DEGREES OF UNITARY DELIGNE-LUSZTIG VARIETIES

CHAO LI

ABSTRACT. We prove an explicit degree formula for certain unitary Deligne-Lusztig varieties. Com-
bining with an alternative degree formula in terms of Schubert calculus, we deduce several algebraic

combinatorial identities which may be of independent interest.

1. INTRODUCTION

1.1. Degrees of unitary Deligne-Lusztig varieties. Let ky = F; be a finite field of size q.
Let k = F,2 be the quadratic extension of ky. Let V' be a (nondegenerate) k/ko-hermitian space
of dimension n. Let Gry, (V) be the Grassmannian of m-dimensional subspaces of V', which is a
smooth projective variety over k of dimension m(n —m).

We assume that V' has dimension n = 2d + 1 (d > 0) over k and take m = d + 1. Define
DL(V) C Grg+1(V) to be the closed k-subscheme parametrizing (d + 1)-dimensional subspaces
U such that U+ C U, where U" is the orthogonal complement of U in V (see the more precise
Definition . It is smooth, projective and geometrically irreducible of dimension d, and is known
as a unitary Deligne—Lusztig variety, as it can be identified as a generalized Deligne—Lusztig variety
associated to a parabolic subgroup of the odd unitary group U(V) ([VWIIL, §4.5]). This class of
varieties shows up in the study of the supersingular locus of unitary Shimura varieties ([VW11]) and
plays an important role in the arithmetic of unitary Shimura varieties, such as the Kudla—Rapoport
conjecture ([KR11l, [KR14]).

Our first main result is a simple degree formula for DL(V'). Recall that the degree of a projective
variety X C PV of pure dimension d is given by the geometric intersection number of X with d
general hyperplanes in PV. Denote by deg DL(V') the degree of DL(V) under the Pliicker embedding
Grd+1(V) — ]P’(/\d+1V).

Theorem 1.1. Let V be a k/ko-hermitian space of dimension n = 2d + 1. Then

1_q2i

(1.1.1) degDL(V) =[] e
=1

1=
Remark 1.2. Here (and below) we regard the empty product (when d = 0) as 1. The right hand
side of (1.1.1)) can also be interpreted as the g-analogue of the double factorial

[2d]g!! == [2d]q[2d — 2]¢ - - - [2],

where [n], = 11__qqn is the g-analogue of n.
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Theorem [I.1 will be proved in §2.6] Its proof is inspired by the higher local modularity in the
recent proof of the Kudla-—Rapoport conjecture (cf. [LZ, §6.4]). In fact, the key formulas (Propo-
sitions can be extracted from certain vertical intersection formulas ([LZ, Lemmas 6.4.5,
6.4.6]) on unitary Rapoport—Zink spaces. To make the ideas more transparent, here we work di-
rectly on DL(V) and introduce the notions of special cycles Z(W) C DL(V) (Definition and a
special line bundle Lpy,vy (Deﬁnition on DL(V'). These notions may be viewed respectively as
finite field analogues of special cycles and the Hodge line bundle on unitary Shimura varieties. From
this perspective, the degree formula in Theorem or more precisely the formula for ¢; (E]*DL(V))d
in Proposition [2.12] may be viewed as a finite field analogue of the constant term formula in Kudla’s
geometric Siegel-Weil formula (relating the geometric volume of unitary Shimura varieties and an
abelian L-value, cf. [Kud04, (4.4)] for orthogonal Shimura varieties).

The proof of Theorem ultimately relies on identifying the special cycles Z(W) C DL(V)
as unitary Deligne-Lusztig subvarieties and the (proved) Tate conjecture for DL(V'), in order to
perform induction on the dimension d. These ingredients are available for Deligne—Lusztig varieties
beyond those of unitary types (e.g., the type 2D,, considered in [LZ21), §7.6] and two other types
By, Cy, listed in [HLZ19, §3]), and it would be interesting to extend the method to obtain degree
formulas for more general Deligne—Lusztig varieties.

1.2. Schubert calculus and applications to algebraic combinatorics. We also prove a dif-
ferent formula for deg DL(V') in terms of Schubert calculus on Grassmannians (see also the related
general works [Kim20l [HP20]).

Theorem 1.3. The following identity holds in Chd(dH)(GrdH(V),;)Q ~ Q:
(1.3.1) degDL(V) =Y _ocoz0iq,

where the sum runs over all integer tuples ¢ = (c1,...,¢q) with d > ¢4 > -+ > ¢cq > 0. Here (as

recalled in .'
o |cl=c1+ - +cq,
oc € Ch'c‘(GrdH(V),;)@ is the Schubert class,

is the complement of ¢ defined by ¢ := (d —cq,...,d — c1),

c
¢ is the conjugate of c.

Combining Theorems and we deduce several combinatorial identities.

Corollary 1.4. (i) The right hand side of (1.3.1)) is equal to Hd 1og

i=1 1—q
(ii) The 3%zt ... xﬁ“-coeﬁ?cient of

d
I Gazi + ) | (@1 + -+ 2 | [] (i — =)
i,j=1 1<j
21

1—¢q

18 equal to szZI fq

(iii) Let 1 > 0. The following two sets have the same size:
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o The set of standard Young tableauz of skew shape (¢')*/c, where ¢ runs over (c1,...,cq) such that
d>c1>-->cq>0and|c| =1. Here (¢')* is the dual of ¢ (recalled in .

o The set of ordered partitions (l1,...,lq) of l satisfyingl =11 +---+1g and 0 < ; < 2i—1 for all
1< <d.

Theorem [I.3] and Corollary [I.4] will be proved §3.3] and respectively. We notice that the
combinatorial identities in Corollary seem to be quite nontrivial even for small values of d
(see Example [3.4). It would be very interesting to find more direct combinatorial proofs of these

identities.

1.3. Acknowledgments. It is the author’s pleasure to dedicate this paper to Steve Kudla on the
occasion of his 70th birthday. The influence of his original insights on the geometric and arithmetic
Siegel-Weil formula on this paper should be evident to the readers. The author is also grateful to
Z. Yun and W. Zhang for helpful conversations. The author’s work is partially supported by the
NSF grant DMS-2101157.

1.4. Notation. Let X be a smooth projective variety over a finite field k. Let Ch"(X7) be the
Chow group of codimension r algebraic cycles of X} defined modulo rational equivalence. For any
prime ¢ # char(k), denote by

cl, : Ch"(X3)o — H?" (X%, Qo) (r)

the f-adic cycle class map. Let Chy, ., (X7) be the quotient of Ch"(X}) modulo homological equiva-
lence. Then cl, factors through Chj (X7). Denote by Tate?” (Xj) € H?" (X%, Q¢)(r) the subspace
of Tate classes, i.e., the elements fixed by an open subgroup of Gal(k/k). Then cl, intertwines the
intersection product - on the Chow ring and the cup product U on the cohomology ring, namely

the following diagram commutes,

Ch"(Xz)o  x  Ch’(Xg)g — Ch"™™*(Xp)o

(1.4.1) Jclr Jcls ld?‘-ﬁ—s

H? (X5, Qo) (r)  x  H2(Xp, Qe)(s) — H2H) (X, Qo) (r + 5).

When r = 1, we have Ch!(X})g = Ch{, . (X3)o- When r = dim X, we often identify Ch4™* (X;)q =
Ch{im X (X7 )o ~ Q via the degree isomorphism (cf. [Ful98, Example 1.6.6]).

Recall that the Tate conjecture ([Tat65, Conjecture 1], or [Tat94, Conjecture T¢]) asserts that
for any » > 0 and for any prime ¢ # char(k), the image of /-adic cycle class map cl, is equal to
Tate”(X;) (in particular, induces an isomorphism Chj  (Xz) ® Q, ~ Tate?"(X)).

For a subvariety Z C X of pure codimension 7, we denote by [Z]x its class in Ch"(X}). When
the ambient variety X is clear we suppress the subscript and simply write [Z]. For any vector
bundle V on X, denote by ¢,(V) € Ch"(Xz) its r-th Chern class. By abusing notation we also
denote by the same symbols [Z]x, [Z] and ¢, (V) their images in Ch"(X})g or Chy,,(Xz)o (which
makes no difference when computing intersection products by the commutativity of the diagram

(1.4.1))). For any vector bundle V on X, denote by V* := Homo, (V, Ox) its dual bundle.
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2. DEGREES OF UNITARY DELIGNE-LUSZTIG VARIETIES

Let p be a prime and let g be a power of p. Let ko = I, be a finite field of size q. Let k = F,2 be
the quadratic extension of ky. Denote by o the absolute ¢-Frobenius endomorphism on any scheme
of characteristic p.

2.1. Hermitian spaces. Let V be a (nondegererate) k/ko-hermitian space of dimension n, i.e., a
k-vector space of dimension n equipped with a (nondegererate) paring (, ) : V x V — k that is
linear in the first variable, o-linear in the second variable and satisfies

(2.0.2) (z,y) = (y,%)7
for any z,y € V. For any k-subspace U C V', denote by
Ut ={zeV:(z,U)=0}

its orthogonal complement.

More generally, for any k-scheme S, put Vg := V ®; Og. Then there is a unique pairing
(, )s: Vs xVsg— Og extending ( , ) that is Og-linear in the first variable and (Og, o)-linear in
the second variable, given by

(@A y®p) =’ (z,y)
for any z,y € V and A\, u € Og. For any subbundle U C Vg, we denote by

Ut ={zeVs:(z,U) =0}

its left orthogonal complement. (Notice that unlike the case S = Speck, in general the symmetry
(2.0.2) does not necessarily hold for x,3 € Vs, and the left orthogonal complement U+ does not
necessarily agree with the right orthogonal complement.)

2.2. Unitary Deligne—Lusztig varieties and special cycles. From now on fix a k/kg-hermitian
space V of dimension n =2d + 1 (d > 0).

Definition 2.1. Define the unitary Deligne-Lusztig variety DL(V) C Grgy1(V) be the closed k-
subscheme parametrizing (d+ 1)-dimensional subspaces U such that U+ C U, i.e., for any k-scheme
S,

DL(V)(S) = {subbundles U C Vg : rankU =d + 1, U+ C U}.

Definition 2.2. Define a special subspace W C V to be a k-subspace such that Wt C W. If

W is a special subspace, then W/W+ is a (nondegererate) k/ko-hermitian space under the pairing
induced from V.

Definition 2.3. Let W C V be a k-subspace. Define the special cycle Z(W) C DL(V) be the

closed subscheme parametrizing subspaces U satisfying U C W, i.e., for any k-scheme S,
Z(W)(S)={U € DL(V)(S) : U C Wg}.

By definition it is clear that

e Z (W) is nonempty only if W C V' is a special subspace.

e Z(V)=DL(V),



o ZW)NZW') = Z(W NW') for two subspaces W,W' C V|
o Z(W)C Z(W')if W C W

We summarize several known results on DL(V') and Z(W) which we will need later.

Proposition 2.4. (i) DL(V) is smooth, projective and geometrically irreducible of dimension d.

(ii) Let W C V be a special subspace of codimension r. Then there is a canonical isomorphism of
k-schemes

(2.4.1) Z(W) ~ DL(W/W1).

In particular, Z(W) is smooth, projective and geometrically irreducible, and has codimension r in
DL(V), and we call Z(W) a codimension r special cycle in DL(V).

(iii) The Tate conjecture (see holds for DL(V').

(iv) For any r > 0, the space Chyi,  (DL(V);)q is generated by the codimension r special cycles

hom
[Z(W)], where W C V' runs over all special subspace of codimension r.

(v) For any r > 0, the intersection pairing induces a perfect pairing

Chf o (DL(V))@ x Chio ! (DL(V)z)g — Q.

hom

Proof. (i) This is [VWTI] Lemma 4.5, or the more general [LTX"19, Proposition A.1.3 (2)].
(ii) Consider the morphism Z (W) — DL(W/W+) defined by

Z(W)(S) = DL(W/W)(S), U~—U=U/Wg
for any k-scheme S. It is an isomorphism, with inverse given by the morphism defined by U
W5+ + U. The rest follows from Item H since W/ W+ has k-dimension n — 2.
(iii) This is [LZ, Theorem 5.3.2 (i)].
(iv) This is a combination of |[LZ, Theorem 5.3.2 (i)] and [VoI10), Corollary 2.17].
(v) By [LZ, (6.4.0.4)], the cup product induces a perfect pairing

Tate" (DL(V);) x Tate?2"(DL(V);) — Q.
The result then follows from the Tate conjecture and the commutativity of ((1.4.1)). O
2.3. Natural vector bundles on DL(V) and Z(W).

Definition 2.5. Define
® Vprwvy =V @, Oprvy the universal bundle on DL(V),
e Upr) € Vprv) and L{]J)-L(V) C Vpr(v) the two universal subbundles on DL(V),
® Oprv) = Vbr(v)/Upr(v) the universal quotient bundle on DL(V'),
e LpLwv) = UDL(V)/Z/%L(v)a which we call the special line bundle on DL(V).
Similarly for a special cycle Z(W) C DL(V) associated to a special subspace W C V, define
o Waawy i= (W/W) @), Oz the universal bundle on Z(W) ~ DL(W/W+),

o Uzwy) €S Wz w) and L{é(w) C Wz the two universal subbundles on Z (W),
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* Qzw) = Wz /Uzw) the universal quotient bundle on Z (W),
o Lyw) = Z/{Z(W)/Z/{é(w), which we call the special line bundle on Z(W).
Denote by
Jw : Z(W) — DL(V)
the natural closed embedding. By definition, we have
(2.5.1) Lzw) = jwLpLv)-
Also by definition, the canonical isomorphism (2.4.1)) induces a canonical isomorphism Lz =~
Lpr,w/w+y and thus
(2.5.2) JwLpLw) = Lovmwwiy-

Proposition 2.6. Let W C V' be a special subspace of codimension r.

(i) We have a canonical isomorphism

(2.6.1) Jw 9oL/ Qzw) = (V/W) @ Ozw).
(i1) Let Nzaw)/prvy be the normal bundle of Z(W) in DL(V'). Then we have an isomorphism

Nzw) prv) = (ﬁ%m) :
In particular, when W C V has codimension 1, we have an isomorphism of line bundles

Proof. (i) The result follows immediately from the definition of Qpy,y and Q).
(ii) By [LTX™19, Proposition A.1.3 (2)], we have canonical isomorphisms for the tangent bundles

Tovwv)k = Hom(LpLwv), Qo)) Tzowym = Hom(Lzwy, Qzw))-

Hence by the exact sequence

0 = Tzowyk — JwToLw)/e = Nzw)/pry — 0

and (2.5.1)), we obtain a canonical isomorphism

Nz oLy = Hom(Lzwy, jiw QoLv)/ Lzw))-
The result then follows from (2.6.1)) as (V/W) @k Ozw) =~ O%w): O

2.4. Relations with Grassmannians. For 0 < m < n, let Gr,,(V) be the Grassmannian of
m-dimensional subspaces of V', which is a smooth projective variety over k of dimension m(n —m).
We have the Pliicker embedding

Pl: Gry, (V) = P(A™"(V)) =~ PN, N=(") -1,

m

defined by sending an m-dimensional subspace with basis {ei,...,en} to the line generated by

e1 N Aem € AN"(V) (independent of the choice of the basis).
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Definition 2.7. Define Sq,,, (v (resp. QGrd+1(V)) to be the universal subbundle (resp. universal
quotient subbundle) on Grg.1(V'). Denote by

i: DL(V) — Grg41(V)
the natural closed embedding.

Lemma 2.8. The following identities holds:

(i) UpL(v) = " Sary, (V)

*

(i) u]%L(v) ~ (0" Qaryy, (V)™
(i1) ¢1(Sarg ., (v)) = —€1(Qargs (V)

(i) c1(Lprey) = (1 — @)i*e1(Sary,, (v))-

Proof. (i) It follows from the definition of S, () and Upyv).

(ii) It follows from Item (|i) and the nondegererate pairing ( , ) (o-linear in the second variable).

(iii) It follows from the defining exact sequence
0 = Sary . (v) = (V @k Oary,,(v)) = Qargi(v) — 0
(iv) By the definition of Lpy,y) together with Item (i) and Item , we have
c1(Lor)) = c1Uprv)) — c1Upp ) = i°61(Sargy, (v)) = 1((07* Qargyy (1))
By Item , this evaluates to
i*c1(Sarg,, (v)) — 4 e1(Sary,,(v)) = (1 = @)i*e1(Sary,, (v))>
as desired. O

Example 2.9. When d = 1 (i.e., when dimV = 3), we have Grq,1(V) ~ P? with QG (V) =

Op2(1). Thus ¢1(Sary,,(v)) = c1(Op2(=1)) by Lemma . By definition DL(V') C Grg41(V)
is isomorphic to a Fermat curve of degree 1 + ¢ ([Voll0, Remark 4.7]),

{[z,y, 2] € P? : 9T 4 071 4 20l — 0} C P2
Hence by Lemma ,the following identity holds in Ch'(DL(V)z)g ~ Q,
ci(Loyw)) = (1= @)i*er(Op2(=1)) = =(L = q)(L + ¢) = —(1 — ¢*),

and so

(2.9.1) a(Lprpny) = —allprwy)) =1 - 7.
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2.5. Chern classes of the special line bundle.

Lemma 2.10. Let Z(W) C DL(V) be a 1-dimensional special cycle associated to a special subspace
W CV of codimension d — 1. Then the following identity holds in Chd(DL(V),;)@ ~Q:

Cl(‘C]*)L(V)) [ZW)=1-¢"
Proof. By the projection formula we know that
a(Lpran) - [Z(W)] = jws (1w LoLy))-
By (2.5.2]), we have (under the isomorphism (2.4.1]))
c1(GwLorwy) = a(Lppwywe))-
As W/W+ is of dimension 3, we know the latter evaluates to 1 — ¢ in Ch*(DL(W/W)p)o ~ Q
by (2.9.1)). The result then follows. O

Proposition 2.11. The following identity holds in Ch*(DL(V)z)o:

* 1- q2
(2.11.1) allhryy) = a7 DL [ZW)],
1+ q codim W=1

here the sum runs over all special subspaces W C V' of codimension 1.

Proof. When d = 1, the number of special subspaces W C V is equal to the number of isotropic
lines in the 3-dimensional k/kg-hermitian space V, which is 1 + ¢® (e.g., by [LZ, Lemma 1.9.1]).
Hence the right hand side of evaluates to
1—¢?
E
in Ch'(DL(V);)g ~ Q, which agrees with the left hand side by (2.9.1)).

When d > 1, by Proposition , to prove (2.11.1)) it suffices to show that for any 1-
dimensional special cycle Z(W’) C DL(V) (associated to any codimension d — 1 special subspace

W' C V), the following identity holds in Ch?(DL(V)z)g ~ Q,
* 1— q2
(2.11.2) (L) [ZW)] = == ST [Z(w)] - (20,
1+ q codim W=1
For the terms of the right hand side of (2.11.2), we have three cases.

(i) When W/ C W, we have Z(W') C Z(W). By the excess intersection formula [Ful98, Corollary
6.3], we know that

(1+¢)=1-¢"

[Z(W)] - [Z(W)] = jw(c1Nzw)/pLv)) - [ZV)] zow))-
By and we have (under the isomorphism )
ctWNzw) o)) - [ZWV)] 2wy = er(Lhpowywy) - [ZV)bLovyw sy,

which evaluates to 1—¢? in Ch?~"}(DL(W/W);)q ~ Q by Lemma applied to the 1-dimensional
special cycle Z(W') C DL(W/W+). Thus in this case

[ZW)] - [ZW)] =1~ ¢
8



(ii)) When W' ¢ W and W/ NW C V is a special subspace, we know that W/ N has codimension
din V and thus Z(W) N Z(W') = Z(W' N W) is a single k-point by Proposition [2.4] (i), and thus

Z(W)] - [2(W)] = 1.

(iii) When W/ € W and W/ N'W C V is not a special subspace, we know that Z(W) N Z(W') =
Z(W'NW) is empty, and thus
[Z(W)] - [Z(W')] = 0.
Now we count the number of terms on the right hand side of in first two cases.

e The association W +— W gives a bijection between the set of codimension 1 special subspaces

W C V in Case (i) and the set of isotropic k-lines in W’+. Hence the number of terms in Case ()
1—g2(d=1)

g s W'L is a totally isotropic k/ko-hermitian space of dimension d — 1.

is equal to

e The association W +— W gives a bijection between the set of codimension 1 special subspaces
W C V in Case and the set of isotropic k-lines in W'\ W'+, Hence the number of terms
in Case is equal to the number of vectors in W't times the number of isotropic lines in the
k/ko-hermitian space W’/W'. This is ¢>~1 (1 + ¢°), as W'+ is of dimension d — 1 and W’/W'+
is of dimension 3.

Thus the right hand side of evaluates to

1— 2 1 — g2(d-1) -
d '<(1—q2)'qq2+1-q2(d Di+¢%) ) =1-¢,

1+ g2+l 1—
which is equal to the left hand side by Lemma [2.10] applied to the 1-dimensional special cycle
Z(W') € DL(V). O
Proposition 2.12. The following identity holds in Ch®(DL(V);)o =~ Q:
d
Cl('CEL(V))d = H(l —q¢%).
i=1
Proof. When d = 1, this is (2.9.1)). In general, we induct on d. By Proposition we obtain
* 1- q2 * —
(2.12.1) (Lo = a1 alhre)™ D [ZW).
1+ q codim W=1

By the projection formula and ([2.5.2]), we have (under the isomorphism ([2.4.1))),
(L) 2] = w1 (L ),

which evaluates to Hf:_ll (1 — ¢%) by the induction hypothesis.
The association W — W gives a bijection the set of codimension 1 special subspaces W C V
and the set of isotropic k-lines in V. Thus the total number of terms in (2.12.1) is the number of
2d+1 2d
isotropic k-lines in the (2d + 1)-dimensional k/ko-hermitian space V', which is % (e.g.,

by [LZ, Lemma 1.9.1]). Thus (2.12.1]) evaluates to

d—1 d
1— ¢ oy (11— ¢ 2
1+q2d+1'H(1*qz)' 1—¢2 = [ -a).
i=1 i=1
This completes the proof. ]



2.6. Proof of Theorem Recall Pl : Grgy (V) — P(AY*1V) is the Pliicker embedding. By
definition

(2.122) deg DL(V) = [DL(V)]p(pa+1y) - €1(Op(pasiyy (1))
is the intersection number of DL(V') with d general hyperplanes in P(AT'V). By the projection
formula, we obtain that
deg DL(V) = 1 (PLoi)* Oppasry (1)
in Ch?(DL(V);)g ~ Q. By the definition of the Pliicker embedding, we have
PI* O]p(/\aH—lv)(l) ~ det SérdH(V)'
Thus
c1((P1od)" Op(pa+ivy (1)) = ier(det 8¢y, (v)) = 17 e1(SEuy,, (1)-
By Lemma , we have

e 1(Lpre))
718Gy (v) = T2 q
and hence
a1 (Lo
degDL(V) = - é);

The result then follows from Proposition [2.12

3. SCHUBERT CALCULUS

3.1. Reminder on Schubert calculus (cf. [EHI16l Chapter 4],[Ful98, §14.7]). Let 0 < m < n.
The Schubert classes of Gr,, (V') are indexed by m-tuples a = (a1, ..., a,,) of integers satisfying

n—mz2>a;>az> -+ 2> ap >0,

in other words, indexed by Young diagrams inside the m x (n —m) rectangles. For such an m-tuple
a, define a Schubert cycle

Yo(Ve) :={U € Grp, (V) : dimU N Vyopppig, >4, i =1,...,m} C Gry(V),

where
Ve:OCViCcVWVoC---CVp 1 CV, =V

is a complete flag in V. The Schubert cycle X,(Vs) C Gr,,, (V) is a closed subvariety of codimension
la| :== 3", a;. Define the Schubert class

Oq '— [EG(VO)] € Ch|a|(Grm(V)E)7

which is independent of the choice of the complete flag V,. We use the standard notation suppressing
trailing zeros in the indices. In particular, by definition o1 = 01,0 € Chl(Grm(V),;) is the
hyperplane class under the Pliicker embedding.

Define the dual a* := (n —m — @y, -+ ,n —m — ay). The Schubert classes form a Q-basis of
Ch*(Gry,(V)z)o and the intersection pairing

Ch" (G (V)z)g x Chm™"=™="(Gr,,,(V)7)o — Q
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is perfect and has Schubert classes as dual basis, with o, and o} dual to each other if and only if
b=a".

Define the conjugate o' := (ai,...,a;_,,) such that a} is the number of i’s such that a; > j.
The Young diagrams of a and a’ are mutual reflections along the main diagonal. The canonical
isomorphism
(3.0.3) Grp(V) =~ Grpn(VF), U r— (V/U)*

maps o, € Chl”/(Gr,,,(V)) to o0 € Chll(Gryp—p (V).
3.2. The class of DL(V). Let Grgq41(V) be the variety parametrizing partial flags
Ue:0CU; CUg41 CV,
where dim Uy = d and dim Uy = d + 1. Define a closed embedding
Y Graar1(V) = Grg(V) x Grgp1(V), Ue— (Ug, Ugy1).
Also consider the closed embedding
(6,1d) : Grgg1 (V) = Gra(V) x Gra(V),  Ur— (U, U).
Then by definition (¢,id) induces an isomorphism between DL(V') and im(¢,id) Nim(v)).
Proposition 3.1. The following identity holds in Ch*(Grq(V); % Grat1(V)z)o:

[im )] = ZU‘I* X O,
a,b

where the sum runs over
e a=(ay,...,aq) satisfyingd+1>ay >--->aq >0,
e b= (by,...,bgs+1) satisfying by =d, by =d+1—agys—; >0 fori=2,...,d+ 1.
Proof. Let Vo and W, be two transverse complete flags in V' ([EH16, Definition 4.4]). Let
VO =V arica;, WD =Wl ar1)iop,
Then by definition
Sa(Va) = {Ug € Grg(V) : dim Uy nVD >4, i=1,...,d}
and
Ss(We) = {Ugsq € Gra (V) : dimUgy "W >4, i=1,...,d+1}.
By the transversality it is easy to see that the intersection of im(v)) with ¥,(Vs) x Xp(W,) C

Grg(V) x Grg1(V) is nonempty if and only if
dmW® =1, dmWwOnvE+t2=) =1 =2 . . d+1,
in which case
d+1 ' '
Ug=EPwnv2= - v,y =vgewh.

=2
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Therefore

. 1, by=d, bj=d+1—-agyo—,t=2,...,d+1,
[lml/f] (g X 0p) = .
0, otherwise.

The desired result then follows from the fact that Schubert classes form dual basis under the

intersection pairing. ([l

Corollary 3.2. The following identity holds in Ch*(Grg+1(V)z)o:

[DL(V)] =Y o024,
C
where the sum runs over ¢ = (c1,...,¢q) such thatd > c¢; > -+ > ¢4 >0, and € is the complement
of ¢ defined by ¢ :== (d —cq,...,d —c1).

Proof. By definition we have [DL(V)] = (¢,id)*[im(+)]. Since UL ~ o*(V/U)*, by (3.0.3) it is easy
to see that

|

(¢,1d)*(0ar X 0p+) = ¢ loguyope € Ch*(Grag1(V)j)g-

Since b = (d,d+ 1 —aq,d+1—ag,...,d+ 1 —aj), we know that b* = (a1 — 1,...,a4 — 1,0). Let
c=(a1—1,...,a9—1). Then¢= (d+1—aq,...,d+1—ay) = a*. It follows from Proposition [3.1]
that

DL = 3 os0ed = 3 oomd.
This completes the proof. O
Example 3.3. ¢ When d = 1, by Corollary [3.2| we obtain
[DL(V)] = 01 + 01 = (1 + q)o1.

This agrees with the fact that DL(V) C Grgy1(V) ~ P? is the Fermat curve of degree 1 + ¢
(Example [2.9).
e When d = 2, by Corollary [3.2] we obtain

[DL(V)] = 022 + 010219 + 0201,16]2 +01102¢° + 02101¢° + 02,2(14.
3.3. Proof of Theorem By and the projection formula, we have
deg DL(V) = [DL(V)] - e1(PI* Op(rariyry(1))*.
The result then follows from Corollary and o1 = ¢1(Pl" Oppat1y(1)) is the hyperplane place

class under the Pliicker embedding.
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3.4. Proof of Corollary
(i) This follows immediately from Theorems and
(ii) Let
Se(1,. .. xq) = det(z7 )/ det (277
(1 <14,j <d) be the Schur polynomial associated to ¢ = (ci,...,cq) ([Mac92]). It is a symmetric
polynomial of degree |c|. Write

S = Zsc(qxlw . 'aq$d)sa($1a s 7xd)S(1i(J"17 s 7$d) = Zﬁ)\S>n
c A

where A runs over A = (\y,...,\g) with |A\| = d(d+ 1). By definition, the coefficient k) is given by

A1+d—1_Ao+d—2 Ad
x2 e xd

the coefficient of x] in

(3.3.1) S-det(z; 7) =S [J(xi
1<J

Since the class of a point is o411, 441), we know that

E UCJA’Ulql d= K(d+1,d+1,...,d+1)>

e., the coefficient of xld;vgd 1. g“ in . It remains to compute (3.3.1). By the dual
Cauchy identity for Schur polynomials ([Mac92), 0.11°]), we have

d
ZS T1y-- T S<ylvayd):H(xl+y])
ij=1
By definition, we have

Sl(xl,...,xd):xl—k-‘-—kxd.

Therefore

d
S=> " Scqr1,...,qxa) Sz (w1, ..., 20)ST (21, .. xa) = | [] (ami +25) | (@1 + -+ 2a)?,

i,7=1
and thus
d
(3.3.2) S - H — ) H (qi + ;) | (w14 - + 20)? H(ml — )
1<y 1,7=1 i<j

The result then follows from Item .

(iii) By applying Pieri’s formula ([EH16, Proposition 4.9]) d times, we know that the term o.oz0f
is equal to the number of sequences of Young diagrams O M eld) starting with ¢©® = ¢ and
ending with (@ = (¢)* such that each 1) has exactly one more box than ¢®. Equivalently,
it is the number of standard Young tableaux of skew shape (¢')*/c. Now Item (i) shows that the
number of such standard Young tableaux with |c¢| = [ is equal the coefficient of ¢! in

2i d 2i—1

Hi I

=1
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which is equal to the number of ordered partitions (I1,...,[l4) of | satisfying the extra conditions
0<; <2i—1, i=1,...,d.

Example 3.4. We end with an example illustrating Corollary .

e When d = 1, the polynomial (3.3.2)) is equal to (1 + g)z3. The coefficient of 7 is given by
1+qg= % as in Corollary 1'

e When d = 2, the polynomial is equal to
(q+2¢* + ¢*) 2922 + (1 + 3¢+ 4¢° + 3¢° + ¢*) 2323 + (1 + 2¢ + 2¢* + 2¢° + ¢*) 213
+ (—1 —2q — 2q2 — 2q3 — q4) x‘i’az% + (—1 —3q — 4q2 — 3q3 — q4) x%xg + (—q — 2q2 — q3) xlacg
The coefficient of x{23 is given by

1+2¢+2¢° +2¢° + ¢ = 1+ (1 + ¢+ ¢* + ¢),
which equals % . % as in Corollary .

e When d = 3, the coefficient of z§z3z3 is equal to
1+3q+5¢° +7¢° + 8" +8¢° +7¢° +5¢" +3¢° +¢" = 1+ )1+ >+ ¢*) A+ q+¢* + > + " +¢7),

as in Corollary . In Table [1] we list all standard Young tableaux of skew shape (¢')*/c with
lc| = 4 as in Corollary . Notice the total number of such Young tableaux is 8, which indeed
agrees with the coefficient of ¢*.

¢ @) @) /e

TABLE 1. standard Young tableaux of skew shape (¢/)*/c

REFERENCES

[EH16] David Eisenbud and Joe Harris. 3264 and all that—a second course in algebraic geometry. Cambridge

University Press, Cambridge, 2016. [L0] [T1] [T3]
14



[Fulos]

[HLZ19]
[HP20]
[Kim20]
[KR11]
[KR14]

[Kud04]

[LTX"19]
(LZ]
[LZ21]

[Mac92]

[Tat65]
[Tat94]
[Vol10]

[VW11]

William Fulton. Intersection theory, volume 2 of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3.
Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas. Srd Series.
A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, second edition, 1998.
Xuhua He, Chao Li, and Yihang Zhu. Fine Deligne-Lusztig varieties and arithmetic fundamental lemmas.
Forum Math. Sigma, T:e47, 55, 2019.

Thomas Hudson and Dennis Peters. On the K-theoretic fundamental class of Deligne-Lusztig varieties. J.
Pure Appl. Algebra, 224(8):106335, 8, 2020.

Dongkwan Kim. Homology class of a Deligne-Lusztig variety and its analogs. Int. Math. Res. Not. IMRN,
(4):1246-1280, 2020.

Stephen S. Kudla and Michael Rapoport. Special cycles on unitary Shimura varieties I. Unramified local
theory. Invent. Math., 184(3):629-682, 2011.

Stephen S. Kudla and Michael Rapoport. Special cycles on unitary Shimura varieties II: Global theory. J.
Reine Angew. Math., 697:91-157, 2014. ]

Stephen S. Kudla. Special cycles and derivatives of Eisenstein series. In Heegner points and Rankin L-
series, volume 49 of Math. Sci. Res. Inst. Publ., pages 243-270. Cambridge Univ. Press, Cambridge, 2004.
Yifeng Liu, Yichao Tian, Liang Xiao, Wei Zhang, and Xinwen Zhu. On the Beilinson-Bloch-Kato conjecture
for Rankin-Selberg motives. arXiv e-prints, page arXiv:1912.11942, December 2019. [5] [f]

Chao Li and Wei Zhang. Kudla—Rapoport cycles and derivatives of local densities. J. Amer. Math. Soc.
to appear. [2 B B [

Chao Li and Wei Zhang. On the arithmetic Siegel-Weil formula for GSpin Shimura varieties. arXiv e-prints,
page arXiv:2106.15038, June 2021. [2]

I. G. Macdonald. Schur functions: theme and variations. In Séminaire Lotharingien de Combinatoire
(Saint-Nabor, 1992), volume 498 of Publ. Inst. Rech. Math. Av., pages 5-39. Univ. Louis Pasteur, Stras-
bourg, 1992.

John T. Tate. Algebraic cycles and poles of zeta functions. In Arithmetical Algebraic Geometry (Proc.
Conf. Purdue Univ., 1963), pages 93-110. Harper & Row, New York, 1965.

John Tate. Conjectures on algebraic cycles in l-adic cohomology. In Motives (Seattle, WA, 1991), volume 55
of Proc. Sympos. Pure Math., pages 71-83. Amer. Math. Soc., Providence, RI, 1994.

Inken Vollaard. The supersingular locus of the Shimura variety for GU(1, s). Canad. J. Math., 62(3):668—
720, 2010. 5] [1]

Inken Vollaard and Torsten Wedhorn. The supersingular locus of the Shimura variety of GU(1,n — 1) II.
Invent. Math., 184(3):591-627, 2011. [1} [§]

CoOLUMBIA UNIVERSITY, DEPARTMENT OF MATHEMATICS, 2990 BROADWAY, NEW YORK, NY 10027, USA

FE-mail address: chaoli@math.columbia.edu

15



	1. Introduction
	2. Degrees of unitary Deligne–Lusztig varieties
	3. Schubert calculus
	References

