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ABSTRACT. We prove the Kudla—Rapoport conjecture for Kramer models of unitary Rapoport—Zink
spaces at ramified places. It is a precise identity between arithmetic intersection numbers of special
cycles on Kramer models and modified derived local densities of hermitian forms. As an application,
we relax the local assumptions at ramified places in the arithmetic Siegel-Weil formula for unitary
Shimura varieties, which is in particular applicable to unitary Shimura vartieties associated to

unimodular hermitian lattices over imaginary quadratic fields.
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1. INTRODUCTION

1.1. Background. The classical Siegel-Weil formula ([Sie35, [Sie51) [Wei65]) relates certain Siegel
Eisenstein series to the arithmetic of quadratic forms, namely it expresses special values of these
series as theta functions — generating series of representation numbers of quadratic forms. Kudla
([Kud97, [Kud04]) initiated an influential program to establish the arithmetic Siegel-Weil formula
relating certain Siegel Eisenstein series to objects in arithmetic geometry, which among others,
alms to express the central derivative of these series as the arithmetic analogue of theta functions

— generating series of arithmetic intersection numbers of n special divisors on Shimura varieties
associated to SO(n —1,2) or U(n —1,1).

Date: August 18, 2022.



For U(n—1, 1)-Shimura varieties with hyperspecial level at an unramified place, Kudla—Rapoport
[KR11] conjectured a local arithmetic Siegel-Weil formula, now known as the (local) Kudla-
Rapoport conjecture. It is a precise identity between the central derivative of local representation
densities of hermitian forms (the analytic side) and the arithmetic intersection number of special
cycles on unitary Rapoport—Zink spaces (the geometric side). This conjecture was recently proved
by Zhang and one of us [LZ22a], and we refer to the introduction of [LZ22a] for more background
and related results.

It is a natural question, which is also important for global applications, to formulate and prove
an analogue of the Kudla—Rapoport conjecture at a ramified place. At a ramified place, there
are two well-studied level structures for unitary Rapoport—Zink spaces, one gives rise to the ezotic
smooth model which has good reduction, and the other one gives rise to the Kramer model which
has bad (semistable) reduction. For the even dimensional exotic smooth model, the analogue of
Kudla—Rapoport conjecture was formulated and proved by Liu and one of us [LL22] using a strategy
similar to [LZ22al.

For the Kramer model, however, the situation is more complicated — it is expected that the
analytic side of the conjecture requires nontrivial modification, by a certain linear combination of
central values of local representation densities. The necessity of such modification in the presence
of bad reduction was first discovered by Kudla—Rapoport [KR00] via explicit computation in the
context of the Drinfeld p-adic half plane. In [HSY2I], three of us formulated the Kudla—Rapoport
conjecture for Krdmer models (recalled in by providing a conceptual recipe for the precise
modification needed for the analytic side. Moreover, this conjecture was proved for n = 2 (based
on the previous works [Shi20, HSY20]) and n = 3 in [HSY21].

The main theorem of the present paper settles this conjecture for any n (and the proof is new even
for n = 2,3). As a first application, we relax the local assumptions in the arithmetic Siegel-Weil
formula for U(n — 1, 1)-Shimura varieties by allowing Krémer models at ramified places. The main
theorem should also be useful to relax the local assumptions at ramified places in the arithmetic
inner product formula [LL21, [LL.22] and its p-adic avatar by Disegni-Liu [DL22].

1.2. Kudla—Rapoport conjecture for Kramer models. Let p be an odd prime. Let Fj be a
finite extension of Q, with residue field k = F,. Let F’ be a ramified quadratic extension of Fp. Let

2 is a uniformizer of Fy. Let F be

7 be a uniformizer of F' such that Trp) g, (1) = 0. Then mo := 7
the completion of the maximal unramified extension of F. Let Op, O be the ring of integers of
F,Z:" respectively.

Let n > 2 be an integer. To define the Kramer model of the unitary Rapoport—Zink space, we
fix a (principally polarized) supersingular hermitian Op-modules X of signature (1,7 — 1) over &
(Definition . The Krdmer model N' = N, is the formal scheme over Spf O parameterizing
hermitian formal Op-modules X of signature (1,7 —1) within the quasi-isogeny class of X, together
with a rank 1 filtration F C Lie X satisfying the Kramer condition (Deﬁnition. The space N is
locally of finite type, and semistable of relative dimension n —1 over Spf O. There are two choices
of the framing object X (up to quasi-isogeny), giving rise to two non-isomorphic (resp. isomorphic)
spaces N when n is even (resp. odd) (§2.2).



Let Y be the framing hermitian Op-modules of signature (1,0) over & defined as in Definition [2.1]
The space of quasi-homomorphisms V = V, = Homgp, (Y,X) ®o, F carries a natural F'/Fj-
hermitian form, which makes V a non-degenerate F'/Fjp-hermitian space of dimension n (§2.2)).
The two choices of the framing object X exactly correspond to the two isomorphism classes of
V, classified by x(V) := X((—l)n(n;l) det(V)) € {£1}, where x : F;* — {£1} is the quadratic
character associated to F/Fy. For any subset L C V, the special cycle Z(L) (§2.3) is a closed

formal subscheme of N, over which each quasi-homomorphism z € L deforms to homomorphisms.

Let L C 'V be an Op-lattice (of full rank n). We will associate to L two integers: the arithmetic
intersection number Int(L) and the modified derived local density 0Den(L).

Definition 1.1. Let L C V be an Op-lattice. Let x1,...,z, be an Op-basis of L. Define the

arithmetic intersection number
(1.1) Int(L) = X(N, Oz(s) @ - ®" Oz(s,)) € Z,

where Oz(,,) denotes the structure sheaf of the special divisor Z(z;), ®% denotes the derived tensor
product of coherent sheaves on N, and y denotes the Euler—Poincaré characteristic (Definition[2.10]).
By Howard [How19, Corollary D]), we know that Int(L) is independent of the choice of the basis

r1,...,T, and hence is a well-defined invariant of L itself.

For M another hermitian Op-lattice (of arbitrary rank), denote by Hermyp, 5y the Op,-scheme of
hermitian Op-module homomorphisms from L to M (Definition and define its local density to

be

H Op, /w8
Den(M, L) — lim |HormL Or,/m)]
d—+o0 qN'dLvM

where dr, s is the dimension of Hermy, s ®0Og, Fy. Let H be the standard hyperbolic hermitian

Op-lattice of rank 2 (given by the hermitian matrix ( _7?_1 ”61

a local density polynomial Den(M, L, X) € Q[X] such that for any integer k£ > 0,

)) It is well-known that there exists

(1.2) Den(M, L,q~ %) = Den(H* @ M, L).
When M has also rank n and y(M) = —x(L), we have Den(M, L) = 0 (Lemma [5.7) and in this

case we write

d
Den’'(M,L) := —2- dX’X:lDen(M,L,X).
Define the (normalized) derived local density
Den' (I, L)
1. Den’(L) i= ———"—= .
(13) (L) = penr 1, <@

Here I, is the unimodular lattice of rank n with x(I,) = —x(L). Recall that a hermtian Op-lattice
L is um’modulmﬂ if L = Lf, where L? is the dual lattice of L with respect to the hermitian form

(see for notation).

The naive analogue of the Kudla—Rapoport conjecture for Kramer model states that
Int(L) = Den'(L).

IWe refrain from using the terminology self-dual in the ramified case to avoid possible confusion with a lattice L
such that L = LY, where L" is the dual lattice with respect to the underlying quadratic form, see
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However, as explained in [HSY21] this naive analogue does not hold for trivial reasons. In fact,
by definition Int(L) vanishes unless L is integral (i.e., L C L*), while Den’(L) does not vanish for
non-integral lattices L which are dual to vertex lattices. More precisely, recall that an integral
Op-lattice A C V is called a verter lattice (of type t) if A®/A is a r-vector space (of dimension
t). For a vertex lattice A C V of type t > 0, we have Af is non-integral so Int(A¥) = 0, while
Den’(A%) # 0 in general (see e.g. (5.7)). In general, we define the type ¢(L) of L to be the number
of positive fundamental invariants of L (see §L.5).

To account for these discrepancies, we will define dDen(L) by modifying Den’(L) with a linear
combination of the (normalized) local densities (Corollary

B Den(Ag, L)

(1.4) Deny(L) := m

Here A; C V is a vertex lattice of type t (in particular X(Ag) = x(L)). Recall that the possible
vertex type t is given by any even integer such that 0 <t < ¢4, Where

n, if n even, x(V) = 41,
tmax = { N — 1, ifn Odd,

n—2, ifn even, x(V) = —1.

Definition 1.2. Let L C V be an Op-lattice. Define the modified derived local density (Corollary
7.2)
tmax /2
(1.5) ODen(L) := Den’(L) + Z caj - Dengj(L) € Z.
j=1

Here the coefficients cp; € Q are chosen to satisfy
(1.6) ODen(AL) =0, 1< < tiax/2,

which turns out to be a linear system in (co, ¢4, . . ., ¢4, ) With a unique solution ([HSY21, Theorem
6.1].

The main purpose of this paper is to prove the following local arithmetic Siegel-Weil formula,
settling the main conjecture of [HSY21]. We will prove this theorem in

Theorem 1.3 (Kudla-Rapoport conjecture for Kramer models). Let L C V be an Op-lattice.
Then
Int(L) = 0Den(L).

1.3. The arithmetic Siegel-Weil formula. Next let us describe some global applications of our
main theorem, following the setting of [LZ22al §1.3]. We now switch to global notations. Let F' be a
CM number field with maximal total real subfield Fy. Fix an embedding Q < C and fix a CM type
® C Hom(F,Q) = Hom(F,C) of F. We aslo identify the CM type ® with the set of archimedean
places of Fy. Let V be an F'/Fp-hermitian space of dimension n and G' = Resg, o U(V'). Assume
the signatures of V' are {(n—1,1)4,, (n,0)gcp—{4,}} for some distinguished element ¢y € ®. Define

a torus ZQ = {z ¢ Resp/g Gm : Nmp/p (2) € Gy} Associated to G = Z9 x @ there is a natural
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Shimura datum (G, {hg}) of PEL type ([LZ224 §11.1]). Let K = K o x Kg C é(Af) be a compact
open subgroup. Then the associated Shimura variety Shx = Shx (G, {hz}) is of dimension n — 1
and has a canonical model over its reflex field E.

Assume that Kz C Z@(Af) is the unique maximal open compact subgroup. Assume that
Kq =11, Kg,u, where v runs over the finite places of Fy such that Kg, C U(V)(Fo,) is given by

e the stabilizer of a self-dual or almost self-dual lattice A, C V,, if v is inert in F,

e the stabilizer of a unimodular lattice A, C V,, if v is ramified in F,

e a principal congruence subgroup of U(V)(Fo) ~ GL,(Fp,) if v is split in F.
Let Viam (resp. Vasq) be the set of finite places v of Fj such that v is ramified in F' (resp. v
is inert in F' and A, is almost self-dual). Further assume that all places of E above Viam U Vasq
are unramified over F. Then we obtain a global regular integral model Mg of Shx over O as
in [LZ22al, §14.1-14.2], which is semistable at all places of E above Viam U Vasq (for more precise
technical conditions required, see . When K¢ is the stabilizer of a global unimodular
lattice, the regular integral model Mg recovers that in [HSY21], and that in [BHK™20] if F = Q.

Let V be the incoherent hermitian space over A associated to V', namely V is totally positive

definite and V, = V, for all finite places v. Let px € #(V}) be a K-invariant (where K acts
on V; via the second factor K¢) factorizable Schwartz function such that px ., = 1p,)m at all v
nonsplit in F'. Let T' € Herm,,(Fp) be a nonsingular F'/Fy-hermitian matrix of size n. Associated to
(T, pr) we have arithmetic special cycles Z(T, pr) over M (|[LZ22al §14.3]) generalizing the Z(T')
n [KRI4]. Analogous to the local situation (1.I)), we can define its local arithmetic intersection
numbers Intr,(¢k) at finite places v. Using the star product of Kudla’s Green functions, we can
also define its local arithmetic intersection number Intr,(y, ¢k ) at infinite places ([LZ22al §15.3]),
which depends on a parameter y € Herm,, (Fj o )>0 Where Fy o, = Fy ®gR. Combining all the local
arithmetic numbers together, define the global arithmetic intersection number, or the arithmetic
degree of the special cycle Z(T, ¢k ) in the arithmetic Chow group of M,

degT Y, PK) Z Intr,(¢r) + Z Intr, (y
vfoo v]oo

On the other hand, associated to ¢ := P ® poo € (V") where o is the Gaussian function,
there is a classical incoherent Eisenstein series E(z,s,¢) ([LZ22a), §12.4]) on the hermitian upper
half space

H, = {z =x+ 1y : x € Herm,(Fo o), y € Herm, (Fo,o0)>0}-

This is essentially the Siegel Eisenstein series associated to a standard Siegel-Weil section of the
degenerate principal series ([LZ22al, §12.1]). The Eisenstein series here has a meromorphic con-
tinuation and a functional equation relating s <> —s. The central value E(z,0,¢) = 0 by the
incoherence. We thus consider its central derivative

d
Eis'(z, i) = —| FE(z,s,¢).
ds s=0

Analogous to the local situation, we need to modify Eis'(z,px) by central values of coherent
Eisenstein series. For v € Viam U Vagd, let YV be the coherent hermitian space over Ap nearby V

at v, namely (*V),, ~ V,, exactly for all places w # v. For any vertex lattice A, C ("V), of
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type t, the Schwartz function ¢ ® 1 (af oy € L(("V)™) gives a classical coherent Eisenstein series
t,v

E(z,s,¢"® 1(Aﬁ )n). Analogous to |D define the (normalized) central values
t,v
Ve L VO](KG,U) ) v
(17) ElSt(Z, SOK) T VOI(KAjj ) E(Z7 07 SO ® 1(A§’v)n)'
t,v

Here K,; C U("V)(Fp,) is the stabilizer of AL,

Haar measures on U(V)(Fo,p) and U("V)(Fp) as defined in [LL21) Definition 3.8]. When v € Viam,
analogous to (|1.5)), define the linear combination

and the volumes are taken with respect to the

tmax,v/2

(1.8) 1}EiS(Z, QOK) = Z C2jv ° UEiSQj(Z, (pK),
j=1

where tmax,w and cg;, are the numbers ¢y, and co; respectively in (1.5)) for the local hermitian
space ("V), over the ramified extension F,/Fp,. When v € V,qq, define

(1.9) YEis(z, k) 1= co - "Eiso(z, vK),
where ¢y, = —ﬁ and ¢, is the size of the residue field of Fy,. Define the modified central
derivative
(1.10) OEis(z, o) == Eis'(z,0x) + (-1)" Y "Eis(z, k).
VEVramUVasd

Associated to an additive character ¢ : Ag, /Fy — C* (as explained in [LZ22al, §12.2] we assume
that v is unramified outside the set of finite places of Fy split in F'), it has a decomposition into
Fourier coefficients

(1.11) OEis(z, o) = Z OEist(z, ¢k ).
TeHerm, (Fo)

The following result asserts an identity between the arithmetic degrees of special cycles and the
nonsingular Fourier coefficients of the modified central derivative of the incoherent Eisenstein series,
which generalizes [LZ22al, Theorem 1.3.1] from inert places to all nonsplit places. In particular,
when F' is an imaginary quadratic field of discriminant d = 1 (mod 8), we have an unconditional
arithmetic Siegel-Weil formula for all unimodular lattices of signature (n — 1,1) at non-singular
coefficients, i.e., [HSY21l, Theorem 1.5] holds without conditions.

Theorem 1.4 (Arithmetic Siegel-Weil formula: nonsingular terms). Let Diff (T, V) be the set of
places v such that V,, does not represent T ([LZ22al §12.3]). Let T € Herm, (Fy) be nonsingular
such that Diff (T, V) = {v} where v is nonsplit in F' and not above 2. Then

degr(y, ox)q" = ck - OEisp(z, ok ),

where q7 = ¥so(Tr Tz), ci is a nonzero constant independent of T and @ (to be specified in

Theorem .



We form the generating series of arithmetic degrees

(1.12) deg(z, k) = Y degr(y,px)q"-
T eHermp (Fy)
det T#0

The following result relates this generating series to the modified central derivative of the incoherent
Eisenstein series, which removes the assumption that F/Fy is unramified at all finite places from
[LZ22a, Theorem 1.3.2].

Theorem 1.5 (Arithmetic Siegel-Weil formula). Assume that F/Fy is split at all places above 2.
Further assume that pg is nonsingular ([LZ22al, §12.3]) at two places split in F'. Then

d/eTg(z, vK) = ck - OEis(z, k).

In particular, d/eTg(z, ©vK) is a nonholomorphic hermitian modular form of genus n.

1.4. Strategy and novelty of the proof of the Main Theorem Our general strategy
is closest to the unramified orthogonal case proved in [LZ22b]. More precisely, fix an Op-lattice
L’ CV of rank n — 1 and denote by W = (L%)*+ C V. Consider functions on V '\ L.,

Int;,(z) == Int(L’ + (z)), &Den,,(z) = dDen(L’ + (x)).

Then it remains to show the equality of the two functions Int;, = dDen;,. To show this equality,
we find a decomposition

IntLb — IntLb’% + IntLb7af/7 8Dean — 8Dean7% + 8Dean’7/

into “horizontal” and “vertical” parts such that the horizontal identity Int;, ,» = dDenp, , holds
and that the vertical parts Int;, , and dDeny, 5 behaves well under Fourier transform along L%.

The horizontal identity essentially reduces to the horizontal computation for n = 2 in [Shi20),
HSY20]. For the vertical identity, we perform a partial Fourier transform along L% and consider
new functions on W\ {0},

Intiw/(m) = /Lb Intyy 4 (y + x)dy, 8Denib’7/(x) = /Lb dDenp, 4 (y + z)dy.
F F

The key is to show that Intf,,v,y/ and aDenib’V are both constant on W29\ {0} := {z € W\

{0} : val(z) > 0} of W (see for notation) as in Theorem and Theorem 8.2l Using

an induction on the valuation of L”, we show that the difference IntJL‘b,,V —8Deniw/ vanishes on

W=0 := {x € W : val(x) < 0}, and hence it vanishes identically and allows us to conclude that

Il’ltLbj/ = aDean,,,,.

On the geometric side, we prove a Bruhat-Tits stratification for the Kramer model (Theorem
, analogous to the case of the Pappas model treated in Rapoport—Terstiege—Wilson [RTW14].
We make use of the linear invariance of special cycles [How19] to express Int;, , as a linear combi-
nation of functions on V which are translation invariant under vertex lattices. A new observation
in our ramified case is that the translation invariance already allows us to control the support of
its Fourier transform well enough (Lemma to conclude the desired key constancy of Intj.:b’,y/
on W29, Compared to the unramified case, we completely avoid the Tate conjecture of generalized

Deligne-Lusztig varieties and explicit computation of their intersections with special divisors. It is
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not clear that the Deligne-Lusztig cycles span the Tate cycles in this case. §3|studies the structure
of Meq and special cycles, and should be of independent interest (in addition to preparation for

§4)) .

On the analytic side, we make use of the primitive decomposition of the local density polynomial
into primitive local density polynomials and obtain a decomposition.
(1.13) ODen(L) = > dPden(L’),

LCL

where L' runs over Op-lattices in Lr containing L, and the symbol Pden stands for the primitive
version of Den (Corollary . Unlike the unramified or exotic smooth case, the primitive local
density polynomial itself seems rather complicated (see e.g. Corollary. Nevertheless we manage
to prove a simple formula for its modified central derivative 0Pden(L), which we find quite striking.

Theorem 1.6 (Theorem [7.1)). Let L C V be an Op-lattice (of full rank n).
(1) If L is not integral, then OPden(L) = 0.
(2) If L is unimodular, then
1, ifn is odd,
0, ifn is even.

dPden(L) =

(8) If L is integral and of type t > 0, then

t—1

2

H(1 — ¢, if t is odd,
/=1

-1

(1- X(L/)q%) H (1- q%), if t is even.
/=1

OPden(L) =

[SIES

Here we write L ~ I,,_y & L' with I,_; unimodular of rank n — t.

The proof of this theorem occupies the entire §6| and and is our major technical innovation.
One key difference between our case and the unramified or exotic smooth case is that in our case
I, and H (see and (L.3)) have different fundamental invariants, hence it is not clear how to
reduce the calculation of dPden into the embedding-counting problems over finite fields in the style
of [CY20, §3]. To deal with this difficulty, we first decompose dPden(L) according to orbits of
Hermitian embeddings (Theorem [6.1)). Now a new observation is that the primitive local density
polynomial becomes simpler when L is “very integral” (i.e., when its fundamental invariants are all
> 1, see Proposition in which case the decomposition in Theorem is simple. The primitive
local density polynomial vanishes when L is “very non-integral” (e.g., when one of its fundamental
invariants is < —2, see the proof of Lemma . When L is the dual of a vertex lattice of positive
type, this is just our assumption . The remaining cases (in particular the unimodular lattice
case) are much trickier to handle, whose proof occupies most of @ and is summarized in §7.2)
The proof relies on a series of non-trivial polynomial identities (e.g., Lemma and Lemma
involving algebraic combinatorics of quadratic spaces over finite fields, which should be of
independent interest.



With the simple formula for OPden(L) at hand, we finally prove the desired key constancy of
8Denib’ay on W=0\ {0} via involved lattice-theoretic computation in in a fashion similar to
[LZ22b]. The techniques developed here on the analytic side seem to have wide applicability and
we hope that they may shed new light on the Kudla—Rapoport conjecture in the context of more
general level structures, e.g., for minuscule parahoric levels at unramified places formulated by Cho

[Cho22].

1.5. Notation and terminology. In this paper, a lattice means a hermitian Op-lattice without
explicit mentioning. Unless otherwise stated, L always means a non-degenerate lattice of rank n
with a hermitian form (, ).

e We say a sublattice L” of a hermitian space is non-degenerate if the restriction of the
hermitian form to it is non-degenerate.

e We define L! to be the dual lattice of L with respect to the hermitian form (, ). If L C LF,
we say L is integral.

e Following |[LL22, Definition 2.11], for a lattice L with hermitian form (, ), we say that a
basis {{1,...,0,} of L is a normal basis (which always exists by [LL22, Lemma 2.12]) if its

moment matrix 7' = ((¢;,¢;)) is conjugate to

1<i,j<n
O 7T2Cl+1 0 7T2Ct+1
2b 2bs
(517T 1) DD (537r ) ® ( _p2c1+1 0 O _r2e+1 0
by a permutation matrix, for some 31,...,08s € O;O and by,...,bs,c1,...,ct € Z. Moreover,
we define its (unitary) fundamental invariants (aj,--- ,a,) to be the unique nondecreasing

rearrangement of (2by,---,2bs,2¢1 +1,---,2¢ + 1).

e We define the type ¢(L) of L to be the number of positive fundamental invariants of L. We
use (L) to denote the rank of L and call L a full type lattice if r(L) = t(L).

e We define the valuation of L to be val(L) := >""" | a;, where (a1, - - ,a,) are the fundamental
invariants of L. For x € L, we define val(z) = val((z, z)), where val(m) = 1.

e For a hermitian space V, we let V' := {x € V | val(x)?i} where ? can be >, < or =.

e For a ring R, we use ({1, - ,¢y)r to denote Spang{¢1,--- ,¢,}. When R = Op, we simply
write (¢1,--- ,£,). We use L to denote L ®¢, F'.

e For a hermitian lattice of rank n, we define its sign as

n(n—1)

X(L) = x((=1)"=det(L)) = +1

where x is the quadratic character of F; associated to F'/Fy. Without explicit mentioning,
we always use € to denote y(L).

e Let I, denote a unimodular lattice of rank m with x(I5,) = €. We also simply denote a
unimodular lattice of rank m by I, if we do not need to remember its sign or its sign is
clear in the context. In particular, when we consider Den’(I,,, L), we mean I,, = I, €.

e We call a sublattice N C M primitive in M if dimg, N = r(N), where N = (N +aM) /7M.
We also use L to denote L ®¢, Op/(m).

e For two lattices L, L' of same rank, let n(L',L) = #{L" Cc Lp | LC L",L" = L'}.

We let doqq(n) = 1 if n is an odd integer and doqq(n) = 0 if n is an even integer.
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2. KRAMER MODELS OF RAPOPORT-ZINK SPACES AND SPECIAL CYCLES

We denote a the Galois conjugate of a € F over Fy. Denote by NilpOj be the category
of Op-schemes S such that 7 is locally nilpotent on S. For such an S, denote its special fiber
S Xspt o, Speck by S. Let o € Gal(ﬁb/Fo) be the Frobenius element. We fix an injection of rings
io : O, — OFO and an injection ¢ : O — Op extending ig. Denote by i : O — O the map
a — i(a).

2.1. RZ spaces. Let S € NilpOj. A p-divisible strict Op,-module over S is a p-divisible group

over S with an OFp,-action whose induced action on its Lie algebra is via OF, 20 B Og.

Definition 2.1. A formal hermitian Op-module of dimension n over S is a triple (X, ¢, A) where X is
a supersingular p-divisible strict Op,-module over S of dimension n and Fy-height 2n (supersingular
means the Op,-relative Dieudonné module of X at each geometric point of S has slope %), t:0p —
End(X) is an Op-action and A : X — XV is a principal polarization in the category of strict Op,-
modules such that the Rosati involution induced by A is the Galois conjugation of F/F, when
restricted on Op.

Definition 2.2. Fix a formal hermitian Op-module (X, tx, Ax) of dimension n over &. The moduli
space N, is the functor such that N, (S) for any S € Nilp O is the set of isomorphism classes of
quintuples (X, ¢, A, p, F) such that

(1) (X,¢,A) is a formal hermitian Op-module over S.

(2) p: X xg8 =X X Spec & S is a morphism of formal Op-modules of height 0.

(3) F satisfies Kramer’s ([Kra03]) signature condition: it is a local direct summand of Lie X
of rank n — 1 as an Og-module such that Or acts on F by Op i> Oj — Og and acts on
Lie X/F by Op & 04 — Os.

An isomorphism between two such quintuples (X, ¢, A, p, F) and (X', /, N, p/, F') is an isomorphism
a: X — X’ such that p' o (a x5 5) = p, a*(X) is a Op -multiple of X\ and o (F) = F'.

Notice that N, is a relative Rapoport-Zink space in the sense of [Mih22]. By [How19, Proposition
2.2], N, is representable by a flat formal scheme of relative dimension n — 1 over Spf O 7 We drop
the subscript n in ,, when there is no ambiguity.

2.2. Associated hermitian spaces. For a strict Op,-module X over &, let M(X) be the Op,-
relative Dieudonné module of X. Let (X, tx, Ax) be the framing object as in Definition and
N = M(X) ®0p, Fj be its rational relative Dieudonne module. Then N is a 2n-dimensional Fg—
vector space equipped with a o-linear operator F and a o~ !-linear operator V. The Op-action

tx : Op — End(X) induces on N an Op-action commuting with F and V. We still denote this
10



induced action by ¢x and denote tx(m) by II. The principal polarization of X induces a skew-
symmetric Fy-bilinear form (, ) on N satisfying

(Fz,y) = (2, Vy)?, (la)z,y) = (z,(a)y),

for any x,y € N, a € Op. Then N is an n-dimensional F-vector space equipped with a F / Fg—
hermitian form (, ) defined by (see [Shil8, (2.6)])

(2.1) (z,y) = 0((Hz, y) + m(z,y)),

where ¢ is a fixed element in (’);5,0 such that o(§) = —9. We can use the relation
1 _

(22) <$7y> = %Trﬁ/ﬁo(ﬂ- 1(1'72,/))

to recover {, ). Let 7 :== IIV~! and C := N7. Then C is an F-vector space of dimension n and
N = C ®p, Fy. The restriction of (, ) to C is a F/Fy-hermitian form which we still denote by
(, ). There are two choices of (X, tx, Ax) up to quasi-isogenies preserving the polarization on the
nose, according to the sign e = x(C) of C. Here x : F} — {£1} is the character associated to the
quadratic extension F'/Fy and we define the sign of C' as

X(O) = x((=1)"" D2 det(C)).

When n is odd, two different choices of € give us isomorphic moduli spaces. When n is even, two
different choices of € give us two sets of non-isomorphic moduli spaces. See [Shil8, Remark 2.16]
and [RTW14, Remark 4.2].

Fix a formal hermitian Op-module (Y, vy, Ay) of dimension 1 over Spec k. Define

(2.3) V,, = Homp,, (Y, X) ® Q.

We drop the subscript n of V,, unless we need to specify the dimension. The vector space V is
equipped with a hermitian form (, )y such that for any z,y € V

(2.4) (z,y)v = Ayt oy’ o dx oz € End(Y) ®7,Q 5 F

where 3V is the dual quasi-homomorphism of y. The hermitian spaces (V, (, )y) and (C, (,)) are
related by the F-linear isomorphism

(2.5) b:V—=C, =+ z(e)

where e is a generator of 7-fixed points of the Op,-relative Dieudonné module M (Y). The relative
Diedonné module M (Y) is equipped with a hermitian form (, )y such that (e,e)y € O, . By [Shil8,
Lemma 3.6], we have

(2.6) (z,z)v - (e,e)y = (b(x),b(x)).
By scaling the polarization Ay by a factor in O?O we can assume that
(e,e)y =1,

so V and C' are isomorphic as hermitian spaces. When the context is clear we often drop the

subscript V in (, )y.
11



2.3. Special cycles. We fix a canonical lift (G,tg, Ag) of (Y, vy, Ay) to O in the sense of [GroS86]
such that the action of O on Lie@ is via the inclusion 7. Such lift is unique up to isomorphism by
[How19,, Proposition 2.1].

Definition 2.3. For an Op-lattice L of V, define Z(L) to be the subfunctor of A/ such that N (S)
is the set of isomorphism classes of tuples (X, ¢, A\, p, F) € N(S) such that for any z € L the
quasi-homomorphism

pileOpg2YXspeCR§%X xg S
entends to a homomorphism G Xspro, S — X. By Grothendieck-Messing theory Z(L) is a closed
formal subscheme of N. For 2z € V, we let Z(x) := Z(L) when L = (z).

2.4. Bruhat-Tits stratification of AN.q. We say a lattice A C C (resp. A C V) is a vertex
lattice if mA* C A C A* where A? is dual lattice of A with respect to (, ) (resp. (, )V)ﬂ Using the
isomorphism of hermitian spaces , we often identify A with b=!(A) and use the same notation to
denote both. We call t = dimg, (A?/A) the type of A. Recall from [RTW14, Lemma 3.2] that ¢ has
to be an even integer. To each vertex lattice A of type 2m, we can associate to it a subscheme Ay
which is a subscheme of the minuscule special cycle Z(A), see Definition [3.5| below. Let V = Af/A,
we can define a (modified) Deligne-Lusztig variety Yy over &, see below. We prove that Yy is
projective and smooth, see Proposition When m # 0 the scheme N, is isomorphic to Yy, see
Theorem [3.16]
For vertex lattices of type 0, we define Excy following the idea of [How19l Appendix].

Definition 2.4. The exceptional divisor Exc of A is the set of all points z = (X, \, p, F) € N (&)
such that the action
t: Op — End(Lie X)

factor through Op “0 i — K where O — K is the quotient map. For a vertex lattice A in C' of type
0, define Excy to be is the set of all points z = (X, ¢, A, p, F) € Exc such that p(M (X)) = A®o,Op.
Both Exc and Excp are closed subset of N and we endow them the structure of reduced schemes

over K.
The following is a refinement of [How19, Proposition A.2].

Lemma 2.5. Each Excy is a Cartier divisor of N isomorphic to P2~'. The scheme Exc is a
disjoint union of Excp over all type 0 lattices A in C.

Proof. Let z = (X, 1, A\, p, F) € Exc(k) and M = p(M (X)) C N. Then the action of ¢(7) on Lie X
is trivial. Hence IIM C VM as Lie X = M/V M. Since dimz(M/VM) = dimg(M/IIM) = n, we
know VM = IIM which is equivalent to 7(M) = M. By [RTW14] Proposition 4.1], M = A®o,. O
for some vertex lattice A. Since M is self-dual, A is of type 0. Hence z € Excy (k). Moreover for
any k-algebra R, every rank n— 1 locally direct summand of Lie Xy satisfies the Kramer’s signature
condition as in Deﬁnition and determines a point of Excj (R) uniquely. So we get an isomorphism
ngl — Excy. Since N is regular and Excy has codimension 1, Excy is a Cartier divisor in N. By

ZNotice that the vertex lattice A in the sense of [RTW14], [HSY20] or[HSY21] corresponds to A in our convention.
12



looking at p(M (X)), it is clear that Excy N Excp/ (k) = 0 if A # A’. Hence Exc is a disjoint union
of over all type 0 lattices A. O

Remark 2.6. The proof of Lemma[2.5 shows that the definition of Excp above agrees with that of
[HSY21] §2].

By Proposition below, Ny = Excy for type 0 lattices A. The reduced locus N;eq has a
decomposition (see Theorem |3.19))

Med = U NAv
A

where the union is over all vertex lattices. The reduced subscheme Z(L),eq is a union of Bruhat-Tits
strata (see Proposition |3.20)

(2'7) Z(L)red = U NA-

ADL

2.5. Horizontal and vertical part. A formal scheme X over Spf O is called horizontal (resp.
vertical) if it is flat over Spf Oy (resp. 7 is locally nilpotent on Ox). For a formal scheme X
over Spf O, its horizontal part X, is canonically defined by the ideal sheaf Ox tor of torsion
sections on Ox. If X is noetherian, there exists a m € Z~q such that 7" Ox tor = 0. We define the
vertical part Xy C X to be the closed formal subscheme defined by the ideal sheaf 7 Ox. Since

Ox tor N7 Ox = {0}, we have the following decomposition by primary decomposition
(2.8) X=X,UXy

as a union of horizontal and vertical formal subschemes. Notice that the horizontal part X, is
canonically defined while the vertical part Xy depends on the choice of m.

Lemma 2.7. For a lattice L’ C V of rank greater or equal to n — 1 with non-degenerate hermitian
form, Z(L?) is noetherian.

Proof. First we know that Z(L) is locally noetherian since it is a closed formal subscheme of N
which is locally noetherian. Since the rank of L is greater or equal to n — 1, the number of vertex
lattices A containing L is finite. By , we know that Z(L),eq is a closed subset in finitely many
irreducible components of N;eq. Since each irreducible component of N,eq is quasi-compact, we
know that Z(L) is quasi-compact, hence noetherian. O

Lemma 2.8. For a rank n — 1 lattice L’ C V with non-degenerate hermitian form, Z(L)y is
supported on the reduced locus Nyeqa of N, i.e., Oz

Of Med .

is annihilated by a power of the ideal sheaf

v

Proof. We remark here that M,eq is exactly the supersingular locus of A'. Hence the proof of the

lemma is the same as that of [LZ22al, Lemma 5.1.1]. O
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2.6. Derived special cycles. For a locally noetherian formal scheme X together with a formal
subscheme Y, denote by K} (X) the Grothendieck group of finite complexes of coherent locally
free Ox-modules acyclic outside Y. For such a complex A®, denote by [A®] the element in K} (X)
represented by it. We use Ko(X) to denote K (X). Let Kj(Y) be the Grothendieck group of
coherent sheaves of Oy-modules on Y. We have a group homomorphism K} (X) — K}(Y) which
is an isomorphism when X is regular.

Denote by F' K} (X) the codimension i filtration on K} (X) and Gr' K} (X) its i-th graded piece.
When X is regular, we have a cup product - on Kgf (X)q defined by tensor product of complexes.
Under the identification K (X) = K{}(Y), the cup product is nothing but derived tensor product:

[A] - [B] = [A ®p, Bl
When X is a scheme, the cup product satisfies ([SABK94], Section 1.3, Theorem 1.3])
(2.9) FIKY (X)g - FIKY (X)g € FHEY (X).

It is expected that (2.9)) is also true when X is a formal scheme, see [Zha21l (B.3)], however we do
not need this fact in this paper. Throughout the paper, we assume X = A unless stated otherwise.
Recall that for z € V, Z(z) is a Cartier divisor ([How19, Proposition 4.3]).

Definition 2.9. Let L C V be a rank 7 lattice with a basis {z1,...,z,}. Define “Z(L) to be
Z(L
(2.10) (Oz(0) @8y By Oz(an)] € K P N)

where @ is the derived tensor product of complexes of coherent locally free sheaves on A/. By
[How19, Corollary C], “Z(L) is independent of the choice of the basis {z1,...,z,}.

Definition 2.10. When L has rank n, we define the intersection number
(2.11) (L) = XV, 22 (L)),
where x is the Euler characteristic.

Lemma 2.11. When L is a rankn lattice in V, Z(L) is a proper scheme over Spf O . In particular,
Int(L) is finite.

Proof. By Lemma Z(L)y is a scheme. We show that Z(L), is empty. If not, there exists
z € Z(L)(Ok) for some finite extension K of F'. Let X be the corresponding formal hermitian O -
module of signature (1,n — 1) over Ok. Since L has rank n and G has signature (0, 1), this would
imply that X has signature (0, n), which is a contradiction. Hence Z(L) is a scheme. Since Z(L)yeq
is contained in finitely many irreducible components of N;.q and each irreducible component is
proper over Speck, it follows that Z(L) is proper over Spf Q. The finiteness of Int(L) then
follows from the same argument before [Zha21l (B.4)]. O

2.7. A geometric cancellation law. Recall that for two lattices L, L’ C V of rank n, we define
n(L',L)y=#{L" cLp |LC L",L" = L'}.

Also recall that doqq(n) = 1 or 0 depending on whether n is odd or not.
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Proposition 2.12. Let L = I; & Ly C V where Lo is of rank r, Iy is unimodular of rank ¢ and
n=~¢+r. Let I, be a unimodular lattice that contains Ly. Then

(2.12) Int([g &) Lg) — Int(LQ) = n(Ir, LQ) . (5odd(n) — 5odd(7"))-
Moreover,
(2.13) Int(1,) = doga(n).

Proof. If Ly is unimodular and r = 2, then Int(Ls) = 0 by [Shi20, Theorem 1.3] and [HSY?20,
Theorem 1.3]. Combining this with (2.12)), we obtain (2.13)). In order to prove (2.12)), we prove the
following equation,
(2.14) Int(I1 S LQ) — Int(LQ) = (—1)’"n(Ir, LQ).
which is the special case of (2.12) when ¢ = 1. The general case then follows from an easy induction
on n using (2.14]) and the fact
(2.15) n([n,IZ@Lg) = n(Ir,Lg).
By Proposition 3.2 of [HSY21], we have the following decomposition of Cartier divisors on A/,
Z(h)=Z(L)+ Y Excy,
Aojfl

where the summation is over vertex lattices of type 0 in V,, and Z(I;) = N,,_; by [HSY21], Corollary
2.7]. By the same corollary, we know that

XN (051 - 2 (L)) = XN, “Z(La)) = Tnt(Lo).

Hence we have
Int(L) — Int(L) = > XN, [Okxey, ] - “Z(L2)).
AoDIl
If Ly ¢ Ao, then Excp, N Z(L2) is empty by Proposition below. If Ly C Ag, then by [HSY21
Corollary 3.6], we have

XN, [Oxen,] - 2 (L2)) = (=1)"

Hence
Int(L) —Int(Ly) = > (=1)".
AoD11©L2
Combining this with finishes the proof of and the proposition. ([l

3. BRUHAT-TITS STRATIFICATION OF KRAMER MODELS

We prove a Bruhat—Tits stratification for the Krdmer model (Theorem , analogous to the
case of the Pappas model treated in [RTW14]. More precisely, we define closed subschemes Ny
(Definition[3.5) and show that the reduced locus of A is stratified by A, (Theorem [3.19). From this
stratification we obtain a stratification of the reduced locus of Z(L) (Proposition . We also
show that N} is isomorphic to the (modified) Deligne-Lusztig variety Yy 7 defined in (Theorem
, and is in particular a smooth projective variety over K. We remark here that for the purpose

of our main result (Theorem , only a weeker version of Proposition is needed (namely we
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do not need the reducedness of Ny). However we believe the rest of this section contributes to the
theory of Rapoport-Zink space and is of independent interest.

3.1. Deligne-Lusztig varieties. Through out this subsection we assume m > 1. Let V be a 2m-
dimensional symplectic space over k = [, equipped with the symplectic form (, ). Let Vi = V@, &
and denote the bilinear extension of (, ) to Vi still by (, ). Let Gr(i, V) be the Grassmannian variety
parametrizing rank 4 locally direct summands of Vi for any k-algebra R. Let Ly be the subvariety
of Gr(m, V) whose R-points are rank m locally direct summands of Vy that are Lagrangian. Let
Sy be the subvariety of Ly as in [RTW14, Equation (5.3)] whose &-points are specified by

(3.1) Sy(R) = {U € Ly(R) | dim(U N ®(U)) > m — 1},

where @ is the Frobenius endormophism. By [RTW14, Proposition 5.3] and its remark, Sy has
isolated singularities which are exactly the k-points of Ly . By Proposition 5.5 of loc.cit., Sy is
irreducible of dimension m. To resolve the singularities of Sy, define Yy to be the subvariety of
Ly x Gr(m — 1,V) whose k-points are specified by

(3.2) Yv(7) = {(U,U") € (Ly x Gr(m —1,V))(r) | U' CUN®U))}.

Then the variety Yy is a projective subscheme of Gr(m,V) x Gr(m — 1,V). The forgetful map
(U,U") — U defines a morphism 7, : Yy — Sy.

Lemma 3.1. The morphism m,, is a projective morphism. It is an isomorphism outside the singular

locus of Sy. For a singular point z of Sy, m,,'(z) = P71,

Proof. First we know m,, is projective as it is a morphism between projective schemes. Consider a
R-point z = U of Sy outside its singular locus. Then U N ®(U) has dimension m — 1, this entails
U =UnN®U). In fact for any affine open subset Spec R of Sy outside the singular locus, define
Uy, = UrNSpang{®(Ug)} € Gr(m—1,Vg) where Ur € Ly (R) is the universal object over Spec R.
The map Ur — (Ug,U }%) defines the inverse morphim of m,, outside the singular locus of Sy .

If z = U is a singular &-point, then U = ®(U) and U’ can be any element in Gr(m—1,U) = P71,
This finishes the proof of the lemma. ([l

Proposition 3.2. The projective variety Yy is smooth of dimension m.

Proof. By Lemma and the fact that Sy has dimension m, it suffices to show that the tangent
space T, (Yy) of Yy at z has dimension less or equal to m at any point z = (U, U’) of Yy (&) such
that U = ®(U) is rational (a singlular point of Sy). We choose a k-basis {e1, ..., ez} of V such
that

U = Spang{e1,...,em}, (€, emts) =0ij, 1<4,5<m,
and all other pairings between basis vectors are zero. We assume that U’ is the hyperplane of U
defined by

m
Z b,-ef =0
i=1

where {e}}7, is the dual basis of {e;}*, and b; are not all zero. Without loss of generality we can

assume b,, = 1.
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Let V :=V ®, (R[e]/(¢?)) and & := ¢; ® 1 € V. The tangent space T,(Yy) can be identified with
Hom(Oys, ., &[e]/(¢?)) which parameterizes lifts of (U,U’). A lift (U,U’) of (U,U’) to T,(Yy) can
be determined as follows. First U can be spanned by vectors x1, ..., Z;, defined by

((L‘l,. . .,xm) = (él, . .,égm) ({42)

where A € My,xm(R) is symmetric as U is Lagrangian. The filtration U’ is a hyperplane of U
defined by

m
Z Z)l.%;k =0
=1

where l~)z =b;+ecforl<i<m—1and l;m = 1 where ¢; € k. Then U’ is spanned by vectors
~ ~ m ~
T — bjxm = éj — bjém + EZ(aij — bjaz-m)éier, 1<5j<m-1.
i=1

Since ®(e) = €9 = 0, ®(U) is spanned by

(€1,---,Em) (%”) = (E1,.-,Em)-

Hence the condition U’ ¢ ®(U) is equivalent to
aij = bjaim, 1 <i<m,1<j<m-— 1L
In particular a,,; = Bjamm. Together with the fact A = tA, we can deduce Ajm = Qmj = Bjamm for
1 < j <m. Hence
aij = bjim = b;ibiGmm
for all 1 <4, < m. In conclusion, a point in Hom(Oy,, ., k[€]/(€?)) is determined by
Cly -y Cm—1, Qmm-

This shows that 77, (Yy) of Yy at z has dimension less or equal to m. ]
Remark 3.3. One can show that Yy is in fact the blow-up of Sy along its singular locus.

For later use, we record the following lemma.
Lemma 3.4. Let Uy € Ly (k). Define a subvariety Lgo of Ly by specifying its k-points

LY(R) = {U € Ly(R) | dimg(U N Up) > m — 1}.

Then dimg TZ(LgO) <m for any z € Lgo (R) —{Uo}.

Proof. Fix a point 2 = U € L‘U,O(R) — {Up}. Take a basis {e1,...,em—1} of the isotropic subspace
U NUp. Enlarge it to a basis {e1,...,ey} of U, and further to a basis {ej,...,ea,} of Vz. We
assume that (e;, em+j) = ;5 for 1 < 4,5 < m and all other pairings between these basis vectors are
zero. This implies that Uy = Spang{ei,...,emn—1,aen, + beay, } for some a,b € k. By further adjust

basis we can assume a = 0, b = 1.
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Let V := V @, (&le]/(€?)) and Uy := Uy ®x (R[e]/(¢?)). Let & := ¢; ® 1 € V. The tangent
space TZ(Lg‘)) can be identified with Hom(O, v, ,Kl[e]/ (€2)) which parameterizes lifts of U such
v o7z

R
that rankg g, (2)(UNUg) > m —1. A lift U of U to TZ(LgO) can be parameterized as follows. First
U can be spanned by vectors x1, ..., Z;, defined by

(21, xm) = (€1, ..., Em) (Zz)

where A € M,, (<) and A ="tA as U is Lagrangian. A hyperplane in Uy lifting U N Uy is defined by

one single equation

m—1

Eom — D €bjés =0,

j=1
where b; € k. Hence U N Uy is spanned by vectors
€j +ebjéay, 1 <7 <m—1.

If in addition the above vectors are in U, there must exists )\3 crle/(&)(1<i<m,1<j<m—1)
such that

m m m
€ + Ebjézm = Z )\;l‘i = Z )\;»(éi + Z €a1iCml)-
=1 =1

i=1
Compare coefficients we see that )\3» = 0;; and
amj = bj, a;; =0,
for1<j<m-—1,1<1,i<m—1. Hence a point in Hom((’)L‘zio’Z,R[e]/(GQ)) is determined by
b1y ooy bm—1, Gmm,

Hence the tangent space T, (Lg‘)) has dimension < m. O

3.2. Minuscule cycle Ny and its tangent space. In this subsection, we identify A with 6=1(A)
using the isomorphism of hermitian spaces (2.5)).

Definition 3.5. For a vertex lattice A C V of type t(A) = 2m, define the subfunctor N to be the
subfunctor of A such that for a Opz-scheme S, N3 (S) is the set of isomorphism classes of tuples
(X, 1, A, p, F) satistying the following conditions.

(1) (X170, F) € Z(A)(S).

(2) If m > 1, we require in addition that x.(Lie(G xspro,. 5)) C F for any x € A.

We first describe the k-points of N" and Nj.

Proposition 3.6. There is a bijection between Nyeq(R) and the set of pairs of O j-lattices (M, M')
i N satisfying

M =M, Tr(M)cMcII 'v(M), M cr ' (M)NM, and length(M/M’')=1.
18



Proof. Let (X,t, A\, p, F) be a k-point of N' and M(X) be the Dieudonné module of X. Define
M = p(M(X)) € N and M’ = p(Pr~'(F)) C N where Pr: M(X) — Lie X = M(X)/VM(X) is
the natural quotient map. The condition M* = M is equivalent to the fact that ) is a principal
polarization. The condition IIT(M) C M C I~ !7(M) is equivalent to ;oM C VM C M. The
condition M’ C 7=1(M) N M and length, (M/M') = 1 is equivalent to the condition

VM c M'c M, IM' Cc VM, dimz(M/M') = 1.

Hence we have translated all conditions in the definition of A/ in term of Dieudonné modules. The

proposition now follows from Dieudonné theory. O

For a vertex lattice A in C, define
(3.3) A:=A®o, Og, A= Af @0, Op.

Corollary 3.7. Let A be a vertex lattice in V. There is a bijection between Nx(K) and the set of
pairs of O pg-lattices (M, M') in N satisfying the conditions in Proposition and the following
condition.

(1) If t(A) = 0, then M = A.

(2) If t(A) > 2, then A c M’ C M.

Proof. The condition that A C M is a direct translation of Condition (1) in Definition When
t(A) = 0, both M and A are self-dual, and thus M = A. (2) is a direct consequence of Condition
(2) in Definition O

To study the tangent space of N, we recall the Grothendieck-Messing deformation theory of A/
from [How19) §3]. We remark here that although [How19] deals with the case Fy = Qy, the argument
in fact applies to general Fyy using the relative display theory of [ACZI6]. Let R € Nilp Op. For
a strict Op,-module X over Spec R, we denote by D’(X) the Lie algebra of the universal vector
extension of X (a vector extension of X is an extension of X by GI'). Denote by D(X) the subspace
of D'(X) on which Op, acts by the structural morphism O, — Og. A point z € N'(R) corresponds
to a strict Op,-module (X, ¢, A) over R together with filtration F C Lie X satisfying Definition
We have the following exact sequence of locally free R-modules

(3.4) 0 — Fil(X) — D(X) — Lie X — 0,
where Fil(X) and Lie X are of rank n and D(X) is of rank 2n. The principal polarization A induces
a symplectic form (, ) on D(X) such that

((a)z,y) = (z,(a)y)
for all @ € Op and z,y € D(X). With respect to (, ) the Hodge filtration Fil(X) is maximal
isotropic. Hence (, ) induces a perfect pairing (still denoted by (, )):
(3.5) (,):Fil(X) x LieX — R.

The submodule F C Lie X and its perpendicular complement F=+ (which is locally a direct sum-

mand of Fil(X) of rank one) with respect to (3.5) determine each other. The condition on F in
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Definition 2.2 is
(3.6) Op acts on F by Op i) Op — Og and on Lie X/F by Op AN Op — Os.

This is equivalent to the condition that O acts on F* by Op i O — Og and on Fil(X)/F* by
Or - Op — Og. Since Op, acts on D(X) by iy and O = Op,[n], (3.6) is further equivalent to

(3.7) (M +7)-FL =0, (I -n)- Fil(X) c Ft,
where we use II to denote the action ¢(7) on D(X).

Definition 3.8. Let % be the following category. Objects in € are triples (O, O — &, d) where O
is an Artinian Op-algebra, O — & is an O p-algebra homomorphism, and d is a nilpotent divided
power structure on Ker(O — k). Morphisms in ¢’ are O p-algebra homomorphisms compatible with

structure maps to £ and divided power structures.

Let z = (X, 10, A\, p, F) € Z(A)(R) and M = p(M (X)) C N. Then A C M by Corollary [3.7 We
can identify with
0—VM/moM — M/moM — M/VM — 0.
Let F- Cc VM /moM be the perpendicular complement of F as described above. Denote by Z(A),
(resp. Na..) the completion of Z(A) (resp. Ny) at z. Forany O € € and 7 = (X,---) € Z(A),(0),

we can identify D(X) with My := M JoM O and by Grothendieck-Messing theory Z corresponds
0
to a filtration of free O-module direct summands

]:—J' C P/:ﬁ C Mo,
which lifts the filtration F+ C Fil € Mz = M/moM. Let fo be the map
(3.8) fo: 7w (FLFL).

Lemma 3.9. Let the notations be as above. Denote by Ao the image of the composition of maps
A= M= Mp, and let AMO be its perpendicular complement in Mo under the alternating form

()
(1) The map fo defines a bijection from Z(A),(O) to the set consisting of pairs (.7:"J-,F/‘\1/l) lifting
(FL,Fil) satisfying the following conditions:
(a) FL and Fil are free O-module direct summands of Mo of rank 1 and n respectively and
FL cFil;
(b) Fil is isotropic with respect to (, );
(¢c) (M+m) - FL =0 and (1 — ) -Fil C F*;
(d) Fil contains Fil = (Il + ) - Avo.
(2) The restriction of fo to Na .(O) defines a bijection from Ny .(O) to the set consisting of pairs
(fl,l:;i/l) satisfying the above conditions together with the extra condition:
(e) F: C Ay 0.

Proof. Proof of (1): By the previous discussion, (F=, EA‘II) satisfies conditions (a), (b) and (c) for any
Z C N,(O) (N, is the completion of N at z). Conversely by Grothendieck-Messing theory any pair

(FL,Fil) lifting (FL, Fil) satisfying (a), (b) and (c) gives rise to a unique point 7 € N(O). Since
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the action of O on LieG is via the inclusion i, the Hodge filtration of Go is Spanp{(Il+7)-e® 1}
where e is a generator of M(Y) as in §2.2| The image of the Spany{(Il + 7) - e ® 1} under A in
Mg is exactly Fil . By Grothendick-Messing theory again, Z € Z(A),(O) if and only if condition
(d) holds.

(2) is a corollary of (1). For any z = (X,...,F) € Z(A),(0), let F' be the preimage of F under
the quotient map Mo — M@/ﬁ Condition (2) in Definition is equivalent to Apro C F'. The
perpendicular complement of F' with respect to (, ) is F+. Hence condition (2) in Definition
is equivalent to condition (e). Hence Z € N, ,(O) if and only if (e) is satisfied. This finishes the
proof of the lemma. O

Lemma 3.10. Let A be a vertex lattice of type 2m in C' and M C N be an O lattice such that
A C M and M = M*. Then there is an O z-basis {e1,...,en} of M such that

(€as€atm) =1, (ey,eu) € O;
for1 <a<m,2m+1<pu<n, the inner product (, ) between any other basis vectors is zero, and
A= Spanoﬁ{l_[el, coy Hem, emtty - ent
Proof. By assumption we have IIM C IIA* ¢ A ¢ M and dimz(M/A) = m. With respect to the
k-valued quadratic form (, ) (mod 7) on M/IIM, A/TIM has a decomposition
A/TIM = R W,

where R is totally isotropic and W is non-degenerate. Then by the nondegeneracy of (, ) (mod )
on M /TIM we know that there is a totally isotropic subspace R’ such that

M/TIM = (R & R)© W,
and (, ) (mod ) induces a perfect pairing between R and R’. Hence we can find a basis {é;, €,}
of M/IIM such that R' = (é1,...,&n), R = {(€m+t1,-..,8m), W = (€2m+1,...,En), and
(Eas €atm) =1 (mod 7), (éy,€,) (modm)e R

for 1 < a<mand2m+1 < pu < n and the pairing between all other basis vectors are zero.
We can lift the above basis to a basis {e1,...,e,} of M which will satisfy the assumptions of the

lemma. OJ

Proposition 3.11. The scheme Z(A) has no Op/(n?)-point. In other words, Z(A) is a subscheme
of N Xspt 0. Spec k.

Proof. Let O = Op/(m?) with the reduction map O — & and the natural divided power structure
on 71O. Then O € €. Let z = (X, ¢, \,p, F) € Z(A)(R) and M = p(M(X)) C N as in Proposition
Then by Corollary A C M, and we can assume there is an Op-basis {e1,...,e,} of M as
in Lemma Denote the image of e; in Mo still by e;. Then {ey,...,e,, e, ..., Ile,} is an
O-basis of Mp. With respect to the alternating form (, ), we have by

(3.9) (eas Memta) = —1/0, (€m+ta,Heq) = —1/6, (e,,1le,) € O;O,

for 1 <a<m,2m+1<u <n, and all other pairings between basis vectors are zero.
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Assume that z can be lifted to a point Z € Z(A),(O), which corresponds to a pair (.7:'L,15\f1) as
in Lemma [3.90 First notice that

(3.10) Fil = Il+7)-Ayo= Spanop(@oﬁ ol{mlley, ..., wlley, (I + m)emit, ..., I+ m)en}.
0

With respect to the alternating form (, ), its perpendicular complement (FA‘i/l_)J-

ated by

in Ay is gener-

(3.11) {(II+mex,... T+ mem, Hemir, Temit, - - -, Leam, meam, (I + 7)eami1, ..., (1L + m)ey, }.

By Lemma (¢), F* is annihilated by II 4 7, hence it is spanned by a vector

n

v= Z a;(IT — m)e;,
i=1

where a; € O* for some i as FL is a direct summand of Mp. By Lemma we must have
Fil C Fil, 7+ c Fil and Fil is isotropic. Hence Fil C (Fil ). Moreover (Fil , F+) = 0, which
implies a; € 7O for 1 <i <m and 2m+1 < i < n. Hence without loss of generality we can assume
that Am+1 = 1.

Since Fil is a direct summand of Mo we have Mo = Fil @ S where S is an O-module. We can
write Ile; = w + w’ where w € Fil and ' € S. Since nlle; € Fil F1l, we must have mw’ = 0.
This implies that w’ € TMp and w is of the form

w=(I1+br)e; +x

where b € O and = € 7 - Spanp{es, [leg, ..., e,, e, }. Since w € Fil C( F11 L by (3.11] -, we must
have b = 1 and x is of the form

z—Zd IT+ 7)e; + Z (¢; + dill)e; + Z d; (1 + 7)e;,
=2 =m-+1 1=2m+1

where ¢; € 7O for m+1 < ¢ < 2m and d; € 7O for 2 < ¢ < n. Since (Il + 7)e; € Fil for
2m + 1 < i < n, by changing w and x at the same time if necessary we can assume that d; = 0 for
2m +1 <i <n. By (3.9), we have

<(H + 7T)€1, (H — W)6m+1> = 27T<€1,H6m+1> 75 0.

Moreover
m 2m
)= (&I +m)ei, (M = Temps) + Y (e + dill)es, @i (IT = T)ejm) =0
=2 =m-+1

Here we have used the fact that a; € 7O for 1 <i<m, ¢; € 1O for m+1<1¢ < 2m and d; € 7O
for 2 <4 < 2m. Then (w,v) # 0 which contradicts the fact that Fil is isotropic. Hence there is no
lift of z into Z(A)(O). This proves the lemma. O

As NV is a formal subscheme of Z(A), the following corollary is immediate.

Corollary 3.12. Ny is a formal subscheme of N X Spf O Spec k.
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Proposition 3.13. Let A be a vertex lattice of type 2m (m > 1) in'V and z € Na(R). Then the

tangent space T,(Ny) has dimension less or equal to m.

Proof. Let z = (X, 1, A, p, F) € Na(R) and M = p(M(X)) C N as in Proposition [3.6] Let O =
i[e]/(€%), then O is an Op-algebra through the map Oy — & — O and the ideal (¢) C O is
equipped with a natural divided power structure. Then O € €. Any point Z € T,(Ny) = Ny .(O)
corresponds to a unique pair (FL, I*:Tl) lifting (F*,Fil) as in Lemma We prove the lemma in
two cases.

Case (a): Fil # II - Mg. Since My is a free Op ®0g, O-modules of rank n, we have the following
exact sequence

0TI Mo — Mo 511 My — 0,

where II- Mg is a free O-module of rank n and the first arrow is the natural injection. This implies

the following sequence is exact.
(3.12) 0 — (IT- Mo) N Fil — Fil 25 11 - Fil — 0.

Since Fil # I - Mo, by we know that II - Fil # {0}. Since by Lemma Il Fil C 7+ and
F2L has rank 1, we know that II - Fil = F+ by Nakayama’s lemma. Hence FL is determined by
Fil. Moreover Fil is determined by its image in the O-module (I?ﬂ_)L / Fil where Fil =1II-A M0
as in Lemma Equation is still true and implies that Fil is an isotropic free O-module
direct summand of My of rank n — m (notice that 7 = 0 in O). Moreover

(3.13) (l:ﬂ\i/l_)L = Spanp{Iley, ..., em, Hemi1, emit, - - -, Leam, €am, Heamtt, .. ., ey by

and (ﬁli)L/fi/li = Vo where V = II- A¥/IT - A is a symplectic vector space over & of dimension
2m. The proposition in this case follows from Lemma if we define Uy = II- M/1I - AcvVv.
Case (b): Fil = II - Mz. By Lemma we know II - Mo C Apro and Ay is a free O-module
direct summand of Mo of corank m. Hence (Ay o)t is a free O-module of rank m and is in
(II- Mp)+ =T - Mp. As in [Kri03], we assume that we have a O ®0y, Op-basis {e1,...,en} of
Mo such that (e;,I1-e;) = d0;; for 1 < 4,j < n and all other pairings between these basis vectors
are zero. The lift Fil is spanned by x1,...,x, where

Ae
(X1, . xn) = (€1,...,en,1eq, ..., Iley) ( >
I,

where A € M, (%) and A = 'A since Fil is isotropic. Assume F C Fil = II - My is spanned by

n
Z bn+lH * €.
=1

Then by4; # 0 for some i and we can assume without loss of generality b,1 = 1. The lift FL is

spanned by
n 2n
D biei+ Y bill-e,
=1 i=n+1



where l~)n+1 =1 and I;n+i = bpy; + €c; for 2 < i < n and some ¢; € k. Let
A="bpi1,... o).
Equations (4.7), (4.8) and (4.10) of [Kra03] tell us that
A=yA-tX

for some v, € k. Equation (4.5) of loc.cit. tells us

Lby, ..., by) = AN,

which is equal to A -tA- X =0as ‘A- X =0 by (4.9) of loc.cit.. In particular F- C IIMp and a
point in T, (N3 ) is determined by the n — 1 parameters ¢; for 2 < ¢ < n together with the additional
parameter 7. Now the condition F* C (Apr0)* (condition (e) of Lemma imposes further
n—m independent linear equations on the parameters ¢; for 2 < ¢ < n. This shows that the tangent
space T, (N ) has dimension less or equal to m. This finishes the proof of the proposition. O

3.3. Isomorphism between N, and Yy . By [RTW14, Lemma 6.1], the lattices A and A? (see
(3.3) are closed under I, V and F, hence determine formal hermitian Op-modules (see Definition
2.1) X_ and X (denoted by X,- and X+ resp. in [RTW14) §6]) of dimension n over & together
with quasi-isogenies p_ : X_ — X, p;+ : X1 — X. The inclusion A c A¥ also defines an isogeny
pa - X — X4 of height 2m. Both p_ and py4 have height m. Since X_ = Y™ as an Op-module,
for any ®r-scheme S, condition (1) in Definition is equivalent to the condition

1

(3.14) (1) : The quasi-isogeny px,— = p o (p_)s: (X_)s — X is an isogeny.

This is further equivalent by loc.cit. to the condition
(3.15) (1)”: The quasi-isogeny px 4+ := (p4)5' o p: X — (X4)s is an isogeny.

Lemma 3.14. The functor N is representable by a projective scheme over k. The functor

monomorphism Ny — N is a closed immersion.

Proof. By Proposition Z(A) is defined over . It is clearly a closed formal subscheme of V.
Since for any k-scheme S, condition (1) in Definition is equivalent to (3.14)), the functor Z(A)
can be represented by a projective scheme over & by exact the same argument as that of [VWII]
Lemma 3.2]. Condition (2) defines N as a closed subscheme of Z(A), hence is itself projective
over & and a closed formal subscheme of A/. This finishes the proof of the lemma. O

In the following discussion we assume that A has type greater or equal to 2. Let V' = Af/A and
define a symplectic form (, )y on V as follows. For z,7 € V with lifts z,y € A¥, define (Z,9)y
by the image of mpd(z,y) in F, (see . Extend this form bilinearly to V. Note that 7 induces
identity on V and the Frobenius ® on V;. Let R be a k-algebra and (X,:,\, p, F) € Na(R). As
in the proof of[VW11), Corollary 3.9], Image(D(px,+)) and Image(D((pa)r)) are locally free direct
summands of D((X;)r) of corank m and 2m respectively. Define

U(X) = Image(D(px +))/Tmage(D((pa) r))-
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Then U(X) is a locally free direct summand of D((X,)r)/Image(D((pp)r)) = A /A ®5 R = Vg of
corank m. Define

F(X) = (D(px.+))(ax' (F))/Image(D((pa)r)),

where gx : D(X) — Lie X is the natural quotient homomorphism of R-modules. Then F(X) is
a locally free direct summand of U(X) of rank m — 1. We define a map ¢ : Ny — Gr(m, Vi) X
Gr(m — 1,Vg) by

¢ (X, 0,\p, F) = (U(X),Spang{®(F(X))}) € (Gr(m, Vi) x Gr(m — 1, Vz))(R).
Lemma 3.15. ¢ defines a bijection between Na (k) and Yy (k).

Proof. A point z € Nj(R) corresponds to a pair (M, M') as in Proposition By definition we
have

¢(z) = (UU') := (M/A, &(M'/1)).

By the definition of (, )y, the condition M = M? is equivalent to the fact that U is Lagrangian.
The condition M' C 7=1(M) N M is equivalent to U’ C U N ®(U). This shows that ¢(z) € Yy (k).

Conversely assume (U,U’) € Yy (&) and let M = Pr—Y(U) and M’ = Pr=}(®~1(U")) where
Pr: Af — A?/A is the natural quotient map. Then we have

7 (M) c TIr(Af) = TIA* c A ¢ M,
and
(3.16) Mc A cII'A=T""7A c I 7M.

This shows that (M, M’) satisfies the conditions in Proposition and Corollary . This defines
the inverse of ¢ on the level of F-points. Hence ¢ defines a bijection between NVj (%) and Yy (k). O

Theorem 3.16. Let A be a vertex lattice of type 2m (m > 1) in V. The morphism ¢ defines an

isomorphism Na — Yvz. In particular Ny is smooth of dimension m over k.

Proof. Let N }{ed be the underlying reduced &-scheme of Ay. Lemma shows that ¢ induces a
morphism ¢4 : N Ked — Yy k. In fact the argument of Lemma shows that ¢"d is bijection
on any r’-valued points for any perfect extension ' of k. Using the theory of relative display and
windows developed in [ACZ16], we can show that ¢ induces a bijection on #’-valued points for
any field extension &’ of &. Hence ¢™9 is an isomorphism on fibers, in particular quasi-finite. Since
it is a morphism between projective varieties, it is proper. Hence ¢™? is finite by (the Grothendieck
version of) Zariski’s main theorem. As N} is reduced, [Bou, §3 n°2 Proposition 7] implies that
¢ is flat. As ¢*d is finite, flat and an isomorphism on fibers, we can use Lemma [Kri03, Lemma
4.4] to conclude that ¢4 is an isomorphism. In particular /\/};’3‘i is a smooth &-variety of dimension
m. Now Proposition shows that AV} = Ay, this finishes the proof of the theorem. O

Proposition 3.17. Let A be a vertex lattice of type 0 in V. Then Ny is the exceptional divisor

. . n—1
Exca and is isomorphic to P~
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Proof. Let R be any k-algebra and z be any point in N (R) and (X, ¢, A, p, F) be the pullback of
the universal object of N to z. As A is a self-dual lattice, the quasi-isogeny p_ has height 0. Thus
the isogeny
px—=p o(p)r: (X )r— X

has height 0 and is an isomorphism, hence we can identify (X, ..., p) with (X_)g,...,(p—)r). As
m|a = V for any vertex lattice A, and Lie X_ = M(X_)/VM(X_), the action of ¢(7) on Lie X_
is trivial. The point z is uniquely determined by the filtration F C Lie X. Hence F can be any
rank n — 1 locally free R-module on Lie X. This shows that N} is isomorphic to }P’gfl and is in
particular reduced. Moreover if R = &, then p(M (X)) = A. This shows that N is a subscheme of
Excp according Definition By the proof of Lemma [2.5] we know that N, and Excy have the
same K-points. As they are both reduced subscheme of A/, they must be the same. This proves the

proposition. (]
3.4. Bruhat-Tits stratification.

Lemma 3.18. For any pair (M, F) satisfying the condition in Proposition there is a unique
vertez lattice A(M) such that A(M) C M and A(M) is mazimal among all such vertez lattices.

Proof. This is essentially [RTW14l, Proposition 4.1] as such M satisfies the conditions in Proposition
2.4 of loc.cit.. g

Theorem 3.19. There is a stratification of Nyeq by closed strata N given by
(3.17) Neea = Ma.
A

where the union is over all vertex lattices in V. We call this the Bruhat-Tits stratification of Nied.
In the following, assume that A and A’ are vertex lattices of type greater or equal to 2, and Ay and
Ay are vertex lattices of type 0.

(1) If A C N, then Nns is a subscheme of Ny .

(2) The intersection of Ny NN is nonempty if and only if A" = A+ A" is a vertex lattice, in
which case we have Ny NNy = Npn.

(3) The intersection of Ny, NNy, is always empty if Ao # Ag.

(4) The intersection Na NNy, is nonempty if and only if A C Ao in which case Ny N Ny, is
isomorphic to P where 2m is the type of A.

Proof. To prove , it suffices to check this on R-points. A point z € N,eq(R) corresponds to a
pair (M, M') as in Proposition Take A = A(M) as in Lemma If A has type 0, then both
A and M are self-dual and A C M, so they have to be equal. Hence z € Ny by Corollary If A
is not of type 0, then M is not 7-invariant, hence M’ = M N7~*(M) is uniquely determined. Since
A is T-invariant, A ¢ M’. Hence z € N (%) by Corollary This proves (3.17).

(1) follows immediately from Definition

(2). If A" is a vertex lattice, then Ny N Ny = N~ by Definition Conversely if Nyr NNy (R)
is nonempty, let (M, M') € Nar NNy (). Then A(M) D A+ A’ by the maximality of A(M). Then

A+ AN CAM)CAM)?EcC AN (AN = (A+A)E Hence A + A’ is a vertex lattice.
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(3) follows directly from Corollary
(4). By Corollary a point (M, M') € N(k) is in Na NNy, if and only if M = Ag ®o, Op
and A C M’ C M. This show that A C Ay and Ny NNy, (k) = P(Ag/A)(R). Similarly one can
show that
Na N Nay(R) =P(Ao/A)(R)

for any k-algebra R using relative display theory. This finishes the proof of (4). O

Proposition 3.20. For a rank r lattice L C V, the reduced subscheme Z(L)yeq of Z(L) is a union
of Bruhat-Tits strata:
(318) Z(L)red = U NA7

LCA
where the union is taken over all vertex lattices A such that L C A. Moreover, the intersection of
Z(L) with Ny is nonempty if and only if L C AF.

Proof. The proof of is the same as that of [Shil8, Proposition 3.8].

If L C A" and L is integral, define A’ := L + A. Then A’ is a vertex lattice and A C A’. By
(3-18), N is in the intersection of Z(L) and Nj.

Conversely if the intersection of Z(L) and Ny is not empty, then by and Theorem
there exists a vertex lattice A’ such that A C A’ and L C A’. Since A’ C (A’)* C A¥, we know that
L C Af. This finishes the proof of the lemma. O

4. FOURIER TRANSFORM: THE GEOMETRIC SIDE
4.1. Horizontal and vertical part of “Z(L’).

Definition 4.1. Let L’ be a rank n — 1 integral lattice in V. We say that L’ is horizontal if one
of the following conditions is satisfied
(1) L’ is unimodular.
(2) L is of the form L” = M @ L' where M is a unimodular sublattice of rank n — 2 such that
(Mp)* (the perpendicular complement of My in V) is nonsplit.

We denote the set of horizontal lattices by Hor.

Lemma 4.2. Let L’ be a rank n — 1 lattice in V. Then L’ is horizontal if and only if there is a
unique vertex lattice A which contains L°. If this is the case, A is of type 0.

Proof. We first prove the “only if” direction. Let A be any vertex lattice containing L°. If L’ is
unimodular, then A has to be of the form L’ @& L’ where L' is the unique unimodular lattice in
(L5)*+. If L’ is of the form M @ L' such that M is of rank n — 2 and (Mp)* is nonsplit, then the
proof of [Shil8, Theorem 3.10] implies that there is a unique vertex lattice A’ in (Mp)* which is
of unimodular (this fact is the same as the fact that the Bruhat-Tits building of (Mg)* has a only
one point). Then A must be of the form M @& A’. In both cases, A is unique and is of type 0.

We now prove the “if” direction. If t(L°) > 2, then there exist a type 2 vertex lattice Aq
containing L’ and any type 0 vertex lattice containing Ay (there are ¢ + 1 of them) also contains

L. Hence t(L") <1 and L’ is of the form M & L’ such that M is of rank n — 2. If (Mp)* is split
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and val(L') > 0, then [HSY20, Corollary 3.11] implies that there are more than one type 0 vertex
lattices A’ in (Mp)* containing L'. For any such A’, M @A’ is a vertex lattice of type 0 containing
L’. This shows that in order for such A to be unique, L’ must satisfies the conditions in Definition
The lemma is proved. O

For a rank n — 1 lattice L” in V, define
(4.1) Hor(L’) :== {M’ € Hor | L’ C M"}.
When dim(V) =2 and x(V) = —1, for y € V, define

+ - .
Z~(y)0 = Z"al(y) U Zval(y) if Val(y) > 07
Z if val(y) = 0.

Here Zy = Spf O and Zr = Z- =~ Spf W, are quasi-canonical lifting cycles defined in [Shi20),
§3] where W is a totally ramified abelian extension of O of degree ¢°>. When dim(V) = 2 and
x(V) =1, for y € V, define Z(y)° to be Z"(y), where Z"(y) = Spf Op is as in [HSY20, Theorem
4.1]. In all cases, Z(y)° is a closed subscheme of Ay.

Now for a rank n — 1 lattice L’ in V and M” € Hor(L?), we can decompose M® as M @ Span{y}
where M is unimodular and val(y) has to be zero if (Mp)* is split. By [HISY21], Proposition 2.6],
the unimodular lattice M induces a closed embedding Ny < A,. We define Z(M?)° to be the
image of the composed embedding Z(y)° < Ny < N, where Z(y)° is the closed formal subscheme
of N3 defined above. The following is [HSY21, Theorem 4.1].

Theorem 4.3. Let L° be a rank n — 1 integral lattice in V, then

(4.2) ZD) = |J Z0r)y.
M’ €eHor (L)

b
In particular, Z(L) 4 is of pure dimension 1. We have the following identity in Gr”_lKOZ(L )(N) :

(4.3) [OZ(Lb)%] = Z [Oz(M»)o]-
MY €eHor(LP)

Lemma 4.4. For any formal subscheme Z of N and 0 <i < n, F'KZ(N) is an ideal in Ko(N).

Proof. By definition FIKZ(N) is generated by elements of the form [F°*] where F* is a finite
complex of locally free coherent Opr-modules acyclic outside a sub formal scheme Y of Z such that
the codimension of Y in N is greater or equal to ¢. By Kunneth formula for chain complexes, the
product complex F* ®p,, K* is acyclic outside Y as well for any finite complexes of locally free
coherent Oa-modules K®. This proves the lemma. O

By Lemma for any formal subscheme Z of N/, we can define a quotient ring (not necessary
with identity)

(4.4) Cr'KZ(N) := KE(N)/FMKE(N).

In particular Gr" ' KZ(N) = F* K& (N)/F"KZ (N) is a subgroup of Gr' KZ(N).
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Since Z(L) is one-dimensional, the intersection Z(L?)» N Z(L’)y must be 0-dimensional if
nonempty. It follows that there is a decomposition

(4.5) ' k2P W) = ar KZP7 (WY @ ar KZEDY (W),
Under this decomposition, we have
(4.6) Lg(L’) = LZ(L%) 0 + LZ(L")y € GrEZT)(N),

where we denote by the same notation the image of LZ(Lb) under the natural quotient map
b b b

KOZ(L )(/\/) — Gr’KOZ(L )(J\/) It follows that the element “Z(L"), € Gr’KOZ(L )(N) is canoni-

cally defined although Z (Lb)y/ depends on the choice of a large integer m > 0.

b
Since Z(L?) 4 has expected dimension, “Z (L") , is in fact in Gr"_IKOZ (& )(/\/ ) and is represented

by the structure sheaf of Z (Lb) - In order to match the analytic side of our conjecture, we need
to slightly modify “Z (L") .

Definition 4.5. Let L’ be a horizontal lattice in V. Define “Z(L")° ¢ Gr'KOZ(Lb)(/\/') by

La(D) = [O(10ye] + ﬁ[om if L’ is unimodular,
[O(10y0] + [OB4] otherwise,

where A is the unique type 0 vertex lattice containing L’ as in Lemma and P, is a projective

line in Excy.
Remark 4.6. “Z(L°)° is the difference cycle D(L”) defined in [HSY21], Definition 2.15].

Definition 4.7. Let L’ be a rank n — 1 lattice in V. Define “Z(L")*, € Gr'KZ"E) (W) by

R2(D) = Y RE(),

MPeHor(LP)
where Z(M ")35, is as in Definition Define the modified vertical part of the derived special cycle
“Z(L%) by
b
Lz =tz - 2(1%), € GY'EET (W),
For any z € V\ L%,, define
(4.7) Intyy o (z) = XNLEZ(L)5, - [Oz()]), and Intp, o, (z) == XN EZ(L)y - [Oz@)])-
Lemma 4.8. If L’ is a horizontal lattice of rank n — 1 in 'V, then
(4.8) Lz, =tz).
In particular for any x € V'\ L*}; we have
Intp, (x) = Intp,(z).

Proof. Let A be the unique type 0 vertex lattice containing L’ as indicated by Lemma Then
AN LbF is the unique unimodular lattice in Hor(Lb). By Theorem we have

1— (=1t

Lz, —“2I’) = (m -1+ 5
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where m := [Hor(L”)|. By Proposition and Lemma E we know that “Z (L) € Gr’Ké\[A (N).
[HSY21l, Corollary 3.5] implies
FZ(L)y = m'[Og,]
for some integer m’. Hence in order to prove , it suffices to show
14 (1)t
2
Now assume L’ = M @ L' where M is unimodular and of rank n — 2 and val(L’) = a. Then
m = a+ 1. By [HSY21, Lemma 4.3], we know that

(4.9) m' =m

XWNLEZ(L) - [On]) = 2041 =2m — 1.
By [HSY21, Corollary 3.7], we know
XN EZ(D)y - [Oa,]) = m - XV, (O8] - [O,]) = —2m.
On the other hand, by [HSY21, Corollary 3.6],
XN PZ(D) - 00, ]) + XV FZ(D)y - [O6,]) = XV, V2(L) - [On,]) = (1)
Combine the above equations, we get . O

Lemma 4.9. We have
b
Lz’ e Gr K7 ().

Proof. It follows immediately from Theorem E Lemma and the definition of “Z(L?)%,. O

4.2. Hermitian lattices and Fourier transform. We fix an additive character ¢ : Fy — C*
whose conductor is Op,. Recall that the Fourier transform with respect to v is defined by

(4.10) B(z) = /V o(y) - $(Trp iy (2, 9))dpy),

where dy is the unique self-dual Haar measure on V with respect to this transform. For a lattice L
in V we use L" to denote its dual under the quadratic form Trp/ g ((, )). The following lemma is
well-known and easy to check.

Lemma 4.10. Let L C 'V be a lattice of rankn and 11, € .7 (V) be its characteristic function. Then
1p = vol(L,dp) - 1pv.

Lemma 4.11. Let L be a rank n lattice in V. A function ¢ € .#(V) is L-invariant (invariant
under the translation of L) if and only if its Fourier transform ¢ is supported on LY.

Proof. We first prove the “only if” direction. For any p € V let
L(p) := p+ L.

Any L-invariant function ¢ € (V) is a linear combination of the characteristic functions 17,
So it suffices to assume ¢ = 17,). In this case,

o(x) = ¥(Trpp,(, 1) - 1 ()
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is supported on LY by Lemma This proves the “only if” direction.
For the “if” direction, it suffices to show that if ¢ is supported on LV, then $ is L-invariant. For
any z € L we have

Blo+2) = | 0w 0(Trayr ) (T ()i,
Since ¢(Trp g, (2,y)) = 1 for any z € L and y € LY and ¢ is supported on LV, the above is equal
to @(x). This finishes the proof of the lemma. O
For an integer m, recall that
V=" = {z € V| val(z) > m}.

Definition 4.12. Define .7 (V)=™ to be the subspace of .7 (V) consisting of functions ¢ such that
@ is supported on V=

Lemma 4.13. Let A be a vertex lattice. Any A-invariant function in .# (V) is in . (V)=~1

Proof. By Lemma it suffices to show that AY C V=71, Since A is a vertex lattice, we have
AN=HOI, 5,

for some t. Simple calculation gives then

1 1 1
A =-AN=Hao-I, 4 cVzl
T T i

4.3. Fourier transform of Inth/.

Theorem 4.14. Let A be a vertex lattice and K € Ké\/"(/\f). For any x € V\ {0}, the class
K-[Oz@)] € K(/)\[A (N) is A-invariant. To be more precise for any y € A such that x +y # 0, we
have

Moreover, the function
Intx(z) := XNV, K- [Oz(z)])

extends to a A-invariant function in . (V)=~1.

Proof. Any element K € K(j)v MN) =2 K|(Ny) is a sum of elements of the form [F] where [F] is a
coherent sheave of Ops,-module. Hence it suffices to prove the theorem for £ = [F]. By [How19,
Corollary CJ, we know

[0z() ©6, Oz()] = [Oz() ©6, Oz(w1y)-
For any y € A with z +y # 0, NV, is a subscheme of Z(y) by Proposition Hence we have
K0z =[F ®H<5N Oz @)
=[F 86, Ony 802, Oz) €6 Oz(x)]
=[F ®E(5NA Ony ®02z, Oz ®H(5N Oz(c+y))

=K [Oz(x+y)]
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We have proved the A-invariance of K- [Oz(,]. It follows that Intx () is also A-invariant. Hence
we can define Intx(0) to be Intx(x) for any 0 # = € A and obtain a (unique) A-invariant function
(still denoted by Inti(z)) for all z € V. In particular Inti(z) is locally constant. If z ¢ AF, by
Proposition[3.20] the intersection of Z(z) with N is empty, which implies Intyc(z) = 0. This shows
that the function Intx(z) is compactly supported. Hence it is in . (V) and is in fact in .7 (V)=~!
by Lemma This finishes the proof of the theorem. ([l

Theorem 4.15. For every non-degenerate lattice L’ of V of rank n — 1, the function Int;y 4 on
V\ L% can be extended to an element in .#(V)Z~" which we denote by the same notation.

Proof. Lemmas and imply that “Z (L)% € Gr’K(/)\fred N)N Gr’K[)Z(Lb)"/ (N). Lemma 2.7

implies that there exist finitely many classes K; € Gr’ 6\[ rd(N)g together with C; € Q such that

Inth/(a:) = Z Cz ' X(/\/, ’Cz : [OZ(x)])

By Theorem we may assume that K; is supported on some Ny. Now we can apply Theorem
to conclude the proof. O

4.4. Partial Fourier transform. Let L’ be a rank n — 1 non-degenerate lattice in V. Let W =
(L%)*. For any function ¢ defined on V \ L%, we define its partial Fourier transform ¢* as a
function on W \ {0} by

(4.12) ot (z) = / ez +y)dy, VaeW.
Lb

F

Theorem 4.16. The partial Fourier transform Intib 4y € (W)=t and is W=20-invariant. In

particular it is constant on W20,

Proof. 1t is easy to see that partial Fourier transform maps .(V) to .(W). It remains to show
that the partial Fourier transform of Intib 4 € (W) is supported on W=~1. For x € W, we have

—

IntJL‘by(a:) = I@(az),

where I@ (z) is the Fourier transform of Int;, ,, € (V). Since I@ is supported on V="1

—

by Theorem {4.15, we know that Intib 4 (z) is supported on Ww=-1,
Since W is one-dimensional, W= is a full rank lattice in W for any m € Z. By Lemma and

what we just proved, Intib , 1s invariant under the translation of (W=—1H)V = w=0, O

5. REVIEW OF LOCAL DENSITIES AND PRIMITIVE LOCAL DENSITIES

In this section, we recall various explicit formulas of local density polynomials following Section
5 of [HSY21].
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5.1. Basic properties of local density and primitive local density polynomials.

Definition 5.1. Let M and L be two hermitian Op-lattices of rank m and n respectively. We use
Hermyp, ps to denote the scheme of hermitian Op-module homomorphisms from L to M, which is a
scheme of finite type over Op,. Moreover, we define

|Hermpz, 71 (OF, /(7))|
N'dL,M ’

Den(M, L) := lim

d—o0 q

where dy, ps is the dimension of Hermy, s ®0p, Fy. More specifically, for a hermitian Op-lattice L
with hermitian from (, ), we define L) = L ®op, Op,/(7d) and (z,9) @) = 7(%,7) € Op, /(1)
where z,y € L4 and Z,y € L are any lifts of z,y. Then

Hermp, v (Or, /(76)) = {¢ € Homoy, (Lay, M(g)) | (8(2), 6(y))(a) = (2, 9)(4) for all =,y € Ly }.

It is well-known that there is a local density polynomial Den(M, L, X') € Q[X] such that

(5.1) Den(M, L,q %) = Den(M © H*  L).
Moreover, we denote Den(M, L) = Den(M, L, 1) and
(5.2) Den'(M,L) = —2- aiXDen(M, L, X)|x=1.

Similarly, the primitive local density polynomial Pden(M, L, X)) is defined to be the polynomial in
Q[X] such that

(5.3) Pden(M, L, q*%) = dli_{lgo q*dn(z(m”k)*")|PhermL7M@Hk (OFO/(ﬂg))\,
where

Phermy, psq (OR,/(7d)) = {¢ € HermL7M®Hk(OFO/(7rg)) | ¢ is primitive}.
Here we recall that ¢ € Hermy ysax (Op, /(nd)) is primitive if dimg, ((¢(L) +7(M @ H)) /n(M &
H*) = n. In particular, we have Pden(M, M) = Den(M, M) since any ¢ € Hermps r/(Op,/(7d) is
primitive.
Recall that without explicit mentioning, we assume € = x(L). As an analogue of (1.3|) and (1.4]),
we define

d §
Pden(l,, L, X P AL
= 9. 94X ‘XBl ( ) and Pdeny (L) = Lﬁtu)‘
en(Iy, In) Den(Aj, A)

To save notation, we simply denote Pdeng(L) (resp. Pdeny(L)) by Pden(L) (resp. Pden’(L)). We
define

(5.4) Pden’(L)

tmax

2
(5-5) OPden(L) := Pden'(L) + Y ¢3; - Pdeny;(L),
j=1

where cy; is as in ((1.5]).
Lemma 5.2. Let L be a lattice. If there exists v € L such val(x) < —1, then ODen(L) = Den’(L) =

OPden(L) = Pden’(L) = 0.
33



Proof. Assume M 22 I,, or M = Ay for some t. Then Den(M@H*, L) = 0 and Pden(M@H* L) = 0
since there is no vector in M with valuation less than or equal to —1. ]

Now we record several results that describe the relation between local density and primitive local
density polynomials.

Lemma 5.3. [HSY21l Lemma 5.1] Let M and L be lattices of rank m and n. Then we have

Den(M,L,X)= Y (¢""X)"“/Bpden(M, L, X),
LCL'CLg

where (L' /L) = lengthy L'/L. Here Pden(M,L',X) = 0 for L' with fundamental invariant less
Of

than the smallest fundamental invariant of M. In particular, the summation is finite.
Corollary 5.4. Let L be a lattice. We have the following identity:

ODen(L)= Y = 9Pden(L).

LCL'CLp

Proof. Since Pden(I,, L', 1) = Pden(I,, L’) = 0, we have by Lemma

d d !/ !/ !/
rdi Den(l,, L, X)=-2 dX’ ) Pden(I,, L', X) = > Pden'(I,,L).
X=1 LCL'CLp X=1 LCL'CLp
Similarly, according to Lemma [5.3] we have
Den(Agj, L) = Y Pden(Ag;, L)
LCL'CLp
for 0 < j < tmax/2. Now the corollary follows from ((1.5) and (/5.5). O

Conversely, the primitive local density polynomial is a linear combination of local density poly-

nomials.

Theorem 5.5. [HSY21 Theorem 5.2] Let M and L be lattices of rank m and n. We have

Pden(M, L, X) = (-1)ig=1/2H=mxi  N" Den(M, L', X).

i=0 LcLl/crn L
oL JL)=i

Corollary 5.6. Let L be a lattice of rank n. Then

n

OPden(L) = z:(—l)iqi("*l)/2 Z ODen(L).
=0 LcL/ca='L
oL JL)=i

Recall that for two lattices L, L’ C V of rank n, n(L', L) = {L” C Lp | LC L",L" = L'}|.
Lemma 5.7. For two lattices L and M of the same rank n, we have

Den(M,L) if M =L,
0 if M 2% L.
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Moreover,
Den(M,L) =n(M,L) - Den(M, M).
In particular, if x(M) # x(L), then Den(M, L) = 0.

Proof. First of all, for M = L, Pden(M, L) = Den(M, L) by the definition of primitive local density.
Now we show that if Pden(M, L) # 0, then M = L. If Pden(M, L) # 0, then for any large enough
d we have

PhermL,M(OFO/(Trf)l)) 75 0.

Let ¢ € Phermy, 1/(Op, /(7)) be a primitive embedding. Let @(L(qy be the image of ¢(L(q)) in M 4.
Since ¢ is primitive, we have ¢(L4)) = Mg). Then by Nakayama’s lemma, we know ¢(Lq)) = M(q)-

Hence ¢ is an isometry between L4 = Mg). Since this holds for any large enough d, we have
L=M.

Now the formula of Den(M, L) follows from ((5.6) and Lemma O
Corollary 5.8. Let L be a lattice. Then for any even integer t such that 0 <t < tpax, we have

Den Aﬁ, L
Deny(L) := Den(Ay, L) ﬂt ﬁ)
Den(A;, A)

Corollary 5.9. Assume L % Ag for any vertex lattice Ay with t > 0. Then
OPden(L) = Pden’(L).
Corollary 5.10. Let ¢; be the coefficients in with even t and 0 < t < tmax. Then
= —Pden’(Ag).
Proof. On the one hand, combining Corollary with , we obtain

f 1 if £t =0 and n is odd,
OPden(A;) =
0 otherwise.

On the other hand, by Lemma and (|L.5]),
OPden(A?) = Pden’(A%) + ¢;.
O

Write Ag = H'@® L, where L; is unimodular of rank n;. Then by Corollary and Corollary
we have (see the following subsections for the relevant notations)

tl ny ni—i—1

R i Z I =g 5 jowm)

Vi GGT(LE) (Fq)

Combining this formula with Lemma and Lemma [5.18] we can compute ¢; explicitly. We give

some examples here.
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Example 5.11. If n is odd, we have

Pden’ In,Ati —1) =z
57) e = U M) D2
Den(1,, I,) q( 5) (¢7 +1)

If n is even and € = 1, we have

Pden'(I,A} ) (=1)%
Den(ln,I,)  ¢qz(5D(gz +1)

Ctmax -

We also give a list of ¢; for small n, t and € = 1 in the following table:

N 2 3 4 5 6

-1 -1

1 - 1
2 g1 qlg+1)  ¢*(¢+1)  ¢3(q+1) q*(q+1)
4 0 0 b i b

?(¢*+1)  ¢*(¢*+1)  ¢%(g*+1)
6 0 0 0 0 -t

7°(¢*+1)

5.2. Explicit formulas for some simple primitive local density polynomials.

Lemma 5.12. ([LL22| Lemma 2.15]) Assume L is an integral lattice of rank n. Then
n—1
Pden(H*, L) = [ (1 — ¢ ).
=0
Lemma 5.13. [HSY21, Corollary 5.8] Assume L = H’ & Ly where j > 0 and Ly is an integral
lattice of rank ni. Then
j—1
Den(I, L, X) = (H(1 — q%X)>Den(Im, L1, ¢¥X),
=0
j—1
Pden(I, L, X) = (H(1 . q%X)>Pden(Im, L1, ¢¥X).
=0
In particular,
j—1
(5.8) Pden! (In, L) = 2( I]- q%))Pden(Im, L1,¢%).
=1
Proof. First, by [HSY21l, Corollary 5.8] and Lemma
j—1
(5.9) Den(I, L, X) = (H(1 . q%X)>Den(Im, L, % X).
=0
Notice that if L € L' and L’ is not of the form H’ & L/, then there exists v € L' \ L such that
Pr,; (v) # 0 and Pry; (v) ¢ H;. Hence some fundamental invariant of L’ is smaller or equal to
F F
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—2. Hence Den(I,,, L', X) = 0 by Lemma Now Theorem and (5.9) implies

Pden(l,,, L, X)

_ Z 2 z(z 1)/24i(n— m)Xz Z Den(Im,Hj @L’l,X)
L1CL/1C7T_1L1
L(Ly/Ly)=i

= ([T - X)) Do (-1yigtimrzeitm=2i(g2ix)i 3™ Den(ln, L}, ¢¥ X)
£=0 1=0 LicLicn— 'Ly
oL /L)=i

j—1

= ([0~ X)) Pden(f. L1, ¢ X)
=0

as expected. O]

Definition 5.14. Assume U and V are quadratic spaces over F,. We define O(U, V') to be the set
of isometries from U into V, and M (U, V) to be the set of subspaces Vi C V such that V; = U.
Moreover, we define m(U, V') = |[M (U, V).

Definition 5.15. We define U; to be the i-dimensional non-degenerate quadratic space over F,

with x(US) = e. Moreover, we define 0; to be the i-dimensional totally isotropic space.

Lemma 5.16. [HSY21| Lemma A.11] Assume L = I;' , & Ly where Ly is a lattice of full type t
and n <m. Then

Pden(I2, L) = ¢~ . |0(0; @ USL,, U2)|.
Specifically, we have by |[LZ22b, Lemma 3.2.1],
00, U Ug)| = g#emtsz T g
[P g <i<| 5
(14 ee1q™ 2k+j) ifm=k=1 (mod 2),
1 ifm=k—1=1 (mod 2),
(1—eq™ %) ifm=k—-1=0 (mod 2),
(1—eq 2)(1+eer1q™ 2k+j) ifm=k=0 (mod 2).

Corollary 5.17. Let I, be the unimodular lattice of rank n and sign —e. Then

n(n—1) n—1
2q 2 2 (1—q %) if n is odd,
Den(In7In) = n(n—1) HS?I n n_q 9 . .
2¢ 2 (14e 2)[[2,(1—=q %) ifn is even.

5.3. Counting formulas for subspaces of a quadratic space over ;. The main results of
transforms the calculation of primitive local density polynomial into a sum over the subspaces of
a quadratic space over IF,. In this subsection, we count the number of such subspaces with a fixed

quadratic form.
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Lemma 5.18. Given quadratic spaces U and V' over Fy, let M(U,V') be the set of subspaces Vi C V
such that Vi 2 U, and let m(U, V) = |M(U,V)|. Then
|0(0; @ U2, US

)
0; U Un) = —xi5rme o[- 1G] '
m(0; & Uy ) q5k|O(Uk27Uk2)| - |GL;(IFy)|

In particular,

(5.10) m(0; & Ug2, Ug) = ¢ 7*m(0;, UYED)ym(Ug2, Ug),
where
€ if k=0,
(5.11) d(n,k,e,€2) =< —eeg  if both k and n — k are odd,
€€o otherwise.

Proof. We prove the first identity first. Fix a subspace V; of Uy such that Vi =2 0; @ U?. Then by
Witt’s theorem we have a surjection

000, & U, Up) = M(0; 0 U2, Uy), & — ¢(W1).

Moreover, each fiber of this surjection is in bijection with O(0; & U?). Any ¢ € O(0; & U?)
is determined uniquely by ¢1 = ¢[o; and ¢ = (;S|U;2. The number of different choices of ¢; is
|GL;(F,)|. The number of different choices of ¢o is ¢/*|O(U2, Us?)|. O

Lemma 5.19. For any €1, ez € {£1}, we have
min{t,j5} ¢ '
m(0; O UZ, 00U ) = ) @ OO0, o U, URL).
=0 q
Proof. Let V and U be quadratic spaces over I, such that V =0, & Uy, _;, and U = 0; ©U;?. Let
R = 0; be the radical of V. First, we consider a partition of

min{t,j}
MUV)= || MJ(UV),
£=0
where

Vi € My(U, V) if and only if dimp, (V1 N R) = £.

The number of choices of /-dimensional subspace of R is ((tz) ” Now we fix an /-dimensional subspace

W of R. Let R =2 0;_; be the radical of the quotient space of V/W. Then a choice of V; € My(U, V)
such that V1 N R = W corresponds to an element of

S={VicV/W|VinR={0}and V§ = 0;_,&U?}.
Write V/W = ROV, 2 0;,_,SUS',. Let Pr: V/W — V3 be the natural quotient map. For V; € S,
the condition V; NR = {0} implies that Pr(V}) = 0,_,&U;? by the rank-nullity theorem. Moreover,
the following map

S = M0, & U2, V,), Vi Pr(VA)

is a surjection with each fiber in a bijection with R U
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Corollary 5.20.
0(0; © U2, 0: © Uy )| = ¢*|O(U2, Up?)| - |GL; (Fy)| - m(0; © U, 0: © Uy, )

min{t,j} . .
’ <t> - (= OGHR—O+ 8k |0(0;—¢ O U, Us_y)
q

= |GL;(F,)| - g GL;_o(F,)]

We will also need the following lemma later (Section 7), which follows from Lemmas and
.

Lemma 5.21. For integers 0 < r < n and €1, = £1, we have

¢

1 ifr=n—-1=1 (mod 2),
locag™ T ifr=n=1 (mod 2

m (U, US) 1ag 2 ifr=n—-1=0 (mod 2),
1+e€1q 2n7

T T
—ec1q” T 1-eg" % -
I 21294 2 jfr=p=0 (mod 2),
1+ee1q” 2 1+e1q 2

and B
m(UZ LU @2 (1 — (—1)" Teerg” 7))
m(Ufl, Uﬁ) 1-— (—1)7"""161(]_“-2*1

Lemma 5.22. Assumei <r <n ande, 0,0 € {£1}. Let §(r,i,8',0) or d(n,i,e,0) be as in (5.11)).
Then
m(U7, U ym(U; 7 00 = m(UY U m(UP, UF).

Proof. Let V = UJ, and S be the following set of flags in V,
S={0CRCFRCV|R2U,FKR2U"}.

We can count the cardinality of S in two ways. One way is to first count the number of F; €
M(U?,V), then for a fixed Fy count the number of Fj € M(Ufg’l’(S ’U), (F1)*) which has a one-to-
one correspondence with Fy = Fy & Fy € M(U?, V). This way we get

#’S| = m(UiU’ U;)m(U(S(T.’i’(S/aU)’ Ug(;ni,i,e,a)).

r—1
On the other hand, we can first count the number of Fy € M(U?, V), then count the number of
Fy e M(U?, F») and get
#|S| = m(UY, Ug)ym(U7, UY).
This finishes the proof of the lemma. O

5.4. g-binomial theorem. In this subsection we discuss the g-binomial theorem and related re-
sults, which are used repeatedly in §7]to obtain certain vanishing results and transform complicated

linear combinations into simple formulas.
Definition 5.23. The g-analogue of (TZL) is defined to be

<n> _ @ =D- (-1
i),  (@-1-(g=1)
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In fact, (?)q is the number of i-dimensional subspaces of a n-dimensional vector space over [Fy.
Now we recall the g-binomial theorem.

Lemma 5.24 (g-binomial theorem). The following identity between polynomials of X holds:

n—1 n i) [ '
(5.12) [10-dx) =3 (~1)ig =" (Z> X',

i=0 i=0
Corollary 5.25. Let f be a polynomial of degree < n — 1. Then

n

Z(—l)iq@ <?)q flg™") =0,

i=0
Proof. Let f = ay,_12" ' 4 --- +ag. For 0 < s <n — 1, by evaluating (5.12)) at t = ¢~%, we have

Hence

The following is in some sense an inverse of ¢g-binomial theorem that will be used in

Lemma 5.26. -
n 1—
. i(i—1) n _
> (g () Jla+a 0 =X
i=0 4 =0

Proof. Let g;(X) = é;%)(q*EX +1). Since {g;(X)} forms a basis of the vector space of polynomials
of degree < n, there exist a,; € C such that

(=X)" =) an;- gi(X).
=0

Notice that g;11(X) = (14 ¢ *X)g;(X), hence Xg;(X) = ¢*(gi+1(X) — g;(X)). Then we have
n+1

D ant1igi(X) = (=X)" = (=X) - (-X)" (—an;) - Xgi(X)
i=0

I

@
Il
=)

(—ani)q" - (git1(X) — g;(X)).

I
.M:

=0
As a result, we have
an,0 if i =0,
(513) An41,; = qian’i — qiilan,i_l ifo<i<n+1,
—anng" ifi=n+1.

o d(i—1)

It is easy to check that b,; = (—1)'¢” z - (’;)q satisfies (p.13]) and that a1; = b1;. So we have

Qn 4 = bn,i- O
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6. DECOMPOSITION OF PRIMITIVE LOCAL DENSITIES

This section is devoted to prove the following decomposition of the primitive local density poly-
nomial, which is a vast generalization of [HSY21, Proposition A.14] and one of the main tools we
use to prove Theorem [7.1]

Theorem 6.1. Assume that L is an integral lattice of rank n. For any m > 0 we have

Pden(I,,, L, X) ZPden (Im,L,X),

where Pden™ ¢ (I,,, L, X) is a polynomial characterized by

(6.1) Pden™ (I, L,q %) = ¢ *Pden(H*,0,5) Y ¢ "Pden(I,n, Lvy),
V1€Gr(i,L)(Fq)

where 0,,—; s a totally isotropic lattice of rank n — i and Ly, C L is a sublattice of rank i such that

=V.

Here, an important special case is when m = n. In this case, PdenO(ITj ¢, L,X) = 0 since
X(L) # x(I,¢). Hence,

Pden(I,,, L, X) ZPden (In, L, X).

Applying the formulas of Pden(H*,0,,_;) and Pden([,,, Ly;) given in Lemmas and we
obtain the following corollary.

Corollary 6.2. Let L be an integral lattice of rank n. We have

n n—i—1

(6.2) Pden(fm,L,X)zz((q"—mX)i I1 (1—q%X))- Y 0, Ta)l.

i=0 =0 V1€Gr(i,L)(Fq)

In particular,

n n—i—1
Pden’ (I, L) _QZ( H (1- ¢ ) Y 0V Tl
=0 /=1

V1€Gr(3,L)(Fq)
When L is a full type lattice of rank n, L is totally isotropic. So we obtain

Corollary 6.3. Let L be a full type lattice of rank n. Then

n n—i—1

Pden(r,£.) =3 ((@ ") TT 0= #30)) - (1) 100 ).

=0 =0

In particular,

Pden’(I,,,L) = 2i(nﬁl(1 — q%)) . (’Z) |0(0;, I,)|.
=0 /=1 q
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Here by Lemma [5.16, we have

I i(i2—1) ‘ ngﬁgi (qm+1—2£) if m is odd,

100, Im)| = ¢ A
(@™ = x(m)) (a7 + X(Im)) - Tlhcees (@™ = 1) if m is even.
Proof of Theorem [6.1. To save notation, we use M to denote I,,, in this proof. Recall that by ,
Pden(M,L,q %) = Jim g~ TR Phermy e pn (Or, /(7).
First, we define a partition

Phermy yropk (Ory/(n6)) = | | Phermy yau(Or,/()),
0<i<n

where

(6.3) PhermiL’M@Hk (OFO/(Trf)l)) ={¢c PhermLM@H;@(OFO/(Wg)) | dimp, Pry(¢(L)) = i}.

Here Prj denote the projection map to H*, and Pryx(¢(L)) denote the image of Pry«(¢(L)) in
H. As a result, we have

Pden(M, L, X) = ) _Pden’(M, L, X),
=0

where Pden’(M, L, X) is the function such that
Pden’(M, L, ¢~ %) .= lim q—(2”(2k+m)—n2)d|Pherm27 vamk (OF /(7).
We need to count |PhermiL7M@Hk (Og,/(7d))|. For ¢ € PhermiLM@Hk (Og,/(7d)), it induces
¢:V=L—M&H"/n(MoH"), and g1 = Pr o @.
By the definition of PhermiL’ vemt(Or/ (7d)), For a (n — i)-dimensional subspace Vi C L, let

Pherm!l 10 (Or /(7)) = {6 € Phermi y oy (Or /(xd)) | Ker(@p0) = Vi € L.

Since Ker(¢y«) C L has dimension n — i for any ¢ € PhernaiLJ\/I@H,€ (Op,/ (7)), we have
(6.4) Phermy /o ri (O, /(7§)) = | ] Pherm{ngHk (Op, /(7).
V1 €Gr(n—i,V)(Fq)

We need to show

—(2(n n—n? n—1i)i yn—i
(6.5) g PR Phermi Ok, /(7)) = ¢ X" "Pden(HY, Ly,) - Pden(M, Ly, ).

Let Vi be a subspace of V such that V. =V; & V. Let Ly, C L be a sublattice of rank n — ¢ such
that the image of Ly, in V is V4. Similarly, let Ly, C L be a sublattice of rank ¢ such that the
image of Ly, in V' is V5. Let ¢ = |1, for i € {1,2}. According to Lemma the number of
different choices of ¢9 is given by

(6.6) [Pheriny oy (O, /()] = "G00~ Pden(1¥, L),
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Now for a fixed ¢o € Phermiv M@Hk(OFO/(Wg))a let
27

Pherm? /o (Or, /(7))

= {1 € Phermy, vt (Or, /(7)) | (61, 62) € Pherml’, 1 (Or, /(x)) ).

Claim: For any ¢9 € PhermiLVTM@Hk(OFO/(Wg)),

(6.7) !Phermﬁgvl o (OR /(1)) = ¢ V=0 Phermy 41 (Op, /(7))|

_ q(2d71)(Qkfz')(nfi)+(2n(n7i)f(nfi)Q)deen(M, Lv,)
Assuming the claim holds, we obtain (6.5 by and (6.7)).

Proof of the claim: For ¢, € Phermﬁ/ MeHF (Og,/(7d)), write ¢1 = ¢y gr + ¢1.01, Where ¢y e =
1’ ’ ’

Pryx o ¢1 and ¢y pr = Pras o ¢q. First, for any g € UM & Hk), one can directly check the map

(6.8) Pherm?? o (Om /(7)) = Phermﬁl’fg e O/ (73)),

p1godr

is well-defined and is in fact a bijection. Then according to Lemma we may assume ¢a(Ly,) C
H*.

Now finding ¢, such that (¢1,¢2) € PherrnZlM@Hk(OF0 /(7)) is equivalent to finding ¢; such

that ¢ is primitive,

(69)  (611e(0), b2(w)) = (61(v), b2(w)) = (v,w) mod (72) for any v € Ly;,w € Ly,
and

(6.10) (61(0), ba(w)) = (v,w) =0 mod (r) for any v € Ly;,w € Ly,

Notice that when k is large enough, we can always find and fix a gb’L  that satisfies . Then
finding ¢ px that satisfies is equivalent to find @ g = @1 gr — d)'l’ k> Which satisfies

(@1 gr(v), g2(w)) =0 mod (7%=1) for any v € Ly, w € Ly,

Then according to Lemma the number of different choices for ¢ p is q(2d=1D)(2k=i)(n—i)
Since ¢y gr(v) € mH* for any v € Ly,, (6.10) is equivalent to

(G1.11(0), d1a0(w)) = (61(0), 62(w)) = (v,0) =0 mod ().
Hence, the number of different choices of primitive ¢; s is given by
q2nn==(n=0*)dpqen (M, Ly, ).
Therefore, we have

’Phermii/l MeHE (OF()/(ﬂ—g)” = q(2d—1)(2k—i)(n—i) X q(2n(n—i)—(n—i)Q)deen(M’ LV1 ) .

This finishes the proof of the claim. O

Lemma 6.4. Assume that L is an integral lattice of rank n and k > n. Then

[Phermy ;i (Or, /(7)) = ¢*""[Phermy, i (Op, / (7)))|-
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Proof. For ¢ € Pherm Im@Hk(OFO/(Wg)), we may identify ¢ with (¢gx, ¢r1,,) where ¢pyr = Pryroe
and ¢y, = Pry, o¢. As

| Homo,. (L, I) (OR, / (7)) = 4>,

it suffices to show that for any fixed ¢ € Homo, (L, I;,), we have

(6.11) [{¢ € Pherm} ; o (OR,/(n§)) | é1,, = @} = [Phermy, g1 (O, /(n§))].

Let L, be the lattice L equipped with the hermitian form (z,y)r, = (¢gr(x), dyr(y)) where ¢ is
any element in Phermy ; o, (Or,/ (7d)) such that ¢, = . Since each such ¢ is an isometry and

é1,, is fixed, (, )z, is independent of the choice of ¢. Then we have a bijection

m

(6.12) {¢ € Pherm} | o,k (Or,/(76)) | ¢1,, = ¢} = Phermy_ ;i (Or,/(nf)),
& Pk

Since L is integral and ¢ is an isometric embedding, L(ka is also integral. Then according to [LL22,
Lemma 2.16],

[Phermy_ g+ (Or, /(73))| = [Phermy, g4 (Op, /(7))
Combining with the bijection in (6.12)), this proves (6.11]), hence finishes the proof of the lemma. [J

Lemma 6.5. Assume that M is a unimodular lattice, L is an integral lattice of rank n, and
¢ : L — M@ HF is a primitive isometric embedding such that Pryi(¢(L)) is primitive in HF.
Then there exists a g € U(M @ H*) such that g(¢(L)) C HF.

Proof. Consider the non-degenerate symplectic space over Fy: (Fk,<, ) = (ﬁk,w(, ). Let v

denote the image of v € H¥ in H*. Since Pryi(6(L)) is primitive in H*, V(L) == Prpyr(o(L))
is a n-dimensional subspace. Since M and L are integral, Pryx(¢(L)) is integral. Hence V(L) is
an isotropic subspace. Let {¢1,---,{,} be a basis of L, £ g = Pryx(fs) and es = £, gr. Since
V(L) is an n-dimensional isotropic space, we have k > n and we can extend {e1,---,en} to a
standard symplectic basis {e1, f1,- - , ek, fx} of Fk, where (es, fi) = dst, and (es, ) = (fs, ft) =0
for 1 <s,t <k.

Now let {fl, e ,fn} be a lifting of {f1,---, fn}. In particular, for 1 < s < n, we have (Es,fs) =

7~ 4+ 2 for some z € Op. Therefore, L @ (f1 -+, fn) = H™. Hence, there exists g € U(M @ H¥)
such that g(L @® (f1---, fn)) C H*. O

Lemma 6.6. Let N C HF be a primitive integral lattice of rank i. Then

#{w e rH* /7{H" | (N,w) =0 mod (72471)} = ¢24=DE=0),

Proof. Through this proof, we use L to denote the image of L in H" for any sublattice L of H”.
Let N+ be the perpendicular lattice of N in H*. First we show N= is primitive of rank 2k — 4. If
N+ is not primitive, then there exists v € N+ such that 7—'v € H¥\ Nt. However, (7~ v, N) = 0,

hence 7~ 'v € N+, which is a contradiction.
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We claim that for any w € 7H* and 7(N,w) = 0 mod 7% with a > 0, there exists a x € T*H*
such that w —z € N. We prove the lemma by assuming the claim, and give the proof of the claim

in the last paragraph. Taking a = 2d, the claim implies that

#{w € mH* [x{H" | (N,w) =0 mod (x**~1)}
=#{we TI'(NJ' + F(C]lHk)/Tr(C]lHk | (N,w) =0 mod (7r2d’1)},

Since N1 is primitive of rank 2k — i, we have
#{w € N+ /m{H* | (N,w) =0 mod (7*I"1)} = ¢4~

This proves the lemma assuming the claim.

Now we prove the claim. Consider the symplectic space over [F: (Fk, 7(,)). Since N is integral,
N is isotropic in H". Let N be spanned by {e1, - ,e;}. Then we may extend {ej, - - ,e;} to a
standard symplectic basis {eq, f1,- - , e, fx} of ﬁk, where (eg, fi) = ds, and (es, er) = (fs, ft) =0
for 1 < s,t < k. Let {él,f1,~-- ,ék,fk} be a lifting of {ey, f1, -+ , e, fr}. By our choice of és,
we can find a basis {wq, - ,w;} of N such that ws — é5 € wHF for any 1 < s < i. Consider
T = alfl 4+ 4 aifi € (fl, e ,fk> In order to have w — 2 € N+, we need to solve the following

system of equations:
(6.13) m(ws, ) = w(ws,w) for 1 < s < 4.

Let A denote the i x i matrix corresponding to this system of linear equations. Since ws—é, € THF,
we have A =1d; mod (7). Therefore, there exists a unique solution z of . Moreover, since
m(N,w) =0 mod 7%, we have m(ws,w) € (%) for 1 < s <i. Then implies that a5 € (%),
hence x € 7*H”. The claim is proved. O

7. EXPLICIT FORMULAS FOR Pden’(L)
7.1. Explicit formulas and consequences. The goal of this section is to establish the following
formulas for

tmax/2
(7.1) OPden(L) = Pden’(L) + Y cp;Pdeng;(L).
j=0

Here
Pden’(I,,, L)
Pden/(L) = — ™/
L) = B 1)

is normalized as in (5.4). Recall, from Lemma that
(7.2) OPden(L) = Pden’(L)
when L is not dual to some vertex lattice A; of positive type t > 0.

Theorem 7.1. Let L C 'V be a lattice of rank n.

(1) If L is not integral, then OPden(L) = 0.
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(2) If L is unimodular, then

—_

, , ifnois odd,
OPden(L) = Pden’(L) =
0, ifn is even.

(8) If L = I,,_y & Lo where Ly is of full type t, then

t—1
I1,2,(1—¢*), if t is odd,
(1= x(L2)g®) [T, (1 — ), ift is even.

Corollary 7.2. Let L be a lattice. Then 0Den(L) € Z. Moreover, dDen(L) = 0 for non-integral
L.

OPden(L) = Pden’(L) =

Proof. According to Corollary we have

ODen(L)= Y dPden(L).

LCL'CLp
Now Theorem implies that OPden(L’) € Z, hence dDen(L) € Z. If L is non-integral, then
OPden(L’) = 0 for each L’ such that L C L’ by (1) of Theorem O

As another corollary, we prove the following cancellation law for dDen(L). Recall that for
Hermitian lattices L and L of the same rank, n(L',L) = #{L” Cc Lp | L C L",L" = L'}.

Corollary 7.3. Let L = L1 & Ly CV be a rank n lattice, with L1 being unimodular and L; of rank
n;. Then

(7.3) ODen(L) — 6DGH(L2) = n([m, Lg) . ((5Odd(n) - (5Odd(n2)).

Proof. By Corollary [5.4] and Lemma we have

ODen(L)= Y dPden(L')= > OPden(L; & L}).
LCL'CLp LoCLLYCLy
Similarly,
ODen(Ly) = Y OPden(L).
LoCLLYCLy
Hence
ODen(L) — ODen(Ly) = > (9Pden(L; & L) — OPden(L})).
LoCLLC Ly R

If LY, is not integral, then both dPden(L1®L}) and dPden(L}) vanishes by (1) of Theorem|[7.1] If L),
is integral but not unimodular, then (3) of Theorem [7.1{ implies OPden(L; & L)) — 0Pden(L}) = 0.
Hence

(7.4) ODen(L) — dDen(Ly) = Y (9Pden(L; & L) — 9Pden(L})).

LyCLLCLy R
L1@L’2%A0
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Combining (|7.4) with (2) of Theorem |7.1} we have
8Den(L) — 8Den(L2) = n(Im, Lg) . ((5Odd(n) — (5Odd(n2)).
This proves the corollary. t

Lemma 7.4. Assume L = L1 & Lo is a lattice where Ly is unimodular. If L C L' C 7 L and L'
is not of the form Ly & L, then L' is not integral and OPden(L’) = 0.

Proof. Consider the Fy-vector space 7~ 1L/L. Since we assume L’ is not of the form L & L}, there
exists v € L'\ L such that Pr, -1y (v) # 0, which in turn implies that L’ is not integral. Hence
OPden(L") =0 by (1) of Theorem [7.1] . O

7.2. Proof strategy. The proof of Theorem occupies the rest of this section. Since the proof
is rather long and technical, we summarize the main idea of the proof first. When there is some

x € L with val(x) < —1, 0Pden(L) = 0 by Lemma Otherwise, write
L=H &I, &Ly,

where Lo is of full type t. There are four cases.

(a) The case n; —t =0 (i.e., L = H7 @ Lo) is significantly simpler than the general case, and
we will deal with it in next subsection although it is part of the general case. For example,
when L is of full type, the reduction L of L modulo 7 is a totally isotropic quadratic space
over F,. Hence, the summation in Corollary is simply:

> ozl = (1) 1007
V1€Gr(3,L)(Fq) a
An application of g-binomial theorem settles this case.
(b) The case j =0, i.e., L is integral.
(c) The case j > 0 and ¢ > 0.
(d) The case that t = 0 and j > 0 is part of the modification assumption.

In general, the problem becomes harder when ny —t is larger. In fact, when ¢t > 0, i.e., n1 —t < nq,
(b) and (c) can be proved via Corollary and an involved application of the induction formulas
of Den(Iy,, L) established in [HSY21]. However, when ¢ = 0, i.e., L is unimodular, this method fails.
To overcome this difficulty and give a uniform proof of (b) and (c¢), we introduce a new method
which is different from [HSY21] even in the case n < 3.

To illustrate the idea, we stick to case (b) for now. The first key step is to discover a finer
structure of 9Pden(L) and prove the following formula (Lemma [7.11)):

min{n—t,;n—1} n—1

n-—r neldjty G=r)G=r=1) i
@5 opden(n)= () Y X (§17) e T g ),
r=0 q

i=0
where (%) is some constant number and g(n,n;,r, X) is a linear combination of polynomials of
degree n— 1. The second key observation is that there is a lot of cancellation underlying this linear
combination. Indeed, We show for r < n that g(n,ni,r, X) is actually of degree <n —r — 1 and

is essentially a simple multiple of some simple polynomial (denoted by h(n,r, X)) (Lemmas
47



and [7.15]). This enables us to apply g-binomial theorem (Corollary [5.25)) to the inner sums in ([7.5]).
Consequently, we obtain

m(n,t)
(7.6) OPden(L) = (x) 3 (=175 - gln,n — e g "),
r=0

The last step is to evaluate this sum and the result is given by Lemma It is in this step that
the case ny = n (L is unimodular) becomes different: the sum above is a sum from r = 0 only to
n — 1, not to n; = n. To make it worse, the ‘missing’ term g(n,n,n, X) is in fact ill-behaved.

One common strategy in proving Lemmas and is to express both sides of the identity
as (uniquely) linear combinations of certain basis of polynomials, and prove that the coefficients
satisfy the same recursion formulas and the same initial conditions. Here we use crucially the
combinatorical properties of m(U, V') (Lemma for U and V' quadratic spaces over Fj.

In Case (c), the derivative becomes the value of some primitive local density polynomials at
some non-central point ¢/ by Lemma Strikingly, the formula for this value (see ) is very
similar to the formula (see for the derivative Pden(L; @ L2)). Proof of Cases (b) and (c) will
be given in Subsection [7.6] after long preparation in Subsections [7.4] and

7.3. The case ny —t = 0. In this subsection we assume that n; — ¢t = 0 and divide it further into

two subcases: 7 =0 or j > 0.

Proposition 7.5. Assume that L = HJ @ Lo where j > 0 and Lo is of full type and has rank
ng=n—2j. Then

OPden(L) = 0.
Proof. By Lemma [5.13], we have
j—1
Pden’ (I, L) = 2( ] - q%))Pden(In, Lo, g%).
(=1

Hence it suffice to show
Pden(I,,L,q" ") = 0.

We prove the odd n case and leave the even n case to the reader. According to Corollary we
have

n2 o ng—i—1 i
Pden([n, L, qn—nz) — Z(_Unz—z@% (n2> ) H (q2€+n—n2 . 1) X H(qn-i-l—% - 1)
q (=1
n—1

i=0 (=0
ntny .
S ng—i -1 (M2 T 20 : 20
=> (o= () [ @ -0 I @ -,
=0 a9  p_n—na _ntl
/= = V4 51



n—1
2

We can factor out H (¢* — 1) so that

Z:n7n2
n—mo
n—n : 2 R ng—i =1 (N2 —i
Pden(Inaqu 2) H (q _1) :Z(_l) ? q 2 i g(nQaq )7

e:anl i=0 q
where
(7.7) gne, X)= [ @X*-1)

=

is a polynomial of X of degree ng — 1. Now Pden([,, L,¢" ") = 0 by Corollary (|

Proposition 7.6. Assume that L is a full type lattice of rank n. We have

n—1
[T.2, (- 7*), if n is odd,
n_q
2

Pden’(L) = R
(1—eq2)[12, (1—¢%*), ifn is even

Proof. First of all, recall that

Pden’ (1, L)
Pden'(L) = —— ot \ino %)
(L) = DT L)

where

n—1

n—1

2¢("2 )? 11,2, (** 1) if n is odd,

(78) Den(-[rujn) = ny\/n n 21
2q(§)(§_1)(q§ +eo Il (q% —1) if nis even.

We verify the even n case and leave the odd n case to the reader. Direct calculation using Corollary

[6-3] gives

51 _ 51 wn I\ n—i—1
pdet (1, 1) (0t +0) TT @ - 0) " =2 X 0705 (1) @0 T @)

=1 i=0 e=1—it1
s, (-1 (n nl
=2) (=) lg <Z> (qZ " —¢) H (2% 1)
1=0 q =241
According to Corollary
n—l . iti-1) [n . n—l . n(n—1) n_l
Z(_l)nfzflq72 <Z> (q§71 _ 6) H (q25721 N 1) —q 7 (qfi . 6) H (q2272n _ 1)
i=0 q =241 (=241
o
=¢GN —er) [T -¢*)
(=1
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Now by ([7.8)), we conclude that

Pden’(L) = (1 —eg?) [] (1 - ¢*),
as claimed. 0O

7.4. Preparation. In this subsection, we rewrite Pden’(l,,L) as a linear combination of spe-
cial values of certain polynomial g, (n,m,r, X) as in Lemma We then express general
ge, (n,m,r, X) as a simple combination of ge,(n,r,r, X), see Lemma

Let L = I;' , & Ly where Ly is of full type t. By Corollary we have

(7.9)

n—1ln—i—1

Pden' (I, L) =23 [ 1=¢*) 3 Y m(0vz, 00U, )0 (00U, v;9)|.

i=0 (=1 0<j<iege{+1}

Here and in the following, we interpret nge{ﬂ:l} f(U?) as f(U}) for a function e f on U2
Let s and n be integers such that 0 < s < n, and let e = 1. For odd n, we define

(7.10)

n+ n-—+s n—r—s —_ . .
x Hg n+1( ZZXQ) 5 > X(q s X —eez) - Hz:rlz+;+2 (q%XQ —1) if sis odd,
ol X) = I "z +2( X211 (**X2% 1) if s is even
=ntl - n+1+s .

Similarly, for an even integer n > 0 and 0 < s < n, we define

n4+s—3

Hz— ( 2£X2)q2+s IX Hé n+s+1( 22)(2 - 1) if s is Odd,

n+s

( 2X2) . q3(q 2 X — eey) - Hf:i+s+2 (X% —1) if s is even.
- 2

+
"’ N’\:

(7.11)  fey(n,s,X) =

D3N

Here when s = 0, we always take e = 1. Notice that f,(n, s, X) is a polynomial of degree n — 1.

Lemma 7.7.

(1) Assume 0 < i <n. We have

- i(i—1)

H (1= ¢*)0(0,—s B UL, Uy )] = (~1)"™ 24" 5 L(n) iy (1, 5,47,
where

n—1
I(n) = 1,2 (¢* —1) if n is odd,
(% + OIS (@~ 1) ifnis even.

(2) Assume 0 <i<n,s<mn and that n’ —n > 0 is even. We have

n—i—1

I e _oi=1) n'—n_,
[T =00 s & U2, U ) = (=1)"q z L(0',n)fe(n,s,q 2 ),
=0
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where

n'—1

H@_Qnun (¢ 1) if n is odd,
I.(n',n) = ~ 2 v
(6% + T2 0 u (@ 1) ifnis even.
- 2

Proof. This follows from the formula of |O(0;,—s & US2, U, €)| given in Lemma and a straight-

forward computation. ]

Lemma 7.8. For integers 0 < i,t < n, we have

n—t
t N a(a—1) n—t n—a
12 = E —1)a. golttl=i) =5 : _
(7 ) <Z)q ( ) ¢ I : < a )q (Z _a)q

a=0
Proof. The identity is automatically true for ¢ > t as both sides are zero. Recall the following
analogue of Pascal’s identity for ¢g-binomial coefficients:

(0,017,

By this identity, we obtain 2 terms, one with the t-index raised, another with the i-index lowered.
Applying again (7.13) to (Hi'l)q and (Z._tl)q respectively, we obtain

t t+2 t—iv2 (t+1 t—ip1((EH1 tmiraft—1
i) — ) 1 i—1) 1 (i—l —4 i—2 )
q q q q q

We may continue this process and after n — ¢ steps, we obtain 2"~! many terms. Each term
corresponds to a lattice path starting from the origin, going to north and east as follows. If the
(-th step raises the index of ¢ (resp. reduces the index of i), we define the lattice path goes towards
north for the ¢-th step (resp. east). We use I = (i, - ,ip—t) where iy € {0,1} to denote the path
whose (-th step goes towards north (east) if iy = 0 (iy =1) and let |I| = i1 + - + in—¢. We use Py
to denote the term corresponding to I. Now the lemma follows from the following claim.

S P (— 1) guttioig et (” - ’“‘) - (f‘ - ) |
a ), \i—a/,
Indeed a direct calculation shows that

. a(a—1) n—a
Pl gn-i-ay = (=1) - ¢ ( > :
q

Claim:

1—a
Let A; denote the area bounded by the lattice path I, the horizontal axis, and the vertical line
given by x = |I|. Then a direct computation shows that

P[ = qAI . P(1a70n—t—a).

Now the claim follows from the well-known formula of g-binomial coefficient (see [Caml, Theorem

6.9] for example):
n—t
Z g _< a > )
I|I|=a q

This proves the claim and the lemma. ([l
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Lemma 7.9. For an integer n > 0 and e = £1, let
(—1)%1 if n is odd,
and  fBe(n) = e(—1)2 if n is even,
1 ifn=0.

(L—1)2 . .
a(n) = 3155 = n";_l if - is odd,

q> ) if n is even,

Then

S (177 m(0,,U5) = a(n)Be(n).

Proof. If n = 0, the statement both sides are 1 by definition. From now on we assume n > 0. By
[LZ22h, Lemma 3.2.2.], we have

J
‘ (OJ,UG () H d+€l+1

q ]=1
with
”T_l if n is odd, 1 if n is odd,
d= and e=
5 - % if n is even, 1—¢€ ifn is even.
So we have '
" j AU=D ) d ; JU*U A\ 1o, dre
> (—1)q m(0;,Uy,) Z = () T[]+,
j=0 j= =
which by Lemma equals to (—¢®¢1)4. A direct calculation checks that (—g@te=1)? =
a(n)Be(n). O
Definition 7.10. For 0 <r < m < n, we define
g€1 (7’L7 m,r, X)
1) k(1) o rrer iy j i (m—j—k 5
_Z Z m(Uk 7Um)2(_1) q 2 - r—i_k 'm(oj’Umfk)féz(na k>X)
ere{£1} =0 J q

with 6 = 0(m, k,€1,€2) as defined in (5.11). In the following, when n is clear in the context, we
simply write g, (m,r, X) for g, (n,m,r, X).
In particular, g, (n,m,0,X) = fi(n,0,X) and by Lemma
T
k(k—1) .
(7‘14) gel(n,r,r,X) :Z(_l)kq 2 Z m(Ul?’Url) ~Oz(7"—/€)ﬁ5(7“—k‘) 'f62(n’kvX)'
k=0 626{:|:1}

In the rest of this section, we let m = n — ¢t without explicit mentioning.

Lemma 7.11. Assume L is a lattice of rank n and type t.

(1) Let m(n,t) :== min{n —t,n — 1}. Then for 0 <i<n—1, we have

() o ,
(Pden™"%)(I,,, L) = 2I.(n) - E (n r) (—l)i_ﬂrn_lq(z = 1)q’"(”_m) - Ge, (nymyr, g0,
i—r
r=0 q
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(2) Assume that n' —n is a positive even integer and m < n. Then for 0 < i < n, we have

m
; 4 - : (i—r)(i—r—1) wen
q

1—=T
r=0

Proof. We prove (1) first. By (7.9)), Lemma and Lemma we have

(Pden™ ) (,,, L) - (2(—1)"*1'*115(@)_1

t i—4
13 z(z 1) . . »
= E (g) E qt 0)( (Oi—k—e@Uk2’Un1_t)f62(n,k;,q )
£=0 e+1

9 k=

0e2
= 3 (1) X S I 0 e U U k™),

s=max{i—t,0} 9 k=0 e2€=£1

where the last identity is obtained by setting s = ¢ — £. Notice that if s > n — ¢, then m(0s_x &
U2, Upl,) = 0. Hence we may assume s < n —t, or equivalently ¢ < n — s in the above summation.
Now applying (7.12)) to i — s <t < n — s and let m = n — ¢, we may rewrite the above summation

as
> nf(—l)“(”””) ~ (m‘) -
s=max{i—t,0} a=0 i-s—a q a q

S
. a(a—1) . i(i—1) .
Z Z qa(n—m—&-l—(z—S))-i-i2 +(n—m+s—z)sq 7 m(0s_p & Ul?? Uf,%)fq (n,k,q")
k=0 exc+1

: N /n—s—a\ G-(sta)(-(statD)
— § § tsra))ii e s+a)(n—m
1—S8S—a q

s=max{i—t,0} a=0

— S st+a aa+1) . . ~
- (—1) ( > Z Z (s+a)(s—2tetd) 4 (Osfk@UkaUrﬁ)fEQ(n,k,q ).

9 k=0exetl

Now let 7 = s+ a. Notice that r < m and (?::)q = 0 for r > ¢. Rearranging the summation index,
we obtain

- iy n—r\ (-nG-r-1 ,
(Pden™™Y (I, L) - (( D" e(n )) - Z (i—r> e : qr(n_m) “Ger (nymy g7,
r=0 q
where
961 (na m7T7X)
T
_ s(s— l)
= (1)) Ym0, @ U U ok X)
s=0 9 k=0eex£l
r r—k .
k(k=1) ;iG=v (fm—j—k
=MDk Y mUuR. U Z ¢z - <r - ?_ k) m(04, US, 1) fer (11, 6, X).
k=0 eac{+1} =0 J .
Here, we use Lemma to obtain the last identity.
Using (2) of Lemma [7.7 the same proof of (1) proves (2). O
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We conclude this subsection by establishing a formula to express g, (m, r, X) in terms of g, (r, r, X),
which, as we will see, has a particular simple form (Lemma|7.15)). First, we need the following iden-
tity which might have independent interest.

Lemma 7.12. For any integers 0 < r < n, we have

(7.15) Z(—w‘qﬂj—w(” j) m(0;,U) = 3 m(UT US)a(r)B(r)

§=0 "= re{+1}
where a(r) and B3-(r) are defined in Lemma|[7.9

Proof. We proceed by induction on n. The case n = 1 is obvious. Now recall the identities

(OJ,U5—<> CSS moeunu)

=1 oe{£1}

:< > Z Z (- z)l lj‘7 UE) (Oj—i7Ug(_ni,i7e70.)),
q

=1 oe{£1}

by ,and
o S (t) (3 <3 (®) (7 <o
i— "=J/q\J/q "/ q\J/q

§=0
These imply that

i(l)jqj(j‘”/2<n j) m(0;,Uy)

=0 r=J
= ST ST s gm0, V)
J=0 [ st oe{£1}
_Z Z z+1 zz 1)/2 m(Uzaanl) Z(_l)jqj(jl)/Q( _Z_]> (0 U (nzea))
i=1 oe{£1} §=0 rered

where in the last step we switch the order of summation and substitute j by j + i.

We can now use the induction hypothesis

Z(—njqﬂj—””( ‘2“7> m(0;, USD) = 3™ (U7, U ) — i) (r — i)

i=0 N re{t1}
and
(U7 U m(UL_, U, 57) = m(UY Up)m (U7, U7,
where ¢’ € {£1} such that 7 = 6(r,,d’,0) (see Lemma to obtain

T

Z<_1)jqj(j—1>/2<”_j> m(0;,U5)

r —
=0 J

(7.17) —Z ()N (U US)m(UE, U ar — i)B-(r — i)

1=1 oe{£1} Te{£1}
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Hence ([7.15)) is equivalent to

) Y Y (DR Y m(U UDm(Ue. U el — i)~ ) =0
=0 ce{£1} Te{£1}

Now applying Lemma m the left hand side of ([7.18) is equal to

Y e S U v, U‘5>Z(—lw‘qﬂj—”ﬂm(oj’U:_»

~.

1=0 ce{£1} re{il} j=0
_ Z U(S UE Z Z Z ’H’] (’H‘J (i+5-1)/2 m(OJ oD UZ'U, Uf/)
Te{£1} i=0 j=0 oc{£1}
_ 8 rre - 1k k(=127
DIRUCN) W (I
o'e{£1} k=0 q
The lemma, is proved. ]

Lemma 7.13. For 0 <r <m <n, we have
Ger (m, 7, X) = Z m(Us?, Upy ) ges (r, 1, X).
ese{£1}
Proof. When r = 0, we have by definition
g(m,0,X) = f1(n,0,X) = Z m(Ug?, Ust)ges (0,0, X).
ese{£1}

Now we assume r > 0, 6 = §(m, k,€1,€2) and &' = &(r, k, €3, €2). On the one hand, by definition

Ge, (m,r, X)

r—k .
k(k 1) o 1re , m'—l) m—j—k
_§ E m(U2, US) E 2 '<r—j—k> ~m(0j,Ug%k)f€2(n,k,X).
q

e2€{+£1} J=0
On the other hand, we have by (7.14)),
Y mUSR U ges(r,r, X)

ese{x+1}

r

=3 "(-1 Y mUR USmMUS, U - alr — k) By (r — k) - fe(n, k, X).

k=0 eo€{t1} e3e{£1}
By Lemma [5.22]

m(U2, U )m(Us, Ugt) = m(U2, U )m(U7, Up, ).

s m

Hence, in order to prove the theorem, it suffices to show for any k£ and es

rk . jG—1 —i—k y
S (—1)ig" *(m J ) (05, U5 ) = Y m(US 4, Uy - alr — k) By (r — k),
j=0 a

r—j—k 5e{x1}

which is exactly the content of Lemma [7.12 (|
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7.5. Some identities between polynomials. Although g, (7, r, X) by definition is a complicated
linear combination of fe,(n,k, X ). We show in this subsection that in fact g, (r,7, X) has a very
simple form (Lemma . Similarly, although Pden’(I,, L) is a complicated linear combination
of the special values of g, (n — t,r, X), certain linear combination of g, (n — t,r, X) is of a simple
form (Lemma . By a direct computation, we can check the following lemma.

Lemma 7.14. For0<s<n-—1, let

_ H;’;LSH (X% 1) if n — s is odd,
(719) hél (n’ S7X) T n+s . n—1 21 2 . . . .
(@2 X —eer) [[[ niora(¢P X —1) if n—s is even
- 2
Then
(7.20) he,(n,7,gX) =he(n+ 1,7+ 1, X),
ntjt2

(7.21) ¢ IXho(n+1,j+1,X) = he,(n+1,5,X) + (=1)" I eerhe, (n+ 1,5 + 1, X).
Lemma 7.15. For integers 0 <r <n —1 and €¢,e; = £1, we have

Ge,(r,r, X) = (1) Ve a(r)he, (n, r, X).
In particular, ge, (r,7, X) is a polynomial of degree n —r — 1.

Proof. We prove the case when n case is odd and r is even, and leave the other three cases to the
reader. The idea is the same (a little bit more complicated). In this case, we need to show

(7.22)
m = Z(—l)kq@ . Z m(U2,Ust) - a(r —k)Bs(r — k) - m = era(r),

k=0 ere{£1}

where § = §(r, k, €1, €2). Since n is odd and r is even, we have

=2 ory2y | nEk ntk = 20 v 2 e
e el A
he, (ny7, X) - Hnizﬂv( 2£X2) . H%A ( 2052 _ 1) if k is even

=n1\q PREESES: q :

n+1

As a result, dividing ([7.22]) by q(”+%)(r;21)+nT+r - X" and setting Y = (¢ 2 X)) 1, j=r—k, (7.22)
is equivalent to

T

(7.23) G (r,Y) =) (-1)"q a(i)- Y mU2,UNBs () - fu(3,Y) = eV,
Jj=0 exe{£1}

(r=j)(r—j—1)
2 .

where fez (7,Y) is a polynomial of degree j defined as follows:

r—2
~ Hgir;j(l —q2Y?) if j is even,
fez (]7 Y) = 2 i1 r—2
(1—eeq” 2 V) I[,2, ;0 (1— ¢ Y?) if jis odd.
=r—jtt
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Since {f1(j,Y),0 < j < r} forms a basis of the space of polynomials with degree < r, there
exists unique tuples (a;) and (b;) such that

fY)=aY"= Zayflj, , and g (rY) = Zbﬁ%

We need to show (a;) = (b;). It is easy to check
ar = b, = (—1)Zera(r).

Now to prove a; = b; for all j, it suffices to prove that both a; and b; satisfy the recursion formula

for j <r
2 . ..
7 o if 7 is odd.
We start with a;. First of all, we have
T
(7.25) d aTa hi(GY)=q T fY) = flgT'Y) = Zajfl g 'Y
=0

Notice that
AGaY) =10 -¢ YA —-2,Y).

Since
r—j—2
. - 1— eq‘%Y if j is even,
HU+LY)/ (YY) = -1 e
l+eq 2 Y ifjisodd,
we have
r—j—2  ~ rs
- —eq 2z (L(J+1,Y)— fi(5,Y)) if jis even,
Yfl(j,Y) = r—j—1  ~ rs . . ..
e = (L(+LY)- fi(1,Y)) if j is odd,
. —q¢" I 2(fi(j +2,Y if j is even,
Y2f(5,Y) = R i )= A )~) . s
— T2 fiG+2Y)+ (¢ - DAG+LY) —qfi(j,Y)) if jis odd.
Therefore,
T q_jfl(jay)—i—(1—q‘j)fl(j—27y) if j is even,
hG,q'Y) =

¢ fHGY)+ (@ =Dg7AG-LY)+ (1 =g )i -2Y) ifjis odd.
Plugging this into ((7.25)), we obtain

—r 5 (—Dg 7 taj+ (1= g7 2)ajpe  if j is even,
—q7)a; = .
(1—q¢ 7 Hajsz if j is odd,

with a,41 = a,4+2 = 0. So we have (7.24)). We remark that in other cases, we have similar recursion

formula as above but could not be simplified like (|7.24]).
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Now we compute b; for j < r. Recall that r is even. First, if j = 0, we have

Z (U;2J,Uﬁl)ﬁ5(j)'f52(j,Y):fﬂ(O,Y).

exe{£1}

It is easy to check that

. f1(3,Y) if j is even,
(7.26) fe(3,Y) = _r=lz o
(1—e€eaq” 2 )fi(j—1,Y) if jisodd,

Now Lemmas and imply for j # 0 and 0 = 6(r, j, €1, €2), we have

i 21 (= )z<e1q L E e W Ui
> mUZLUR) - BsG) - faGY) = § (rag Hosa ) ( R
ea€{£1} 2(_ ) (U7:-l J?Uﬁl)fl(j_]-ay)

Plugging this into the definition of g, (r, X) as in ((7.23), we obtain

Je, (1, X) Zb AGY

(r—1)

with b; = 0 for odd j, bp = ¢~ 7 (1 —2¢~""Dm(U},Ug)), and

_J _r=Jj
i r=Dr=i=1) (¢2+eq 2)

by =2(—1) ¢ - (UL, U2
] (+arhi+e )
o 2(_1)r—%q(r—j—1)2(r—1—2) a(] I 1)m(U,} i1 Uq)
for even j # 0. Applying Lemma for even j # 0, we have
i (r=3)(r—j=1) q 2 (e1 + q_g) : 1 €
b] :2(_1) 2q 2 3 —r—j a(])m(Ur ijl)'
(I+eaq2)(1+q 2)
Now applying Lemma twice, we can check that b; satisfy (7.24]).
Recall that m(n,t) := min{n — t,n — 1}.
Lemma 7.16. For 0 <t <n, and m =n —t, we have
) (n=r)(n—r-1)
(7.27) (Vg T gy (mr X) = Fy(n,m, X),
r=0
where
n(n 1)f (n,m, X) ift#£0
Fo(n,m,X) = “ ’

(—1)”’1a(n) o (=" X))t ift=o0.
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Proof. We treat the case t = 0 first. In this case, e, = €. Before we give the details of the proof,
we summarize the main idea. Since {h.(n,s,X),0 < s < n — 1} forms a basis of the space of
polynomials with degree < n — 1, there exists unique tuples (ay ;) and (b, ;) € Q™ such that

(7.28)

n—1 —
F.(n,n,X) = Zanyjhe(n,j, X), and Z(—l)Tq
j=0

(n—'r)(n—r—l)
2

e(n,r, X) an]h (n,7, X

We need to show a,; = b,; for all n and j. We first show that a, ; satlsfy the recursion
relations ([7.32), which gives a description of a,41,; in terms of a,; and anj—1. We can directly
check a10 = b1,0 = 1. Then by an induction on n, it suffices to show b, ; also satisfies .

Now we derive . It is easy to check that

(7.29) F.n+1,n+1,X)=q¢2l(¢" "' X)F.(n,n,¢X) + (=1)"a(n + 1).
Plugging (7.28)) into the above formula and applying Lemma we obtain
(7.30)
Zan_,_l,jhe(n—i— 1,7, X) = ("1 X) Zan] (n+1,j+1,X)+ (-1)"a(n+ 1)h(n,n—1,X).
j=0
Let

, n n+j+2 n—% if j is even,
(7.31) Y g) =5l +n+l-[—F—] = A

2 2 n— Ljf(gl) | if 7 is odd.

Then Lemma and (7.30)) imply
Z an1,jhe(n +1,5, X Z an i@ he(n + 1,5, X) + Y (1) a, ;107 Dhe(n+ 1,5, X)

j=1
+ (—D"a(n+ 1he(n+ 1,n,X).
That is
an+1,0 = ¢"an,0,
(7.32) Anti1,j = q’V("’j)anJ + (—1)”+jq7(”’j_1)an’j,1, 0<j<nmn,
ans1n = """ Va1 + (=1)"a(n +1).
n(n—1)

Now we compute b, ;. A direct computation shows that b,0 = ¢~ 2 . In the following, we
compute b; for j # 0.
For » = 0, we have
he(n, 0, X) if n is odd,

9e(n,0,X) = f1(n,0,X) =
he(n,0,X) 4+ (1 —€)he(n,1,X) if n is even.

Now we assume 7 # 0. Recall that by Lemma [7.13] we have

ge(naTvX): Z m(UfB,Ufl)g%(r,r,X).
ese{£1}
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Notice that when n — r is odd, he, (n,r, X) is independent of €;. Then a direct calculation using
Lemma and the formula for m(US, Uf) gives

=1 - ifn=r—-1=1 (mod2),
(7.33) ge(n,r, X) = a(r)he(n,r, X)m(U;, Uy) § e 2 ( )
—2€ ifn=r—1=0 (mod 2).

When n — r is even, we have

(7.34) hey(n,m, X) = (¢ X — e€3)he(n,r + 1, X).
So a direct calculation gives

n—+rnr n+4+rnr Zj‘iE Zj‘6
(7.35) ge(n,r,X) = a(r)he(n,r+1, X)m(Us, Uy) (qﬁx — 1+ (-1 X + 1)%) :

We have by Lemma [5.18

m(U; €, US) 1—q¢g % |1 ifn=r=1 (mod 2),
m(Ug, UY) - 1+q—% loeg 2 St =r=0 (mod 2).

The equation ([7.34) gives
Xhe(n,r+1,X) = q*nTH(he(n,r,X) + he(n,r + 1, X)).

So when n =7 =1 (mod 2), we have

n—mr _'VL*T' 1
ge(n,r, X) = 2a(r)m(Us, UY) <q2n_rhe(n,r, X)+ qun_The(n,r + 1,X)> ,
14+q 2 -

and when n =7 =0 (mod 2) and r # 0, we have
ge(na T, X)
2a(r)m(US, UY) _n _n—r _r
- — (1 eqBheln,r, X) + (1= g F)(1 = e B)heln,r + 1, X))
(14q¢ 2 )(14+e€ 2)
In summary, we have the numbers b, ; for j # 0 are given by the following.
If n and j are odd, then

 epey o 1(UF, Uy

bn,; = 2(=1)q a(j) e
1+ q 2
If n is odd and j is even, then
j 4 n—jtl
=iy [ o(jf)g 2 "ol - —1)
bn,j = 2(_1)]q 2 3 m(U]67 UZ) -  n—j+1 m(U;—lv U?i) .
1+ eq 2 14¢ 2
If n and j are even, then
. (n—j)(n—j—1) n
2(—1)7 2 al(j) (1 +eqg™ 2 ¢ e
by — (=1)q (1) +eq )m(Uj,Un).

(1+q 2 )(1+eq2)
If n is even, then for j = 1 we have

n(n—1)

boi=q 2 (1—e+2q " Dym(UL,UY),
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and for odd j > 1, b, ; is equal to
. n—j+1 i—1
L (=g _ nJa(G—1)(1—q "2 Y1l—eg T
2(_1>y+1q% (ea(g)m(Uj,Uﬁ) i q (J )(nijﬁ )( — q )
(I+q 2 )(1+e =)
Using the explicit formulas, direct calculation shows that b, ; satisfies ([7.32)).

From now, we assume t # 0 and let m = n — t. The proof is essentially the same as the proof

m(U;fla U;)) .

of Lemma and we only prove the case that n is odd and m is even in detail. According to
Lemma we have

m(n,t)

(n—r)(n—r—1)
Z (_1)Tq 2 qrt * ey (m,’r, X)
r=0

m(n,t)
= > e Y mUR Ui (o X)

r=0 ese{£1}
(n=m)(ntm—1) m{n1) (m—r)( 1)
=q 2 (_1)Tq 2 ’ Z m(USS’ Un€11)g€3 (r’ TvX)'
r=0 ese{=£1}

Assume that n is odd and m is even. Factoring out he, (n, m, X), replacing X by an_lX , and apply

Lemma we have that (7.27)) is equivalent to

m
n—m)(n+m— m—r)(m—r—1)
(736) ¢ S (g S mUE, UL a(r)gl, (m,r, X) = F'(n,m, X),

r=0 ese{£1}
where
, ces(qF X —ces) T[2 pas (¢*X2 — 1) if 7 is odd,
geg(m,r,X): o 2% v : . .
€3 H#Lz(q X°—-1) if r is even,
- 2
and

Since g.(r,m, X) forms a basis of the space of polynomials with degree < m, there exists unique
tuples (a;) and (b;) such that

j=0 j=0
It suffices to show that ag = by and both (a;) and (b;) satisfy the following recursive relation for
O<r<m:
0 if r is odd,

qm7r+2_1
qm_qm—r aT‘*2

(7.37) a, =

if r is even.
We derive the recursive relation for a; first. Notice that

gé(ma r, qX) = (qm+2X2 - 1)92(771,7“ + 27 X)
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Moreover,

r+1

q 2 (ege(m,r —1,X) —gi(m,r, X)) if ris odd,
q_%(egé(m,r -1, X)+g.(m,r, X)) if r is even.

Xgi(m,r, X) =

X2/ (m, 7, X) = g (ggl(m,r — 2, X) + e(qg — Dgl(m,r — 1, X) + gl(m,r, X)) if r is odd,
‘ g "(gi(m,r —2,X) + gl(m,r, X)) if r is even.

Hence if m is even, then
ge(m,r,qX)
q" gl (m,r, X) +e(g— Vg™ gl (myr + 1, X) + (¢ = D)gl(m,r +2,X)  if r is odd,
q" " ge(m,r, X) + (g™ = D)ge(m,r + 2, X) if r is even.
Hence for 1 <r<m+1
a3 - ={ O D s odd,

elg—1)g™ "a,_1 + (" "2 —1)a,_o if r is even,

with a,,4+1 = 0, which implies ((7.37]).
Now we compute b;. First, when r = 0,

> mUS, U gL, (m,0,X) = egl(m,0,X).

ese{£1}
For r # 0,
S m(UE, Ul (o, X) = —2em(US, Ugt)gi(m,r +1,X) if 7 is odd,
ese{+1} e(m(UL, US) — m(U Y, U ))gl(m,r, X)  if 7 is even.
Then
b, — 0 if r is odd,
a,_y+al. if ris even.
where
o = gl —o(=1)rg " E T a(r)em(US_,, US) if 7 is odd,
" (—1)Ta(r)q(m_r)(2$_l)e(m(U}, Uy —m(U L, USL))  if ris even.
Finally, a direct calculation shows that ag = by = eq@ and b, satisfies ([7.38)). g

7.6. Proof of Theorem Now we are ready to prove Theorem
Recall that
Pden’ (1, L)

Pden’(L) = —— 2
en (L) Pden(ly, I,)’

and

Pden(1,, I,,) = 2a(n)l(n),
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where Ic(n) is defined in Lemma

We first assume that L = H? @ L; with j > 0 where Ly = I,,, @ Lo is an integral lattice of rank
ny and type t > 0 (the other non-integral cases were taken care of in the summary of the proof at
the beginning of this section). By Lemma we have

7—1

Pden'(I,,, L) = 2( [Ja- q”))Pden(In, L1,¢%).
=1

It suffices to show Pden([,, L1,¢*) = 0. By Theorem and Lemma we have

Pden(1,, L, ¢% ZPden"1 (1, L)

ni—t ni

nKt —r i (i—r)(i—r—1) r -
(7.39) = I(n,m1) ZZ(LT) (1) g I g (o~ ),
q

r=0 =0

Notice that the assumption ¢ > 0 implies that » < n; —t < n; — 1. Hence g, (n1,n —t,r,X) is a
polynomial of degree n; — r — 1 by Lemma Then we may apply Corollary to conclude

n
— . (i—r)(i—r—1) n—n .
> (n.l T) ()" g g (e — g 2 ) =0,
a

" 1—=T
=0

Hence
2(THZH(1 - )
Pden(1l,, I,,)

Pden’(L) = Pden(l,, L,q"™ ™) = 0.

Next, we assume L = I,,_; @ Ly is integral of rank n and type ¢ (Cases (2) and (3) or equivalently
Case (b) in the summary of the proof at the beginning of this section). Similarly, by Theorem
and Lemma we have

n—1
Pden'(I,, L) =Y _(Pden"")'(I,, L)
=0
m(n t) n—! (i—r)(i—r—1) .
(7.40) n Yy <z _ 7,) T g g (o — £ g ).

r=0 =0

Here, recall that m(n,t) :== min{n — ¢,n — 1}. Applying Corollary as before, we have

n
— . (i—7)(i—r—1) .
S (170) e g g =0
q

. 1—T
=0
Hence,
min.f) (n=r)(n=r-1)
Pden'(I,, L) = 2I.(n) > (-1)"q ¢ ge(n,n—t,r, ™).
r=0
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By Lemma if ¢t # 0, then
m(n,t)

(n—r)(n—r—1) - -~
Z (—1)"q 2 qrt'ge(Tl?n—t,T‘,q ")=Fg(n,n—t,q")
r=0
t—1

2 (1= if t is odd,
(1- 661(12) Hg;l(l —¢?) if tis even.

Notice that if ¢ is even, then x (I ,)x(L2) = €. Hence ee; = x(L2).
If t =0, then by Lemma

m(n,t) AU
(n=r)(n—r—1) B B 1 if nis odd,

E (_1)Tq 2 th 'ge(nana rq n) = Fel(nanvq n) = a(n) ’ . .
—0 0 if n is even.

This proves the theorem.

8. FOURIER TRANSFORM: THE ANALYTIC SIDE

In this section, we study the partial Fourier transform of the vertical part of the analytic side
following Section 8 of [LZ22b]. The main result is Theorem

Definition 8.1. For a non-degenerate lattice I’ cVofrankn—1,and z € V \ L%, we define
ODenp, ,(x) = Y OPden(L')1p (x),

L’cL/cL'
L"*¢Hor (L)

where L” = L' N L.

Theorem 8.2. Let L” C V be a non-degenerate lattice of rank n — 1, and let W = (L%)J— be the

perpendicular space of L% in V. Recall the partial Fourier transform
oDen, , (x / ODenys ,(z +y)dy, = €W\ {0},

Then 6Dean () is constant on W=\ {0} and is zero for x € W<0,

Proof. 1t suffices to show that if val(x) > 0, then

dDen dDen+ Iz) =0.

b 7/( ) b 7/(

By definition, we have
dDeny, , (x) /L b Y OPden(L)1p(x +y) dy,

F LbCL/ L/ﬁ
L"¢Hor(LP)

where L' runs over lattices of rank n in L} + (x).
Recall that Pr L, denotes the projection to L}. We rewrite the summation based on L' HL% and

PrL%(L’). For lattices L” c L” in L% of rank n — 1, let

Lat(L”,L"®)={L' cV|L'nLy =L", Prp, (L) = L"}.
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Then by Lemmas 7.2.1 and 7.2.2 of [LZ22a], we have

8Deni,77/(:c) = Z Z Z OPden(L') /b 1p(xz+y)dy.

~ ~ L
L"CL/b B L”’CL’b L’ELat(L’b,L”’) F
L*@Hor(L”) I /1" cyclic

Here we can switch the order of the sum and integral because there are only finitely many nonzero
terms in the sum for a fixed z. Since L” / L" is cyclic, it has a generator v’ € Lzr. Moreover, for
L' € Lat(L"”, L"), we can write L' = L” + (u) with u = u” + u € V where 0 # u € W. Moreover,
write z = au with o € F*, then

r+y=au+(y—ou’)el

if and only if & € Op and y — au” € L”. As a result, we have

vol(L" if (z) = (ut
/U lp(z+y) —1p(n e +y)dy = (L"), if ) = (u),

e 0, otherwise.
Therefore, we have
(8.1) ODeny, ,(x) — dDeny, ,(r'w) = > vol(L”)D(L")(x),
LbcL®
L"*¢Hor(L)
where
82) DI (@)= ) > OPden(L') = > OPden(L” + (v’ + x)).
LPcL” wut€(x) generator ube(L)t /L
E’b/L’b cyclic L’:L’b+(ub+ul> val(ub)ZO

Here the last step uses the fact that L' = L” + (u’ 4 ) is integral if and only if u” € (L”)!/L” and
val(u”) > 0 (since val(z) > 0).

It suffices to show D(L”)(zx) = 0 for any L” such that L’ ¢ L” and L” ¢ Hor(L"). To show this,
we write L” = If} © Lo where Lo is of full type (of rank n — 1 —ny). Let uz be the projection of
u’ to Lo. Then

(LP)f/L” = (I9 © (Lo)*)/L” = L5/Ly  and  L” + («’ + ) = L” + (us + ).
We consider a partition of
L4/Ly = 5% (Ly) U S°(Ly) U S (L)
with
§¥(La) = (nL3)*°/ Lo, §%(La) = (wL5)° = (L§)™)/La, S (La) = ((L§)° = (wL})°)/La.
Here, for a lattice L,
L° :={x e L|val(z) >0} and L°° :={z € L | val(z) > 0}.
In general, for a full type lattice Lo, we also define

(8:3) w'(L) = (L) /L|, u*(L):=|(xL?)° — (xLF)**)/LI, w (L) =|((LF)° — (v LF)°)/L|.
65



For v € {£1}, let
(8.4) p*(L) = {u € (rLF)° — (rLF)* : x(q(w)) = v} /L.
Since L' = L” + (uy + x) with uy integral and val(z) > 0, it is not hard to check that
t(L”) +1 ifuy € ST(Ly),
(L) = S H(L"”) if ug € SO(Ly),
t(L”) =1 ifuy € S™(La).

Set t = t(L"). There are two cases.
When t is odd, we can write
It L ifu € S (L),
L/:L/b+<u2+x>: ni 2 2(2)
IS oL el ifue Sy (L)

In both cases, a simple calculation gives

X(L5) = eer.
For t > 1, by Theorem
1 (1—ceqg T )(1+eaqgz) ifuy € ST(Ly),
OPden(L') = (1 —erq 2 ) [[ 1—¢*)-{1+eeq’s if uy € SO(Ly),
=t 1 if uy € S~ (La).

For t = 1, S~(L,) is empty and L” ¢ Hor(L") implies that L' = L§ & L} with y(L}) = 1, i..
€1 = €. In this case, by Theorem [7.1}

1—q ifue S+(L2),

OPden(L') =
1 ifu € S9(Ly).
Hence by (8.2), we have D(L”) = 0 if
(8.5) (1—ee1g = )(1+ecrg > )u*(La) + (1 + eerg @ ) (La) + ™ (Lz) = 0.

When t = t(L”) is even, L” ¢ Hor(L?) implies that ¢t > 0. Moreover, if uy € S°(Ly), we have a
decomposition (since uz € Lo is perpendicular to I77)

L=L"+ (us+z) = I & (us + 2) © L}
for some full type lattice L} of rank ¢. Then a direct calculation gives
X(Ly) = (—=1)" erex(ua).

So we have by Theorem

t1 (1 —qt) if ug € S+(L2),
OPden(L') = H (1—¢*) {1 — (=1)™erex(uz)g? i up € SO(Ly),
=t 1 if ugy € S~ (La).
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Hence by (8.2), we have D(L") = 0 if
(8:6) (1=t (La) + (1 — (=)™ ereq2)p® (L) + (1 + (=1)™ ereq?)u®(La) + p~ (La) = 0.

Now (8.5) follows from Proposition and follows from Proposition Hence we have
D(L”) = 0 for L” such that L’ C L” and L” ¢ Hor(L"). Now the theorem follows from (8.1). [

The remaining of this section is devoted to prove Propositions 8.7 and

Definition 8.3. Let L and L’ be lattices of full type such that L ¢ L' ¢ #~'L. For ? €
{+,0,—,{0,+1},{0,—1}}, define

WL L) = (L) = [L s L (L),
where p’(L) is defined in and (38.4).
Lemma 8.4. Let L be a full type lattice of rank t. Then
pH(L) + p°(L) + = (L) = ¢" - u* (L)
Let L and L' be full type lattices of rank t such that L C L' C #='L. Then
pH(L L) 4+ (L, L) 4+ = (L, L) = ¢ - (L, L),

Proof. 1t suffices to show that the following map

(LY°/L—(nL¥)° /L, x> mx
is surjective and every fiber of this map has size ¢'. For x € (7L)°® = 7(L#)°, the fiber at x is

{r'(y+2) e (LF)°:ye L}
Since z € 7(L*)°,

7y +z)e (L <= (y+z)enlh)° <= yen(lh°.
Moreover, the assumption that L is a full type lattice implies that L C W(Lﬁ)o. Hence
{m 'y + =) € (L)) y e L} = [L] = ¢".

This proves the first statement. The second statement follows from the first and the definition of
? /
w' (L, L"). O

Definition 8.5. Let L be a full type lattice of rank ¢. We call L maximal of type ¢ if t(L) < ¢ for
any L' such that L C L' C Lp.

Lemma 8.6. If L is non-mazximal full type lattice of rank t, then there exists a L' such that
Lcl cn 'L and

p (L, LY+ (L, L) = q-p™ (L, L)).
67



Proof. We need to find a L’ such that L ¢ L' C #~'L and
(xL*)° = (xL*)°) /L] = q - |(xL#)*° = (xL"*)*°)/L].

Let (a1, - ,a;) be the fundamental invariants of L. We consider two cases seperately.
(i) If a4 is even and a; > 4, then we may choose a normal basis {{1,---,¢} of L such that
(b1, ly—1) L €. Write (£, 4y) = ut(—wo)%. In this case, we choose L' = (€1,--- £y 1,7 14;),

with fundamental invariants (aj,--- ,a;—1,a; — 2). Then
rLF = (mm gy oo Tty and wL% = (et L g ety g2y,
For a fixed z0 = )5, ;4 s;m~ %Y, where s; € Op, let
Spo = 1w € (mL° — (nL®)° : & = o + s;m @y, s, € Op} /L,
Spe =1z € (mL°° — (L*)°° : & = zg 4 s;m~ Ty, 5y € Op}/ L.

It suffices to show [Sg | = ¢ - |S20]. Notice that x = g + sgw~ 10, € S5 if and only if

ag

st € O, (x,2)= ut(—ﬂ'o)_%ﬂ(u;l(—7r0)7_1(x0,xo) + 5:5;) € Op,,

and z € 577 if and only if

ag

sy € Op, (z,x)= ut(fﬂ'o)_%t—i_l(u;l(77‘(‘0)7_1(550,,I(]) + 5:51) € (m0).

Consider the m-adic expansions

o0 (o]

i -1 t—1 i

sp=3 b, —u; ' (—m) 2 (zo,m0) = Y _ i,
i>0 i>0

where b;, ¢; € Op,/(mo). Then x € S35 if and only if s; € O, and

co = b%,
c1 = bibg — bob1,
c2 = babg — b1b1 + boba,

at—3

Car—3 = Z (—1)'bg,—3—ib;.

i=0
Similarly, z € 577 if and only if x € S and

(lt*3

Cay—2 — Z (=1)"bg,—2—ib; = 2ba,—2bo.
i—1

Since s; € Opy, by # 0 and by, 3 is uniquely determined by the above equation. Hence |Sg | = ¢-|Sge|

as a result.
(ii) If a¢ is odd (since L is non-maximal, a; > 1 in this case) or a; = 2, then we may
choose a normal basis {¢1,---,¢;} of L such that the moment matrix of {¢;_1,¢;} is H,,, where
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at
H, = (( 0 i ) We may choose L' = ({1,--- , 449,71, ¢;) with fundamental invariants

m)* 0
(a1, -+ ,at—2,a; — 1,a; — 1). In this case,
nLf = (x= @y, nm ) and nL = (mmatly oo pratly | gt

For a fixed 20 = Y3 ;4 1 sim~ %Y, where s; € Op, let
Spo =1z € (77Lﬁ)O — (WL/ﬁ)O cx =10+ s T 4+ symm @, where si_q, 8¢ € Or}/L,
Spoi={z € (mL*)°° — (rL")°° : & = wo + sy Ty + sy, where s,_1,5; € Op}/L.

It suffices to show |S5 | = ¢ - [Sg2|. Notice that & = g + sp—1m~ * Ty + ser 10, € S3 if and
only if

st € 0%, (2,2) = (20,70) + (5t-15¢ + (—1)"5_15;) (= 1)~ 7= %*2 € Op, |
and x € Sg7 if and only if
St € O;, (.%',:L‘) = (:L'(),.%'()) + (St—lgt + (—1)at§t_1st)<—1)_at+1ﬂ_at+2 S (7T0).

Write

x o
Sp_1 = E b, s = E ', —(—1)at_17r‘“ 2 (0, x0) E dim?,

>0 >0 >0

where b;, ¢;, d; € Op, /(7). Then z € S77 if and only if z € 57 and
dat72 + 85 = _2bat7200-

where S is certain expression involving bg,--- ,bgq,—3 and c¢1,--- ,cq,—2. Since s; € O?, co # 0.
Hence, for any given S, the number of choices of by, 2 is determined if z € S77. As a result,
52,1 = q-1522]. O

Proposition 8.7. Assume that t > 1 is odd and L is a full type lattice of rank t. Then for any
X € {£1}, we have

(1—xq 7)1+ xq 7 )t (L) + (1 +xq 7 )u’(L) + (L) = 0.

Proof. We prove thls for maximal L first. We can choose a basis {{1,---, ¢} of L with moment

matrix Dlag(H T ut(—mo)). Set Ly = (¢1,--- ,¢—1) and Ly = (¢;). Then we can directly compute
that

(rLH° =L, (rIH° =Li@n 'Ly, (I =r"'Lionr 'L,
Hence
pt(L)=|(xL)°/Ll =1, p°(L) =|((xL*)° = (xL*)*°)/L| = q — 1,

and

po(L) = (L) = (nLF)°) /LI =¢' — q.
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As a result,

t4+1

(1—xq> ><1+xq%>u+< L)+ (14 xg 7 )u®(L) + (L)

—(1-xg 7)1 +x¢7)+1+xq7)g—1)+q" —q
=0.

Now we assume L is not maximal and the proposition holds for L’ such that L C L’ by an
induction on val(L). With this assumption, it suffices to show

(1=xg ) (1+xg 2 )t (L L) + (1 +xq 2 (L, L) + p~ (L, L') = 0,
which follows from a combination of Lemmas [R.4] and .61 O

Lemma 8.8. If L is non-mazximal full type lattice of rank t, then there exists a L' such that
Lcl cn 'L and

NO7+(L7 Ll) = N077(L7 Ll)‘
Proof. Let
S = {x € ((rL3)° — (rLA)%) — ((rL%)° — (L)) : x((x)) = v}/L.

We need to show |ST!| = |S~!|. Let {f1,---,¢} be a normal basis of L, and let {ay,--- ,a;} be
the set of fundamental invariants of L. We consider two cases seperately.

(i) If a4 is even and a; > 4, then we may choose a normal basis {f1,---,¢} of L such that
(01, 1) L ¢;. In this case, we choose L' = (1,--- 4,1, 7 '4;), with fundamental invariants
(ab s, Ap—1,0¢ — 2) Then

7TLti = <7T—a1+1€1, e ,7T_at+1€t> and 7TLlﬂ —_ <7r—a1+1£1’ . 77‘—_at—1+1£t—1, ’/T_at+2£t>.

For a fixed 2o = 3 ;4 s;m— %110 where s; € O, we set
Sy = {x € (rL*)° — (rLH)*°) — ((rL*)° — (nL*)*°) s x = 20 + sgm ey, 5, € Op, x((2)) = v}/ L.

We need to show |SFH| =[St Write (¢, 4;) = ue(— )Tt Notice that z = zo + s;m e, € S
if and only if

(8.7) st € O, (2,7) € Op, x((z,7)) =v.

Notice that

a. a
(2, 2) = ug(—mo) "2 T (u; (—70) T (0, T0) + 515).
Write
o a
S = Zbﬂr’, and — ut_l( m0) 2 (o, x0) Zcm ,
i>0 i>0
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where b;, ¢; € Op,/(mo). Then the conditions in (8.7) are equivalent to the following equations:

Cco = b% 7& 0,
c1 = b1bg — bob1,
c2 = baby — b1b1 + bobo,

at73
Car—3 = Z (*1)lbat737ibia
=0
ar—2
_ 2t i
v = X(ut(—ﬂo) 2 +1( — Cq,—2 t Z (—1) bat—Z—ibi)>-
1=0

Since a; is even by assumption, the last equation is the same with

(Lt—3
at

v= X<Ut(—770)_7+1( — Caqy—2 + Z (=1)'bg,—2—ib; + 2b0bat72))~
i—1

Notice that the possible choices of {bg, - - ,bs,—3} are determined by the first a; —2 equations. And

for a given choice of {bg, - ,bs,—3}, the number of choices of b,, o that satisfies the last equation
is clearly independent of v since by # 0.

(ii) If a; is odd or a; = 2, then we may choose a normal basis {¢1,---,¢;} of L such that

0 a
the moment matrix of {¢;_1,¢;} is H,,, where H,, = <( Jou WO . We may choose L' =
-
(b1, by_o,m 1 _1,4;) with fundamental invariants (a,--- ,a;_2,a;—1 — 1,a; — 1). In this case,
rLf = <7T_a1+1€1, e ,7r_at+1€t) and wL'* = (7r_a1+1€1, e ,7r_at‘1+1€t_1,7r_at+2€t>.

For a fixed mo = Y1 ;o1 sim “14;, we set

Sy = {x € (xL*)° — (nLF)*°) — ((rL*)° = (xL*)*°) 1 = mg + sp1m Ty + sy,
si-1, 5 € Op, x({z)) = v}/L.

It suffices to show |S; 1| = |S;!|. Notice that & = ¢ + s m~%-1T10_y + w9+, € SY if and
only if

(8.8)
s € 0p,  (w,2) = (z0, m0) + (5115 + (—1)"515)(—1) " * a2 € OF ,  x((z,2)) = .

Write

00 00 00
St—1 = E bi’ﬂ'l, St = E Ci’ﬂ'l, —(—1)at_171'at_2($0,$0) = E diﬂ'l,
1>0 >0 >0
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where b;, ¢;,d; € OF,/(m0). Then the condition in (8.8) is equivalent to the following equations:

do = boco + (—1)"*boco,
dy = bicop — bocr + (—1)* (—=bico + boco),

U= X((_l)at—lﬂ_—at-‘t‘Q( —dg,—2+ S+ 2bat7200)>7

where S is certain expression involving bg,--- ,be,—3 and cy,--- ,cq,—2. Since s; € O;, co # 0.
Hence, for any given S, the number of choices of b,,_2 that satisfies the last equation is clearly
independent of v. O

Proposition 8.9. Assume that t > 1 is even and that L is a full type lattice of rank t. Then for
any x € {£1}, we have

(1= gt (L) + (1 — xg2)u® (L) + (L4 xq2)u® 1 (L) + p~ (L) = 0.

Proof. We prove this for maximal L first. There are two cases we need to consider.

(i) If we can choose a basis {{1,--- ,¢;} of L with moment matrix Diag(HI%_l, ug—1(—m0), ut(—m0))
where x(—u¢—ju;) = —1, then set Ly = ({1, -+ ,€_9) and Ly = (¢;_1,4;). In this case, a direct
computation shows that

(rL¥)*° =L, (rLH° =L @n 'Ly, (LF)°=7"'L.
Hence
(8.9) pH(L) = (L) /Ll =1, p (L) = |[(LF)° — (xLF)*)/L] = ¢ — ¢*.
Moreover,
p* (L) = {(z,y) € F§ — (0,0) | x(ur-12” + uy®) = v}|.
It is well known that
{(z,y) € F2 — (0,0) | u—12® + upy® = 1} = ¢ — x(—wr—1w) = ¢ + 1.

Hence

-1

(8.10) pOL) = ) =

Combining and (8.10]), we have
¢ £y 0— _
(1= ")t (L) + (1= xg2)u* T (L) + (1 + xq2)p" ™ (L) + p~ (L)

—(1-"h+ (@ -+ —¢)=0.

t
(ii) If we can choose a basis {¢1, - - ,¢;} of L with moment matrix H{, then we can directly compute
that

(rLH°° =L, (wLH° =L, (LH° =="'L.
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Hence
ptH(L) = |(xL)*/L] =1, pO(L)=0, p (L)=|((L)° — (xL*)°)/L] =¢' - 1.
As a result we have
(1= Yt (L) + (1= xg2)®F (L) + (14 xa?)p® (L) + p~ (L) = (1 = ¢') + (¢ = 1) = 0.

Now we assume L is not maximal and the proposition holds for L’ such that L C L’ by an
induction on val(L). With this assumption, it suffices to show

(1= Yt (L, L) + (1= xg2)p® (L, L) + (1 + xq2)u® (L, L) + p~ (L, L) =0,
which follows from a combination of Lemmas [8.4] and 8.8] O

9. PROOF OF THE MAIN THEOREM

We prove the main theorem in this section by an induction on val(L) using the results we obtained
about the partial Fourier transform in previous sections.

9.1. Comparison of horizontal intersection numbers.

Lemma 9.1. Let L CV be a lattice. If L = L1 & Lo where Ly is unimodular, then
Int(L) — ODen(L) = Int(L2) — ODen(Ly).

Proof. The lemma follows from comparing (|7.3]) with (2.12)). O
Definition 9.2. Let L° C V be a non-degenerate lattice of rank n — 1, and z € V' \ Lﬁp. Define
(9.1) ODeny y(x)= Y OPden(L')1y(z).

LbcrL'cL

L’ cHor(L")
Lemma 9.3. If L’ C V is horizontal, then
Int;, o (z) = ODenpy (),
where Inty, 4 is defined in Definition .
Proof. Let L = L’ @ (). By Lemma we know
(9.2) Intyy y(x) = Inty, (z) = Int(L).

On the other hand, since L’ is horizontal, by Lemma any integral lattices of rank n—1 containing
L’ is horizontal, hence we have

(9.3) ODen ;- (x) = dDenp, (x) = dDen(L).

So it suffices to prove Int(L) = dDen(L).

When n = 2, by and , the lemma is a consequence of [Shi20, Theorem 1.1] and
[ASY20, Theorem 1.1]. When n > 2, L’ has a unimodular direct summand L; of rank n — 2 such
that L = L1 & Ly and L) := Lyrp N L’ is a horizontal lattice in Ly . The lemma follows from the

the case n = 2 and Lemma [0.1] O
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Lemma 9.4. If M” C V is horizontal, then

XNV EZ(MP)° - Z(2)) = ) OPden(L))1p(x),

MbcCL'cL"
L' =M
where “Z(M")° is as in Definition .
Proof. By Definition [4.7] we have
(9.4) Ity () = x(NVZOL) - Z2(@) + Y xVVZ(I")° - Z(a).
L'’ cHor(M")
le;éMb

We now prove the lemma by induction on val(M®). When M’ is unimodular, the lemma is the
same as Lemma In general notice that any integral lattices of rank n — 1 containing M?” is
horizontal by Lemma [£.2] Applying the induction hypothesis to the right hand side of the above
formula and applying Lemma to the left hand had, we obtain

(9.5) E OPden(L) 1/ (x) = X(./\/’,H‘Z(Mb)O < Z(x)) + E OPden(L )1 (z).
MPcL'cLt MPcL/cLY
L"cHor(M") LP#£M°

Subtract the left hand side by the second term of the right hand side of the equation, the lemma
is proved. ]

Theorem 9.5. For a non-degenerate lattice L’ C 'V of rankn — 1, and x € V \ Lb., we have

Int;, () = ODeny, 4 (z).

Proof. By the definition of Int;, ,(z), we have

Ity ,(x)= > xWNE2(0)° Z()).

MP€eHor(LP)
The theorem now follows from (9.1) and Lemma O
9.2. Proof of the main theorem. The following is an analogue of Lemma 9.3.1 of [LZ22b].

Lemma 9.6. Let L’ C 'V be a lattice of rank n — 1 and W = (Lzr)l. Forxz & L’ ©W, there exists
an Op-lattice L” of rank n — 1 and 2’ € V such that

val(L”) < val(L’) and L” + (/) = L’ + (z).

Proof. Assume that L’ C V has fundamental invariants (a1,--- ,a,_1). Let {f1,--- ,€,_1} be a

basis of IL” whose moment matrix is

: b by
Dla‘g(Hb1>Hb3a e 7Hb28_17u23+177_ 2S+17 e, Uy 1)7
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J
where by, - -+ ,bgs—1 are odd and H; = ( 0 i 7:)) Notice that {by,- - ,bp—1} = {a1, - ,an—1}.
-7
The moment matrix of {¢1,--- ,€,_1, 2} is
Hy, (01, )
T —
un—lﬂ'bni1 (Zn—la J,‘)
(x,01) -+ (2,ln—1) (z,x)
Assume (a}, - ,al,) is the fundamental invariants of L’ + (). According to Lemma 2.23 of [L1.22],

aj + -+ +al,_; equals the minimal valuation of the (n — 1) x (n — 1) minors of T'.
Write z = 2” + 21 where 2” € L% and z+ € W. If 2° ¢ L”, then we can write 2’ = Z;:ll ajl;
where a; € Op for some i. First, we assume «; ¢ Op for some ¢ < 2s. The valuation of the (n,)-th

minor of 7' (removing n-th row and i-th column) equals to

vale((liy1,2)) —bi+ (b1 + -+ -+ bp—1)  if i is odd,
valr((€i—1,2)) — b 4+ (b1 4+ -~ + by—1)  if i is even.

Since «; € Op, we have val;((¢it1,2)) < b; if 7 is odd and val((¢;—1,2)) < b; if ¢ is even. In
particular, Z;‘;ll aj < E?:_ll a;. Now if we choose a normal basis {£;,---,¢,} of L’ + (z), then
LP = (¢}, - ¢ |} and 2’ = ¢, satisfy the property we want.

Now we assume «; € Op for some 2s < i < n — 1. The valuation of the (n,4)-th minor of T

equals to
val(€;, ) —b; + (b1 + -+ + by—1).

Since a; & Op, valg({;,x) < b;, hence Z;’:—ll a;- < Z?:_ll aj. Now if we choose a normal basis

{¢),--- 0} of L’ + (x), then L” = (¢},--- ,£' |} and 2’ = ¢, satisfy the property we want. [

For any L, we can write it as L’ + (z) where L’ is a non-degenerate hermitian Op-lattice of
rank n — 1, and 2 € V\ L°. Therefore, in order to show Int(L) = dDen(L), it suffices to show the

following theorem.

Theorem 9.7. Let L” C V be a non-degenerate lattice of rank n—1. For any x € V\L%, we have
Int;, (xz) = ODeny, ().

Proof. For x € V\ L}, let ®;,(x) = Int;, () — ODeny, (z). We need to show ®;,(z) = 0. We prove
the theorem by an induction on val(L”). If L’ is not integral, then Int,,(x) = 0 as Z(L) is empty
by Proposition Moreover dDen;,(x) = 0 by Corollary Hence the theorem is true in this
case.

Now we assume L’ is integral. By induction hypothesis and Lemma we may assume
supp(®;,) C L’ ©W where W = (L%)*. Since ®;,(z) is invariant under the translation of L”, we

may write

(9.6) O, (x) =1 @ dw(z),
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where ¢w(x) is a function on W\ {0}. Then we have by definition
oL, = vol(L") pw.
Theorem implies that
®py(z) = Ppp y(2) :=Intpy oy (z) — ODenpy 4 (z).
Hence
(9.7) vol(L) g = @7, N

By induction on the rank of L and Lemma we may assume P, (x) = 0, hence ¢w(x) = 0 for
r € W= Combining this with the non-integral case, we know ¢yw(z) = 0 for x € W0, As a
result, we have (I)fw/ (x) = 0 for z € W=0 by (0.7). By Theorem and Theorem we have

@ib’,y/(a:) =0 for x € W=9\ {0}. Hence Cbe7,1/(:U) =0 for all z € W\ {0}. Consequently, ¢w(z) =0

by (9.7). 0

Combining this theorem with Theorem we have the following corollary.

Corollary 9.8. Let L’ C V be a non-degenerate lattice of rankn—1. Then dDenp, () € L (V)==1

is a Schwartz function.

10. GLOBAL APPLICATIONS

10.1. Shimura varieties. We will closely follow [RSZ20] and [RSZ21]. In this part we switch to
global notations. Let F' be a CM number field, with Fj its totally real subfield of index 2. We
fix a CM type ® C Hom(F,Q) of F and a distinguished element ¢y € ®. We fix an embedding
Q — C and identify the CM type ® with the set of archimedean places of F, and also with the
set of archimedean places of Fy. Let V be an F/Fy-hermitian space of dimension n > 2. Let
Vs =V ®p¢ C be the associated C/R-hermitian space for ¢ € ®. Assume the signature of V; is
given by

(n_]-u]-)v ¢:¢05

(Tl,O), (Zse q)\{¢0}

Define a variant G of the unitary similitude group GU(V) by
GU={g¢e Resp, 1o GU(V) @ c(g) € Gm},

(rg,73) =

where ¢ denotes the similitude character. Define a cocharacter
hgo : € — GU(R) C [[ GUVH)(R) ~ [] GU(rg, r5)(R),
PP Pcd
where its ¢-component is given by
hG@,¢(z) = Dla'g{z ' 17‘4)7 z- 17’(5}
under the decomposition of Vy into positive definite and negative definite parts. Then its GU(R)-
conjugacy class defines a Shimura datum (G@, {hso}). Let B, = E(GY, {hso}) be the reflex field,

i.e., the subfield of Q fixed by {o € Aut(Q/Q) : o*(r) = r}, where r : Hom(F,Q) — Z is the

function defined by r(¢) = rg.
76



We similarly define the group Z? (a torus) associated to a totally positive definite F'/ Fy-hermitian
space of dimension 1 (i.e., of signature {(1,0)4cq}) and a cocharacter hyo of Z@. The reflex field
Egp = E(Z9,{h0}) is equal to the reflex field of the CM type @, i.e., the subfield of Q fixed by
{0 € Gal(Q/Q) : 0 0 ® = ®}.

Now define a Shimura datum (G, {hg}) by

é =79 XGm GQ = {(279) € Z9 x GQ | NmF/Fo(Z) = C(g)}v hé = (hZQahG’Q)'

Then G = Z9 x G where G = Resp, g U(V) by [LZ22a (11.2.0.1)]. Its reflex field £ is equal to the
composite F,.Fg, and the CM field F' becomes a subfield of E via the embedding ¢g. We remark
that £ = F when F/Q is Galois, or when F' = FyK for some imaginary quadratic K/Q and the
CM type @ is induced from a CM type of K/Q (e.g., when Fy = Q). Let K C é(Af) be a compact
open subgroup. Then the associated Shimura variety Shx = Shg (G, {hg}) is of dimension n — 1
and has a canonical model over Spec E. It has the following moduli interpretation, see [RSZ21]
Definition 3.3] or [LZ22al §11.2]. For a locally noetherian E-scheme S, Shg(S) is the groupoid of
tuples (Ao, to, Ao, 4, ¢, A, ) satisfying

(1) (Ao, o, No) € MS(S), see below;

(2) A is an abelian scheme over S

(3) ¢ : F — End’(A) is an action of F on A up to isogeny satisfying the Kottwitz signature
condition {(r¢,75)pea }:

(10.1) charpol(¢(a) | Lie A) = H (T — ¢(a)) - (T — ¢(a))™
pED
for any a € F
(4) X: A — AV is a quasi-polarization whose Rosati involution induces the automorphism given
by the nontrivial Galois automorphism of F'/Fy via ¢;
(5) 7 is a K-orbit of isometries of Ap r/Ap, s-Hermitian modules

n: V(A(),A) -V r AF’f.

Here

N A A

V (Ao, A) = Homy,. ,(V(Ao), V(A)),

where V(A) (resp. V(Ap)) is the rational Tate-module of A (resp. Ag) and V(Ag, A) is
endowed with a Hermitian form:

h(z,y) = )\61 oy’olox € EndAF,f(f/(Ag)) =Ary.

10.2. Integral model. Assume that Ko C Z@(A;) is the unique maximal open compact sub-
group. Assume that Kq = [[, Kg» C G(Af) where v runs over finite places of Fy. Let (m,), be
a collection of integers m, > 0 indexed by finite places of Fy such that m, = 0 for all but finitely
many places and m, = 0 for all nonsplit places v. Let A be an Op-lattice of V. Assume that for
any finite place v of Fy (write p its residue characteristic), the following conditions are satisfied.

(GO) If p = 2, then v is unramified in F.
77



(G1) If v is inert in F" and Vj, is split, then A, C V,, is self-dual and K¢, is the stabilizer of A,.
If v is further ramified over p, then the subset {¢ € ® : ¢ induces w} C Hom(F,,Q,) is the
pullback of a CM type @ C Hom(Fﬁr,@p) of F})". Here w is the place of F' above v and
F.' is the maximal subfield of F, unramified over Q,.

(G2) If v is inert in F' and V,, is nonsplit, then v is unramified over p and A, C V,, is almost
self-dual, i.e., A?} /A, is a 1 dimensional space over the residue field of Fy,. Moreover K¢,
is the stabilizer of A,.

(G3) If v is ramified in F', then v is unramified over p and A, C Vj, is unimodular.

(G4) If v is split in F, then U(V)(Fp,) = GL,(Fp,) and we assume A, C V, is self-dual. If
my, = 0, let Kg, be the stabilizer of A,. If m, > 0, further assume that all places of
above v satisfies condition D in [LZ22al, §11.5] and let K¢, be the principal congruence
subgroup modulo 7" inside GL,,(Fp,) where 7, is a uniformizer of Fj,,.

Assume that K = Kzo x Kg C G. Define the moduli functor M i as follows. For a locally
noetherian Og-scheme S, Mg (S) is the groupoid of tuples (Ao, to, Ao, A4, ¢, A, F,n) such that

(1) A (resp. Ap) is an abelian scheme over S;

(2) ¢ (resp. 1) is an action of Or on A (resp. Ay) satisfying the Kottwitz condition for
signature {(rg, rg)gca} (resp. {(1,0)pca});

(3) A (resp. o) is a polarization of A (resp. Ap) whose Rosati involution induces the automor-
phism given by the nontrivial Galois automorphism of F'/Fy via ¢ (resp. tp);

(4) F is locally a direct summand Og-submodule of Lie A which is stable under the Op-action.
Moreover OF acts on F by the structural morphism and on Lie A/F by the Galois conjugate
of the structural morphism.

(56) n =11, M where w runs over all places of F' above a split place v of Fyy such that m, > 0.
For each such w, 1, is a finite Of,,-linear homomorphisms of finite flat group schemes

Nw ' Ty " Ay /Ay — Home, , (Ao[w™], Alw™]),

where 7, is a uniformizer of F,. See [RSZ20) §4.3] for more details.
We further require the following conditions to be satisfied.

(H1) (Ao, o, No) € /\/lg where Mg is an integral model of Shg (Z%, ho) depending on the
choice of a similarity class £ of 1 dimensional F'/Fy-Hermitian spaces, see [HSY21l, §12.2].

(H2) For each finite place v of Fp, A induces a polarization A, on the p-divisible group A[v>].
We require ker A, C A[u(w,)] and is of rank equal to the size of A%/A,, where w, is a
uniformizer of Fp,.

(H3) For each place v of Fy, we require the sign condition and Eisenstein condition as explained
in [RSZ20l §4.1]. We remark that the sign condition holds automatically when v is split
in F, and the Eisenstein condition holds automatically when the places of F' above v are
unramified over p.

(H4) We impose the Krdmer condition on F as explained in [HSY21, Condition (iii) §12.2].

A morphism (Ao, Lo, Aoy A, t, N, Fon) — (Ap, 1y, Ao, A NS F ') s a pair (fo @ Ao — Ap, f -

A — A’) of Op-linear isomorphism of abelian schemes over S such that f*(X) = A, f5(A\)) = Ao,
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f«(F) = F and f«(n) = n'. Let Viam (resp. Vasda) be the set of finite places v of Fy such that v
is ramified in F' (resp. v is inert in F' and A, is almost self-dual). The moduli problem My is
representable by a Deligne-Mumford stack over O which is regular and is semistable at all places
of E above Viam U Vasqa- The generic fiber of Mg is the Shimura variety Shg.

10.3. Global main theorems. For a locally noetherian Og-scheme S and a point
(Ao, to, Aoy A, 1, A, Fom) € Mg (S),
define the space of special homomorphisms to be
V(Ap, A) := Homp,. (Ao, 4),

a locally free Op-module of finite rank. Then V(Ay, A) carries a Op-valued hermitian form: for
x,y € V(Ap, A), the pairing (x,y) € O is given by

x v At
(A 5 A AY L5 AY 205 Ag) € Endo, (Ag) = 10(OF) ~ Op.
Let m > 1. Given an m-tuple x = [z1,..., %] € V(Ap, A)™, define its fundamental matriz to be
T(x) == ((z,%)))1<i j<m € Herm,,(Op),

an m X m hermitian matrix over Op.

Let V be the incoherent Ap/Ap,-hermitian space associated to V, namely V is totally positive
definite and V,, = V,, for all finite places v. Let px € ' (V}') be a K-invariant (where K acts
on Vy via the second factor K¢g) Schwartz function. We say ¢ is admissible if ¢, = 1a,)m
at all v nonsplit in F. Let T' € Herm,,(Fp) be a nonsingular F'/Fy-hermitian matrix of size m.
Associated to (T, ) we can define the arithmetic special cycles Z(T,pr) over Mg ([LZ22al,
§14.3]) generalizing the Z(T) in [KR14] as follows. First we consider a special Schwartz function
of the form

(10.2) ok = (pi)) € S(VE), @i=1q,, i=1,...,m,

where ; C V is a K-invariant open compact subset such that €2;, = A, for all finite v such that v
is nonsplit in F. Given such a special Schwartz function px and T' € Herm,,(OF), define Z(T, px)
over Shg as follows. For a locally noetherian E-scheme S, define Z(T, ¢k )(S) to be the groupoid
of tuples (Ao, to, Mo, A, ¢, A\, 77,x) where

(1) (Ao, o, Mo, A, 1, A7) € Shi(S),

(2) x=[z1,...,2m] € V(Ag, A)™ with fundamental matrix T'(x) = T.

(3) n(x«) € (£;) € (Vy)™. Here x, € Homp(V (Ap),V(A))™ is the element induced by x.

Let Z(T, ¢Kk) be the Zariski closure of Z(T, ¢i) in Mg. The functor S — Z(T, ¢k )(S) is rep-
resented by a (possibly empty) Deligne-Mumford stack which is finite and unramified over M
([KR14, Proposition 2.9]), and thus defines a cycle Z(T, i) € Z*(Mg). For a general admissible
Schwartz function ¢k € 7 (V'"), by extending C-linearly we obtain a cycle Z(T, px) € Z*(M)c.
Now we assume m = n. Analogous to the local situation , we can define its local arithmetic

intersection numbers Int7,, (¢ ) for any place v of E. Let v be the place of Fy under v. By [HSY21],
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Lemma 15.3] (see also [KR14, Proposition 2.22]), it suffices to consider the case when v is nonsplit
in F. When ¢ is of the form (10.2)) and v is finite, define

(10.3) Intr, (ox) = X(Z(T,¢K), Oz(ty o) @ - @ Oz(1, o)) - log qu,

where ¢, denotes the size of the residue field k, of E,, (’)Z(ti%) denotes the structure sheaf of
the Kudla-Rapoport divisor Z(t;, ¢;), ®" denotes the derived tensor product of coherent sheaves
on Mg, x denotes the Euler—Poincaré characteristic. For a general admissable function ¢g, we
can extend the definition C-linearly. Using the star product of Kudla’s Green functions, we can
also define its local arithmetic intersection number Intr,(y, ¢x) at infinite places ([LZ22al §15.3]),
which depends on a parameter y € Herm,, (Fp 0 )>0 Where Fy oo = Fy ®gR. Combining all the local
arithmetic numbers together, define the global arithmetic intersection number, or the arithmetic

degree of the special cycle Z(T, ¢k ) in the arithmetic Chow group of M,

degr(y, o) = Y _ Ity (0xc) + Y Into(y,
vioo v|oco
Theorem 10.1. Let Diff(T,V) be the set of places v such that V, does not represent T. Let
T € Herm,,(Fy) be nonsingular such that Diff (T, V) = {v} where v is nonsplit in F' and not above
2. Then
degT(y7 SOK)QT =CK aEiST(Z7 SOK)a

n

= % is a nonzero constant independent of T and vol(K) is the

where q7 = oo (Tr Tz), ck
volume of K under a suitable Haar measure. Finally, OFisyp(z, ¢x) is the T-the coefficient of the
modified central derivative of Eisenstein series in

Proof. When v is finite and v ¢ Viam U Vasq, the theorem is proved in [LZ22a, Theorem 13.6]. For
v € Vyed, our definition of Intr, (k) differs from that of [LZ22a, (13.5.0.14)]. Correspondingly
on the analytic side, our definition of OEisy(z, k) is also modified, see and . However
using [LZ22al Theorem 10.5.1] instead of [LZ22al Theorem 10.3.1], the proof of [LZ22al, Theorem
13.6] works the same way in this case. When v is infinite, the theorem is proved in [Liulll, Theorem
4.17,4.20] and independently in [GST9l Theorem 1.1.2]. When v is finite and v € Vyap, the theorem
is a corollary of Theorem and can be proved in the same way as [HSY21 Theorem 15.3]. O

We say ¢, € Z(V7) is nonsingular if its support lies in {x € VI : det T'(x) # 0}, see [LZ22al,
§12.3] or [Liulll Proposition 2.1].

Theorem 10.2. Assume that F/Fy is split at all places above 2. Further assume that ¢r is

nonsingular at two places split in F'. Then
deg<z7 SOK) =CK - aEiS(Z7 ()OK)a

where d/t%(z, vr) is defined in (1.12)). In particular, d/%(z, ©K) 18 a nonholomorphic hermitian

modular form of genus n.

Proof. The theorem can be derived from Theorem by the same way as [LZ22al Theorem

15.5.1]. O
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