transform of g

Using another operator (attributed to Noumi) diagonalized by
the B, , [Borodin-C-Gorin-Shakirov '13] prove (q,t)-Laplace

transform Fredholm determinant formula:

=m / _ Am @ -:,t %8 O_®+m H S a, av (Mellin-Barnes type)

At t=0 this reduces to the one we have already seen.
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Dynamics on Gelfand -Tsetlin patterns comes from the idea of
[Diaconis~Fill 'a0]; in Schur process case [Borodin-Fervart ‘O8]

Branching rule: P (8., G 0) =Y Pawa @1, G _vﬁy;\vsm»,.v

v/z-: 2 ycé
9&. vwa..» o 3 95 mxam_zg&ogi
J 9:....m a9ﬁ ¢99»;.« polynomial
NEN
@y (W) = /R\s w7, Az méy? m@@&&

Rennes Page 13



Markov kernel (stochastic link) from level N to N-1
.\/ 2« vxcc Ov — ‘_Uv,:fv ﬁ?%d ?f.v \va,os\Xz-:A?&
duycﬁ mﬁc:; QZV

§D“M \/\/2 AQP«....QZ.v@Pe....mz.V to \/\/21_AQC..JQZL.«@PQ-I.WZV .

Trajectory of this Markov chain defines the Macdonald process

CJ ™ () W )
es e b p 9 yz‘ - A yp 9»-
Cin TR AL TN . v Nooev s - 2wl
‘ ,Xnm.w 926 T .9»

4

z%v\/\,\,\-_% E KO
mn.vs_\\».
1
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Mavrkov kernel from level N to level N

(UO (>\(N) \)(N)) . — R(W)(a'/">al\l) ‘ Q'V(N)/ﬁfm (\A,)
) | P (@028) Tl 0050

W\aPS I\/\N(QQ"’)QN')%S.)”',@M) to [\/\(\J(ag--qu')%s.,m,eM; l-A-) .

OWAD )P/(a»% t) = R(a,, o)

NOt@: ]—[(a‘,..,duju
\J

so P, (a,..a) has eigenvalue 1 and is positive inside VA
and zero outside: (q,t)-deformed Dyson Brownian motion
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(v (v
\v/ ) z >\) ) Multivariate Markov kernel

>.”:_ C/ >,: *\UEV@//D.II

\4

W
N g DV

\ CG k M .v,fv/wc?cv

., ,_\ w | sequentially Ea&%&m GT-pattern, mapping

D_7ta
V/ \C \/>ﬂ_ Z...AQ& .92.@: .ng to \/\/_”:z.._AQP.....DZ..@f:..mz.CO
Y
v AT
v/S T CS Other dynamics also preserve class of
>

Macdonald processes [Borodin-Petrov '13]
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\l\J

q-Whittaker processes (Macdonald processes with t=0).

) (m)

ms%,ooox&.sﬁs.:esﬁgHwoi\& nAINﬁwo
right independently of the others with - . .»..-

*
AMH_A.I ?jv *l y?; &MN. +
rate A o,A J ﬁ A . Ayz N,ﬁ;v v Simulation

. (
The set of coordinates ﬁ yiu Ewsi forms q-TASEP

)\Nn)O OH w( \ﬁv _ Xpem
m&.« QL,N_ - aN\ose @ hv

[O'Connell-Pei '12] give different dynamics with q-TASEP marginal
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After time T, Plancherel specialization with ¥="C, hence

N .
ﬂ(al,..,aN3 Pla"l‘) = E‘ etat

aizi
X(4) x(t) §%P=3 %, () (M)
Avaval Fa Am g XmiD+™
\)‘v — \_/ 7 T
rate | -g¥F 0< g < |

‘’d

Theorem [Borodin-C '11], [B-C-Sasamoto '12] For q-TASEP with {Xn(o) =-n’}n, ‘

_[ (XN.(T\*Nf)-l'...+(X~‘£T)+Nk)l U.)‘« _(H g § 2y 24 Q} 4-1T2; 5 42
f = ey e A i

<Ni>/ N27/ - >/N'K> * 0 1""2,!_1' }‘7-‘1
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AS @u@&lﬁ at large times Tfex  with zero initial conditions,
low rows of the triangular array behave as

.ED 3 @— ~® 3
_ 2Lt T T _ [T T2, To
O.N 7 3 & ' g e r £
@ 2 @- 2
T _ e, T2 Tllfel Ty
= 2 t e & ¢
1
oL I
m z
T _2mg T _ gl T ,.mm.+ [ € ..m~+ 2| fntl
& "€ & & g t < & 3

The real array m JQJ: jem 1S distributed according to the Whittaker
IV —N
process, and qlh or = | N s distributed as mom Z(TN). The Whittaker

process and its connection to polymers is due to [O'Connell '04].
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Partition function for a semi-discrete directed random polymer
[O'Connell-Yor 'O1]

B (o,s,)+ B, (s, 52)"'-""‘5/\1(3«!-1"(7)
%(t N) j @ dS,--'dSN_i

0< S, << 8y <4
N..A/1/11,-A

VW W

51) aeny B A l'mdependemt Brownian motions  4f=f

A
By (yp)=B(p-B ) = [Bood .

Whittaker measure arises under geometric lifting of RSK (tropical)
Also: log-gamma polymer [C-O'Connell-Seppalainen-Zygouras '11]

Different dynamics than Diaconis-Fill! Fixed level -> quantum Toda

Rennes Page 20



[O'Connell '0a] proved a Laplace transform formula

W mm-ww&zgn%% ,z_ m(w) _z_ s m.wﬁ?%
| L

S TYF: M measure

N
m a/wv - m<_ \.07\: _
N AM:,.DE\(. Mh:__.Aﬂa\x..

Initially unclear how to take asymptotics of this.

[Borodin-C '11] developed general machinery to compute
observables; led to Fredholm determinant formula.

[Borodin-C-Remenik '12] show equivalence of two formulas.
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To summarize:

* ASEP and q-TASEP are important systems in the KPZ
universality class, which can be scaled to the KPZ equation

« Macdonald processes are a source of integrable probabilistic models

o Generalize Schur processes but are not determinantal

o Integrability from structural properties of Macdonald polynomials
(lead to nice Markov dynamics and concise formulas for averages)

* Turning averages into asymptotics remains challenging

* Rigorous replica trick developed for g-TASEP and ASEP

* Nested contour integral ansatz formulas for ASEP moments
suggest search for new structure parallel to Macdonald processes
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@Q&w« time q-TASE @

%N\ SHE/continuous Brownian w@

L
@,\a.\m& limits (Tracy-Widom distributions, Airy wxommm@
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Macdonald processes g,tefo 1)

Ruijsenaars-Macdonald system

Representations of Double Affine Hecke Algebras

Hall-Littlewood processes

Random matrices over finite fields

q-Whittaker processes
2d dynamics t=0

q-deformed quantum Toda lattice

U, (qt,)

120

Spherical functions for p-adic groups

4 Bl
General @ RMT 9 —1
Random matrices over R C,H
Calogero-Sutherland, Jack polynomials

Pal
Representations of 95.\/ ’

Spherical functions for Riem. Symm. Sp.

Kingman partition structures

Cycles of random permutations 9= O
Poisson-Dirichlet distributions = 4
Aistrioutions

Schur processes 1%\

Plane partitions, tilings/shuffling, TASEP, PNG, last passage percolation, GUE

Characters of symmetric, unitary grou’ps//,_/

Whittaker processes %%

(Directed polymershand their hierarchies
Quantum Toda lattice, repr. of GL(n, /R) B
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A few directions:

e General initial data (diagonalize many-body systems)?

« Symmetries (half-space polymers, Koornwinder processes)?

o Multipoint/multitime asymptotics?

 Other solvable systems (e.g. discrete time q-PushASEP/ASEP)?
* RSK type correspondences at (q.,t) level?

* ASEP 2+1 extension (analog of Macdonald processes)?

* Higher versions of Macdonald processes?

e Other degenerations?

* KPZ fixed point / equation universality?
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Reviews:

Lectures on integrable probability (arXiv:1212.3351)
The Kardar-Parisi-Zhang equation and universality class
(arXiv:1106.1596)

Two ways to solve ASEP (arXiv:1212.2267)

Articles:

From duality to determinants for g-TASEP and ASEP
(arXiv:1207.5035)

Macdonald processes (arXiv:1111.4408)
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