CONGRUENCES BETWEEN HEEGNER POINTS AND QUADRATIC TWISTS
OF ELLIPTIC CURVES

DANIEL KRIZ AND CHAO LI

ABSTRACT. We establish a congruence formula between p-adic logarithms of Heegner points for
two elliptic curves with the same mod p Galois representation. As a first application, we use the
congruence formula when p = 2 to explicitly construct many quadratic twists of analytic rank zero
(resp. one) for a wide class of elliptic curves E. We show that the number of twists of E up to
twisting discriminant X of analytic rank zero (resp. one) is > X/log®® X, improving the current
best general bound towards Goldfeld’s conjecture due to Ono—Skinner (resp. Perelli-Pomykala).
We also prove the 2-part of the Birch and Swinnerton-Dyer conjecture for many rank zero and rank
one twists of E, which was only recently established for specific CM elliptic curves E.

1. INTRODUCTION

1.1. Goldfeld’s conjecture. Let E be an elliptic curve over Q. We denote by 7., (F) its analytic
rank. By the theorem of Gross—Zagier and Kolyvagin, the rank part of the Birch and Swinnerton-
Dyer conjecture holds whenever r,,(E) € {0,1}. One can ask the following natural question: how
is ran(F) distributed when E varies in families? The simplest (1-parameter) family is given by the
quadratic twists family of a given curve E. For a fundamental discriminant d, we denote by E(@ the
quadratic twist of E by Q(v/d). The celebrated conjecture of Goldfeld [Gol79] asserts that 1y, (E(@)
tends to be as low as possible (compatible with the sign of the function equation). Namely in the
quadratic twists family {E(@}, r,, should be 0 (resp. 1) for 50% of d’s. Although r., > 2 occurs
infinitely often, its occurrence should be sparse and accounts for only 0% of d’s. More precisely,

Conjecture 1.1 (Goldfeld). Let
No(E, X) = {|d| < X : ran(EWD) =1}
Then for r € {0,1},
1
No(B, X) ~ 5 Y1, X oo
ld|<X
Here d runs over all fundamental discriminants.
Goldfeld’s conjecture is widely open: we do not yet know a single example F for which Conjecture

is valid. One can instead consider the following weaker version (replacing 50% by any positive
proportion):

Conjecture 1.2 (Weak Goldfeld). Forr € {0,1}, N.(E, X) > X.
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Remark 1.3. Heath-Brown ([HB04, Thm. 4]) proved Conjecture[L.2| conditional on GRH. Recently,
Smith [Smil7] has announced a proof (conditional on BSD) of Conjecture for curves with full
rational 2-torsion. In our recent work |[KL16|, we have proved Conjecture unconditionally for
any E/Q with a rational 3-isogeny.

When r = 0, the best unconditional general result towards Goldfeld’s conjecture is due to Ono—
Skinner [OS9§|: they showed that for any elliptic curve E/Q,

No(E, X) >

log X~
When E(Q)[2] =0, Ono [Ono01] improved this result to
X
logl™@ X
for some 0 < o < 1 depending on E. When r = 1, even less is known. The best general result is
due to Perelli-Pomykala [PP97| using analytic methods: they showed that for any e > 0,

No(E, X) >

Ni(E,X)> X17¢,

Our main result improves both bounds, under a technical assumption on the 2-adic logarithm of
the associated Heegner point on F.

Let us be more precise. Let £//Q be an elliptic curve of conductor N. Throughout this article,
we will use K = Q(v/dk) to denote an imaginary quadratic field of fundamental discriminant dg
satisfying the Heegner hypothesis for N:

each prime factor £ of N is split in K.

We denote by P € E(K) the corresponding Heegner point, defined up to sign and torsion with
respect to a fixed modular parametrization 7 : Xo(IN) — E (see [Gro84]). Let

f(@) =) an(E)d" € 37 (To(N))
n=1

be the normalized newform associated to E. Let wg € Q}E/Q = HY(E/Q, Q') such that

Tp(wr) = f(q) - dq/q.

We denote by log,, = the formal logarithm associated to wg. Notice wg may differ from the Néron
differential by a scalar when E is not the optimal curve in its isogeny class.
Now we are ready to state our main result.

Theorem 1.4. Suppose E/Q is an elliptic curve with E(Q)[2] = 0. Suppose there exists an imagi-
nary quadratic field K be satisfying the Heegner hypothesis for N such that

|E™(F2)] - log,,,, (P)
2

(%) 2 splits in K and #0 (mod 2).

Then for r € {0,1}, we have

X
e U Gal(Q(E[2)/Q) = S,

Ny (E, X) > log™/% X 3
o2y ! Gal(Q(E[2)/Q) = Z/3Z.
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Remark 1.5. Assumption imposes certain constraints on F/Q (e.g., its local Tamagawa num-
bers at odd primes are odd, see §4.1)), but it is satisfied for a wide class of elliptic curves. See §6|for
examples and also Remark [6.6] on the wide applicability of Theorem

Remark 1.6. Mazur-Rubin [MRI10] proved similar results for the number of twists of 2-Selmer
rank 0,1. Again we remark that it however does not have the same implication for analytic rank
r = 0,1 (or algebraic rank 1), since the p-converse to the theorem of Gross—Zagier and Kolyvagin
for p = 2 is not known.

Remark 1.7. For certain elliptic curves with E(Q)[2] = Z/2Z, the work of Coates-Y. Li-Tian-
Zhai [CLTZ15] also improves the current bounds, using a generalization of the classical method of
Heegner and Birch for prime twists.

1.2. Congruences between p-adic logarithms of Heegner points. The starting point of the
proof of Theorem is the simple observation that quadratic twists doesn’t change the mod 2
Galois representations: E[2] = E(@[2]. More generally, suppose p is a prime and E, E’ are two
elliptic curves with isomorphic semisimplified Galois representations E[p™]* = E'[p™]* for some
m > 1, one expects that there should be a congruence mod p™ between the special values (or
derivatives) of the associated L-functions of E and E’. It is usually rather subtle to formulate such
congruence precisely. Instead, we work directly with the p-adic incarnation of the L-values — the
p-adic logarithm of Heegner points and we prove the following key congruence formula.

Theorem 1.8. Let E and E' be two elliptic curves over Q of conductors N and N’ respective-
ly. Suppose p is a prime such that there is an isomorphism of semisimplified Go = Gal(Q/Q)-
representations

E[pm]SS g E/[pm]SS
for some m > 1. Let K be an imaginary quadratic field satisfying the Heegner hypothesis for both

N and N'. Let P € E(K) and P' € E'(K) be the Heegner points. Assume p is split in K. Then
we have

P' (mod p"Ok,).

W g

|E™S (Fy)| _ B (F )|
H — -log, P=+ H — -log
¢pNN'/M ¢pNN'/M

Here
M = H Eordg(NN’).
£|(N,N’)
aé(E)Eae(E/) (mod p™)

Remark 1.9. Recall that E"® (F) denotes the number of Fy-points of the nonsingular part of the
mod ¢ reduction of E, which is £+ 1 — ap(E) if £ N, £ £ 1 if £||N and ¢ if £2|N. The factors in
the above congruence can be understood as the result of removing the Euler factors of L(E, 1) and
L(E’,1) at bad primes.

Remark 1.10. The link between the p-adic logarithm of Heegner points and p-adic L-functions
dates back to Rubin [Rub92] in the CM case and was recently established in great generality by
Bertolini-Darmon—Prasanna [BDP13| and Liu-S. Zhang-W. Zhang [LZZ15|. However, our con-
gruence formula is based on direct p-adic integration and does not use this deep link with p-adic
L-functions.



Remark 1.11. Since there is no extra difficulty, we prove a slightly more general version (Theorem
for Heegner points on abelian varieties of GLo-type. The same type of congruence should hold
for modular forms of weight k£ > 2 (in a future work), where the p-adic logarithm of Heegner points
is replaced by the p-adic Abel-Jacobi image of generalized Heegner cycles defined in [BDP13].

1.3. A by-product: the 2-part of the BSD conjecture. The BSD conjecture predicts the
precise formula

O LO(E/Q1) I, o(E/Q) - [H(E/Q)
r'Q(E/QR(E/Q) |E(Q)tor|?

for the leading coefficient of the Taylor expansion of L(E/Q, s) at s = 1 (here r denotes the analytic
rank) in terms of various important arithmetic invariants of E (see [Groll] for detailed definitions).
The odd-part of the BSD conjecture has recently been established in great generality when r < 1,
but very little (beyond numerical verification) is known concerning the 2-part of the BSD conjecture
(BSD(2) for short). A notable exception is Tian’s breakthrough [Tial4] on the congruent number
problem, which establishes BSD(2) for many quadratic twists of X((32) when r < 1. Coates outlined
a program (|Coal3l p.35]) generalizing Tian’s method for establishing BSD(2) for many quadratic
twists of a general elliptic curve when r < 1, which has succeeded for two more examples X(49)
(ICLTZ15]) and X(36) (JCCL16]). We remark that all these three examples are CM with rational
2-torsion.

We now can state the following consequence on BSD(2) when r < 1 for many explicit twists, at
least when the local Tamagawa number at 2 is odd.

Theorem 1.12. Let E/Q be an elliptic curve with E(Q)[2] = 0. Assume there is an imaginary
quadratic field K satisfying the Heegner hypothesis for N and Assumption . Further assume
that the local Tamagawa number co(E) is odd. If E has additive reduction at 2, further assume its
Manin constant is odd.

Let S be the set of primes

S = {l12N : ¢ splits in K,Frob, € Gal(Q(E[2])/Q) has order 3}.

Let N be the set of all integers d =1 (mod 4) such that |d| is a square-free product of primes in S.
We have:

(1) If BSD(2) is true for E/K, then BSD(2) is true for E\D /K, for any d € N
(2) If BSD(2) is true for E/Q and E9x)/Q, then BSD(2) is true for E/Q and E\@)/Q, for
any d € N such that xq(—N) = 1.

Remark 1.13. BSD(2) for a single elliptic curve (of small conductor) can be proved by numerical
calculation when r < 1 (see [Mill1] for curves of conductor at most 5000). Theorem then allows
one to deduce BSD(2) for many of its quadratic twists (of arbitrarily large conductor). See §6| for
examples.

Remark 1.14. Manin’s conjecture asserts the Manin constant for any optimal curve is 1, which

would imply that the Manin constant for F is odd since FE is assumed to have no rational 2-torsion.

Cremona has proved Manin’s conjecture for all optimal curves of conductor at most 380000 (see

[ARSO6, Theorem 2.6] and the update at http://johncremona.github.io/ecdata/#optimality).
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1.4. Structure of the paper. The main congruence (Theorem is proved in We explain
the ideal of the proof in §2.1] In §3] we prove the application to Goldfeld’s conjecture for general E
(Theorem [1.4). In §4and §5] we prove the application to BSD(2) (Theorem[1.12)). In §6] we include
numerical examples illustrating the wide applicability of Theorems and [I.12]

1.5. Acknowledgments. We are grateful to J. Coates, B. Mazur and W. Zhang for their interest
and helpful comments. Our debt to the two papers [BDP13| and [LZZ15] should be clear to the
readers. The examples in this article are computed using Sage ([Sagl6]).

2. PROOF OF THE MAIN CONGRUENCE

2.1. The strategy of the proof. We first give the idea of the proof of Theorem [I.8] From
the congruent Galois representations, we deduce that the coefficients of the associated modular
forms are congruent away from the bad primes in pNN’/M. After applying suitable stabilization
operators ( at primes in NN’/M, we obtain p-adic modular forms whose coefficients are all
congruent. This congruence is preserved when applying a power 67 of the Atkin-Serre operator
0. Letting j — —1 (p-adically) and using Coleman’s theorem on p-adic integration (generalized
in [LZZ15], see , we can identify the values of 71 f and log, ; at CM points. The action of
stabilization operators at CM points (§2.4) gives rise to the extra Euler factors. Summing over
the CM points finally proves the main congruence between p-adic logarithms of Heegner points
(. This procedure is entirely parallel to the construction of anticyclotomic p-adic L-functions
of [BDP13|, but we stress that the congruence itself (without linking to the p-adic L-function) is
more direct and does not require the main result of [BDP13|. In particular, we work on X(N)
directly (as opposed to working on the finite cover X7 (N)) and we do not require F to have good
reduction at p.

2.2. p-adic modular forms. Henceforth, it will be useful to adopt Katz’s viewpoint of p-adic
modular forms as rules on the moduli space of isomorphism classes of “ordinary test triples”. (For
a detailed reference, see for example [Kat76, Chapter V|.)

Definition 2.1 (Ordinary test triple). Let R be a p-adic ring (i.e. the natural map R — yLnR/p”R
is an isomorphism). An ordinary test triple (A,C,w) over R means the following:

(1) A/R is an elliptic curve which is ordinary (i.e. A is ordinary over R/pR),

(2) (level N structure) C' C A[N] is a cyclic subgroup of order N over R such that the p-primary
part C[p™>] is the canonical subgroup of that order (i.e., letting A be the formal group of A, we
have C[p>] = A[p>°] N C),

B) we Qxl4/R = HY(A/R, Q') is a differential.

Given two ordinary test triples (A, C,w) and (A’,C’,w’) over R, we say there is an isomorphism
(A, C,w) = (A',C" W) if there is an isomorphism i : A — A’ of elliptic curves over R such that
¢(C) = C" and i*w’ = w. Henceforth, let [(A, C,w)] denote the isomorphism class of the test triple
(4,C,w).

Definition 2.2 (Katz’s interpretation of p-adic modular forms). Let S be a fixed p-adic ring.
Suppose F' as a rule which, for every p-adic S-algebra R, assigns values in R to isomorphism classes
of test triples (A, C,w) of level N defined over R. As such a rule assigning values to isomorphism

classes of ordinary test triples, consider the following conditions:
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(1) (Compatibility under base change) For all S-algebra homomorphisms i : R — R/, we have
F((A> C, W) X R/) = Z(F(Av 07(")))'

(2) (Weight k condition) Fix k € Z. For all A € R*,
F(A,C)\-w) =X F(A,C,w).

(3) (Regularity at cusps) For any positive integer d|N, letting Tate(q) = G,,/q” denote the Tate
curve over the p-adic completion of R((¢'/?)), and letting C C Tate(q)[N] be any level N
structure, we have

F(Tate(q), C, du/u) € R[[¢"7]]
where u is the canonical parameter on Gy,.

If F satisfies conditions (1)-(2), we say it is a weak p-adic modular form over S of level N. If F

satisfies conditions (1)-(3), we say it is a p-adic modular form over S of level N. Denote the space of

weak p-adic modular forms over S of level N and the space of p-adic modular forms over S of level N
by MP24¢(Dg(N)) and MPU¢(To(N)), respectively. Note that MU (To(N)) c MP2(Tg(N)).

Let Tate(g) be the Tate curve over the p-adic completion of S((g)). If F € MV (Ty(N)), one
defines the g-expansion (at infinity) of F' as F(q) := F(Tate(q), un,du/u) € S][q]], which defines
a g-expansion map F — F(q). The g-ezpansion principle (see [Gou88, Theorem 1.3.1] or [Kat75])
says that the g-expansion map is injective for I’ € M?adic(Fo(N)).

From now on, let NV denote the minimal level of F' (i.e. the smallest N such that F' € M,f'adic(Fg(N))).
For any positive integer N’ such that N|N’, we can define

[N'/N]*F(A, C,w) := F(A,C[N],w)
so that [N'/NJ*F € M ,f'adiC(Fo (N')). When the larger level N’ is clear from context, we will often
abuse notation and simply view F € M (Ty(N’)) by identifying F and [N'/N]*F.
We now fix N# € Z-q such that N|N#, so that we can view F € M,f'adlc(Fo(N#)), and further
suppose /2| N# where £ is a prime (not necessarily different from p). Take the base ring S = Oc, -

Then the operator on M ,f'adiC(I’o (N#)) given on g-expansions by
F(q) = F(q")

has a moduli-theoretic interpretation given by “dividing by ¢-level structure”. That is, we have an
operation on test triples (A, C,w) defined over p-adic Oc,-algebras R given by

Vi(A, C,w) = (4/C[0), 7(C), 7w)
where 7 : A — A/C[{] is the canonical projection and 7 : A/C[¢] — A is its dual isogeny.

Thus V; induces a form V}F € M} adic 0o (N#)) defined by

ViF(A,Cw):=F(Vi(A,C,w)).

For the Tate curve test triple (Tate(q), ,uN/#ﬁu/u), one sees that (uy#)[¢] = pe and 7 : Tate(q) —

L — ~

Tate(q?). Since 7 : G,,, = Tate(q) — Tate(q?) = G,, is multiplication by ¢, we have 7*du/u =
¢ du/u, and so 7*du/u = du/u. Thus one sees that V; acts on g-expansions by

V' F(q) = V' F(Tate(q), tiy+, du/u) = F(Tate(q"), py# 0, du/u) = F(q°).
If Fe M,f'adic(Fo(N#)), then V/F € M,f'adiC(Fo(N#)), and the g-expansion principle then implies

that V*F is the unique p-adic modular form of level N# with g-expansion F (¢%).
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2.3. Stabilization operators. In this section, we define the “stabilization operators” alluded to
in as operations on rules on the moduli space of isomorphism classes of test triples. Let F' €
Mg'adic(Fo(N)) and henceforth suppose N is the minimal level of F. View F € MgadiC(Fo(N#)),
and let ag(F) denote the coefficient of the ¢’ term in the g-expansion F(g). Then up to permu-
tation there is a unique pair of numbers (ag(F), B¢(F)) € C2 such that ay(F) 4 B¢(F) = ag(F),
ag(F)Be(F) = £*~1. We henceforth fix an ordered pair (ay(F), Be(F)).

Definition 2.3. When £ { N, we define the (¢)*-stabilization of F as

(2) FOT = F — By(F)V; F,

the (¢)~-stabilization of F as

(3) FO” = F — ay(F)V;}F,

and the (£)°-stabilization for F as

(4) FO" = F — a)(F)V;F + ("W Vi F.

We have F(©)" ¢ M,f'adic(Fo(N#)) for x € {+,—,0}.
Observe that on g-expansions, we have
FO"(q) := Flg) — Be(F)F(q"),
FO(q) := Flg) — au(F)F(q"),
PO (q) := F(g) — ar(F)F(¢") + € F(q").
It follows that if F' is a T,-eigenform where ¢ 1 n, then FO" ig still an eigenform for T),. If F is
a Ty-eigenform, one verifies by direct computation that ag(FO7) = ay(F), a(FO~) = y(F), and
ag(F(z)O) =0.
When /|N, we define the (¢)°-stabilization of F as

(5) FO" = F — q)(F)V;F.
Again, we have F(O" ¢ M]f'adiC(Fo(N#)). On g-expansions, we have
FO%(q) = F(q) = au(F)F(¢")

It follows that if F' is a Uy,-eigenform where £ { n, then FO" is still an eigenform for U,. If Fis a
Uy-eigenform, one verifies by direct computation that ay(F' (5)0) =0.

Note that for ¢; # fo, the stabilization operators F — F{)" and F — F®)" commute. Then
for pairwise coprime integers with prime factorizations Ny = [[; 7, N = [[; ¢, No = [[,,, (7,
we define the (N, N_, Ny)-stabilization of F as

FWNwN-No) . pIL(6) " T1; €)™ T, (6m)°

2.4. Stabilization operators at CM points. Let K be an imaginary quadratic field satisfying
the Heegner hypothesis with respect to N#. Assume that p splits in K, and let p be prime above p
determined by the embedding K C C,,. Let N# C Ok be a fixed ideal such that O/M* = Z/N#,
and if p| N7, we assume that p|97. Let A/Oc, be an elliptic curve with CM by O. By the theory
of complex multiplication and Deuring’s theorem, (A, A[D],w) is an ordinary test triple over Oc, -

A crucial observation is that at an ordinary CM test triple (A, A[‘ﬁ#], w), one can express
Vi(A, APV#],w) and thus (£)-stabilization operators in terms of the action of C/(Ox) on A coming

from Shimura’s reciprocity law. First we recall the Shimura action: given an ideal a C Ok, we
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define Ay, = A/Ala], an elliptic curve over Oc, which has CM by O, whose isomorphism class
depends only on the ideal class of a. Let ¢, : A — A, denote the canonical projection. Note that
there is an induced action of prime-to-0N# integral ideals a C Ok on the set of triples (A4, A[DN"],w)
given by of isomorphism classes [(A, A[DN#],w)], given by

ax (A, A, w) = (Ag, Ag[N7], wq)

where w, € Q}% Jc, 18 the unique differential such that ¢jw, = w. Note that this action descends to
an action on the set of isomorphism classes of triples [(4, A[DN#],w)] given by ax [(A, A[R#],w)] =
[ax (A, A[M7],w)]. Letting M = (N¥, N), also note that for any M C Ok with norm N’ and
MM'|N#, the Shimura reciprocity law also induces an action of prime-to-9% integral ideals on CM
test triples and isomorphism classes of ordinary CM test triples of level N'.

The following calculation relates the values of V;, F() and F at CM test triples.

Lemma 2.4. For a prime £, let v[‘ﬁ# be the corresponding prime ideal of Ok above it, let T denote

the prime ideal which is the complex conjugate of v, and let a C Ok be an ideal prime to M. Then
e Ol , we h

for any w /0, we have

(6) [Vi(a# % (4, A, w))] = [0 'aN# « (4, A0 1], w))]
and
(7) [Ve(Ve(aN# % (A, ANF],w)))] = [0 2a# x (4, A0 ~?],w))].

As a consequence, if F' € M,f'adic(Fo(N#)), when ¢ 1 N we have
FOT (a0# « (A4, A, w))

®) = F(aM# x (A, AV],w)) — Bu(F)F (7~ aM# x (A, ANF],w)),
) FO (an# x (A, A7), w))

= F(aM# x (A, AM#],w)) — ap(F)F (0 aN# x (A, AIN#],w)),
(10)

FO" (a0# x (A, AH],w))
= F(aN# % (A, A, w)) — ap(F)F (T La# x (A, AVF],w)) + " LE @ 2a0# « (A, AN, w)),
and when ¢|N,
(11)  FO° (aN# x (A, AD#],w)) = F(aNF * (A, ANF],w)) — ag(F)F (0 'aNF « (A, A#], w)).
Proof. Note that (Aamf#[‘)’t#])[ﬁ] = A 5wz[v]. Hence
[Ve(aNF x (A, A[F],w))] = [aNF % Vy(4, A[TF],w)]

= [aM #*(AU,A RIS RS

= [0 a0 % (Au, A [ M0, ($w))]

[0 aN# % (A (g, A [0, (F5w)o)]
= [0 aM# x (A, AP o1, w)]

where the last equality, and hence @ follows, once we prove the following.
8



Lemma 2.5. Under the canonical isomorphism i : Ay = A sending an equivalence class x+ A[f] €
Ay to [f]x, where [(] : A — A denotes multiplication by £ in the group law, we have

(12) (rw)y = i*w.

Proof. By definition of wg for a given differential w, is equivalent to the identity

Ppw = ¢y(i*w) = (i o ¢p) w.
To show this, it suffices to establish the equality
Gy =10y
of isogenies A, — A. Since ¢z 0 ¢y = ¢y = A — A(y), we have

ZO%O(ﬁv:’LO(ﬁ(Z)A@)AM)%}A

where the first arrow maps « — x + A[{], and the second arrow maps x + A[{] — [(]z. Hence this
composition is in fact just the multiplication by ¢ map [¢]. Hence i o ¢ is the dual isogeny of ¢,
i.e. ¢ =io0 ¢y, and the lemma follows. O

The identity follows by the same argument as above, replacing % with M#v~!. Viewing F

as a form of level N# and using @ and , then , @, and follow from , ,
O

and ([5)), respectively.

Finally, we relate the CM period sum of F(©" for € {+, —,0} to that of F' by showing that they

differ by an Euler factor at ¢ associated with F' ® x~'. This calculation will be used in the proof

of Theorem to relate the values at Heegner points of the formal logarithms long ® and log,, .
associated with F(©" and F.

Lemma 2.6. Suppose F € Mﬁ_adic(l’o(]\f#)), and let x : Ay — C, be a p-adic Hecke character
such x is unramified (at all finite places of K ), and Xoo() = oF for any o € K*. Let {a} be a full
set of integral representatives of CL(Ox) where each a is prime to 7. If £+ N, we have
_ +
Yo X THOFY (ax (A, A, w))
[a]eC(Ok)

= (1=B(F)x'®@) D> x Ha)F(ax (4 AM*],w)),
l]eCt(Ox)

> X HOFY (ax (A, ANF),w))
[a]€Cl(OK)

= (1-aF @) Y M@ F(ax (A AN w)),
[a]eCe(Ok)

ST xTH@) PO (ax (A, AN, w))
[a]eCl(OK)




and if £|N, we have

S X TH@FY (ax (4, A, w))
[a]€CL(OK)

=(1-a@®)x'@) Y xH@)F(ax (A AN w)).
[a]eCt(OK)

Proof. First note that by our assumptions on y, for any G € M ,f'adiC(I‘o (N#)), the quantity
X (a)Glax (4, AF],w))

depends only on the ideal class [a] of a. Since {a} of integral representatives of C£(Of), {aN#} is
also a full set of integral representatives of C¢(O). By summing over C/(Ok) and applying Lemma

2.4 we obtain
ST XM @F P (ax (A AL w) = > xTHa)F(ax (4, A, w))
[a]€CL(Ok) [a]eCt(OK)
—ag(F) > x HaNF)F@ " aNF « (4, AT, w))
[a]eCl(OK)

S ) P20 (4, AV, w))

[a]eCl(Ok)

-9 T
_ <1 — ae(F)x (@) + X E( )> 3 @) F(ax (A, AP, w)

[a]eCl(Ok)

when ¢ 1 N. Similarly, we obtain the other identities for (¢)* and (¢)~-stabilization when £ { N, as
well as the identity for (¢)°-stabilization when ¢|N. O

2.5. Coleman integration. In this section, we recall Liu-Zhang—Zhang’s extension of Coleman’s
theorem on p-adic integration. We will use this theorem later in order to directly realize (a pullback
of) the formal logarithm along the weight 2 newform f € S5V (I'o(IN)) as a rigid analytic function
F on the ordinary locus of Xo(N)(C,) (viewed as a rigid analytic space) satisfying 0F = f.

First we recall the theorem of Liu—Zhang—Zhang, closely following the discussion preceding Propo-
sition A.1 in [LZZI5, Appendix A]. Let R C C, be a local field. Suppose X is a quasi-projective
scheme over R, X'e = X (Cp)rig is its rigid-analytification, and U C X'& an affinoid domain with

good reduction.

Definition 2.7. Let X and U be as above, and let w be a closed rigid analytic 1-form on U. Suppose
there exists a locally analytic function F, on U as well as a Frobenius endomorphism ¢ of U (i.e.
an endomorphism reducing to an endomorphism induced by a power of Frobenius on the reduction
of U) and a polynomial P(X) € C,[X] such that no root of P(T') is a root of unity, satisfying

o dF, = w;

o P(¢*)F, is rigid analytic;
and F,, is uniquely determined by these conditions up to additive constant. We then call F,, the

Coleman primitive of w on U. It turns out that F,,, if it exists, is independent of the choice of P(X)

([Col85, Corollary 2.1b)).
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Given an abelian variety A over R of dimension d, recall the formal logarithm defined as follows.
Choosing a w € leq/(cp, the p-adic formal logarithm along w is defined by formal integration

log,,(T) := /OTw

in a formal neighborhood A of the origin. Since A(C,) is compact, we may extend by linearity to a

map log,, : A(C,) — C, (i.e., log, () :== Llog, (nz) if nz € A).

T n
Liu-Zhang—Zhang prove the following extension of Coleman’s theorem.
Theorem 2.8 (See Proposition A.1 in |[LZZ15]). Let X and U be as above. Let A be an abelian
variety over R which has either totally degenerate reduction (i.e. after base changing to a finite
extension of R, the connected component of the special fiber of the Néron model of A is isomorphic
to GZ ), or potentially good reduction. For a morphism v : X — A and a differential form w € Q,l4/F’
we have

(1) t*wy admits a Coleman primitive on U, and in fact
2) 1*log,, . is a Coleman primitive of t*wyy on U, where log,, : A(C,) — C, is the p-adic formal
wiu v w P v
logarithm along w.

2.6. The main congruence. Let f € My(I'o(N)) and g € Ma(T'o(N’)) be normalized eigenforms
defined over the ring of integers of a number field with minimal levels N and N’, respectively. Let
K be an imaginary quadratic field with Hilbert class field H, and suppose K satisfies the Heegner
hypothesis with respect to both N and N’, with corresponding fixed choices of ideals 91,0 C Ok
such that Og /M = Z/N, Ok /9 = Z/N’, and such that ¢|(N, N’) implies (¢,0) = (¢,9M); hence
Ok /lem(M,N') = Z/lem(N, N').

Recall the moduli-theoretic interpretation of Xo(N), in which points on Xo(N) are identified with
isomorphism classes [(4, C)] of pairs (A4, C)) consisting of an elliptic curve A and a cyclic subgroup
C C A[N] of order N. Throughout this section, let A/Oc¢, be a fixed elliptic curve with CM by O,
and note that as in the Shimura reciprocity law induces an action of integral ideals prime to 91
on (A, A[N]), which descends to an action of C£(O) on [(A, A[N])]. Let x : Gal(H/K) = Q" be a
character, and let L be a finite extension of K containing the Hecke eigenvalues of f, g, the values
of x and the field cut out by the kernel of y. For any full set of prime-to-91 integral representatives
{a} of C4(Ok), define the Heegner point on Jy(NV) attached to x by

P()= Y x ') ax (A AD))] - [oc]) € Jo(N)(H) @z L,
[a]eCl(Ok)

where [00] € Xo(IN)(Cp) denotes the cusp at infinity. Similarly, for any full set of prime-to-9V
integral representatives {a} of C/(Ok), define the Heegner point on Jy(N') attached to x by
P'(x):= > x M@ ([ax (A AV])] = [<]) € Jo(N')(H) @z L,
[a]eCt(Ok)
where [00'] € Xo(N')(C,) denotes the cusp at infinity.
Let ¢ : Xo(N) — Jo(NN) denote the Abel-Jacobi map sending [oo] + 0, and let o/ : Xo(N') —
Jo(N") denote the Abel-Jacobi map sending [00’] — 0. Let Ay and Ay be the abelian varieties

over Q of GLa-type associated with f and g. Fix modular parametrizations 7y : Jo(N) — Ay and
mg 1 Jo(N') = Ag. Let Pr(x) :=m¢(P(x)) and Py(x) := my(P’(x)). Letting

wr € Q(lfo(N)/Ocp such that .*wy = f(q) - dq/q,
11



and
wy € Qbo(N’)/Ocp such that J"*w, = ¢(q) - dq/q,
we choose wA; € th/Q and wy, € 9}49/@ such that w;‘chf = wy and w;‘wAg = Wy.
We define

log,, P(X) = > x '(a)log,, ([ax (4, A[M)] - [d]) € L,
[a]eCL(OK)
and
log,, P'(x) = Y. X '(a)log,, ([ax (A, AV))] — [o0']) € Ly
[a]eCL(OK)

The fact that these are values in L, follows from the fact P(x) € Jo(N)(H) ®z Q is in the x-
isotypic component of Gal(Q/K), and similarly for P’(x). We similarly define log,, A P¢(x) € Ly and

logwAg P,(x) € Ly, and note that by functoriality of the p-adic logarithm, log,,, P(x) = logwAf Pr(x)
and log,, P'(x) =log,, Fy(x)-

Let A be the prime of Of, above p determined by the embedding L — @p. We will now prove a
generalization of Theorem for general weight 2 forms.

Theorem 2.9. In the setting and notations described above, suppose that the associated semisimple
mod \™ representations py, py : Gal(Q/Q) — GLa(Or, /A™) satisfy py = pgy. For each prime (NN,
let 0| be the corresponding prime above it. Then we have

{—ar(f)x ' (@) + x*(©0) {—ag(f)x ' (v)
¢pNN'/M¢N ¢pNN'/M|N
_ {—a(g)x '(v) + x*(@) {—ag(g)x ' (v)
= 11 ; 11 ; log,,,, Ps(X)
¢pNN' /M GN' ¢ pNN'/M LN
(mod \™Op,),
where
M = H gordg(NN/)'

€/(N,N"),ae(f)=ae(g) mod A™

Proof of Theorem[2.9. We first transfer all differentials and Heegner points on Jy(N) and Jo(N')
to the Jacobian Jo(N#) of the modular curve Xo(N#), where N7 := lemy v (I, N',p?, £?). Note
that for the newforms f and g, the minimal levels of the stabilizations f©) an ¢ divide N#, since
if 2|N then as(f) = 0 and f© = f, and similarly if £2| N’ then ¢¥) = g. By assumption, K satisfies
the Heegner hypothesis with respect to N#, and let % := lemy, o (N, 9, p2,v?). For any full set
of prime-to-t* integral representatives {a} of C¢(Of), define

PR = Y xTH(@)([ax (A AF])] — [oo®]) € Jo(NF#)(H) @7 L,
[a]eCl(OK)
where [0o#] € Xo(N#)(C,) denotes the cusp at infinity. Letting 7° : Jo(N#) — Jo(IN) and
7% Jo(N#) — Jo(N') denote the natural projections, one sees that 7°(P#(x)) = P(x) and that
7?2 (P#(x)) = P'(x). Let o# : Xo(N#) — Jo(N#) denote the Abel-Jacobi map sending [co#] — 0.
Viewing f and ¢ as having level N# we define their associated differential forms by

#ecql ‘ ot I
W € Qe o, such that (HwE = 1(q) - da/g € Uy, vy o,

12



#

L One sees that 7rb’*oJf = wj and W”b’*wg = w#. Finally,

and similarly define w# e Jo(N#)/Oc. "
P

define

log+ P*(x) = Y x '(a)log s ([ax (A, A[MF])] - [o¥]) € L,
! [a)eCiOx) !

and similarly for logw# P#(x).

Let Ng# denote the prime-to-p part of N#. Let X denote the canonical smooth proper model
of XO(NO# ) over Zj,, and let A, denote its special fiber. There is a natural reduction map red :
XO(N#)((CP) = X(Oc,) — X, (Fp). Viewing XO(NS#)((CP) as a rigid analytic space, the inverse
image in XO(Ng% )(Cp) of an element of the finite set of supersingular points in X, () is conformal
to an open unit disc, and is referred to as a supersingular disc. Let Dy denote the the affinoid domain
of good reduction obtained by removing the finite union of supersingular discs from the rigid space
XO(NS#E )(Cp). In the moduli-theoretic interpretation, Dy consists of points [(A, C')] over Oc, of good
reduction such that A ®o,, F, is ordinary. The canonical projection Xo(N#) — XO(NSéﬁ ) has a

rigid analytic section on Dy given by “increasing level N(?E structure by the order N# /NSéé canonical
subgroup”. Namely given [(A, C')] € Dy, the section is defined by [(4, C)] — [(A,C x A[N#/NO#])].
We identify Dy with its lift D, which is called the ordinary locus of Xo(N#)(C,); one sees from the

above construction that D is an affinoid domain of good reduction.
q

A p-adic modular form F' of weight 2 (as defined in §2.2)) can be equivalently viewed as a rigid

1
Xo(N#)/Cp

exterior differential is given on g-expansions by d = 9% where 6 is the Atkin—Serre operator on

analytic section of ( )ip (viewed as an analytic sheaf). Under this identification, the

p-adic modular forms acting via qdiq on g-expansions. Thus for each j € Zx, 0/ F is a rigid analytic
1475

Dy,

in j € Z/(p—1) x Zy, (as one verifies on g-expansions), and so

gLy .— 97 (£
(F7) = Jim O(FT)

section of ( )jp- The collection of p-adic modular forms 67 ( f (P)) varies p-adic continuously

is a rigid analytic function on D and a Coleman primitive for L#’*wf(p) since

o~ (f%)) = [P (q) - dg/q = F wpe.
Also note that (#*wy (restricted to D) has a Coleman primitive F .. # by part (1) of Theorem
f
2.8/ (applied to R = Q,, X = Xo(N#), U =D and A = Jy(N#)), which we can (and do) choose to
take the value 0 at [co™]. As a locally analytic function on D, F . # can be viewed as an element
!

of Mg'adiC(Fg(N#)) (see Definition . By the moduli-theoretic definition of (p)-stabilization in
terms of the operators V}, defined in §2.3} we have

defl(f(p)) — d(FL#,*wJﬁ)(p)v

and so
9—1(f(p)) — (FL#**UJ#)(p)
f

by uniqueness of Coleman primitives. The same argument shows that =1 (g(®)) = (FL#,*W#)(I’).
g9

Since py = py, we have

67 (fONNMDY (q) = 67 (g@NNM) (g) (mod A™Oc,)
13



for all j > 0. Letting j — (—1,0) € Z/(p — 1) x Zj, we find that
o= (fENNM) (g) = 07 (PN M) (g)  (mod A O,).

Let Ny denote the prime-to-p part of NN'/M. One sees directly from the description of stabilization
operators on g-expansions that —1(fPNN'/M)y(g) = (9= (f®))(No)(¢) and =1 (g®PNN'/M)(q) =
(6= 1(g))(No) (¢). Thus, the above congruence becomes

O (FPNN () = (071 (g") M) () (mod A"O,).

#)®) and the equality of stabi-

g9

Using the identities =1 (f®)) = (Fb#ﬁw#)(p) and = 1(g®) = (F 4,
7
lization operators (pNg) = (pNN'/M), we have

PN g) = (F

L

(Fprent )TV (@) (mod AO,).

Thus, applying the g-expansion principle (i.e. the fact that the g-expansion map is injective), we
have that

(13) (F o) PNV = (B, ) PNN/M) - (1nod A™Og,)
f

L wy

as weight 0 p-adic modular forms on D over Oc,. In particular, for an ordinary CM test triple
(A, AN#],w), we have

(14) (B YV 0 (ax(A, AV ) = (F,

)PV D (x (4, AV ) (mod X" O, ).
r—t g,
Applying Lemma inductively to Fy = F(E::;ZZ) for 1 <t < r where [[;_; ¢; is the square-
L UJf
free part of pNN'/M (so that Fy = Fb(ﬁfi\%/M), F, = FL#»mf and Ft(m = F;_1), and noting that

OF 4. #»(q) = f(q) implies ay, (Fy) = ar,(f)/lt, we obtain, for any full set of prime-to-N# integral
f
representatives {a} of C/(Ok),

> x_l(a)(FL#,*w?)(”NN//M)(a*(A,A[‘ﬁ#],w))
[a]eCl(OK)

14
¢pNN'/M N ¢pNN'/ME|N

Z X (@) F 4. #(ax (A, A*],w))
la]eCHOx) !
14



and similarly for F, . ». Thus by , we have
g

m - a(fIX"()  x*(0) m ar(f)x "' ()
(pNN' /M, 4N (pNN' /M (|N

> XTH@)F g ([0 (A, APVF])))
[a]eCl(Ok)

fpNN' /M 4N (lpPNN'/M¢|N
> X—l(a)FL#,*w#([a* (A, A[))])  (mod A™Og, ).
[a]eCt(Ok)
By part (2) of Theorem , we have FL#,*M}# = Ingj? and FL#,*UJ# = logw?f. Thus, the

above congruence becomes

—1(= —2(= —1 (=
I - ae(f)); (v) L X E(v) M - ae(f);f (V) log_» P*(x)
()pNN' /M N (pNN'/ML|N !
_ ) —1(7
_ n - ar(g)x”" (V) L X (v) M - ar(g)x” (V) log_» P*(x)
/ 14 14 Wy
¢ pNN'/M N ¢lpNN' /M L|N

(mod \"Oc,).

In fact, since both sides of this congruence belong to L, and L, N Oc¢, = O, this congruence in
fact holds mod A™Op,. The theorem now follows from the functoriality of the p-adic logarithm:

log,# P (x) = 108 0.0, P*(x) = logu,, P(x) = logrsas,, P(X) = logu,, Pr(x)

and similarly logw;# P#(x) = log,,,, Py(x). O

Remark 2.10. The normalizations of wg and wg in the statement of Theorem [1.8| a priori imply
that both sides of Theorem are p-integral. This is because CM points are integrally defined by

the theory of CM and the above proof shows that the rigid analytic function (#* has

logwf(pNN’/]\/I)
integral g-expansion.

Let we denote the canonical Néron differential of F (as we do in §4)), and let ¢ € Z such that
wg = ¢+ wg. Note that the normalization of the p-adic formal logarithm log,, . above differs by a
factor of ¢ from that of the normalization logy := log,,. . So we know that

|[E(Fy)| |[E(Fy)|

p-c
is p-integral. We remark this is compatible with the p-part of the BSD conjecture. In fact, the p-part
of the BSD conjecture predicts that P is divisible by p% ¢ . ¢,(E) in E(K) (see the conjectured

formula ) and so w - P lies in the formal group and hence |E=(Fy)|

c

-logp P = -log, P

WE

“logp P € pOk,.

Remark 2.11. Note that both sides of the congruence in the statement of Theorem [2.9 depend on

the choices of appropriate 91,97 up to a sign £1. In fact, for a rational prime ¢|N (resp. ¢|N’), if

we let v = (I, £) with complex conjugate prime ideal T (resp. v = (9, ) with complex conjugate
15



prime ideal v’), replacing M with Mv~1v (resp. N’ with N'+'~1v/) amounts to performing an Atkin-
Lehner involution on the Heegner point Pr(x) (resp. Py(x)), which amounts to multiplying the
Heegner point by the local root number w(Ay) € {£1} (resp. wy(Ay) € {£1}). Our proof in fact
shows that for whatever change we make in choice of 91 (resp. '), both sides are multiplied by the
same sign +1.

2.7. Proof of Theorem It follows immediately from Theorem [2.9] by taking x = 1, L = K,
and f and g to be associated with E and E’. The Heegner points P = Pf(1) and P’ = P,(1) are
defined up to sign and torsion depending on the choices of 9t and 9 (see [Gro&4]).

3. GOLDFELD’S CONJECTURE FOR A GENERAL CLASS OF ELLIPTIC CURVES

Our goal in this section is to prove Theorem Throughout this section we assume
E(Q)[2] =0, or equivalently, Gal(Q(E[2])/Q) = S3 or Z/3Z.
Notice that this assumption is mild and is satisfied by 100% of all elliptic curves (when ordered by
naive height).

3.1. Explicit twists. Now we restrict our attention to the following well-chosen set of twisting
discriminants.

Definition 3.1. Given an imaginary quadratic field K satisfying the Heegner hypothesis for N, we
define the set S consisting of primes ¢ { 2N such that

(1) ¢ splits in K.

(2) Froby, € Gal(Q(F[2])/Q) has order 3.

We define N to be the set of all integers d = 1 (mod 4) such that |d| is a square-free product of

primes in S.

Remark 3.2. By Chebotarev’s density theorem, the set of primes S has Dirichlet density % = % . %
or + = 1.2 depending on Gal(Q(E[2]/Q)) = S3 or Z/3Z. In particular, there are infinitely many

elements of N with k prime factors for any fixed k > 1.

For d € N, we consider E(Y /Q, the quadratic twist of F/Q by Q(v/d). Since d = 1 (mod 4),
we know that 2 is unramified in Q(v/d) and E(? /Q has conductor Nd?. Hence K also satisfies the
Heegner hypothesis for Nd2. Let P4 ¢ E(d)(K ) be the corresponding Heegner point. Since

E[2] = EW[2],
we can apply Theorem to E and E(9, p = 2 and obtain the following theorem.

Theorem 3.3. Suppose E/Q is an elliptic curve with E(Q)[2] = 0. Let K be an imaginary quadratic
field satisfying the Heegner hypothesis for N. Assume

|E™(F2)] - log,,, (P)

(%) 2 splits in K and 5 %0 (mod 2).
Then for any d € N :
(1) We have s W
B@ ()] -210gwE<d> T 0 mod)
In particular, P\ € ED(K) is of infinite order and EY /K has both algebraic and analytic

rank one.
16



(2) The rank part of the BSD conjecture is true for E /Q and E(*9x)/Q. One of them has both

algebraic and analytic rank one and the other has both algebraic and analytic rank zero.

(3) ED/Q (resp. E%9x)/Q) has the same rank as E/Q if and only if g(—N) = 1 (resp.

Ya(—=N) = —1), where 1q is the quadratic character associated to Q(+v/d)/Q.

3.2. Proof of Theorem [3.3l

(1)

We apply Theorem to the two elliptic curves E/Q and E@ /Q and p = 2. Let £|Nd? be a
prime. Notice
(a) if £][N,

ay(E), ar(BW) € {1},
(b) if 2|N,

a(E) = ag(BE@W) =0,
(c) if £ | d, we have £ € S. Since Froby is order 3 on E[2], we know that its trace

a(E)=1 (mod 2).
Since /2| Nd?, we know that

ag(E@D) = 0.
It follows that M = N2. The congruence formula in Theorem then reads:
|E(F))| |E"(Fo)| _ B ()| |EDm(Fy)| d
H -log,,. P = 5 1|_[ log,, P (mod 2).
¢|d |d

Since E has good reduction at ¢ | d and ¢ is odd, we have
|E*(Fe)| = |E(Fe)| = £+1—ay(E) = ag(E)=1 (mod 2).
Since E(9) has additive reduction at £ | d and £ is odd, we have
|[ED™(F)| =¢=1 (mod 2).
Therefore we obtain the congruence

B (E2)| log, P _ 1B () doga PO
2 2
Assumption says that the left-hand side is nonzero, hence the right-hand side is also nonzero.
In particular, the Heegner point P(¥ is of infinite order. The last assertion follows from the
celebrated work of Gross—Zagier and Kolyvagin.

Since

LEW/K,s) = L(EYW/Q,s) - L(E'")Q, ),
the sum of the analytic rank of E(d)/(@ and E(d'dK)/Q is the equal to the analytic rank of
E(d) /K, which is one by the first part. Hence one of them has analytic rank one and the other
has analytic rank zero. The remaining claims follow from Gross—Zagier and Kolyvagin.
It is well-known that the global root numbers of quadratic twists are related by

e(E/Q) - e(E/Q) = 14(—N).

It follows that E(4 /Q and E/Q have the same global root number if and only if hg(—N)=1.
Since the analytic ranks of E(@ /Q and E/Q are at most one, the equality of global root numbers
implies the equality of the analytic ranks.

17



3.3. Proof of Theorem |1 This is a standard application of Ikehara’s tauberian theorem (see,
e.g., [Ser76, 2. 4]) We 1nclude the argument for completeness. Since the set of primes S has Dirichlet
density o = ¢ or % depending on Gal(Q(E[2]/Q)) = S3 or Z/3Z, we know that

1
g 7% ~a-log ., s— 1T,
s—1
leS

log (Z \d]_5> = log (H(l —|—€_S)> ~ Zﬁ_s ~ «-log . i s 1t

deN leS LeS

Then

Hence

D ld™ = ) £ (5)

deN

for some function f(s) holomorphic and nonzero when R(s) > 1. It follows from Ikehara’s tauberian
theorem that

X
HdeN: |ld<X}~ve ——=, X =0
log"™* X

for some constant ¢ > 0. But by Theorem , we have for r =0, 1,
N,(B,X) > #{d € N : d] < X/|dx]}.
The results then follow.

4. THE 2-PART OF THE BSD CONJECTURE OVER K

4.1. The strategy of the proof. Let F and K be as in Theorem Under Assumption
and the assumption that cy(E) is odd, the Heegner point P € E(K) is indivisible by 2 (Lemmal.1)),
equivalently, all the local Tamagawa numbers of E are odd, and the 2-Selmer group Sels(E/K) has
rank one (Corollary . We are able to deduce that all the local Tamagawa numbers of E(@ are
also odd (Lemma [4.3), and Sely(E@ /K) also has rank one (Lemma . These are consequences
of the primes in the well-chosen set S being silent in the sense of Mazur—Rubin [MR15]. Notice
that Sely(E(4) /K) having rank one predicts that E(¥)(K) has rank one and III(E@ /K)[2] is trivial,
though it is not known in general how to show this directly (Remark . The advantage here is
that we know a priori from the mod 2 congruence that the Heegner point P4 ¢ E(@(K) is also
indivisible by 2. Hence the prediction is indeed true and implies BSD(2) for E() /K (Corollary .

Since the Iwasawa main conjecture is not known for p = 2, the only known way to prove BSD(2)
over Q is to compute the 2-part of both sides of explicitly. We compute the 2-Selmer group
Sely(E@/Q) (Lemma and compare this to a formula of Zhai [Zhal6| (based on modular sym-
bols) for 2-part of algebraic L-values for rank zero twists. This allows us to deduce BSD(2) for the
rank zero curve among E@ and E(*9x) (Lemma . Finally, BSD(2) for E(9)/K and BSD(2) for
the rank zero curve together imply BSD(2) for the rank one curve among E@ and plddg),

4.2. BSD(2) for E/K. By the Gross—Zagier formula, the BSD conjecture for E/K is equivalent
to the equality (|GZ86l V.2.2])

(15) ug - cg - [ [ e B) - [II(E/K)[V? = [E(K) : ZP),
N

where ux = |O%/{£1}|, cg is the Manin constant of E/Q, c¢/(E) = [E(Q/) : E°(Qy)] is the

local Tamagawa number of E and [E(K) : ZP] is the index of the Heegner point P € E(K). By
18



Assumption that 2 splits in K, we know K # Q(v/—1) or Q(v/—3), so ux = 1. Therefore the
BSD conjecture for E/K is equivalent to the equality

(16) T eu(B) - ey )z = EE) 2P

N CE
Lemma 4.1. The right-hand side of @) s a 2-adic unit.

Proof. Since Q(E[2])/Q is an S or Z/3Z extension, we know that the Galois representation E|[2]
remains irreducible when restricted to any quadratic field, hence E(K)[2] = 0.

Notice that the Manin constant cg is odd: it follows from [ATU96, Theorem A| when FE is good
at 2, from [AU96| p.270 (ii)] when E is multiplicative at 2 since ca(F) is assumed to be odd, and
by our extra assumption when E is additive at 2.

Since cg is odd, we know that the right-hand side of 2-adically integral. If it is not a 2-adic
unit, then there exists some ) € E(K) such that 2Q) is an odd multiple of P. Let wg be the
Néron differential of E and let logp, := log,,.. By the very definition of the Manin constant we have
cg-wg = wg and cg -log,, = logy. Hence up to a 2-adic unit, we have

ns . ns . ~
|E (F2)|2 logwEP _ ’E (F2)2| IOgEP _ ’Ens(F2)’ -10gE(Q).
On the other hand, cp(E) - |E*(Fy)| - Q lies in the formal group E(20k,) and ¢x(E) is assumed to
be odd, we know that

|E™(Fs)| - logp(Q) € 20k,
which contradicts (¥%]). So the right-hand side of is a 2-adic unit. O

Since the left-hand side of is a product of integers, Lemma implies the following.

Corollary 4.2. BSD(2) for E/K is equivalent to that
all the local Tamagawa numbers co(E) are odd and II(E/K)[2] = 0.
4.3. BSD(2) for E4 /K. Let d € N. The BSD conjecture for E(9) /K is equivalent to the equality
EW(K) : 2P

(7) TT ce(E®) - (e /)2 = | ,
(N2 B

Lemma 4.3. Assume BSD(2) is true for E/K. Then co(E9) is odd for any ¢ | Nd?.

Proof. First consider ¢ | N. Let £ and & (@) be the Néron model over Z; of E and E(?@ respectively.
Notice that E@/ Qp is the unramified quadratic twist of (@) Since Néron models commute with

unramified base change, we know that the component groups ®¢ and ®.(4) are quadratic twists of
each other as Gal(FF;/Fy)-modules. In particular, ®¢[2] = &z [2] as Gal(F;/F,)-modules and thus

e (Fr)[2] = Pecay (Fo)[2].

It follows that c;(E) and co(E(?) have the same parity.
Next consider ¢ | d. Since E(4 has additive reduction and £ is odd, thus we know that

ED(Qy)[2] 2 ®g) (Fo)[2]-

Since £ € S, Froby is assumed to have order 3 acting on E(9)[2] 2 E[2], we know that F(¥)(Q,)[2] = 0.
Hence ¢;(E@) is odd. O
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Lemma 4.4. Assume BSD(2) is true for E/K. The right-hand side of is a 2-adic unit.

Proof. Since E has no rational 2-torsion, we know that the Manin constants (with respect to both
Xo(N)-parametrization and X (V)-parametrization) for all curves in the isogeny of E have the same
2-adic valuation. The twisting argument of Stevens [Ste89, §5] shows that if the Manin constant

c1 for the X (IV)-optimal curve in the isogeny class of E' is 1, then the Manin constant ng) for the

X1(N)-optimal curve in the isogeny class of E@ is also 1. The same twisting argument in fact
shows that if ¢ is a 2-adic unit, then cgd) is also a 2-adic unit. Since cg is odd, we know that ¢y
is odd, therefore ng) is also odd. Since E@ has no rational 2-torsion, it follows that the Manin
constant ¢y is also odd.

Now using co(E@) is odd (by Lemma and cp is odd, and replacing F by E (@) and replacing
by the conclusion of Theorem , the same argument as in the proof of Lemma shows
that the right-hand side of is also a 2-adic unit. O

Again, since the left-hand side of is a product of integers, Lemma implies the following.

Corollary 4.5. BSD(2) for E\D /K is equivalent to that
all the local Tamagawa numbers ci(ED) are odd and I(EY /K)[2] = 0.

4.4. 2-Selmer groups over K. Now let us compare the 2-Selmer groups of £/K and F (d) /K.

Lemma 4.6. Assume BSD(2) is true for E/K. The isomorphism of Galois representations E[2] =
E(d) [2] induces an isomorphism of 2-Selmer groups
Sely(E/K) = Sely (B /K).
In particular,
LI(EY/K)[2] = 0.
Proof. The 2-Selmer group Sela(E/K) is defined by the local Kummer conditions
L,(E/K) = im (E(K,)/2E(K,) - H (K,, E[2])) .
Denote by £,(E@ /K) the local Kummer conditions for E(® /K. Tt suffices to show that £,(E/K) =
L,(E@/K) are the same at all places v of K:
(1) v | oo: Since v is complex, H'(K,, E[2]) = 0. So L,(E/K) = L,(EY/K) = 0.
(2) v | d: Suppose v lies above ¢ € S. Since Frob, acts by order 3 on E[2], we know that the
unramified cohomology

H,(Qq, E[2]) = E[2)/(Frob, —1)E[2] = 0

(such £ is called silent by Mazur—Rubin), and thus dim H!(Qy, F[2]) = 2dim H..(Q, E[2]) = 0
(IMil86l, 1.2.6]). Since ¢ is split in K, it follows that

H' (Ko, E[2]) = H'(Qq, E[2]) = 0,
So Ly(E/K) = L,(EY/K) = 0.
(3) v tdoo: By [MRI0, Lemma 2.9], we have
Lo(E/K) N Lo(ED/K) = En(K,)/2E(K,),

where
En(Ky) =im (N : E(L,) — E(K,))
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is the image of the norm map induced from the quadratic extension L, = Kv(\/&) over K,. To
show that £,(E/K) = L,(E4/K), it suffices to show that
E(K,)/NE(L,) = 0.
By local Tate duality, it suffices to show that
H'(Gal(Ly/Ky), E(Ly)) = 0.
Notice that K, = Q, and L, /K, is the unramified quadratic extension, we know that
E(Ly)/E°(Ly) = ®¢(Fpe),

where ®¢ is the component group of the Néron model of E over Z,. Let ¢ € Gal(F2/Fy) be
the order two automorphism, then ®g(Fy2)[2]¢ = ®¢(F,)[2]. Since ¢/(F) is odd, it follows that
O (Fp2)[2]¢ = ®e(Fyp)[2] = 0. Since an order two automorphism on a nonzero Fa-vector space
must have a nonzero fixed vector, we know that ®¢(Fy2)[2] = 0. Therefore E(L,)/E"(L,) has
odd order. It remains to show that

HY(Gal(L,/K,), E°(L,)) =0,
which is true by Lang’s theorem since L, /K, is unramified (see [Maz72, Prop. 4.3|). O

4.5. Proof of Theorem (@). 1t follows immediately from Corollary Lemma and
Lemma [£.6l

5. THE 2-PART OF THE BSD CONJECTURE OVER Q
Let E and K be as in Theorem Let d € NV.

5.1. 2-Selmer groups over Q. Let us begin by comparing the 2-Selmer groups of E/Q and E(d)/(@.

Lemma 5.1. Let A(E) be the discriminant of a Weierstrass equation of E/Q.

(1) If A(E) < 0, then Sely(E/Q) 2 Sely(E@ /Q).

(2) If A(E) > 0 and d > 0, then Sely(E/Q) = Sely(E@ Q).

(3) If A(E) > 0 and d < 0, then dimp, Sels(F/Q) and dimy, Sely(E@ /Q) differ by 1.

Proof. By the same proof as Lemma , we know that £,(E/Q) = L,(E@/Q) for any place v { 0o
of Q. The only issue is that the local condition at co may differ for £/Q and E@ /Q. By [Ser72,
p.305], we have Q(1/A(E)) € Q(E[2]). So complex conjugation acts nontrivially on E|[2] if and
only if A(E) < 0. Hence

0, A(E)<DO,
2, A(E)>0.
The item (1)) follows immediately. When A(E) > 0, Loo(E/Q) = E(R)/2E(R) and Lo (B (R) =
E@(R)/2E@(R) define the same line in H'(Gal(C/R), E[2]) if and only if d > 0. The item

follows immediately and the item follows from a standard application of global duality (e.g., by
ILHL16, Lemma 8.5]). O

dimp, H'(Gal(C/R), E[2]) = {

We immediately obtain a more explicit description of the condition x4(—N) =1 in Theorem
(3) under our extra assumption that co(E) is odd.

Corollary 5.2. The following conditions are equivalent.
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(1) E@/Q has the same rank as E/Q.
(2) xa(—N) =1, where xq is the quadratic character associated to Q(+v/d)/Q.
(3) A(E) <0, or A(E) >0 and d > 0.

Proof. Since the parity conjecture for 2-Selmer groups of elliptic curves is known ([Mon96, Theorem
1.5]), we know that E/Q and E@ /Q has the same root number if and only if they have the same
2-Selmer rank. The result then follows from Lemma and Theorem . O

5.2. Rank zero twists. Let K be as in Theorem We now verify BSD(2) for the rank zero

twists.

Lemma 5.3. If BSD(2) is true for E/Q and E\%¥)/Q, then BSD(2) is true for all twists E® /Q
and E\45) /Q of rank zero, where d € N with xq(—N) = 1.

Proof. Notice exactly one of F/Q and E(?%)/Q has rank zero. Consider the case that F/Q has
rank zero. Since all the local Tamagawa numbers ¢;(F) are odd and III(E/Q)[2] = 0, BSD(2) for
E/Q implies that
L(E/Q,1)
QE/Q)
is a 2-adic unit. Assume y4 (—N) = 1. We know from Corollary that A(E) < 0, or A(E) >0
and d > 0. Under these conditions, it follows from [Zhal6l Theorem 1.1, 1.3| that

L(EW/Q,1)
QED/Q)
is also a 2-adic unit (notice that the Néron period Q(E/Q) is twice of the real period when A(E) >
0). Since all the local Tamagawa numbers c¢(E(@) are odd (Lemma and III(E@/Q)[2] = 0

(Lemma ), we know that BSD(2) is true for E(4 /Q. By the same argument, if E(4)/Q
has rank zero and x4(—N) = 1, we know that BSD(2) is true for E(¢x)/Q. O

5.3. Proof of Theorem . Now we can finish the proof of Theorem . Because
the abelian surface E x E(4x)/Q is isogenous to the Weil restriction Resy /o E and the validity of
the BSD conjecture for abelian varieties is invariant under isogeny ([Mil06), 1.7.3]), we know that
BSD(2) for E/Q and E(@x)/Q implies that BSD(2) is true for E/K. Hence by Theorem ,
BSD(2) is true for E(9/K. By Lemma BSD(2) is true for the rank zero curve among E(4)/Q
and E(@4x) /Q for d € N such that y4(—N) = 1. Then again by the invariance of BSD(2) under
isogeny, we know BSD(2) is also true for the other rank one curve among E@® /Q and E(@x) /Q.

6. EXAMPLES

In this section we illustrate our application to Goldfeld’s conjecture and the 2-part of the BSD
conjecture by providing examples of F/Q and K which satisfy Assumption .
Let us first consider curves F/Q of rank one.

Example 6.1. Consider the curve 37al in Cremona’s table,
E =37l :y*+y=2a°—z,
It is the rank one optimal curve over Q of smallest conductor (N = 37). Take
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the imaginary quadratic field with smallest |dx| satisfying the Heegner hypothesis for N such that
2 is split in K. The Heegner point

P =(0,0) € B(K)

generates E(Q) = E(K) = Z. Since F is optimal with Manin constant 1, we know that wg is equal
to the Néron differential. The formal logarithm associated to wg is

log,, () =t+1/2-t" —2/5-1°+6/7-t" —3/2-t*+2/3 -7 + - ..

We have |E(F3)| = 5 and the point 5P = (1/4,—5/8) reduces to oo € E(Fy). Plugging in the
parameter ¢t = —x(5P)/y(5P) = 2/5, we know that up to a 2-adic unit,
log,,, P =1log, 5P =2+2"+2042%4+2% ... €275,
Hence ~
|E(F2)| - log,,, P
2
and is satisfied. The set N consists of square-free products of the signed primes

-11,53, —-71,-127,149,197, -211, —-263, 337, —359, 373, —379, —443, —571, —599, 613, - - -

X
€ Z;

For any d € N, we deduce:
(1) The rank part of BSD conjecture is true for E(9 and E(~™) by Theorem
(2) Since A(E) > 0, we know from Corollary [5.2] that

rank E(9(Q) =1, rank EC™(Q)=0, d>0,

rank B4 (Q) =0, rank EC™(Q) =1, d<0.
(3) Since Gal(Q(E[2])/Q)) = Ss, it follows from Theorem that
X
log5/6 X’

(4) Since BSD(2) is true for E/Q and E(-7)/Q by numerical verification, it follows from Theo-
rem that the BSD(2) is true for E@ and E(-7®) when d > 0.

N, (E, X) > r=0,1.

Example 6.2. As discussed in §4] a necessary condition for is that the local Tamagawa numbers
¢p(E) are all odd for p # 2. Another necessary condition is that the formal group of E at 2 cannot
be isomorphic to G,,: this due to the usual subtlety that the logarithm on Gy, sends 1+ 2Z5 into
475 (rather than 2Zs). We search for rank one optimal elliptic curves with E(Q)[2] = 0 satisfying
these two necessary conditions. There are 38 such curves of conductor < 300. For each curve, we
choose K with smallest |dg| satisfying the Heegner hypothesis for N and such that 2 is split in K.
Then 31 out of 38 curves satisfy . See Table . The first three columns list E, dx and the local
Tamagawa number co(E) at 2 respectively. A check-mark in the last column means that holds,
in which case Theorems 3.3 apply and the improved bound towards Goldfeld’s conjecture holds.
If co(E) is further odd (true for 23 out of 31), then the application to BSD(2) (Theorem also
applies.

Remark 6.3. There is one CM elliptic curve in Table namely F = 243al with j-invariant 0,
which seems to be only j-invariant of CM elliptic curves over Q for which holds.

Next let us consider curves E/Q of rank zero.
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TABLE 1. Assumption 1’ for rank one curves

E |di |eE |x]|] E |di |cBE) | x| E | di | c(BE)]| %
37a1 | =7 | 1 | v |[148al| =7 | 3 | v |[208al|—23] 4
431 | =7 | 1 | v || 152a1 | —=15| 4 |« || 208p1 | —23| 4
88al | -7 | 4 | v ||155al |=79| 1 |v |[212a1] -7 | 3
9lal | =55| 1 | v [[155¢c1 | =79| 1 |v |[216al|—-23| 4 |v
9161 | —=55| 1 |v |[163al| =7 | 1 |v |/ 219a1|-23| 1 |V
9201 | =7 | 3 | v ||172a1| =7 | 3 |v || 2191 |-23| 1 |/
10lal | 23| 1 | v || 176cl| =7 | 2 |v |/ 232a1| =7 | 2
123a1 | —23| 1 |v ||184al| =7 | 2 |v | 236al|—-23| 3
12361 | —23| 1 |v |[184b1| =7 | 2 |v || 243a1|-23| 1 |V
124a1 | 15| 3 | v ||189al | —47| 1 | v | 244al| 15| 3
13lal | —23| 1 | v || 18961 | —47| 1 |v |[248a1|-15| 2 |V
14lal | 23| 1 | v |[196al | —31| 3 |v | 248c1|-15| 2 |V
141d1 | 23| 1 |v ||197al| =7 | 1

Example 6.4. Consider
E = Xy(11) = 1lal : y* + y = 2® — 2* — 102 — 20,
the optimal elliptic curve over Q of smallest conductor (N = 11). Take
K =Q(V=1),

the imaginary quadratic field with smallest |dx | satisfying the Heegner hypothesis for N such that
2 is split in K. The Heegner point

P = (—;\EJF % —2v/-7 - 2) € E(K)

generates the free part of E(K). Since E is optimal with Manin constant 1, we know that wg is
equal to the Néron differential. The formal logarithm associated to wg is

log,, (t) =t—1/3-t>+1/2-t' —19/5-¢> = + 5/7-¢7 —27/2 -3+ 691/9 - t? + - .-

We have |E(Fq)| = 5 and the point 5P = (=2, —L/=7 — 1) reduces to oo € E(F5). The prime 2

splits in K as
(2) = (—1ﬁ+ 1) : (1ﬁ+ 1)
2 2 2 2
and the parameter t = —x(5P)/y(5P) has valuation 1 for both primes above 2. Plugging in ¢, we
find that
log,,, P €20k, .

Hence

|E(F2)| - log,,, P
2
and is satisfied. The set N consists of square-free products of the signed primes

-23,37,—-67,-71,113,137,-179, —-191, 317, —331, — 379, 389, —443, 449, —463, —487, —631, - - -

€ Og,

For any d € N, we deduce:
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(1) The rank part of BSD conjecture is true for E(9 and E(~™) by Theorem
(2) Since A(F) < 0, we know from Corollary [5.2] that

rank ED(Q) =0, rank EC7Y(Q) = 1.
(3) Since Gal(Q(F[2])/Q)) = S, it follows from Theorem [1.4] that
X
log5/6 X’
(4) Since BSD(2) is true for E/Q and E(-7)/Q by numerical verification, it follows from Theo-
rem that the BSD(2) is true for E@ and E(-74),

N, (E, X) > =0,1.

Example 6.5. For rank zero curves, the computation of Heegner points is most feasible when |d |
is small. Thus we fix dx = —7 and search for rank zero optimal curves with F(Q)[2] = 0 satisfying
the two necessary conditions in Example and such that K = Q(+/—7) satisfies the Heegner
hypothesis. There are 39 such curves of conductor < 750. See Table [2l Then 28 out of 39 curves
satisfy , in which case Theorems apply and the improved bound towards Goldfeld’s
conjecture holds. If co(FE) is further odd (true for 24 out of 28), then the application to BSD(2)

(Theorem [1.12)) also applies.

TABLE 2. Assumption 1} for rank zero curves

E dK CQ(E) * FE dK CQ(E) * E dK CQ(E) *
11lal | =7 1 v || 316al | =7 1 592b1 | =7 1 v
37b1 | =7 1 v || 352al | =7 2 v o] 892¢l | =7 1 v
44al | =7 3 v || 352el | =7 2 v || 659b1 | —7 1 v
67al | =7 1 v || 368cl | =7 1 v || 688b1 | =7 2 v
92al | -7 3 v || 368f1 | =7 1 v || 7T0lal | =7 1 v
116al | =7 3 428al | =7 3 704cl | =7 1 v
11601 | =7 3 464cl | =7 2 704d1 | -7 1 v
176al | —7 1 v || 464d1 | -7 1 704el | =7 1 v
17661 | =7 | 1 | v ||464f1|-7| 1 T04f1| -7 1 |V
179al | —7 1 v || 464g1 | =7 2 70491 | =7 1 v
184d1 | —7 2 v || B57b1 | =7 1 v || 704h1 | —7 1 v
232b1 | =7 2 568al | =7 1 70471 | =7 1 v
268al | =7 1 v || 57lal | =7 1 739al | —7 1 v

Remark 6.6. Even when E does not satisfy for any K (e.g., when E(Q) has rank > 2 or
II(E/Q)[2] is nontrivial), one can still prove the same bound in Theorem by exhibiting one
quadratic twist £* of E such that E* satisfies (as quadratic twisting can lower the 2-Selmer
rank). We expect that one can always find such E* when the two necessary conditions (c,(E)’s
are odd for p # 2 and ay(F) is even) are satisfied, and so we expect that Theorem applies to a
large positive proportion of elliptic curves F. Showing the existence of such £* amounts to showing
that the value of the anticyclotomic p-adic L-function at the trivial character is nonvanishing mod
p among quadratic twists families for p = 2. This nonvanishing mod p result seems to be more
difficult and we do not address it here (but when p > 5 see Prasanna [Pral(] and the forthcoming
work of Burungale-Hida—T1ian).
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