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1. INTRODUCTION

1.1. General problem. We wish to study dx(n), the number of ways to write n as the sum of
k triangular numbers. This problem dates back to Gauss, who discovered that every nonnegative
integer can be represented as a sum of three triangular numbers. The basic problem is similar to
questions about representations of integers as sums of squares, and some of the basic techniques
for attacking that problem carry over. We define the function

. c—
O(q) = ¢ =1+2¢+2¢*+2¢°+ -

n=—oo

so that 1

where 71 (n) is the number of representations of n as the sum of k squares. Rankin exploited the
fact that ©(1) is a modular form of weight 3 for I'g(4) to study the functions r4(n) [8]. Ono,
Robins, and Wahl defined an analogous modular form to study triangular numbers [7].

We begin by defining triangular numbers.

Definition 1.1. The n-th triangular number (n = 0) is

1
7, =Mt
2
These numbers may be geometrically interpreted as the number of dots in a grid with the shape of
an equilateral triangle of side length n. We also introduce the generating functions

1
V)= ¢ =1+q++¢"+
n=0
and
1
UHg) = d(n)g"
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1.2. Modular group and congruence subgroups. Before we formally define modular forms,
we need to define the modular group and its subgroups.

1
Definition 1.2. Let A = gg . The modular group T" is SL2(Z) = {4]a,b,c,d and det A =
+1}.

(I (I
It is well known that I" is generated by S = L—[lrl_ol and T' = I_—%_I% .

Definition 1.3. The congruence subgroups of level N are defined as follows:

(1) To(N) :={A [T]e=0(mod N)};
(2) T1(N):={A [Me=0(mod N) and a=d=1(mod N)};
B)T(N)={A [Lec=b=0(mod N) and a =d=0(mod N)}.

It is easy to check that they are, in fact, subgroups.
It is clear that for every level N [N, T'(IV) < T'1(IV) < T'o(INV) < T'. More precisely, the following

identities hold [5]:
=,

[[:To(N) = N 14+-
pIN b
— ;-

[[:Ty(N)] = N2 1-=
pIN b
— -

[:T(N)] = N° 1-— .
pIN b

We will frequently make use of T'g(4), which is generated by 7" and ST4S. In particular, [ : ['o(4)] =
6, and the coset representatives of I'g(4) in I' are

10 10 0 —1
—1p=2
I= 0 1 S48 = 9 1 S = 1 0
0 —1 0 -1 0 —1
— 2 _ 3 _
ST = 11 ST = 1 2 ST® = 1 3

Any group of 22 matrices gives rise to %a ion on the complex plane, namely the linear fractional

. d . .
tranformation Az </ Zj:g, where A = ‘;3 . In particular, I' and its subgroups act on the upper

half plane H = {z | Im(z) > 0}. Considering the geometric meaning of orbits and equivalence
classes under this action on H leads to the idea of a fundamental domain. This is a subset of
H which possesses both convenient topological and geometric properties and is also algebraically
related to some I" or one of its subgroups.

Definition 1.4. A closed, simply connected region F' in H is called a fundamental domain for a
subgroup I'Mof T if every point in the plane is equivalent under I'""to a point in F' and no two points
in the interior of F' are equivalent under T'Y



REPRESENTATIONS OF INTEGERS AS SUMS OF TRIANGULAR NUMBERS 3

FIGURE 1. A fundamental domains for I' (left) and for T'g(4) (right).
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For example, a fundamental domain for I' is the set Rr = {z [d| — % < Re(z) = %, |z] = 1}.
Figure 1.2 shows this fundamental domain, as well as the fundamental domain for T'o(4)

For the sake of consistency, we will use Rr to denote a fundamental domain for I'” The following
lemma provides an algorithm to compute Rp using Rr, and coset representation of I'Min T

Lemma 1. ] Let 'P<T be of finite index n in T'. If I'= _, vI'""is its coset representation,
then Rr = 1— v, ‘Rr.

Definition 1.6. Let I'”< T, and fix a fundamental domain Rr.. The points where R intersects
the boundary OH = {ico} [Rlare called the cusps of T'"

The full modular group has a single cusp at ico. For the fundamental domain for I'g(4) shown in
Figure 1.2, we see that I'g(4) has three cusps, namely 0, % and joo.

1.3. Modular forms. Modular forms are holomorphic functions on H which have nice symmetry
properties under the action of I' or one of its subgroups. Specifically,

Definition 1.7. We say f: H - C, is a modular form of weight & over I'o(N) if:

(1) f is holomorphic on H;
(2) f is holomogphig4t the cusps of I'o(V);
(3) forall A= @b T[ThH(N), the equation f(Az) = (cz+d)*f(z) holds for all = [CH.

Definition 1.8. A modular form f over I'Vis called a cusp form if it vanishes at all cusps of T'"

If T CTH it follows that a modular form over I'"always has period 1. In other words, f (2) = f(z+1)
for all z [H. Therefore f has a Fourier expansion (also called g-expansion) in q = ¢>™:
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Modular forms of a given congruence subgroup and of fixed weight form a vector space. This
structure can be of great help when trying to study a particular modular form. Using a suitable
basis, we can decompose elements of a given space of modular forms in terms of basis vectors. This
technique often produces expressions that are easy to work with.

Definition 1.9. The vector space of modular forms of weight & over the congruence subgroup I'V
of T is denoted My (T'Y. The subspace of cusp forms is denoted S (I'H.

For all "< T which contain —1I, both Mag+1(I'Y and Sog+1(I' are trivial. This follows by applying
the transformation —I to a modular form f(z), implying f(z) = (—1)**** f(z) = —f(z), and hence
f(z) =0 for all z [H. Thus, we may consider only modular forms of even weight . Since I'g(4) will
be important in our work, we state without proEf;a:Fhar%cterization of its spaces of even-weight
modular forms. Recall the definition of ©(z) = "

n=—oo q .
Definition 1.10. Let F(z) be the following modular form of weight 2 over I'g(4):

1
F(z) = o1(2n 4 1)g?"+L.

n=1

Lemma 1.11 ( [5]). M2, (I'o(4)) is a k+1 dimensional vector space with basis {F*, F¥=104 ... Fe*k—1 g2k},
Furthermore, Sz, (To(4)) consists of all polynomials divisible by ©4F (0% — 16F) = n'2(2z). There-
fore, there exists an isomorphism between S2;(I'o(4)) and Max—s(I'0(4)). [5]

1.4. Representations as sums of triangular numbers. In our study of dx(n), we focus on ex-
pressions for d4;(n). The generating function ¢* ¥4 (¢?) is in My, (T'o(4)), which is a well-understood
space of small dimension. By decomposing elements of My (I'g(4)) for some k into basis vectors, it
is possible to find identities between qk\I/4k(q2) and other forms in the same space with accessible
coefficients. This is the method used by Ono, Robins, and Wahl [7] for §x(n), k = 2,3,4,6,8,10, 12
and 24. Their results for dax(n) are given in Lemma 1.12.

Lemma 1.12. For n =0

da(n) = o1(2n+1),
Jg(n) = —éag(n—kl,)
Sia(n) = os(2n + 3) —a(2n + 3) and

—3°6

3
Uil(n +3)—7(n+3)— 2072T(n i

524(77,) =

17689 )

where a(n) is defined by 7*?(22) = iil a(n)g™ and 7(n) is the n'™ Fourier coe cient of A(z) =
(2m) 0% (2).
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Looking at the case d4, this lemma states that

4 o 1 _—
gV (¢°) = da(n)g™"" = F(2)
n=0

where F is as defined previously, so we have the following useful corollary:

Corollary 1.13.
qk\If4k(q2) — Fk

The modular forms method of Ono, Robins, and Wahl is only one of those which have been used to
approach the problem of representation by triangular numbers, so it is interesting to compare their
expressions with others’ for d4;(n). Some other methods produce equivalent formulae of a different
style; for example, a special case of work by Kac and Wakimoto [4] gives the following expressions:

1 L 1

- 2 __12\2
= 19 ab(a® — b°)

516 (n)
a,b,x,y
ar+by=2n+4
a=b=r=y=1(mod 2)
a>b

1 1., . .0
524(71):5 a’b’(a” —b%)“.

a,b,x,y
ar+by=n—+3
r=y=1(mod 2)
a>b
Specific values of 6 (n) are more easily computed from these expressions than from the Ono-Robins-
Wahl results, which require further expansion of a cusp form for £ > 8. An elementary formula of
McAfee and Williams [6] for d12(n) is even easier to use for computation. However, the elementary
McAfee-Williams proof uses an identity of Liouville and is specific to d12(n), while the modular
forms method has the advantage of being shorter and moderately generalizable for other values of
k. In Section 2, we demonstrate the possibility of retaining both advantages by giving a modular
forms proof of the McAfee-Williams formula, and conversely by deriving an elementary expression
from Ono, Robins, and Wahl’s formula for d12(n). In Section 3, we further emphasize the usefulness
of modular forms by decomposing the modular forms for d4; as the sums of Eisenstein series and
cusp forms.

2. TWO FORMULAE FOR d12(n)

2.1. A modular forms proof of the McAfee-Williams formula. McAfee and Williams [6]
proved the following formula for d12(n):
1

1 1 1
(512(77,) = @05(271 + 3) - @03(271 + 3) - g O'3(TL]_)O']_(TLZ)
n1+25n2f2n+3
=
nl,L:Lz odd

We give an alternate proof of this fact using modular forms.
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Recall F(2) = —y01(2n +1)¢?"*! and =

forms of weight 2 for T'g(4), and ©*(2) = =, b,q", where

L1
B4 ifn=0,

by, = %(n) if n is odd,
o1(ng) if n.=2%ng, 2t no
The second statement follows from the number of ways to write n as the sum of four squares.

Then ©%(2) —8F(z) = 1+24 105 (2p)¢2% is also a modular form of Welghﬂhere o3 (2°n0)
o1(no), 2 1 np. Additionally, Ee( ) " 005(2n + 1)g?* and Eg(2) = ego3(2n + 1)g 20+1
are well-known modular forms of weights 6 and 4, respectively, for Fo( ) Hence

"® Then F(2) and ©4(2) are modular

1 O Iil4
193 Eg(z) — E4(z) ©%(2) —8F(2)

is a modular form of weight 6, and its Fourier expansion is

L1 1
P 1 1 L1 b - 13
os(2n + 3) — —03(2n +3)— o3(n1)oi(n2) b4
_ 192 8 B
n=0 ni1+n2=2n+3
ni odd

To check that two modular forms of weight k for a congruence subgroup I'"are equal, it is well-
know it suffices to check that the first k[r r] + 1 coefficients are equal. From [7], we know
that op012(n)¢®""3 = 3 ¥1%(¢?) is also a modular form of weight 6 for I'g(4), which has index
6 in ', so it suffices to check 4 coefficients. We find that

1 O

.
¢V (¢%) = 197 Le(2) ~ E4(2)(0%(2) = 8F(2))

2n+3

and the McAfee-Williams formula is proved by equating the ¢ -rd coefficients.

2.2. An alternate elementary expression. We begin by recalling the expression for d12(n) in
Lemma 1.12:

o5(2n +3) —a(2n + 3).

012(n) = 256

We want to write a(2n + 3) in terms of elementary divisor functions. Since 7*?(27) [Sk(I'o(4))
and that space is spanned by ©8F — 160*F?2, we compare coefficients and find that the two forms
are equal.
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Now we can write d12(n) in terms of divisor functions and 74(n), using the identity ©° = "Zjrs(n)q"™.
1 1
256 012(n)g®" 3 = o5(2n + 1)¢*" — ©8F 4 160%F?
n=0 n=0 _—— 1
1 El Ié 1

= os(2n+ 1)t - ra(n)q" n)q" EI

n=0 n=0 n>0

odd

+16 r4(n)q" Ié o1(n)q" —
n=0 n>0

odd

To rewrite in terms of divisor functions only, we use the identity 74(n) = 8o{n), where o{{n) is
the sum over divisors of n which are not congruent to 0 mod 4.

1
256 512(n)q2"+3 = os(2n + 1)q2"+1

n=0 n=0I:I Ifl

1
i |
+16 1+8 alD(n)q" | I o1(n)q" EI

n=1 n>0

2n+3

After rearranging and taking the coefficients of ¢ , we have

256512( )—O’5(2TL+3 —0'1 2n—|—3?

—16 o1(n1) (03(2°n2) — 20(n2))
n1+25n2=2n+3
n;>0 odd
1<s
1
+128 o1(d1)o1(dz)o1(ds)
dq+do+d3z=2n+3
d; >0 odd

The last sum is equal to 128312(n), since it is the number of representations of n as a sum of three
sums of four squares. Finally, we have

d12(n) = ( 5(2n +3) = 01(2n + 3))
1 1 i1
_ % (8 - 15)0’1(711)0’3(712)
n1+25n2=2n+3
n;>0 odd

1<s
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Corollary 2.1. 203(n) — 301(n) = 05(n) mod 48 for n > 1 odd.

The corollary follows from equating our new formula with the McAfee-Williams formula.

3. 041, AS AN EISENSTEIN SERIES PLUS A CUSP FORM

The generating function ©%(z) for ri(n) can be decomposed into a cusp form and a particular

Eisenstein series. In the same vein as the work
decompose ¢*U# (¢?). and ¢*T*(¢?)

by Rankin [8] on ©%(z), we would like to similarly

Definition 3.1. Let £ [N Then let Hy; be the Eisenstein series of weight 2k on I'g(4) defined by

L=

02k

>0
HZk(Z) — n odd

0

7
n even

Proposition 3.2. For a given congruence subg

_1(n)g™ if k is odd,

oo_q(n)g" if k is even.

roup To(NV), let G,(fl’C”Z)(z) be the Eisenstein series

L 1 4

mi1=a1(N)
m2=az(N)

and let By, [ be the 2k-th Bernoulli number.

(1) as a modular form for I'g(2),

n

n=1

(2) as a modular form for I'g(4),

UZk_l(n)q" =
n=1

Proof. (1) From [5], we have

)

Boy,
0op—1(n)q" = _8/<;C(2k)

_ 22% Boy, I:I(Z,O)
8k((2k) 2k

(m1z + mz)k7

Then

I:I(l 0) (D] -
Gy ' (2) + G (2)

2,2 -
(2) +G37 (2) -

L1

1,0 o
ng )(z) = 2cop, ]Zk 1 ¢
n=l i
n/j odd
and 1 L1
P
1,1 e ;
GOV —2e T T A1)
n=1

n/j odd
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where ¢y, = —‘;’;Egz’f Adding these two series, we get
10 11 r 1 8k¢(2k) B
ng )(2) + ng )(Z) = 22""¢y 0o—1(n)q" = B Oop—1(n)q",
n=1 2k n=1
which is the first assertion.
(2) The second assertion follows similarly, except that cp, = —g’iggi) for the Eisenstein series
of T'o(4).
O
If we take the first identity from Proposition 3.2 and substitute in 2z, we obtain
2 Boy I:I(l 0) 1,1) =
Oop—1(n)q™" = T BEC(2K) Gy " (22) + G377 (22)
n=1

This is a modular form for I'g(4). By the definition of Jgk_l(n) and the definition of G,(gal’@)(z),

on 22k By, I:I(2,0) 2,1 2,2) 2,3)

n=1
We have proven

L1, n L1, n
Corollary 3.3. 005, _,(n)¢" and  ,~005,_,(n)q" are both modular forms for I'g(4). The
even odd

former is equal to —% GO (2) + GEP () + Gg(zf’z)(z) +G%¥(z) and the latter is equal to

2% 2.0 2.1 2.2 2.3
_fecgik) ng )(Z) _ng )(z) +ng )(Z) _ng )(Z) .

We can now compute the desired values at the cusps. From [5], we have

FTRTER = =
2k 2k By | _ EL
n=1 jln jln
n/j=i(4) n/j=—i(4)
, L1, n g n :
so it follows that  n>005,_;(n)¢" and >0 UZk_l(n)q are both 0 at j00.
even odd
To find the values at the cusp 0, we use the tranformation S. We have
2,0
SISy = GOD(2);
2,1
SISy = G4D(2);
2,2
GEA NSl = GPD(2);
2,3
SISl = GCA(2).
Additionally, G2 (joo) = G2 (joo) = GG (joo) = 0 (fronll__[%)] again) and
. r 1 I 1
GOD(ieo) =2C°(2k) =2 =2 gy C(2K)
n>0
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—1 —1
Hence, >0 agk 1(n)g"™ and n>ong 1(n)g" are both — BZ’“(l—%) at 0.
even odd

To find the values at the cusp %, we use the transformation ST~2S. We have

G (ST 2S)ar = GPO();
GEPNST 28] = GO (2);
G2 (ST 28] = G@A(2);
(2 CANST 28] = GOI(2).
We know Ggi’o) (100) = Gg%’s)(iw) =0, and
G (io0) = Gy (i00) = ¢H(2k) + (3(2k) = '%': (1= 52)C(28)
n>0
n odd
Hence, Iﬁlagk 1(n)g™ is —4k£2k (1- 4%) at _i and I%Icrgk_l(n)q" is 4 gfk (1 4%) at —3
Theorem 3.4. Let k [(N. Then
(3.1) () = o (Houl2) = Ton(2)
where
g G104 Ba(t =1

—8k
and T'(z) CSh(To(4)).

Proof. We know that F*(2) i oo, =L ®! ¢ 2%t —1 andsois LH H
roof. We know that F""(z) is 0 at ieo, —gz " at 0, and 45 =~ at —3, and so is 7-Hp(2). Hence,

" (g?) - dlkHZk(z) is a cusp form. 0
Corollary 3.5.
1 U ]
(3.2) dar(n) = - o—gk_l(2n +k)—a2n+ k)
k
where 1

Top(z) = a(n)q™ CShk(To(4))

n

Proof. This follows from equating the coefficients of the Fourier series in equation (3.1). O
Corollary 3.6.

(3.3) Sar(n) Cad,_,(2n + k)
Proof. The cusp form coefficients in (3.2) a(2n + k) CQO(n¥) [1]. The agk_l(2n + k) term has lower
bound by n?*71, and thus this term is asymptotically dominant. Therefore

54kn
lim

neeogh (2n+k)
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TABLE 1
1

k a(n)q"

110

210

3| @8F — 1604 F?

4| 271(08F2 —1604F?)

5| ©YF — 32012 F2 1 1996808 F3 — 315904 F*4

6 | 211 (0% F2 — 32012 F% 4 232808 F* — 3315204 F®)

7 | ©24F — 48020 F? + 1595136016 F® — 510238720 F* 4 166074777608 F° — 200414330880% F°

8 | 215(02 F2 — 48029 F® 4 335760 F* — 1053952012 F° 4 2327193608 F8 — 2379694080* F7)
For particular k, we can compute t ue of ¢, and then, by equating finitely many coefficients,

compute the remaining cusp form  a(n)g¢™ as a homogenous polynomial in F' and ©*. We list the
result of this computation for several values of k in Table 1.

We can rewrite (3.2) using -
or(n) if n is odd
O’,ﬁf(n) = ok t/n . .
o.(3) if nis even
and the values in the table. The resulting formulae for £ = 1,2,3, and 6 agree with those in
Lemma 1.12.
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