CHOW GROUPS AND L-DERIVATIVES OF AUTOMORPHIC MOTIVES
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ABSTRACT. In this article, we study the Chow group of the motive associated to a tempered
global L-packet 7 of unitary groups of even rank with respect to a CM extension, whose
global root number is —1. We show that, under some restrictions on the ramification of ,
if the central derivative L'(1/2, ) is nonvanishing, then the m-nearly isotypic localization of
the Chow group of a certain unitary Shimura variety over its reflex field does not vanish.
This proves part of the Beilinson—Bloch conjecture for Chow groups and L-functions, which
generalizes the Birch and Swinnerton-Dyer conjecture. Moreover, assuming the modularity
of Kudla’s generating functions of special cycles, we explicitly construct elements in a certain
m-nearly isotypic subspace of the Chow group by arithmetic theta lifting, and compute their
heights in terms of the central derivative L’(1/2,7) and local doubling zeta integrals. This
confirms the conjectural arithmetic inner product formula proposed by one of us, which
generalizes the Gross—Zagier formula to higher dimensional motives.
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In 1986, Gross and Zagier [GZ86] proved a remarkable formula that relates the Néron-
Tate heights of Heegner points on a rational elliptic curve to the central derivative of the
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corresponding Rankin—Selberg L-function. A decade later, Kudla [Kud97] revealed another
striking relation between Gillet—Soulé heights of special cycles on Shimura curves and deriva-
tives of Siegel Eisenstein series of genus two, suggesting an arithmetic version of theta lifting
and the Siegel-Weil formula (see, for example, [Kud02, [Kud03]). This was later further de-
veloped in his joint work with Rapoport and Yang [[XRY(6]. For the higher dimensional
case, in a series of papers starting from the late 1990s, Kudla and Rapoport developed
the theory of special cycles on integral models of Shimura varieties for GSpin groups in
lower rank cases and for unitary groups of arbitrary ranks [KR11,[KR14]. They also stud-
ied special cycles on the relevant Rapoport—Zink spaces over non-archimedean local fields.
In particular, they formulated a conjecture relating the arithmetic intersection number of
special cycles on the unitary Rapoport—Zink space to the first derivative of local Whittaker
functions [[KR 11, Conjecture 1.3].

In his thesis work [Liulla,Liul1b], one of us studied special cycles as elements in the Chow
group of the unitary Shimura variety over its reflex field (rather than in the arithmetic Chow
group of a certain integral model) and the Beilinson-Bloch height of the arithmetic theta
lifting (rather than the Gillet—Soulé height). In particular, in the setting of unitary groups,
he proposed an explicit conjectural formula for the Beilinson—-Bloch height in terms of the
central L-derivative and local doubling zeta integrals. Such formula is completely parallel
to the Rallis inner product formula [Ral34], which computes the Petersson inner product
of the global theta lifting, hence was named arithmetic inner product formula in [Liulla],
and can be regarded as a higher dimensional generalization of the Gross-Zagier formula.' In
the case of U(1, 1) over an arbitrary CM extension, such conjectural formula was completely
confirmed in [L.iul1b], while the case for U(r,r) with » > 2 is significantly harder. Recently,
the Kudla—Rapoport conjecture has been proved by W. Zhang and one of us in [[.Z]; and
it has become possible to attack the cases for higher rank groups. In what follows, we will
explain our new results on Chow groups of automorphic motives for unitary groups and the
arithmetic inner product formula.

Beilinson—Bloch conjecture. Let E be a number field and X a projective smooth scheme
over E of odd dimension 2r — 1. We have the L-function L(s, H* (X @g E, Qu(r))) for the
middle degree f-adic cohomology of X for every rational prime ¢, which is conjectured to
be meromorphic, independent of ¢, and satisfy a functional equation with center s = 0. Let
CH"(X)? be the group of codimension r Chow cycles on X that are homologically trivial
(on X @g E). Then the unrefined Beilinson-Bloch conjecture ([Bcis7, Conjecture 5.9] and
[Blog4]) predicts that

rank CH'(X)° = ords—o L(s, H* (X ®p E, Qu(r)))

holds for every ¢, hence in particular, CH"(X)° has finite rank. Note that when X is an
elliptic curve, this recovers the (unrefined) Birch and Swinnerton-Dyer conjecture.

In fact, this conjecture can also be formulated in terms of Chow motives. Based on this
point of view, we have an equivariant version of the Beilinson—Bloch conjecture as follows.
Suppose that X admits an action of an algebra T via étale correspondences. Then T acts on
both CH"(X)? and H*~}(X ®g F,Qq(r)). Let o be a nonzero irreducible finite-dimensional

IBy “generalization of the Gross—Zagier formula”, we simply mean that they are both formulae re-
lating Beilinson—Bloch heights of special cycles and central derivatives of L-functions. However, from a
representation-theoretical point of view, the more accurate generalization of the Gross—Zagier formula should
be the arithmetic Gan—Gross—Prasad conjecture.



CHOW GROUPS AND L-DERIVATIVES OF AUTOMORPHIC MOTIVES FOR UNITARY GROUPS 3

complex representation of T. Then for every ¢ and every embedding Q, — C, we have the
L-function

L(s,Homr (o, H*" 1 (X ®5 E,Qu(1))c)).
Then it is expected that

(1.1) dime Homr(p, CH"(X)2) = ord,—q L(s, Homr(o, H*" 1 (X @z E, Qi(r))c))

holds, which can be regarded as the Beilinson-Bloch conjecture for the (conjectural Chow)
motive Homr (o, h* 1 (X)(r)c) where h* (X)) is the (conjectural Chow) motive of X of
degree 2r — 1.

Now we propose a more specific conjecture for unitary Shimura varieties, guided by the
equivariant version of the Beilinson-Bloch conjecture above.

Let E/F be a CM extension of number fields with the complex conjugation c. We fix
an embedding ¢: F — C and regard F as a subfield of C. Take an even positive integer
n = 2r. We equip W, = E™ with the skew-hermitian form (with respect to the involution
c) given by the matrix (_1T 1’“). Put G, = U(W,), the unitary group of W, which is a
quasi-split reductive group over F. For every non-archimedean place v of F', we denote by
K., C G.(F,) the stabilizer of the lattice O , which is a special maximal subgroup.

We first recall the notation of unitary Shimura varieties. Consider a hermitian space V'
over E of rank n (with respect to the involution c) that has signature (n — 1,1) at the real
place of F' induced by ¢ and signature (n,0) at other real places. Put H := U(V) for its
unitary group, which is a reductive group over F. Note that for all but finitely many places
vof F, H, = H®pF, and G,, = G, ®p F, are isomorphic as reductive groups over F,.
We have a system {X,} of Shimura varieties® of dimension n — 1 over E indexed by open
compact subgroups L C H(A%) (see Section 4 for more details).

Let 7 be a tempered cuspidal automorphic representation of G,(Ar). By the endoscopic
classification for unitary groups [Mokl5, KMSW], we have the automorphic base change
BC(7) of m, which is an automorphic representation of GL,(Ag) that is an isobaric sum of
mutually non-isomorphic (unitary) cuspidal automorphic representations.

Conjecture 1.1. Let 7 be a tempered cuspidal automorphic representation of G,.(Ag), and V
a hermitian space over E of rank n that has signature (n—1,1) at the real place of F induced
by ¢ and signature (n,0) at other real places. For every irreducible admissible representation

7 of H(AY) satisfying
(a) 7° ~ m, for all but finitely many non-archimedean places v of F for which H, ~ G, ,,
(b) HOHlH(A%O) (7~Too, hﬂL Hgﬁl(XL/(C)) 7é O,

the identity

dim(c HOHIH(A%@) <7~TOO, %CHT(XL)%> = Ol"dsz% L(S, Hj(ﬁ-oo))
holds. Here, 11z is the cuspidal factor of BC(r) determined by 7> (see Lemma 5.15); in
particular, 11;z-y = BC(n) if BC(7) is already cuspidal.

In relation with (1.1), we take X to be X, for L such that (7>)L # 0, T to be the Hecke
algebra of H(A) of level L, and ¢ to be (7>°)f. Moreover, in this case we know that the
L-function on the right-hand side of (1.1) coincides with L(s, ITj(z=)) up to a shift by 2.
Thus, Conjecture 1.1 is a special case of (1.1) after taking limit of L.

2When F = Q, we have to replace X, by its canonical smooth toroidal compactification.
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In the case when {X.} is replaced by classical modular curves, Conjecture 1.1 in fact
recovers the (unrefined) Birch and Swinnerton-Dyer conjecture for rational elliptic curves.
See [Gro04, Section 22] for more details from this point of view. Conjecture 1.1 was only
known in the case of modular/Shimura curves when the analytic rank is at most 1 [(GZ80,
Kol90, Nek07a, YZ713], and partially known in the case of Shimura varieties for U(2) x U(3)
when the analytic rank is exactly 1 [Xuel9].?

Remark 1.2. Tt should be possible to formulate Conjecture 1.1 using totally positive definite
incoherent hermitian spaces (that is, totally positive definite hermitian spaces over Ag that
are not base change from E) and incoherent Shimura varieties without fixing an embedding ¢.
The notion of incoherent spaces was first invented by Kudla (in the quadratic case), which he
called an incoherent collection of quadratic spaces over local fields [[<ud97, Definition 2.1].
Around the similar time, Gross realized that a Shimura curve can be uniformized at its
supersingular points in terms of a collection of quaternion algebras over the base number field
(see [Gro04] and also [GGP12] for generalizations). In their work [Y7713], Yuan, S. Zhang,
and W. Zhang put this infinite collection of quaternion algebras as a single quaternion
algebra over the adeéles as a uniform description of the geometry of Shimura curves and the
representation theory. This viewpoint was later adapted by W. Zhang [Zhal2] and one of us
[Liulla, Liullb]. In [Zhal9] (which is based on his 2010 talk at Gross birthday conference),
S. Zhang summarizes how one can use the notion of incoherent quadratic/hermitian spaces to
formulate various conjectures that are arithmetic counterparts of classical period formulae.
In particular, there should exists a compatible system of varieties { X} over (the abstract
field) E such that for every embedding ¢: E < C, the system {X ®g ¢(F)} recovers the
usual Shimura varieties defined above Conjecture 1.1 — this was explained in more details in
[Gro21]. Based on this observation, one should be able to formulate Conjecture 1.1 for the
system { X} associated to totally positive definite incoherent hermitian spaces.

Main results. Our main results in this article prove part of Conjecture 1.1 under certain
assumptions on F/F and m. Denote by V%OO) and V" the set of archimedean and non-
archimedean places of F', respectively. Denote by Vi,?l, Vit and V3™ the subsets of Vi of
those that are split, inert, and ramified in E, respectively. For every v € Vi*, we denote by

¢v the residue cardinality of F,.

Assumption 1.3. Suppose that V2™ = () and that V' contains all 2-adic places. In par-
ticular, [F' : Q] is even. We consider a cuspidal automorphic representation 7 of G,(Ar)
realized on a space V, of cusp forms, satisfying:

(1) For every v € V%OO), 7, is the holomorphic discrete series representation of Harish-

Chandra parameter {157, 322 "7_3, "T_l}

20 2

(2) For every v € V¥, m, is a principal series.

(3) For every v € Vi2' mr, is either unramified or almost unramified (see Remark 1.4 below)
with respect to K, ,; moreover, if 7, is almost unramified, then v is unramified over Q.

(4) For every v € Vin 7, is tempered.

Remark 1.4. We have the following remarks concerning Assumption 1.3.

(1) In (1), by [Sch75, Theorem 1.3], the condition for 7, is equivalent to that =, is a
discrete series representation whose restriction to K, , contains the character ., (see

3Interestingly, the height formula in [Xuel9], which is for the endoscopic case, is obtained by reducing it
to the arithmetic inner product formula for U(1,1).
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Notation 2.3(G5,G6) for the notation). Moreover, one can also describe , as the theta
lifting of the trivial representation of the (positive) definite unitary group of rank n
(see, for example, [IKIK07]).

(2) Part (2) will only be used in the proof of Lemma 7.3 in order to quote a vanishing result
from [C'S17]. However, in our second article on this subject [[.1], we have successively
removed this assumption by confirming the conjecture in Remark 7.4 by proving a
stronger vanishing property.

(3) In (3), the notion of almost unramified representations of G,.(F,) at v € Vit is defined in
[Liu, Definition 5.3]. Roughly speaking, an irreducible admissible representation , of
G, (F,) is almost unramified (with respect to K, ,) if 7/~ contains a particular character
as a module over C[/,,\ K, ,/I.,], where I, , is an Iwahori subgroup contained in K,
and that the Satake parameter of m, contains the pair {q,,q,'}; it is not unramified.
By [Liu, Theorem 1.2, when ¢, is odd, almost unramified representations are exactly
those representations whose local theta lifting to the non-quasi-split unitary group of
the same rank 2r has nonzero invariants under the stabilizer of an almost self-dual
lattice.

Suppose that we are in Assumption 1.3. Denote by

e L(s,m) the doubling L-function (see Definition 3.3 for the more precise definition),
e R, C V' the (finite) subset for which , is ramified,
e S, C VIt the (finite) subset for which m, is almost unramified.

Then we have e(7) = (—1)"F@+B=l for the global (doubling) root number, so that the
vanishing order of L(s, ) at the center s = § has the same parity as [S,| since [F : Q)] is
even. The cuspidal automorphic representation 7 determines a hermitian space V. over Ag
of rank n via local theta dichotomy (such that the local theta lifting of 7, to U(V;)(F,) is
nontrivial for every place v of F'), unique up to isomorphism, which is totally positive definite
and satisfies that for every v € Vi, the local Hasse invariant ¢(V, ®,, F,) = 1 if and only if
v & S, (see Proposition 3.6(2)).

Now suppose that [S;| is odd, hence e(7) = —1, which is equivalent to that V; is not
the base change of a hermitian space over E. In this case, we take V' to be the hermitian
space of E in the context of Conjecture 1.1, unique up to isomorphism, satisfying that
Vy >~ Vi, for every v € Vf}n. Let R be a finite subset of V%“. We fix a special maximal
subgroup L} of H(AX™®) that is the stabilizer of a lattice A* in V ®@p AX* (see Notation
2.2(H6) for more details). For a field L, we denote by T} the (abstract) Hecke algebra
L[LM\ H(AX™)/L?], which is a commutative L-algebra. When R contains R, the cuspidal
automorphic representation 7w gives rise to a character

oo Thee — QF,
where Q* denotes the subfield of C of algebraic numbers; and we put m® := ker x*, which

is a maximal ideal of Tfu..
The following is the first main theorem of this article.

Theorem 1.5. Let (m,V;) be as in Assumption 1.3 with |S;| odd, for which we assume
Hypothesis 6.6. If L'(3,m) # 0, that is, ordszé L(s,m) =1, then as long as R satisfies R C R

and |RNVE| > 2, the nonwvanishing

limy (CH' (X p,10)ec) , # 0
Ly i



6 CHAO LI AND YIFENG LIU

holds, where the colimit is taken over all open compact subgroups Ly of H(Fy).

Remark 1.6. We have the following remarks concerning Theorem 1.5.

(1) For every v € Vi the local doubling L-function L(s,,) coincides with L(s, BC(,))
where BC(,) denotes the standard base change of 7, to GL,,(E,) (see Remark 3.4 for
more details). In particular, combining with the local-global compatibility [IKKXNSW),
Theorem 1.7.1], we know that L(s,n) coincides with the standard L-function of the
automorphic base change of .

(2) Since |S;| is odd, by (1) and Remark 3.16, Conjecture 1.1 predicts the nonvanishing

lim CH" (X, 1#)3ac [m2] # 0O
% Q

when ord,_; L(s,m) = 1 (by considering 7 as the theta lifting of 7°°), which fur-
ther implies the nonvanishing in our statement. However, it is conjectured that
CH"(Xp,1#)Qec is finite dimensional, which implies that the two types of nonvanish-
ing are equivalent. Thus, our theorem provides evidence toward Conjecture 1.1. See
Theorem 1.7(2) below for a stronger result under an extra hypothesis.

(3) Hypothesis 6.6 describes the Galois representation on the m-nearly isotypic subspace
of the middle degree (-adic cohomology ling H> Y X ®p E,Q). See Remark 6.7 for
the status of this hypothesis.

(4) In fact, the nonvanishing property we prove is that

lim (SCH" (X p,10)c) , # 0,
Ly "

where SCH" (X1, 7#)? denotes the subgroup of CH" (X[, 7#)? generated by special cycles
(recalled in Section 4).

(5) It is clear that the field Q* in the statement of the theorem can be replaced by an
arbitrary subfield over which 7> (hence x?) is defined.

(6) The main reason we assume V2™ = () is that the local ingredient [I.7] only deals with
places that are inert in F; and we hope to remove this assumption in the future.

Our remaining results rely on Hypothesis 4.5 on the modularity of Kudla’s generating
functions of special cycles, hence are conditional at this moment (see Remark 4.6).

Theorem 1.7. Let (7,V;) be as in Assumption 1.3 with |S,| odd, for which we assume
Hypothesis 6.6. Assume Hypothesis 4.5 on the modularity of generating functions of codi-
mension r.

(1) For every test vectors

o V1 = RuP1y € Vi and po = Qupa, € Vi such that for every v € V%OO), Y1y and o,
have the lowest weight and satisfy (©$,, Y20)r, = 1,
o 077 = @07, € (V" @p AF) and ¢5° = ®,95, € (V" @p AR),
the identity

L't n
(O (o) (ol = 2 - CIFU T 3o 65 (65))

veVﬁ“
holds. Here,
® Oy (p;) € lim CH"(X1)Q is the arithmetic theta lifting (Definition 4.8), which is
only well-defined under Hypothesis 4.5;
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® (Ogx (1), @¢go(g02)>uX7E is the normalized height pairing (Definition 6.11),* which
is constructed based on Beilinson’s notion of height pairing,
e by.(0) is defined in Notation 2.1(F4), which equals L(M, (1)) where M, is the mo-

tive associated to G, by Gross [Gro97], and is in particular a positive real number;
o C, = (1) 27%r ”2%, which is the exact value of a certain archimedean

doubling zeta integral; and
o 3Erv,vv(90§va Do, P70 @ (P59)¢) is the normalized local doubling zeta integral (see Sec-
tion 3), which equals 1 for all but finitely many v.
(2) In the context of Conjecture 1.1, take 7 to be the theta lifting of 7 to H(AY). If
L'(3,m) #0, that is, ord,_1 L(s,m) =1, then

HOHIH(AOO < IECHT(XL) ) 7&0

holds.

Remark 1.8. We have the following remarks concerning Theorem 1.7.

(1) Part (1) verifies the so-called arithmetic inner product formula, a conjecture proposed
by one of us [LLiulla, Conjecture 3.11].

(2) The arithmetic inner product formula in part (1) is perfectly parallel to the classical
Rallis inner product formula. In fact, suppose that |S;| is even, hence V, ~ V @ Ap
for a hermitian space V over E. We have the classical theta lifting 04 (¢) where we
use standard Gaussian functions at archimedean places. Then the Rallis inner product
formula in this case reads as

L( 5 ) F: Q 00 oo\ C
<9¢(1’°(901)76¢§°<902>>H - T(O) C[ H Bwv,Vv ()011)7 P2v, (bl'u ® (¢21}) )7
T vevﬁn

in which ( , )y denotes the Petersson inner product with respect to the Tamagawa
measure on H(Ap).

(3) In part (2), the representation 7 satisfies (a) of Conjecture 1.1. By Remark 1.6(1)
and Remark 3.16, if ord,_1 L(s,m) =1, then 7 satisfies (b) of Conjecture 1.1 as well,
and IL;(z-) is the unique cuspidal factor of the automorphic base change of 7 such that
ord,_1 L(s,IIjz=)) = 1. In particular, part (2) provides evidence toward Conjecture

1.1, which is more direct than Theorem 1.5 (but is conditional on the modularity of
generating functions).

In the case where R, = (), that is, 7, is either unramified or almost unramified for every
v € V" we have a very explicit height formula for test vectors that are new everywhere.

Corollary 1.9. Let (m,Vy) be as in Assumption 1.3 with |S;| odd, for which we assume
Hypothesis 6.6. Assume Hypothesis 4.5 on the modularity of generating functions of codi-
mension r. In the situation of Theorem 1.7(1), suppose further that

e R, = Q;

4Strictly speaking, (O (1), @¢go((p2)>g(7E relies on the choice of a rational prime ¢ and is a priori an
element in C ®g Q. However, the above identity implicitly says that it belongs to C and is independent of
the choice of /.
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oo = ¢y = ¢ € VI (see Notation 2.3(G8) for the precise definition of the one-
dimensional space VI'° of holomorphic new forms) such that for every v € Vp,

<SO1C)7QD”U>7TU = 17‘ and
o ¢ = ¢ = ¢> such that for every v € VP, ¢ = Lipoy-

Then the identity

. e VG eg 4 (g +1)
(O6(0), O ()i = (-1 - O ] i iy =y

holds.

Remark 1.10. Assuming the conjecture on the injectivity of the étale Abel-Jacobi map,
one can show that the cycle Oy (p) is a primitive Cycle of codimension r. By [Bei87,
Conjecture 5.5], we expect that (—1)"(0 e (¢), O e (¢ )> > 0 holds, which, in the situation
of Corollary 1.9, is equivalent to L’ (%, ) = 0.

Strategy and structure. The main strategy for the proofs of our main results is to adopt
Beilinson’s notion of height pairing together with various sophisticated uses of Hecke op-
erators. In [Bei87], Beilinson constructed, under certain assumptions, a (hermitian) height
pairing on CH"(X )2 valued in C. Since those assumptions have not been resolved even
today, we are not able to use the full notion of this height pairing. However, after choosing
a sufficiently large prime ¢, Beilinson’s construction gives an unconditional height pairing on
a subspace CHT(XL)g> (a priori depending on /) of CH"(X)2 valued in C ®q Q.

The candidates for those nonvanishing elements in Theorem 1.5 are Kudla’s special cycles
Z7(¢>) (which will be recalled in Section 4), which are in general elements in CH" (X )c. We
show that there exists an element s € Tf.. \ m} such that s* annihilates the quotient space

CH"(Xp)c/ CH"(X L)g). The existence of such element allows us to consider the modified
cycles s*Zr(¢>) without changing their (non)triviality in the localization of CH" (X )¢ at
m%, moreover at the same time to talk about their heights.

More precisely, we consider two such modified cycles s{Zp, (¢3°) and s5Z7,(¢5°). When
P° ® ¢° satisfies a certain regularity condition, the two cycles have disjoint support, hence
their height pairing (in the sense of Beilinson) has a decomposition into so-called local indices
according to places u of E. We mention especially that if u is non-archimedean, then the
local index at u is defined via a winding number on the /-adic cohomology of X ®g E,,, which
a priori has nothing to do with intersection theory. When X ®g E, has a smooth integral
model, it is well-known that such winding number can be computed as the intersection
number of integral extensions of the cycles. However, when X; ®g E, does not have smooth
reduction, there is no general way to compute the local index. Nevertheless, we show that,
under certain assumptions on the ramification and on the representation 7, the local index
between st Zr, (¢5°) and s5Zr, (¢3°) can be computed in terms of the intersection number of
some nice extensions of cycles on some nice regular model, after further suitable translations
by elements in Tf..\m%. Eventually, all these local indices turn out to be (linear combinations
of) Fourier coefficients of derivatives of Eisenstein series (and values of Eisenstein series for
finitely many ).

The final ingredient is the Euler expansion of the doubling integral of cusp forms in 7w
against those derivatives of Eisenstein series (and Eisenstein series), which expresses the
height pairing in terms of L’ (%, 7) and local doubling zeta integrals (in particular, it belongs
to C and is independent of ¢). An apparent technical challenge for this approach is to
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show that there exist test functions (¢5°, $3°) satisfying the regularity condition and yielding
nonvanishing local doubling zeta integrals; this is solved in Proposition 3.13. The proofs for
Theorem 1.7 and Corollary 1.9 follow from a similar strategy.

In Section 2, we collect setups and notation that are running through the entire article,
organized in several groups so that the readers can easily trace. In Section 3, we recall
the doubling method in the theory of theta lifting, and prove all necessary results from the
representation-theoretical side. In Section 4, we recall the notation of unitary Shimura vari-
eties, their special cycles and generating functions. We introduce the important hypothesis
on the modularity of generating functions, assuming which we define arithmetic theta lifting.
In Section 6, we introduce the notion of Beilinson’s height, in a restricted but unconditional
form, together with the decomposition into local indices. In Section 5, we introduce a vari-
ant of unitary Shimura variety that admits moduli interpretation, which will only be used
in computing local indices at various places. In Sections 7, 8, 9, and 10, we compute local
indices at split, inert with self-dual level, inert with almost self-dual level, and archimedean
places, respectively. Finally, in Section 11, we prove our main results. There are two appen-
dices: Appendix A contains two lemmas in Fourier analysis that are only used in the proof
of Proposition 3.13; and Appendix B collects some new observations concerning Beilinson’s
local indices at non-archimedean places.

Notation and conventions.

e When we have a function f on a product set Ay x - -+ x A,,, we will write f(ay,...,an)
instead of f((ai,...,a,)) for its value at an element (ay,...,a,) € A; X -+ X Ap,.

e For a set S, we denote by 1g the characteristic function of S.

e All rings are commutative and unital; and ring homomorphisms preserve units. However,
we use the word algebra in the general sense, which is not necessarily commutative or
unital.

e If a base ring is not specified in the tensor operation ®, then it is Z.

e For an abelian group A and a ring R, we put Ap := A ® R as an R-module.

e For an integer m > 0, we denote by 0,, and 1,, the null and identity matrices of rank
m, respectively. We also denote by w,, the matrix <—1m 1’").

e We denote by c: C — C the complex conjugation. For an element x in a complex space
with a default underlying real structure, we denote by z° its complex conjugation.

e For a field K, we denote by K the abstract algebraic closure of K. However, for aesthetic
reason, we will write Q, instead of @, and will denote by F, its residue field. On the
other hand, we denote by Q¢ the algebraic closure of Q inside C.

e For a number field K, we denote by ¥k : K\Ax — C* the standard additive character,
namely, ¥ = g o Trg /g in which ¢g: Q\A — C* is the unique character such that
Pg00(7) = €27,

e Throughout the entire article, all parabolic inductions are unitarily normalized.
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2. RUNNING NOTATION

In this section, we collect several groups of more specific notation that will be used through-
out the remaining sections except appendices.

Notation 2.1. Let E/F be a CM extension of number fields, so that ¢ is a well-defined
element in Gal(E/F). We continue to fix an embedding ¢: E < C. We denote by u the
(archimedean) place of E induced by ¢ and regard F as a subfield of C via ¢.

(F1) We denote by

e Vr and VI the set of all places and non-archimedean places of F', respectively;

° ViPl, Vit and V2™ the subsets of VA" of those that are split, inert, and ramified in
E respectively;

° ng) the subset of Vy of places above ¢ for every place ¢ of Q; and

e V%, the places of E above V.

Moreover,

e for every place u € Vg of E, we denote by u € Vg the underlying place of F’;

e for every v € Vi we denote by p, the maximal ideal of O, , and put q, == |OF, /p.|;

e for every v € Vg, we put £, = F ®p F, and denote by | |g,: £ — C* the
normalized norm character.

(F2) Let m > 0 be an integer.

e We denote by Herm,, the subscheme of Resg,r Mat,, ,,, of m-by-m matrices b sat-
isfying b = b. Put Herm?, := Herm,, N Resp /F GL,.

e For every ordered partition m = my+- - -4+mg with m; a positive integer, we denote
by Om,...m,: Herm,, — Herm,,, X --- x Herm,,, the morphism that extracts the
diagonal blocks with corresponding ranks.

e We denote by Herm,,,(F)* (resp. Herm, (F)") the subset of Herm,,(F) of elements
that are totally semi-positive definite (resp. totally positive definite).

(F3) For every u € Vi, we fix an embedding ¢,: E < C inducing u (with 1, = ¢), and
identify F, with C via .

(F4) Let n == ng/p: A — C* be the quadratic character associated to E/F. For every
v € Vg and every positive integer m, put

bino(s) = T] L(2s +d,m").
i=1
Put b,,(s) == [Toevy bm,o(5).
(F5) For every element T' € Herm,,(Ar), we have the character ¢r: Herm,,(Ap) — C*
given by the formula ¢7(b) == ¢p(tr bT).
(F6) Let R be a commutative F-algebra. A (skew-)hermitian space over R @p E is a free
R ®p E-module V of finite rank, equipped with a (skew-)hermitian form ( , )y with
respect to the involution c¢ that is nondegenerate.

Notation 2.2. Throughout the article, we fix an even positive integer n = 2r. Let (V. (, )v)
be a hermitian space over Ag of rank n that is totally positive definite.

(H1) For every commutative Ap-algebra R and every integer m > 0, we denote by
T(z) = ((%Jj)v)m € Herm,,(R)

the moment matrix of an element x = (xy,...,2,) € V" ®a, R.
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(H2) For every v € Vg, we put V, = V ®4,. F,, which is a hermitian space over E,, and
define the local Hasse invariant of V,, to be €(V,) = n,((—1)"det V,,) € {£1} which
equals 1 for all but finitely many v. In what follows, we will abbreviate €(V,,) as €,.
Recall that V' is coherent (resp. incoherent) if [, ey, €» = 1 (resp. [[,ey, €0 = —1).

(H3) Let v be a place of F' and m > 0 an integer.

e For T' € Herm,,(F,), we put (V.")p = {x € V" | T(z) =T}, and

(Vo )reg = U (Vo)
TeHerm;, (Fy)

e We denote by .7(V,™) the space of (complex valued) Bruhat—Schwartz functions
on V;". When v € V%OO), we have the Gaussian function ¢? € . (V™) given by the
formula ¢9(z) = e~ 27w T(@),

e We have a Fourier transform map ~: .7(V,") — Z(V.™) sending ¢ to ¢ defined by
the formula .

60) = [ ot (3w ) ay
v i—1
where dy is the self-dual Haar measure on V,” with respect to ¢¥g ,.

e In what follows, we will always use this self-dual Haar measure on V,".

(H4) Let m > 0 be an integer. For T' € Herm,,(F), we put

Diff(T, V) = {v € Vp | (V;")r = 0},
which is a finite subset of Vg \ V'
(H5) Take a nonempty finite subset R C Vi that contains V2™, Let S be the subset of V" \ R
consisting of v such that ¢, = —1, which is contained in Vit
(H6) We fix a [T eyimp O, -lattice A™ in V' ®,, AX® such that for every v € Vi \ R, AR is a
subgroup of (A®)Y of index ¢} ~, where
(AN ={z €V, |YE.((x,y)y) =1 for every y € A}
is the 1 ,-dual lattice of A®.
(H7) Put H := U(V), which is a reductive group over Ap.
(H8) Denote by L* C H(AX™) the stabilizer of A}, which is a special maximal subgroup.®
We have the (abstract) Hecke algebra away from R
T* == Z[L*\H (A7) /L7,
which is a ring with the unit 1z, and denote by S* the subring

limg  Z[(LM)e\H (Fr) /(L)1) @ L say

TCVSPI\R
|T|<oco
of T®.
(H9) Suppose that V is incoherent, namely, [ ey, €, = —1. For every u € Vg \ V&', we

fix a u-nearby space “V of V', which is a hermitian space over E, and an isomorphism
W @p A =~V ®,, Ak More precisely,
o ifu e V(EOO), then “V is the hermitian space over F, unique up to isomorphism, that
has signature (n — 1,1) at u and satisfies "V @p A} ~ V @4, Af;

When 7 > 2 (resp. 7 = 1), the set of conjugacy classes of special maximal subgroups of H (AZ") is

. Vint R Vint RUS
canonically a torsor over puy ' * \ (resp. ps ' F \ )).
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o if u € Vin\ V%’l, then “V is the hermitian space over F, unique up to isomorphism,
that satisfies "V @p AR ~ V @y, A%
Put “H = U(*V), which is a reductive group over F. Then "H(A%) and H(A%) are
identified.

Notation 2.3. Let m > 0 be an integer. We equip W,, = E?" and W,, = E*™ the
skew-hermitian forms given by the matrices w,, and —w,,, respectively.

(G1) Let G, be the unitary group of both W,, and W,,,. We write elements of W,, and W,,
in the row form, on which G,, acts from the right. -
(G2) We denote by {ej,...,ea,} and {é,...,€s,} the natural bases of W,, and W,,, re-

spectively.
(G3) Let P,, € G,, be the parabolic subgroup stabilizing the subspace generated by
{€r41,--.,€am}, and N, C P,, its unipotent radical.

(G4) We have
e a homomorphism m: Resg/r GL,, — P, sending a to

@) = (" ).

which identifies Resg,r GL,, as a Levi factor of P,.
e a homomorphism n: Herm,, — N,, sending b to

1, b
n(b) = ( 1m> ,
which is an isomorphism.

(G5) We define a maximal compact subgroup K, = [I,ey, Kmo of Gy (Ar) in the following
way:
e for v € V" K, is the stabilizer of the lattice O?ET;

o for v e V%OO), K, , is the subgroup of the form

[]{Z e ] L 1 ki +ky —iky + ik
b2l 2 \iky — iky k1 + ko ’

in which k; € GL,,(C) satisfies k; 'k = 1,, for i = 1,2. Here, we have identified
Gm(F,) as a subgroup of GLs,,(C) via the embedding ¢, with v = u in Notation
2.1(F3).
(G6) For every v € V%OO), we have a character k,,: K, — C* that sends [kq, ko to
det k:l/det k’Q.G
(G7) For every v € Vg, we define a Haar measure dg, on G,,(F,) as follows:
e for v € Vi dg, is the Haar measure under which K,,, has volume 1;

o forve V%OO), dg, is the product of the measure on K, , of total volume 1 and the
standard hyperbolic measure on G,,(F,)/ K, (see, for example, [F1, Section 2.1]).
Put dg =[], dg., which is a Haar measure on G,,(Ap).
(G8) We denote by A(G,,(F)\Gn(Ar)) the space of both Z(g,, «)-finite and K, -finite
automorphic forms on G,,(Ar), where Z(g,, o) denotes the center of the complexified
universal enveloping algebra of the Lie algebra g,, o of G, @ Fis. We denote by

6In fact, neither K, , nor ., depends on the choice of the embedding ¢, for v =u € V%OO).
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o A'NG,,(F)\G,n(Ar)) the maximal subspace of A(G,,(F)\Gm(Ar)) on which for
every v € V%OO), K, acts by the character xy,

o AMMG,,(F)\Gyn(Ar)) the maximal subspace of A"(G,,(F)\G,(AFr)) on which

— for every v € V" \ (RUS), K,,, acts trivially; and
— for every v € 8, the standard Iwahori subgroup I,,, acts trivially and
Cllnw\Kmw/Imo] acts by the character s, , ([Liu, Definition 2.1]),

o Acusp(Gr(F)\Gim(Ar)) the subspace of A(G ( )\G (Ap)) of cusp forms, and by
(. )a,, the hermitian form on Acusp (G (F)\Gm(AF)) given by the Petersson inner
product with respect to the Haar measure dg.

For a subspace V of A(Gp,(F)\Gn(Ar)), we denote by

e VI the intersection of V and AM(G,,(F)\G.n(AF)),

e VIR the intersection of V and A'™G,,(F)\G,.(AF)),

e V¢ the subspace {¢°| ¢ € V}.

Notation 2.4. We review the Weil representation.

(W1) For every v € Vp, we have the Weil representation w,, of Gy, (F,) x H(F,), with
respect to the additive character ¥z, and the trivial splitting character, realized on

the Schrodinger model .7 (V,*). For the readers’ convenience, we review the formulas:
e for a € GL,,(E,) and ¢ € .#(V]"), we have

wino(m(a))d(x) = |det al, - (za);
e for b € Herm,,(F,) and ¢ € ./ (V."), we have
wWin,w (1(0))0(2) = Yr(a) (D) - $()
(see Notation 2.1(F5) for ¢p);
o for ¢ € ./(V)"), we have
Wmv (Wm) ¢($) = P)/\n/z,,z/;Fm : &5(1‘),

where Yy, 4, 18 certain Weil constant determined by V, and ¥p,;
e for h € H(F,) and ¢ € .(V,"), we have

Wi (h)p(z) = d(h~" ).

We put wy, = ®,wn,, as the adelic version, realized on . (V™).
(W2) For every v of F'| we also realize the contragredient representation w;/w
L (V.m) as well via the bilinear pairing

(3 doma s L (V) x L (V") = C

defined by the formula
(6" 0)un = [ $2)9" (@) da

Notation 2.5. For a locally Noetherian scheme X and an integer m > 0, we denote by
Z™(X) the free abelian group generated by irreducible closed subschemes of codimension m
and CH™(X) the quotient by rational equivalence. Suppose that X is smooth over a field
K of characteristic zero. Let ¢ be a rational prime.

on the space

for ¢,¢" € (V7).
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(C1) We denote by Z™(X)° the kernel of the de Rham cycle class map
ClX,dR : Zm(X> — H?{f{(X/K)(m),
and by CH™(X)? the image of Z™(X)? in CH™(X).
(C2) When K is a non-archimedean local field, we denote by Z™(X)% the kernels of the
(-adic cycle class map

cly: Z™(X) — H*™(X,Qq(m)).
(C3) When K is a number field, we define Z™(X)% via the following Cartesian diagram
ZM(X)\ ——T1, 2" (X,

| |

2m"(X) ——=11, 2"(Xk,)

where the product is taken over all non-archimedean places v of K not above ¢. We de-
note by CH™(X)% the image of Z™(X )% in CH™(X), which is contained in CH™ (X )°
by the comparison theorem between de Rham and /-adic cohomology.

3. DOUBLING METHOD AND ANALYTIC SIDE

In this section, we review the doubling method and prove several statements on the analytic
side of our desired height formula.

We have the doubling skew-hermitian space W := W, @ W, (Notation 2.3(G1)). Let
G be the unitary group of W=, which contains G, x G, canonically. We now take a basis
{eT, ... e} of WH by the formula

o_ o _ = o _ o _ =
€ =€, Gy = 76 Copyy T Gty C3rp T O
for 1 < i < r, under which we may identify I/VD with W, and GD with G,,.. Put
O._ o ._ 0._ O._
(3‘1) wr L W2T‘7 Pr L P27"7 NT A N2T7 Kr L K2T7 w'r M w21”

(see Notation 2.3 and Notation 2.4). We denote by
6. PY — Resg/r GL

the composition of the Levi quotient map PD P, — M, the isomorphism m™": My, —
Resg/r GLg,, and the determinant Resg,p GLQT — Resg/r GL;. Put

1,
€ GI(F).

Then P w, (G, x G,) is Zariski open in G..
Let v be a place of F'. For s € C, we have the degenerate principal series of G&(F,), which
is defined as the normalized mduced representation

12,(s) = mdS5 ) (| [, 0 0,)

of G(F,). We denote by I'(s) the restricted tensor product of I”,(s) for all places v of F
with respect to unramified sections.
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For every section f € I1(0), let ) € IY(s) be the standard section induced by f. Then
we have the Eisenstein series E(g, f¥)) for ¢ € GZ(Ar). We have a GY(Ap)-intertwining
map

for (V) = 1(0)

sending ® to fg defined by the formula fg(g) == w(g)®(0) (see (3.1) for w?). In particular,
for @ € .#(V?"), we have the Eisenstein series

E(s,0,®) = E(g. f$) = Y. f009)

YEPP(F)\GF(F)
for g € GY(AF). It is meromorphic in s and holomorphic on the imaginary line.

Assumption 3.1. In what follows, we will consider an irreducible automorphic subrepre-
sentation (7, V;) of Acusp (G (F)\G,(Ap)) satistying that

(1) for every v € V( ) , T, is the (unique up to isomorphism) discrete series representation
whose restriction to K., contains the character x. ;
(2) for every v € Vi \ R, m, is unramified (resp. almost unramified) with respect to K., if
€, = 1 (resp. ev =—1);
(3) for every v € Vir 7, is tempered.
We realize the contragredient representation 7" on V¢ via the Petersson inner product ( , )g,
(Notation 2.3(G8)). By (1) and (2), we have VI'* £ {0} where VI'* is defined in Notation
2.3(GS).

Remark 3.2. By Proposition 3.6(2) below, we know that when R C V', V coincides with the
hermitian space over Ag of rank n determined by 7 via local theta dichotomy.

Definition 3.3. We define the L-function for 7 as the Euler product L(s, ) =[], L(s, m,)
over all places of F', in which
(1) for v € V" L(s,7,) is the doubling L-function defined in [Yam14, Theorem 5.2];

(2) for v € V%OO), L(s,m,) is the L-function of the standard base change BC(w,) of m,. By
Assumption 3.1(1), BC(m,) is the principal series representation of GL,(C) that is the
normalized induction of arg” ! Marg" 3 X-- - Karg®> " Xarg! ™" where arg: C* — C*
is the argument character. In particular, we have

(3.2) L(s+1m, (H 2(2m) "I (s + z)>2 .

Remark 3.4. Let v be a place of F.

(1) Forv € V(c>o , doubling L-function is only well-defined up to an entire function without
Zeros. Hovvever, one can show that L(s,,) satisfies the requirement for the doubling
L-function in [Yam 14, Theorem 5.2].

(2) For v € V', the standard base change BC(m,) is well-defined and we have L(s,7,) =

L(s, BC(m)) by [Yam14, Theorem 7.2].

(3) For v € Vii*\ R, the standard base change BC(,) is well-defined and we have L(s, m,) =

L(s,BC(m,)) by [Liu, Remark 1.4].

In particular, when R C V%', we have L(s, ) = [[, L(s, BC(m,)).
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Let v be a place of F. We denote by (, ), : 7rz\)/ x m, — C the tautological pairing. For
0y € Ty, @) € Y, and a good section f) € 12 (s) ([Yam 14, Definition 3.1]), we have the
local doubling zeta integral

Z(oy) @ u, f)) = /G (F ><7TX(9)SOZ, Po)m, - f (W, (g, 1)) dg,
and the normalized version
L(s+ 1, -
2ot = (M) 2o
2r,v

which is holomorphic in s. In particular, taking s = 0, we obtain a functional

3T eme .S (V) —»C

7,0

such that
3 (Y, 00 ®) = ZHpY @ 9o, fO) = Z5 () ® pu, fa,)-

Remark 3.5. By [Yam14, Lemma 7.2], we know that the integral defining Z(pY ® ¢, f(©) is
absolutely convergent, and that
L(s+3,m)
b2r,v(5)
is finite and invertible at s = 0.

Proposition 3.6. Let (7w, V) be as in Assumption 3.1.
(1) For every v € Vi we have

dimg HomGr(FU)XGT(Fv)(IEv(O), m, X)) =1.

(2) For every v € (Vi \ R) UV, V, is the unique hermitian space over E, of rank 2r, up
to isomorphism, such that 3%% # 0.

(3) For every v € Vi, Homg, (5, (- (V)), m,) is irreducible as a representation of H(F,),
and is nonzero if v € (Vi \ R) UV,

Proof. To ease notation, we will suppress the place v throughout the proof. For a hermitian
space V over E of rank 2r, denote by R(0,V) C I7(0) the subspace spanned by Siegel-Weil
sections from V and put @(71’ V) == Homg, (7 (-7 (V"), 7). By the seesaw identity, we have

Homg, (r)xc, (7 (R(O, V),7T X 7r) e~ Hom g (O(, ‘7) ® O(rY, ‘7), 1)

where H := U(V). Since 7 is tempered, by (the same argument for) [:116, Theorem 4.1(v)],
O(m, V) is a semisimple representation of H(F). By [CT16, Theorem 1.2], we know that
O(m, V) is either zero or irreducible. By the local theta dichotomy [(:Ci11, Theorem 1.8] (see
also [[11<596, Corollary 4.4] and [[Tar07, Theorem 2.1.7]), there exists exactly one choice V,
up to 1somorph1sm, such that ©(r, V) # 0. Thus, we obtain (1) by [K597, Theorem 1.2 &
Theorem 1.3].

For (2), there are two cases. If v € V', then it follows from (1) and [[XS97, Theorem 1.3).
If v € VI8 \ R, then the uniqueness follows from (1) and [[K597, Theorem 1.2]; and the
nonvanishing of Biy follows from [l.iu, Proposition 5.6 & Lemma 6.1].

For (3), the irreducibility of ©(m, V) = Homg, (5)(-#(V"), m) has already been proved; and
the nonvanishing follows from (2). O
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Proposition 3.7. Let (m,V;) be as in Assumption 3.1 such that L(,7) = 0. Take

o V1 = RuP1y € V}T’"}R and Yy = Ry, € V}:}R such that (©$,, Y2u)r, = 1 forv € Vp '\ R,’
and
o d = ®,0, € S(V¥) such that ®, is the Gaussian function (Notation 2.2(HS3)) for

v E V%OO), and ®, = Lpny2r for v € Vi \ R.
Then we have

() E(0, (91, g2), ®) dgy d
/GAFAGT(AF) /GT<F>\GT<AF> 22(92)21(9) E'(0: (91,92), @) dg dgo

L'(3,7)
- ’ O[FQ 37r 90 va@ vaq)v
b2r<0) v!;[ﬁn v, Vo 1 2 )

LI(% m) : (=1)"qy (g + 1)
=2 /. clFal. Qo v T35 4 (€5, @0, @y),
b2r<0) vl;[S( o 1)( 1) vl;[R U,Vv( ' ’ )

where

r@)---I'(r)
C(r+1)---T'(2r)
and the measure on G.(Ar) is the one defined in Notation 2.3(G7).

C, = (-1)27 7"

Proof. By the formula derived in [Liulla, Page 869], we have

L'(
¢ E/ O (b d d = " @
//[GT(l[,)\GT(AF)]2 ©2(g2)7(g1) E'(0, (91, g2), ®) dg1 dga 627' H37rv v, (050, P20, o).

For v € VE;OO), it is clear that SEWVU(QO‘{U, 2y, Py,) depends only on 7, which we denote by C,.

Note that for g € G,.(F,),

fa) (319, 121)) = (=1) ()80, )
where ¢) is the Gaussian function on V, and (, )., , is the pairing in Notation 2.4(W2). In
particular, f(gi) (Wy (1, 15,)) = (=1)7272”°. By [EL, Theorem 1.3 & Proposition 3.3.2] (with
n=k=2r,a=b=r,n=---=7.=r,11=---1, = —7,and x5, = 1), we have
> I'(1)---T(r)
L(r+1)---T'(2r)

Z(0, 05, @ oy, By) = (—1)7272" . 2%y

By (3.2) and the formula

2
bor(s (HW 5+1)F(3+z)> ,

=1

we obtain our formula for C,.
By [Yam14, Proposition 7.1 & (7.2)], we have Sim%(gpfv, 2y, ®,) = 1 for v € VP \ (RUS).
By [Liu, Proposition 5.6 & Lemma 6.1], we have

(=1)"¢; (g + 1)
@ D@~ 1)
for v € S. The proposition is proved. 0]

SErU,Vv (90(1:1)7 P25 (I)v) = (

"Strictly speaking, what we fixed is a decomposition ©§ = ®y(¢$), and have abused notation by writing
©5, instead of (¢%),.
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Now we study the Eisenstein series E(s, g, ®) via Whittaker functions. For every v € Vg,
T" € Herm$ (F,), and @, € . (V.?"), we define the local Whittaker function on GZ(F,) with
parameter s € C as
(3.3) Wio(s, g, ®,) = /

Herma, (Fy

| £ (w0 (b)g) 7o (b) " db

(see (3.1) for w!') by meromorphic continuation, where db is the self-dual measure on
Hermsy, (F,) with respect to ¢g,. By [Liulla, Lemma 2.8(1)], we know that W;n(s, g, ®,) is
an entire function in the variable s.

Definition 3.8. By the definition of local Whittaker functions (3.3), for every v € Vp, there
exists a unique Haar measure dh, on H(F,) such that for every T5 € Hermj (F,) and every

P, € S (V2), we have

2r
7VU77/)FU / —1
Wra(0, 14, ®,) = ‘ O, (h, x)dh,,
o0 i @) = 0) Jugry P )

where z is an arbitrary element in (V?");o0 (Notation 2.2(H3)). For every open compact
subgroup L, of H(F,), we denote by vol(L,) the volume of L, under the measure dh,,.

By [Tan99, Proposition 3.2], for all but finitely many v € Vi a hyperspecial maximal
subgroup of H(F,) has volume 1 under dh,. In particular, we may define the normalized

measure 1
dh,
bQT (O) vgp

on H(Ap). In what follows, for an open compact subgroup L of H(A¥), we will denote by
vol*(L) the volume of H(F4)L under the measure d*h.

d'h =

Remark 3.9. Note that when V is coherent, d*h coincides with the Tamagawa measure on
H(Ap). Later in Definition 6.11, we will use the volume vol’(L) to scale the normalized
height pairing. In view of Remark 1.8(2), this is the most “natural” way.

Proposition 3.10. Suppose that V is incoherent.

(1) Take an element u € Vg \ V¥, and "® = ®,"®, € (V¥ Qp Ap), where we recall
from Notation 2.2(H9) that “V is the u-nearby hermitian space, such that supp(“®,) C
(“V2)eg (Notation 2.2(H3)) for v in a nonempty subset R C R. Then for every
g € PP(Fp)GY(AY), we have

E(07g’u(1)> = Z H WTD(()?gvau(I)v)'

TOeHerm§ (F) vEVF
(2) Take ® = ®,P, € S (V") such that supp(®,) C (V2 )yeg for v in a subset R C R of

cardinality at least 2. Then for every g € PY(Fp )GV (AY), we have
E0,9,2) = > €(g,P)u,

spl
wGVF\VF

6(97(1))10 = Z %D(Oagwaq)w) H WTD<O,9U,CDU).

TOcHerm$, (F) veVp\{w}
Diff(TH,V)={w}

Here, Diff(T9, V) is defined in Notation 2.2(Hj).
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Proof. This is proved in [Liullb, Section 2B]. O

Definition 3.11. Suppose that V is incoherent. Take an element u € Vg \ VZPI, and a pair
(Ty,T3) of elements in Herm,.(F).

(1) For “® = ®,"®, € S ("V* ®p Ar), we put
ET17T2(guuq)) = Z H WTD(O)gvuucI)v>-

THeHerm$, (F) VEVF
a’r,rTD:(Tl 7T2)

(2) For ® = ®,®, € .7(V*), we put
QST1,T2 <g7 (I))u = Z :;‘D (07 Gu, (I)y) H Wro (07 v, (I)v>‘

THeHerm$, (F) veVp\{u}
Diff(T5,V)={u}
O,y TH=(T1,Tz)

Here, 0, ,: Hermy, — Herm, x Herm, is defined in Notation 2.1(F2).

Remark 3.12. The image of Herm3 (F)* under 0, is contained in Herm, (F')* x Herm, (F)™.

The following proposition ensures the sufficient supply of test functions with support in
(V2 )eq- As we have mentioned in Section 1, it solves a key technical challenge for our

approach.

Proposition 3.13. Let (7,V;) be as in Assumption 3.1. Take v € Vi and suppose that
SE%VU # 0. Then for every p, € 7, and p,| € 7, that are both nonzero, we can find elements

Gu. 0y € L (V) such that supp(dy @ ¢Y) € (V2 )reg and 3% 1 (Y, us b0 @ ¢Y) # 0.

Proof. To ease notation, we will suppress the place v throughout the proof. We identify the
F-vector space Hermy, (F') with its dual Hermy,(F)Y via the bilinear form (x,y) — trzy.
Take an element ¥ € .#(Hermy,(F)). Let ¥ € . (Hermy, (F)) be the Fourier transform of
U with respect to 1. Let fg be the unique section in I2(0) such that fg(w2n(b)) = ¥(b) and
fo = 0 outside P2(F)wZNZ(F). Take ¢ € m and ¢" € 7 that are both nonzero. We claim
that

() There exists an element ¥ € . (Hermy, (F')) such that Z(¢¥ ® ¢, fy) # 0.

Assuming (x), we continue the proof. Let V’ be the other hermitian space over F' of rank
2r that is not isomorphic to V if E is a field, or the zero space if £ = F x F. Let
Herm; (F')y and Hermg (F')y+ be the subset of Hermy, (F') that is contained in the image of
the moment maps from V2" and V" respectively. Then Herm3, (F)y U Herms, (F)y is a
disjoint open cover of Herm,, (F'). Choose V¥ as in the claim and put ¥y = V- lyemg (), and
Wy = V- Lhermg, (F),, We may choose elements ®y € & (V27) and @y € .7 (V27 such that

Uy and Wy are the pushforward of @y and @y along the moment map V2% — Herm;, (F)y

reg

and V2" — Hermy, (F)y, respectively. It is easy to see that fe, = fy, and fo,, = fu,,. In

reg
particular, we have

Z(p" @@, fu) =Z(0' @, fu,) + Z(¢' @@, fu,.) = Z(0" @, fo,) + Z(¢' @, fa,)-

By Proposition 3.6 and Remark 3.5, we have Z(¢" ® ¢, fs,,) = 0 if 3Er7‘/ # 0. Thus, we have

Z(¢Y @, fo,) # 0, hence BE“V(@\/ ® @, Py ) # 0. The theorem follows as ®y can be written
as a finite sum of elements of the form ¢ ® ¢" satisfying supp(¢ ® ¢¥) C supp(®Py) C V2"

reg*
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It remains to show (x). We identify Resg,r Mat,, xHerm, x Herm, with Hermy, via the

assignment
u ‘a®
(a,u,v) — :
a v

Define a polynomial function A on Herm,, sending (a,u,v) to Nmg/p det a. Let Q be the
complement of the Zariski closed subset of Herms, defined by the ideal (A). We define a
morphism ¢: (2 — G, such that

1, v —a 0 1L, wu
L<a7uav): 0 1, 0 —tgo! W 0 1,/

which is an isomorphism onto the Zariski open subset P,w, N, of G,.. By a direct computation,
we have a unique morphism p: Q — P such that

t,c
(3.4) w,i(a,u,v) = pla,u,v) -w -n (Z ?} ) :

which satisfies
(3.5) Nmg,r 6 (p(a,u,v)) = Nmpg/p det a = A(a, u,v).

Define a locally constant function &,v , on G.(F) by & o(9) = (7¥(9)¢",¢)r. Then by
(3.4) and (3.5), we have

20" © . fu) = [ Eonol0)fulwilg, 1) dg

= §¢v7¢(b(a,u,v))|A(a,u,v)|}@(a,u,v) - de(a, u,v).
P, (F)w,Np(F)

We define a locally constant function 52,\/790 on Q(F) by

ffov#,(a,u, v) = |A(a, u,v)| 7 v o (L(a, u,v)).
Note that there exists a unique Haar measure da dudv on Hermy,(F') such that
de(a,u,v) = |A(a, u,v)|7*" dadudv.

Thus, we have
(3.6) Z(p' @, fv) = / 527\/ Hla,u, 0)¥(a, u,v) dadudo.
owF) *

As both ¢ and ¢ are nonzero, §"pv7@ is nonzero, which is also locally integrable on Hermy,(F)
by Remark 3.5. The remaining discussion bifurcates.
When E is a field, we have &,v , € L**(G,(F)) for every € > 0, which is equivalent to

b 2+¢ re
/Q(F) &0 (@, u,0)[*F|A(a, u, v)|F dadudo < .
Applying Lemma A.1 to X = Herms,(F'), we obtain an element ¥ € .% (Vrig) such that
/Q(F) gfo\/,go<a7u7 0)¥(a,u,v) dadudo # 0,

which implies Z(p" ® ¢, fy) # 0 by (3.6). Thus, () is proved.
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When F = F x F, we have &,v , € L**(Z,.(F)\G,.(F)) for every £ > 0, where Z, denotes
the center of GG, which is equivalent to

/FX\Q(F) |§Z7v#,(a,u, U>’2+E|A(aau7v) ' dadudv < 0.

Here, the action of F* on Hermsy, (F') is given as follows: After identifying Mat, ,.(E) with
Mat, . (F') x Mat, ,.(F) via the two factors of F' under which we write a = (a1, as), a € F*
sends ((ay,as),u,v) to ((aar,a tas),u,v). Applying Lemma A.2 to X = Herm,,(F) with
X, = Mat,.,.(F), Xy = Mat,,.(F), and X3 = Herm,(F') @ Herm,(F'), we obtain an element
U € .7(V2) such that

reg

/Q(F) fz,v’@(a,u, 0)¥(a, u,v) dadudv # 0,
which implies Z(¢" ® ¢, fy) # 0 by (3.6). Thus, (x) is proved. O

To end this section, we recall some constructions concerning the tempered global L-packet
given by 7, which will be used in Section 6 and Section 9.

Notation 3.14. Let (7, V) be as in Assumption 3.1.

(1) Let II be the automorphic base change of m, that is, the isobaric automorphic rep-
resentation of GL,(Ag) such that II, is the standard base change of 7, for all but
finitely many v € Vi for which 7, is unramified.® By the local-global compatibil-
ity [KNMSW, Theorem 1.7.1], for every v € V%OO), II, is the normalized induction of
arg” ' Narg" 3 K. .. Karg> " Karg! ™ as in Definition 3.3.

(2) Put 3:={n—1,n—3,...,3—n,1 —n}. For each character x: u3 — C*, we define
the signature of y to be the pair (p,q) with p + ¢ = n such that x takes value 1 on p
po-generators and —1 on g po-generators. For such a character x of signature (p, ¢), we
have a discrete series representation X of U(p, q). When (p,q) = (n —1,1), we denote
by 7X the representation of "H(F,,) that is the inflation of 7X along the quotient map
"H(Fy) = "H(R) ~U(n—1,1).

(3) We may write II = II; B - - - B II,, in which II; is a conjugate-selfdual cuspidal auto-
morphic representation of GL,,;(Ag), with n; + --- +n, = n. Then there is a unique
partition J = J; U --- U J, such that II;,, is the normalized induction of Niey, arg’ for
1<j<s.

(4) Let ¢ be a rational prime with an arbitrarily given isomorphism Q, ~ C. For every
1 < j < s, we have a (semisimple) Galois representation

pr, . Gal(Q*/E) — GL,, (Qy)
attached to II; as described in [Carl2, Theorem 1.1].
Here, we recall from Notation 2.1 that we have regarded F as a subfield of C via ¢.
Lemma 3.15. For every irreducible admissible representation 7% of H(AY) such that 11, is

the standard base change of ©° for all but finitely many v € VI for which 7 is unramified,
exactly one of the following two cases happens:

(a) There does not exist a character x: u3 — C* of signature (n—1,1) such that 7%, @ 7>
is a cuspidal automorphic representation of “H(AF).

8The existence of II follows from [Shi] or more generally [KMSW], while the uniqueness of II up to
isomorphism is ensured by the strong multiplicity one theorem.
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(b) There is a unique integer 1 < j(7>°) < s, such that for every x: u3 — C* of signature
(n—1,1), 7X @ > is a cuspidal automorphic representation of “H(Ar) if and only if
the unique ps-generator of pa on which x takes value —1 is indexed by an element in

Moreover, we have

0, if T fits in (a)

dime H oy | 7%, lim Hix ' (X, /C) | =
imc omH(AF)<7r ,% ar (Xr/ )) {nj(;,oo)>0, if @ fits in (b)

where { X} is the unitary Shimura variety recalled in Section 4 below.

Proof. The first part of the lemma is a consequence of Arthur’s multiplicity formula for
tempered global L-packets [[KNSW, Theorem 1.7.1].

The second part of the lemma follows from Matsushima’s formula and Arthur’s multiplic-
ity formula [[KXNSW, Theorem 1.7.1]. In particular, the number of characters y: u3 — C* of
signature (n — 1,1) such that 7X ® 7 is a cuspidal automorphic representation of “H (Ar)
equals njz-y. Here, we also use the well-known fact that the (g, K')-cohomology of a (coho-
mological) discrete series representation is one-dimensional in the middle degree and vanishes
in all other degrees (see, for example, [BW00, II. Theorem 5.4]). O

Remark 3.16. Assume that 7> := Homg, ) (< (V" ®@p AF), 7°) is nonzero, which is then
an irreducible admissible representation of H(A%¥) by Proposition 3.6(3). By [G116, Theo-
rem 4.1(ii)], the global root number £(II) equals —1. Moreover, using Arthur’s multiplicity
formula [KMSW, Theorem 1.7.1] and Conjecture (P1), in [GI16, Section 4.4] (which is
proved in that article), we see that 7 fits in the situation (b) of Lemma 3.15 if and only if
there is exactly one element j € {1,..., s} such that ¢(II;) = —1; and in this case we must
have j = j(7°°). When ord,_1 L(s,IT) = 1, there is exactly one element j € {1,...,s} such
that e(Il;) = —1 as L(s, ) = [Tj_; L(s,IL;), so @ fits in the situation (b) of Lemma 3.15
automatically.

4. SPECIAL CYCLES AND GENERATING FUNCTIONS

In this section, we review the construction of Kudla’s special cycles and generating func-
tions. We also introduce the hypothesis on the modularity of generating functions and derive
some of its consequences. From now to the end of Section 11, we assume V incoherent.’

Recall that we have fixed a u-nearby space "V and an isomorphism "V @p A% ~ V @y, A%
from Notation 2.2(H9). For every open compact subgroup L C H(A%), we have the Shimura
variety X, associated to Resgg "H of the level L, which is a smooth quasi-projective scheme
over E (which is regarded as a subfield of C via ¢) of dimension n—1. We remind the readers
its complex uniformization

(4.1) (XL @p C)*" ~"H(F)\"D x H(Ar)/L,

where "® denotes the complex manifold of negative lines in "V ®g C and the Deligne homo-
morphism is the one adopted in [[L.TXZZ, Section 3.2]. In what follows, for a place u € Vg,
we put Xy, = X ®p E, as a scheme over I,.

9At the end, we will take V = V, as in Section 1. We have changed the use of V from Section 1 since in
the proofs of the main results, we need to consider all nearby spaces of V. In particular, V in Section 1 is
now V.



CHOW GROUPS AND L-DERIVATIVES OF AUTOMORPHIC MOTIVES FOR UNITARY GROUPS 23

Now we recall the construction of Kudla’s special cycles and their generating functions.
Take an integer 1 <m < n — 1.

Definition 4.1. For every element x € V™ ®,, A%, we have the special cycle Z(x), €
CH™(X,)q defined as follows.

e For T'(x) ¢ Herm,,,(F)™, we set Z(z), = 0.

e For T(z) € Herm, (F)", we may find elements 2/ € "V™ and h € H(AY) such that
hx = x’ holds in V™ ®,, A¥. The components of 2’ spans a totally positive definite
hermitian subspace Vs of "V of rank m. Put H* := U(V,), which is naturally a
subgroup of "H, and let {X7/} ), e (azey be the associated system of Shimura varieties.

Define Z(z) to be the image cycle of the composite morphism

z’ -h
Xth_lme/(A%o) — Xth—l — XL-

It is straightforward to check that Z(x); does not depend on the choice of z’ and h.
Moreover, Z(z), is a well-defined element in Z™(X7).

e For T'(x) € Herm,,(F')" in general, we have an element Z(x), € CH™(X)gp (not well-
defined in Z™ (X1 )g). We refer the readers to [Liulla, Section 3A] for more details as it
is not important to us in this article.

For every ¢ € (V™ ®,, A¥)L and T' € Herm,,(F), we put
Zr (™)L = >, 7@ Z(2)r

CEL\V™ @4 AT
T(x)=T
As the above summation is finite, Z7(¢>)y, is a well-defined element in CH™(X)c.

Remark 4.2. For T € Herm, (F)*, Zy(¢>)y is even a well-defined element in Z™(X)c.

Finally, for every g € G,,(Ar), Kudla’s generating function is defined to be

Zoe (= Y. Wineo(90)05%(T) - Zr(wiy (9761

TeHerm,, (F)*

as a formal sum valued in CH™ (X )¢, where

wm,m(gm)¢go(T) = H Wm,v(gu)¢g(T)-

vev}‘x’)

Here, we note that for v € V%OO), the function wy, ,(g,)¢Y factors through the moment map

V™ — Herm,, (F,) (see Notation 2.2(H1)), hence w, (g,)9%(T) makes sense.
Lemma 4.3. In Definition j.1, we have
Win,oo(1(0)1(0)) o (T) - Zr(win (n(b)m(a))$>°) L = ¢ ('0°T) - Zigera (™)1
for every a € GL,,,(E) and every b € Herm,,,(F).
Proof. This is proved in (the proof of) [Liulla, Theorem 3.5]. O

Lemma 4.4. In Definition 4.1, we have t*Zp(¢>), = Zr(t¢™) L for every t € Tk.
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Proof. By linearity, we may assume t = 1,7, for some h € H (A%O’R). Then it follows easily
from Definition 4.1 that

t*Z(x), = > Z(hh'z)p,
h'eh='LhNI\L
for every x € V" @4, A%¥. Thus,

" Zr(¢™) L = > = (2)t"Z ()1,

TE€L\V™®R , AF
T(z)=T
= Y ™®@) Y Z(ha),
r€L\V®@u AR h'eh=1LhNL\L
T(z)=T

= ( > ¢°°(h'1h1$)) Z(x)p
rEL\V™ @y, AP \h'€h~L1LhNL\L
T(z)=T

= Y (™)@ Z(2)r = Zr(t¢™)r.
r€L\V"®@u  AF
T(z)=T

The lemma follows. O

Hypothesis 4.5 (Modularity of generating functions of codimension m). For every open
compact subgroup L C H(AY), every ¢ € L (V™ @y, AX)E, and every complex linear map
[: CH™(Xp)c — C, the assignment

9= UZy=(9)r)

is absolutely convergent, and gives an element in A"V(G, (F)\Gn(Ar)). In other words, the
function Zge(—)1, defines an element in Home(CH™ (X )&, ATNG,, (F)\G,n(ArR))).

Remark 4.6. Hypothesis 4.5 is believed to hold. In fact, in the case of symplectic groups over
Q, the analogous statement was first conjectured by Kudla [[<ud04], and has been confirmed
in [BWRI15] based on previous works [Zha09, YZZ09]. In our situation, Hypothesis 4.5 is
proved in [Liulla, Theorem 3.5] for m = 1; for m > 2, we know that I(Zy~(g)) is formally
modular by [Liulla, Theorem 3.5].

Note that the natural inclusion
ANG W (F)\Gm(Ar)) ®c CH™(X,)c € Home (CH™(X.) ¢, A (G (F)\G(AF)))

might be proper, since we do not know whether CH™ (X )¢ is finite dimensional. However,
we have the following result.

Proposition 4.7. Assume Hypothesis /.5 on the modularity of generating functions of codi-
mension m.
(1) For every open compact subgroup L C H(AY) and every ¢ € (V™ @4, AR)E,
Zgoo (=) 1, belongs to AUNG,,(F)\Gm(Ar)) @c CH™ (X )c.
(2) The map

L V™ @4, A — ANG (F)\Gm(Ar)) @c CH™(XL)c

sending ¢ to Zyeo (—) 1 is G (AR) x T-equivariant, where G,,(A¥) acts on the source
via the Weil representation and on the target via the right translation on the first factor;
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and T% acts on the source via the Weil representation and on the target via the Hecke
correspondences.

Proof. For (1), fix an open compact subgroup K C G,,(A%) that fixes ¢>°, and a set of
representatives {g™"), ..., g®} of the finite double coset G,,(F)\Gm(A%¥)/K. For every 1 <
i < s, the restriction of Zye (=) to Gp(Fy) x {g¥} is given by the hermitian g-expansion

)= Y Zp(¢™D) - 4",

TeHerm,, (F)*
where ¢ = 1w, (g())¢>. By Hypothesis 4.5, for every | € CH™(X,)¢, the g-expansion

(fNN= > UZe(6™)) - ¢"

TeHermy, (F)*t

belongs to MUI(I'®) the space of holomorphic hermitian Siegel modular form of G,, of
weight (k7,.,,),, oy (Notation 2.3(G6)) and level I == G,,(F) N g K (g)~". Let M be
) w bl

the subspace of CH™(X})¢ spanned by Zp(¢®®),, for all T' € Herm,,(F)*. We claim that
(4.2) dime MY < dime MITN(T®) < 0.

Take arbitrary elements Iy, ..., lq of CH™(X){ with d > dime MIN(T®). Then there exist
c1,...,¢q € Cnot all zero, such that Z;l:l cili(f)(q) = 0; in other words,

d
Sl (Zr(¢9™D)) =0, VT € Herm,,(F)".
j=1

Thus, we have Z;l:l ¢jljlpm@ = 0, which implies (4.2). However, (4.2) implies that the
subspace of CH™(Xp)c generated by Zr(wi®(g>)¢™), for all T € Herm,,(F)* and ¢ €
G (AY) is finite dimensional. Thus, (1) follows.

Part (2) is follows from Lemma 4.4 and the construction.

The proposition follows. U

Definition 4.8. Let (7, V;) be as in Assumption 3.1. Assume Hypothesis 4.5 on the mod-
ularity of generating functions of codimension r. For every ¢ € VI every open compact
subgroup L C H(AY), and every ¢ € (V" @4, AX)L, we put

O e ::/ ©(9) Zge (9)1, g,
s ()L e (9)Z¢~(g)r dg

which is an element in CH"(X[ )¢ by Proposition 4.7. It is clear that the image of O 4 ()1,
in

CH"(X)c = lim CH"(X1)c

depends only on ¢ and ¢, which we denote by Oy (¢). Finally, we define the arithmetic
theta lifting of (m,V;) to V (with respect to ¢) to be the complex subspace O(m, V') of
CH"(X)c spanned by G4 (¢) for all p € VI and ¢> € (V" ®,, AR).
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5. AUXILIARY SHIMURA VARIETY

In this section, we introduce an auxiliary Shimura variety that will only be used in the
computation of local indices I, 7, (63°, $5°, 81,82, 91, 92) 1w to be introduced in the next sec-
tion. We continue the discussion from Section 4.

Notation 5.1. We denote by Ty the torus over Q such that for every commutative Q-algebra
R, we have Ty(R) = {a € E®qg R|Nmpg/pa € R*}.

We choose a CM type ® of F containing ¢ and denote by E’ the subfield of C generated
by F and the reflex field of ®. We also choose a skew hermitian space W over E of rank 1,
whose group of rational similitude is canonically Ty. For a (sufficiently small) open compact
subgroup Lo of To(A>), we have the PEL type moduli scheme Y of CM abelian varieties
with CM type ® and level Ly, which is a smooth projective scheme over E’ of dimension 0
(see, [K0t92], for example). In what follows, when we invoke this construction, the data @,
W, and Lo will be fixed, hence will not be carried into the notation E' and Y. For every
open compact subgroup L C H(A%¥), we put

X}/ =X . Rr Y
as a scheme over F'.
Unlike X, the scheme X} has a moduli interpretation as first observed in [R5Z20].

Lemma 5.2. The E'-scheme X} represents the functor that assigns to every locally Noe-
therian scheme S over E' the set of equivalence classes of sextuples (Ao, Ao, n0; A, A, 1) where
e (Ag, Mo, m0) is an element in Y (S);
o (A, \) is a unitary Og-abelian scheme of signature type n® — ¢+ over S (see [T X7/Z,
Definition 3.4.2 & Definition 3.4.3]);
e 1 is an L-level structure, that is, for a chosen geometric point s on every connected
component of S, a w1 (S, s)-invariant L-orbit of isomorphisms
n: V @u, A — Hompip o (Hi(Ags, A), Hi (A, A®))
of hermitian spaces over E ®gA>® = E®p A (see [T X777, Construction 3.4.4] for the
hermitian form on the target of n).
Two sextuples (Ao, Mo, Mo; A, A, m) and (Af, Ao, ny; A, N 1) are equivalent if there are Op-
linear quasi-isogenies @o: Ag — Ay and ¢: A — A’ such that
® o carries 1y to 1);
o there exists c € Q* such that @y o X o g = cAg and ¥ o N o p = c);
e the L-orbit of maps v — . o n(v) o (po.) ! forv €V @4, AY¥ coincides with 1 .
Proof. This is shown in [RSZ720, Section 3.2]. See also [[/TX77, Section 4.1]. O

Definition 5.3. For every z € V" ®,, A¥® with T'(z) € Herm,(F)", we define a moduli
functor Z'(x)r over E’ as follows: for every locally Noetherian scheme S over E’, Z'(z)(S)
is the set of equivalence classes of septuples (Ag, Ao, 70; A, A, ; &) where

e (Ag, N, m0; A, \,m) belongs to X7 (S);

e 7 is an element in Homp,, (Af, A)g satistying z. € n(Lz).
By Lemma 5.4(1) below, the image of Z'(x), defines an element in Z"(X7} ), which we denote
by Z ().

Lemma 5.4. For every x € V" ®4, AY with T'(x) € Herm, (F)", we have
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(1) the forgetful morphism Z'(x), — X is finite and unramified;
(2) the restriction of the algebraic cycle Z(x) to X} coincides with Z(x)}, as elements in
7(X}).
Proof. In the proof below, we will frequently use notations from Definition 4.1. Take 2’ € "V"
and h € H(A%) such that hx = 2’ holds in V"™ ®,, A¥. For both statements, it suffices to
show that there is an isomorphism Z'(x);, = X }f/thl A (acey BB Y, rendering the following
F

diagram

(5.1) Z'(7)L

Xx ’ ®EY

commute. Let S be a locally Noetherian scheme over E’. We will construct a functorial
bijection between Z'(z)(S) and (le,Lh—lﬂHx'(A‘”) ®p Y)(S).
F

Take an element (Ag, Ao, m0; A, A\, ;%) € Z'(x)1(S). We may find an Og-abelian scheme
A, of signature type r® — ¢ + ¢ over 5, and an element #; € Homg, (A, A)g, such that
Ty @ 7 is an isomorphism in Homg, (A; x Aj, A)g, and that the composition Z¥ o Ao &y €
Homg, (A1, (A)Y)q equals zero. Put Ay := &} o Ao Zy. As Z, € n(Lx), we may replace h by
an element in AL such that the restriction of n o h™t to V. ®g A, which we denote by 7,
is contained in the submodule Homg%gkoo (Hi(Aps, A>), Hy (A5, A%)). Thus, we obtain an

element
(A07 )‘07 To; Ala )\17 771) € (XZLh—lme/(A%O) ) Y)(S>
By construction, it maps to (Ag, Ao, m0; A, A\, ) € X7 (S5) in (5.1).
For the reverse direction, take an element
(AO7 )\07 Tlo; A17 )\17 771) € <XZ}JL—1OHW/(A%°) ®E Y)(S>
Put A, := Aj and let Ay be the polarization such that we have an isomorphism
R V:E/ l} I‘IOIIlgOI;)\2 (A(), AQ)Q

of hermitian spaces over E. Put A = A; x As, A = Ay X Ay, and 1 = (11 & 12 @ A>) o h.
Then (Ag, Ao, 10; A, A\, 1) is the image of (Ao, Ao, 70; A1, A1, m1) in X7(5) in (5.1). Let Z be the
isomorphism in Homg,, (Af), As)g that corresponds to no(z'), which we regard as an element
in Homp, (Af, A)g- Then we obtain an element (Ao, Ao,n0; A, A\, ;%) € Z'(x)(5) lying
above <A07 )‘07 To; Aa )\7 77)

It is straightforward to check that the above two assignments are inverse to each other.
The lemma follows. O

The following lemma will only be used in Section 10.

Lemma 5.5. For every u € VSEOO), there exists an isomorphism

{XL ®E,Lu C} ~ {UXL ®LU(E) C}

of systems of complex schemes under which Z(x)r ®g,, C coincides with “Z(x)r, ®,,z) C for
every x € V' @u, AY with T(x) € Herm, (F)". Here, "X and “Z(x); are defined similarly
as X, and Z(x)p, with v replaced by v, hence are schemes and cycles over v, (F).
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Proof. We choose an isomorphism o: C = C satisfying ¢, = o o t.

Choose an element (Ag, Ag,70) € Y (C). Then by Lemma 5.2, X ®g C has the following
moduli interpretation: For every locally Noetherian complex scheme S, (X, ®g C)(S) is
the set of equivalence classes of triples (A, A\,n) as in Lemma 5.2. In particular, (A4,\) is
a unitary Opg-abelian scheme of signature type n® — ¢ + ¢¢ over S. Since X; ®p C does
not depend on the choice of ®, such moduli interpretation holds as long as ® contains
L. In particular, we may take ® such that it contains both ¢, and ¢. Then we have such
moduli interpretation for both ® and o='®. Using both moduli interpretations, we obtain an
isomorphism {X; ®g,, C} ~ {“X1 ®,, ) C} of systems of complex schemes. By Lemma 5.4,
it follows easily that under such isomorphism, Z(z); ®g,, C coincides with “Z(z); ®,, &) C
for every x € V" ®,, AY with T'(z) € Herm, (F)". The lemma is proved. O

Notation 5.6. In Sections 7, 8, and 9, we will consider a place u € Vi \ Vi, Let p be the
underlying rational prime of u. We will fix an isomorphism C = @, under which ¢ induces
the place u. In particular, we may identify ® as a subset of Hom(E,Q,).

We further require that ® in Notation 5.1 is admissible in the following sense: if &, C &

denotes the subset inducing the place v for every v € ngf), then it satisfies

(1) when v € ng) NV @, induces the same place of E above v, which we denote by v,
and by v, its conjugate;

(2) when v € V¥ N vint, &, is the pullback of a CM type of the maximal subfield of E,
unramified over Q,.

To release the burden of notation, we denote by K the subfield of Q, generated by E, and the
reflex field of ®, by £ its residue field, and by K the completion of the maximal unramified
extension of K in Q, with the residue field F,. It is clear that admissible CM type always

exists, and that when V%’) NVE™ = (), the field K is unramified over E,.

We also choose a (sufficiently small) open compact subgroup Ly of To(A>) such that Ly,
is maximal compact. We denote by ) the integral model of Y over Ok such that for every
S € Sch,., V() is the set of equivalence classes of triples (Ao, Ao, 75) where

e (Ag, No) is a unitary Og-abelian scheme over S of signature type ® such that A is a
p-principal polarization;
e 1 is an L{-level structure (see [T XZZ, Definition 4.1.2] for more details).

By [How12, Proposition 3.1.2], Y is finite and étale over Ok.

6. HEIGHT PAIRING AND GEOMETRIC SIDE

In this section, we introduce the notion of a height pairing after Beilinson and initiate
the study of the geometric side of our desired height formula. We continue the discussion
from Section 4. From this moment, we will further assume F' # Q, which implies that X is
projective.

We apply Beilinson’s construction of the height pairing in [Bei&7, Section 4] to obtain a
map

(, V%, 5t CH'(Xp)E x CH'(X)Y — C g Q

(see Notation 2.5(C3) for the notation) that is complex linear in the first variable, and
conjugate symmetric. Here, ¢ is a rational prime such that X, has smooth projective
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reduction for every u € v§_,ff). For a pair (¢, cz) of elements in ZT(XL)g> X ZT(XL)SCZ> with

disjoint supports, we have

(61) <Cl, 02>§(L’E = Z 2<Cl, 02>XL,u,Eu + Z log quy * <C1, C2>§(L,u’Eu7
uEV%OO) uev%n
in which
e ¢, is the residue cardinality of E, for u € Vi;
o (c1,e2)%, . 5, € C®qQy is the non-archimedean local index (B.1) recalled in Appendix

B for u € Vi (see Remark B.11 when u is above ¢), which equals zero for all but finitely
many u;

e (c1,02)x, .5, € Cis the archimedean local index for u € VSEOO), which will be recalled
when we compute it in Section 10.

Definition 6.1. We say that a rational prime ¢ is R-good if ¢ is unramified in E and satisfies
v cvin\ (RUS).
Definition 6.2. For every open compact subgroup Ly of H(F}) and every subfield L of C,
we define
(1) (S}), to be the ideal of S} (Notation 2.2(H8)) of elements that annihilate
D Hur(Xrz/E) ®gL,

i#2r—1
(2) for every rational prime /, (Sﬁ)ﬁ to be the ideal of Sf of elements that annihilate
@ HQT(XLRLR’M, Qg(’f’)) ®Q L.
uevin\y()
Here, L* is defined in Notation 2.2(HS).

Definition 6.3. Consider a nonempty subset R’ C R, an R-good rational prime ¢, and an
open compact subgroup L of H(A¥) of the form LgL* where L* is defined in Notation
2.2(H8). An (R,R’, /¢, L)-admissible sextuple is a sextuple (¢3°, $3°, 81, 89, g1, g2) in which

o for i = 1,2, ¢° = ®,05° € L (V" @a, AF)* in which ¢ = Lny for v € Vi \ R,

satisfying that supp(¢52 @ (¢32)¢) C (V2" )yeg for v € R

e for i = 1,2, s; is a product of two elements in (SRaC)gg;

e for i =1,2, g; is an element in G,(A%).

For an (R, R, ¢, L)-admissible sextuple (¢3°, ¢3°, 81,82, g1, g2) and every pair (77, T3) of ele-
ments in Herm; (F)*, we define

(1) the global index Ip, 7, (¢5°, $3°, 81,89, 91, g2) 7, to be
<wr,oo(gloo)¢go(Tl) : STZTl (W?O(gfo)qsclw)Lawr,oo(9200>¢2o(T2) : S;ZTQ(WSO(QSO)QS;O)L)&DE

as an element in C ®g Q,, where we note that for i = 1,2, sfZr, (we°(g5°)95°) 1 belongs
to CH”(XL)éf> by Definition 6.2(2);
(2) for every u € Vi, the local index Ir, 1,(95°, 95°, 81, 82, g1, 92)%’u to be

(Wroo(9100) 0% (T1) 8121, (w72 (97°)07°) L Wroo (9200) D56 (T2) - 8327, (07 (95°)85°) 1), 1,

as an element in C ®qg Qy, in view of Remark 4.2 and Lemma 6.4(2) below;
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(3) for every u € V%OO), the local index Ir, 1, (¢, ¢, 81,52, g1, g2) L. tO be

(Wrio0(9100) 0% (T1) + 81 21, (W (95°) D7) 1y Wiy (G200 ) Do (T2) 5 2, (W (95°)D5°) 1) X1 0,

as an element in C, in view of Remark 4.2 and Lemma 6.4(2) below.

Lemma 6.4. Let R, R', ¢, and L be as in Definition 6.3. Let (11,T,) be a pair of elements
in Herm, (F))™.

(1) For x1,x9 € V ®a, AY satisfying T(x1) = Ty, T(x9) = Ty, and (Lyx1y, Lyza,) C
(V2 )eg for some v € R, the algebraic cycles Z(x1)r and Z(x2)r in Z'(XL)c have
disjoint supports.

(2) For every (R,R', ¢, L)-admissible sextuple (¢5°,d3°, 81,82, G1,92), the algebraic cycles
ST 27 (w2 (g5°)93°) 1 and s5Z7, (WX (g5°)d°) in Z7(X1)c have disjoint supports.

Proof. 1t is clear that (2) follows from (1).

For (1), it suffices to check that they are disjoint under complex uniformization (4.1). By
definition, for i = 1,2, the support of Z(z;), consists of points (z;, hh;) in the double coset
(4.1), where h;z; = x; with 2} € "V"; z is perpendicular to V,; and A acts trivially on
Vir. Suppose that the supports of Z(x1)r and Z(x2)r are not disjoint, then we may find
v € "H(F) such that z; = 29 and hih L = yhyhyL. In particular, Vi, N4V, # {0},
which implies that the subspace of “V*" generated by (z,vx}) is a proper subspace. Thus,
(hyx1, Yhoxa) & (V.2 ) for every v € R'. On the other hand, we have (hizy,vhats) =
(R} hyxy, yhbhaws), which implies that (L,x1,, LyT2,) is not contained in (V,?"),eq, which is a
contradiction. Thus, (1) follows. O

The following definition will be used in the future.

Definition 6.5. Let p be a rational prime. We say that an element ¢ € .Z(V™ @5, AY)
for some integer m > 1 is p-basic if it is of the form ¢>° = ®,¢° in which ¢7° = Lzr)m for

every v € VP \ (RU V).
Recall from Notation 3.14(1) that II is the automorphic base change of 7.

Hypothesis 6.6. Let ¢ be a rational prime with an arbitrarily given isomorphism Q, ~ C.
For every irreducible admissible representation ©°° of H(AS) such that 11, is the standard
base change of @° for all but finitely many v € VI for which #° is unramified, if we are in
the situation (b) of Lemma 3.15, then the semisimplification of the representation

p[r™] = Hom (a2 (7?00, hﬂ (X, ®@p Q, @Z))
L

of Gal(Q*/E) is isomorphic to PIL ooy Where pr, is introduced in Notation 3. 14(4).

Remark 6.7. Concerning Hypothesis 6.6, we have

(1) When n = 2, it has been confirmed in [L.iu21, Theorem D.6].

(2) When II is cuspidal (that is, s = 1 in Notation 3.14(3)), it will be confirmed in [[K57]
(under the help of [Mok15, KMSW]).

(3) In general, it will follow from [[<S7] as long as the full endoscopic classification for
unitary groups is obtained.
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Definition 6.8. Let (7, V) be as in Assumption 3.1. We define a character
X:—: TR e —> Qac7

as follow. Let Hj, be the restricted tensor product of commutative complex algebras HI“/—LVM
if €, = £1 over v € V" \ R, where ’Hﬁ/v is defined in [Liu, Definition 2.5] for v € Vit' and is
simply the spherical Hecke algebra for v € Vi?l. Using the construction in [l.iu, Definition 2.8],
we have a canonical surjective homomorphism 6%: Hfj;, — T¢ of complex commutative
algebras. Since 7, is unramified (resp. almost unramified) when €, = 1 (resp. ¢, = —1) by
Assumption 3.1(2), the algebra 1, acts on VI'® by a character 2, : #f, — C, which
factors through 6 by [Liu, Definition 5.3 & Theorem 1.1(1)]. Since 7 is cohomological by
Assumption 3.1(1), hence has algebraic Satake parameters, there exists a unique character
Xe: Thae — Q* such that x% ;= (x} ®gee C) 0 O~
We put m? := ker \®, which is a maximal ideal of Thac.

Proposition 6.9. Let (m,V;) be as in Assumption 3.1. For every open compact subgroup
Ly of H(FR), we have

(1) (Skae)}, \ mE is nonempty;

(2) under Hypothesis 6.6, ( @a)ﬁf \ m} is nonempty.

Proof. For (1), by Matsushima’s formula, we know that the localization of the SE-module
Hig (X1, 12/FE) ®g C at m® is isomorphic to the direct sum of H'(7,) ® 7> for all cuspidal
automorphic representations 7 of "H (Af) such that the standard base change of 7, is isomor-
phic to II, for all but finitely many v € V', where H (74 ) denotes the (g, K)-cohomology
of Te. By [Ram, Theorem A], we know that II must be the automorphic base change of
7. By [KMSW, Theorem 1.7.1], we know that 7., is tempered, hence H*(7,,) vanishes for
i # 2r — 1. Therefore, (1) follows as Hg (X,zr/E) is of finite dimension.

For (2), note that for all but finitely many u € Vi \ V%), the natural map
H?" (X 1m0, Qe(r)) = B (X0 ©5, Eu, Qu(r))

is injective by the Hochschild—Serre spectral sequence and the Weil conjecture. As an Sf‘Qac—
module, we have

" (Xparru @5, Bu, Qu(r)) ®q (B ®¢ Q) = Hik (X 1,10/ E) ®q (Q ®g Q™).
By (1), we know that there exist elements in Sf.. \ m® that annihilate H*" (X, 1z ., Q.(r)) for

all but finitely many u € Vin \\L%) Thus, it remains to show that for every given u € Vi \V%)
and every embedding Q* < Qy, the localization of H*" (X, 1z ., Qu(r)) at m? vanishes. By
(1) and the Hochschild—-Serre spectral sequence, it suffices to show that

HY (E,, B (X0 ®p Q*, Qu(r) )me ) = 0.

By Hypothesis 6.6, it suffices to show that H!(E,, pii,(r)) = 0 for every j. As shown in the
proof of [Carl2, Theorem 7.4], the associated Weil-Deligne representation of pr, (r) at u is
pure (of weight not zero), which implies H (E,,, PiI, (r)) = 0 by [Nek07h, Proposition 4.2.2(1)].

The proposition is proved. 0

Till the end of this section, let (7,V,) be as in Assumption 3.1, and assume Hypothesis
4.5 on the modularity of generating functions of codimension r.
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Proposition 6.10. In the situation of Definition 4.8 (and suppose that F' # Q), suppose
that L has the form LgL* where L* is defined in Notation 2.2(H8). For every elements
o € VIR and ¢ € A (V" @4, AR)E, we have

(1) 50 ()1, = XE(5)° - O (@)1 for cvery s € Sh;

(2) Oy ()1 € CH'(X1)2;

(3) under Hypothesis 6.6, Oy (@)1, € CHT(XL)g> for every R-good rational prime (.

Proof. For (1), by Lemma 4.4, we have

S*@ o0 - @S o0 :/ ¢ ZS 00 d y
(@) =OuxlPr= | (9 (g)rdg
which, by [Liulla, Proposition A.5] for split places (see also [Ral82, Page 511]), equals
7Y (3) %) (g) Zyeo dg,
L iy (7 995 (60) Ze(9)r. g
which equals

(XE(9)® - ©°)(9) Zpoo (9)r. dg = X2(5)° - Oy (0)1.-

Part (2) is a consequence of (1) and Proposition 6.9(1).
Part (3) is a consequence of (1) and Proposition 6.9(2). O

/Gr(F)\Gr(AF)

We now define the normalized height pairing between the cycles O4 () in Definition 4.8,
under Hypothesis 6.6.

Definition 6.11. Under Hypothesis 6.6, for every elements o1,y € VI and ¢°,¢5° €
L (V" @u, AY), we define the normalized height pairing

(Qpe (1), Oz (92)) . € C ®g Qo

to be the unique element'® such that for every L = LyL? as in Proposition 6.10 (with R
possibly enlarged) satisfying ¢y, 2 € VIR ¢ ¢ € (V" ®4, AF)L, and that ¢ is R-good,
we have

(Os5= (1); Oz (92)) i = VOI(L) - Qe (1)1, O (92)1)'x, 1
where vol*(L) is introduced in Definition 3.8,'" and (42 (01) s Opze (02)1)%, p 1s Well-defined
by Proposition 6.10(3). Note that by the projection formula, the right-hand side of the above
formula is independent of L.

7. LOCAL INDICES AT SPLIT PLACES

In this section, we compute local indices at all but finitely many places in VSEpl. Our goal
is to prove the following proposition.

Proposition 7.1. Let R, R/, ¢, and L be as in Definition 6.3 such that the cardinality of R/
is at least 2. Let (m,V,) be as in Assumption 3.1, for which we assume Hypothesis 6.6. For
every u € V' such that

10T he readers may notice that we have dropped £ in the notation (B¢ (p1), Ogse (@2)}?)“5 This is because
for those normalized height pairings we are able to compute in this article, the value will turn out to be in
C and is independent of the choice of /.

thn fact, it is a good exercise to show that the total degree of the Hodge line bundle on X, is equal to
2vol*(L)~L.
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(a) the representation m, is a (tempered) principal series;
(b) ng) NRC V?l where p is the underlying rational prime of u,

there exist elements sy, sy € Skac \ mY such that

L
-[Tl,TQ (gb(fo) ¢§O7811leu SIQLS%gth)L’u =0

for every (R,R', ¢, L)-admissible sextuple (¢3°, ¢3°, 81,82, ¢1,92) and every pair (T1,Ts) in
Herm; (F)*. Moreover, we may take st = sy =1 if u € R.

Since w splits in F, we may fix an isomorphism H ®,, F, ~ GL,F, such that L, is
contained in GL,(Op,), and moreover equal if u ¢ R. For every integer m > 0, denote by

Lym € GL,(OF,) the principal congruence subgroup of level m.

From now to the end of this section, we assume V%’) NR C Vsﬁl. We invoke Notation 5.1

together with Notation 5.6, which is possible since V%) N V@™ = (). To ease notation, we

put X,, = X/Lu e ®p K for m > 0. The isomorphism C = @p in Notation 5.6 identifies

Hom(FE,C) with Hom(FE,Q,). For every v € vl oyt \ {u}, let {v.,v.} be the two places
of E above v from Notation 5.6; and identify H ®,, F, with GL(V ®4, F,,).

Let S be a locally Noetherian scheme over O and (A, \) a unitary Og-abelian scheme of
signature type n® —,, 4+ over S. Then the p-divisible group A[p*°] admits a decomposition
A[poo] = Hvev;@) A[UOO}.

For every integer m > 0, we define a moduli functor &), over O as follows: For every
locally Noetherian scheme S over Ok, &,,(S) is the set of equivalence classes of tuples

(A07 >\07 nga A7 >‘7 np) {m}vevﬁf)mvjﬁ"\{y}’ nu,m) where

(Ag, Ao, mb) is an element in Y(S);
(A, \) is a unitary Og-abelian scheme of signature type n® — ¢, + ¢& over S, such that

— for every v € V%’), A[v*°] is an isogeny (rather than a quasi-isogeny) whose kernel has

order ¢l =;

— Lie(A[u®*]) is of rank 1 on which the action of Op is given by the embedding ¢

7P is an LP-level structure, analogous to the one in Lemma 5.2;

for every v € v(ﬁ) AV {ul, 1, is an Ly-level structure, that is, an L,-orbit of E,_-linear

isomorphisms

c.12
w?

MotV ®up By, — HOHIOEUE (AO[UeOO]? A[Uf;o]) ®0Eve E,,
of F, -sheaves over S
Num: (P, /Or,)" — Homp, (Ao[u®>][pi], A[u>>][pi?]) is a Drinfeld level-m structure
(see [R5720, Section 4.3] for more details).

By [R5720, Theorem 4.5], for every m > 0, X,, is a regular scheme, flat (smooth, if m = 0)
and projective over Ok, and admits a canonical isomorphism &, ®o, K ~ X,, of schemes

. (») . . ,
over K.'* Note that for every integer m > 0, S*VF naturally gives a ring of étale corre-
spondences of X,,,.

12Gince @ is admissible (Notation 5.6), the Eisenstein condition at v # wu is implied by the Kottwitz
condition, and at w is implied by the Kottwitz condition and that Lie(A[u®°°]) is of rank 1 on which the
action of Op is given by the embedding ¢, .

13‘Here, we have to use the fact that K is unramified over E, to conclude that X, is regular when m > 0.
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We first prove the follow lemma, which addresses the easy part of Proposition 7.1 as a
warm-up.

Lemma 7.2. Let the situation be as in Proposition 7.1. Suppose that u € R. Then we have

¢
Iy, (07°, 957, 81,82, 915, 92) ., = 0

for every (R,R', ¢, L)-admissible sextuple (¢3°, ¢3°, 81,82, ¢1,92) and every pair (T1,Ts) in
Herm, (F)*.

Proof. It suffices to show that for every zi,z0 € V" @4, AY satisfying T'(x1), T(x2) €
Herm; (F)" and (L,Z1y, LyTa,) C (V2" )eg for some v € R/, we have

v

(Z(x1)r, Z(22)1)x, 8, = 0.
Since u ¢ R, by Lemma B.3 and Lemma 5.4, it suffices to show that

(7.1) (Z(21)1, Z(22)1) i = 0.

We use the integral model &} just constructed above, which is smooth and projective over
Ok of relative dimension n — 1. For i = 1,2, let Z(z;)} be the Zariski closure of Z(x;)} in
Xo. We claim that Z(x;)} and Z(z3)} have empty intersection. By Proposition B.10, we
obtain (7.1).

For the claim, we assume the converse. Then we can find a point

(A07 >\07 7787 A7 >\7 77p7 {nv}vevg)nv?l\{ﬂ}) € X0<Fp)

that is in the supports of both Z(z1)}; and Z(z5)}. In particular, for ¢ = 1,2, we can find
an element 7; € Homp, (A}, A)g satisfying 7;. € nP(LPx?). As (LyZ1y, LyZay) C (V.2 )req
for some v € R, we know that A is quasi-isogenous to A%", which is impossible by [RS5720),
Lemma 8.7]. It follows that the supports of Z(x1)} and Z(x2)} have nonempty intersection,

which is a contradiction to Lemma 6.4(1). Thus, the claim and hence the lemma are proved.
O

To study the general case, we need the following vanishing result.

Lemma 7.3. Let the situation be as in Proposition 7.1 with p # €. Then for every integer
m = 0, we have

(" (X, Qu(r)) © @) =0

(p)
where m == mY N S%L:XF
Proof. For every integer m > 0, put Y, = X,, Qo k, Ymo = Y, and for 0 < j < n —1,
denote by Y,,; the Zariski closed subset of Y,, on which the formal part of A[u®*°] has
height at least 7 + 1. By the similar argument of [HT01, Corollary I11.4.4], we know that

Yo = Y\ Y1 is smooth over k of pure dimension n — 1 — j 1 Applying Corollary
(p) (p) i
B.15(2) to S = S* L = Q*, and m = m? N SgiZF , it suffices to show that for every

m =0

(1) (H?T(Xm, Qeﬁ”)) ®g Q*)m = 0; and
(2) (H(Y,;; @& Fp, Qr) @ Q*)m = 0 for every i < 2r —2(j + 1) and every 0 < j <n — 1.

141 the notation of [HTO1, Section IIL.4], our Y., ; is parallel to Y,(}mpjé_j).
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Part (1) has already been proved in Proposition 6.9(2) (as we have assumed Hypothesis 6.6).
Part (2) follows from the following stronger statement:

(3) For an arbitrary embedding Q* — Q,, H'(Y,, ; ®xFp, Q¢)m = 0 for every m > 0 unless
j=0and:=2r—1.

The argument for (3) is similar to the proof of [('S17, Theorem 6.3.1]. For m > 0 and
0<j<n-—1,let I,; be the Igusa variety (of the first kind) so that Y,> . is the disjoint
union of finitely many 1, ; (see [HT01, Section IV.1]). For each j, we obtain a projective
system {1, ; | m > 0} with finite étale transition morphisms. If H(Y; ; @ Fp, Q¢)m = 0 for
all m > 0, 4, and j, then we are done. Otherwise, let j be the maximal integer such that
Hi(Yn‘;j @k Fp, Qr)m # 0 for some m and i. Then hﬂm H(I,,; @& Fp, Q)m # 0. Now we
would like to apply [('S17, Corollary 6.1.4], where in our case, the set B(G, u~1) is identified
with {0,...,n — 1} under which d = n —j = 2r — 1 — j; and Ig’ is the perfection of
I = @m Jl\jdant,m [CS17, Proposition 4.3.8] in which fl\]/‘[ant’m is a finite Galois cover of
In;."° Then we have Hi(Ig’ @1 Fp, Q¢)m # 0, which, by [(S17, Corollary 6.1.4]'% (for the
coefficients Q;), implies that ¢ can only be 2r — 1 — j. In particular, combining with the
Poincaré duality, we have [Ho( 5. @k Fp, Q)m # 0 (where we adopted the notation from
[CS17, Theorem 5.5.7]). By the local-global compatibility at split places ([Shi, Theorem 1.1]
or more generally [KNSW, Theorem 1.7.1]), we have II,, ~ m,, where we recall that IT is the
automorphic base change of 7 in Notation 3.14(1). In particular, II, is a tempered principal
series by (a). Then by [C'S17, Theorem 5.5.7] (together with the modification in the proof of
[LTX77, Theorem D.1.3]) and the very strong multiplicity one property [Ram, Theorem A],
we must have j = 0 and hence i = 2r — 1. Thus, (3) follows.

The lemma is proved. 0

Remark 7.4. In fact, we conjecture that Lemma 7.3 remains true without condition (a) in
Proposition 7.1. If this is confirmed, then we may remove condition (2) in Assumption 1.3.

Proof of Proposition 7.1. The last part of the proposition has been confirmed in Lemma 7.2.
We prove the first part. We may assume p # ¢ since otherwise it has been covered in Lemma
7.2. Fix an integer m > 0 such that L,, contains L, ,,.

: )
It suffices to show that there exists s € S*VF \ m® such that for every z1,z, € V' @4, AP
satisfying T'(x1), T (x2) € Herm;(F)* and (LyZ1y, LyTay) C (V" )reg for some v € R'\ {u}
(which is nonempty as we assume |R’| > 2), we have

(8" Z(x1)1, s*Z(xZ)L)é}LmEu = 0.
By Lemma B.3 and Lemma 5.4, it suffices to have
(7.2) (8" Z(11),8" Z(22) )Y, i = 0-
(p)
To compute the local index on X,,, we use the model X,,, constructed above. Take s € SguaZF
that is an f-tempered Q%°-étale correspondence of X,,, which exists by Lemma 7.3 and

15The Galois cover comes from the fact that in the definition of % there is also a level structure

Mant,m?
on the formal part of Afu®°].

1GStrictly speaking, the authors assumed that the level at p is hyperspecial maximal. In our case, we only
require that L, is hyperspecial. However, by our special signature condition, the argument of [C'S17] works
in our case verbatim.
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Corollary B.15(1). Then by Proposition B.13, we have
(8 Z (1)1, 8" Z(22) ), i = 8" Z(21) ][5 2 (w2) 7],

where Z(x;)} is the Zariski closure of Z(z;)} in A, for i = 1,2. By the similar argument
used in the proof of Lemma 7.2, s*Z(z)} and s*Z(x3)} have disjoint supports, which implies
s*Z(x1)}.8*Z(x2);, = 0. Thus, (7.2), hence the proposition hold with s} = sy = s. O

8. LOCAL INDICES AT INERT PLACES: UNRAMIFIED CASE

In this section, we compute local indices at places in Vi2' that are not above RUS. Our
goal is to prove the following proposition.

Proposition 8.1. Let R, R, ¢, and L be as in Definition 6.5. Take an element u € Vi2® such

that uw & S and whose underlying rational prime p is odd and satisfies ng) NR C V?l. Then
we have

log Qu * VOlh(L) : [Tl,Tz((#l)ov (bgo? 51,52, 91, gQ)ZL,u = QEThTz((glv g2)7 (I)go ® (81¢TO ® (SZ¢SO)C>>U

for every (R,R, ¢, L)-admissible sextuple (¢3°, 03°, 81,82, g1,92) and every pair (T1,Ts) in
Herm, (F)", where the right-hand side is defined in Definition 3.11 with the Gaussian func-
tion %, € S (V¥ @4, Fs) (Notation 2.2(H3)), and vol*(L) is defined in Definition 3.8.

To prove Proposition 8.1, we may rescale the hermitian form on V' and hence assume that
Yp, is unramified and that A} is either a self-dual or an almost self-dual lattice of V,, for

every v € V¥ \ v

Lemma 8.2. Let the situation be as in Proposition 8.1. If the weaker version of Proposition
8.1 where we only consider (R,R', ¢, L)-admissible sextuples (¢5°, p3°, 1,82, g1, 92) in which

J1o = oo = Lo, for every v € V%OO) U ng) holds, then the original Proposition 8.1 holds.

Proof. Take an arbitrary (R,R’, ¢, L)-admissible sextuple (¢9°, $3°, 81,82, g1, ¢2). For i = 1,2,
we may find elements a; € GL,(F) and b; € Herm,(F') such that m(a;)"'n(b;) " 'gi, € K.,
for every v € V%) \ R’ For i = 1,2, put

T = "a{Tiai, 67 = [] wro(m(a) 'n(bi)"")e?,

vER’

and let g; be the away-from-(R' U Vi) U v?)-component of the element m(a;)~'n(b;) " g;.
Then (¢5°, $3°, 81,82, G1, g2) is an (R, R, ¢, L)-admissible sextuple. By Lemma 4.3, we have

Ity (650, 65,581,582, 91, 62) 0 = C - Ly 7, (057, 65,81, 80, 1, G2) o
in which
o (wr,oo(m(m)‘1n<bl)—1gloo)¢80<fl>) ' (Wr,oo(m(a2)_1n(b2~)_192oo)¢go(T2))C'
¢(Th) ¢%(12)
On the other hand, from Definition 3.11, we have
€1, 1, (91, 92), D% @ (105 @ (5265°)))u = C - €55, 7, ((G1, o), D% ® (51657 © (5205°))

with the same C. The lemma follows. O
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In order to deal with spherical Hecke operators, we consider the projective system of
Shimura varieties {X;} indexed by open compact subgroups L C L satisfying L, = L, for
ve v\ vl

We invoke Notation 5.1 together with Notation 5.6, which is possible since v;?) NVE™D =

). There is a projective system {X;} of smooth projective schemes over Ok (see [LZ,
Section 11.2]) with

X Qo K=X; ®p K= (X;@pY)®p K,

and finite étale transition morphisms. In particular, S* is naturally a ring of étale correspon-
dences of A7,.

Lemma 8.3. If s is a product of two elements in (SRM)%?, then it gives an {-tempered
Q?°-étale correspondence of X, (Definition B.12).

Proof. We have a short exact sequence
(8.1) HY, 00, k(X1 Qe(r)) = H (X7, Qe(r)) — H (XL, Qq(r)),
in which we have

HY, 0, k(Xr, Qe(r)) = B 72(X @0, k, Qu(r — 1))

by the absolute purity theorem [F1j02], since X}, is smooth over Of. By the Hochschild—Serre
spectral sequence and the Weil conjecture, the natural maps

HQT(XEA QK(T)) — H2T<X,L XK @pa Qé(r»
HZT_Z(XL ®OK k‘,@g(?“ — 1)) — HZT_Z(XL ®0K Fp, @g(?” — 1))

are both injective.

By definition, every element in (S} ac)fz annihilates H*" (X} @k Q,, Q(r)) ®g Q*°. By the
Poincaré duality and the smooth proper base change theorem, every element in ( %ac)ﬁz also
annihilates H* (X, ®0, F,, Q;(r—1))®Q?. In particular, s annihilates H*" (X7, Q,(r)) ®g
Q?¢ as each factor annihilates a graded piece in the two-step filtration of H* (X7, Q,(r)) given
by (8.1). The lemma is proved. O

We first recall the uniformization of {X;} along the supersingular locus from [LZ, Sec-
tion 13.1]. Fix a complete maximal unramified extension K of K. Recall that we have fixed
a u-nearby space “V and an isomorphism “V @ A% ~ V ®,, A% from Notation 2.2(H9).
We have a compatible system of isomorphisms

(8.2) X~ ("H(F)\W x HAT™) /L") xspto, V"

of formal schemes over O for every L C L considered as before. Here, XEA denotes the
completion of X; ®o, O along its supersingular locus; AV is the relative unitary Rapoport—
Zink space over Spf Oy as considered in [LZ, Section 2.1]; and Y denotes the completion
of Y along its special fiber.

We then recall the notion of integral special cycles. Take an integer m > 1 and an element
d® € S (V™ @y, AR)E that is p-basic (Definition 6.5).

For every element 7' € Herm; (F)", there are following constructions.
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e We have a cycle Zr(¢>), € Z™(Xp)c (Definition 4.1). When ¢ is the characteristic
function of some open compact subset of V'™ ®,, A%, we have a morphism

Zp(9™)L — X,

defined as the disjoint union of finite and unramified morphisms Z'(z);, — X} (Definition
5.3) for x € L\ supp(¢>), whose induced cycle coincides with the restriction of Zr(¢>)r,
to X} (Lemma 5.4). By moduli interpretation, the morphism Z7.(¢>), — X extends
naturally to a finite and unramified morphism

ZT<¢OO)L — XL

([L.Z, Section 13.3]).
e For ¢ = ¢i° ® - - ® ¢p°, where each ¢ € S (V @4, A¥®)L is p-basic and is the char-

acteristic function of some open compact subset of V ®,, A%, we denote by XZ7 (),
the component of

L L
Oz, (6, Qx, ** Pox, Oz, (%),

supported on Z7(¢>),'" regarded as an element in KZ(X7)c (see Appendix B for the
notion of the K-group), where (¢, ...,t,.) is the diagonal of T" and Z denotes the image
of Zp(¢>), in Xp. In general, we may always write ¢> as a finite complex linear
combination (possibly after shrinking L away from V¥ \ V') of those as above, and
we define XZ5(¢>), by linearity. By [(:S87, Proposition 5.5], *Z7(¢>); belongs to
FrKZ (XL)c, hence is an extension of Z7(¢>), (Definition B.9).

e We denote by Z7(¢)7} the restriction of Z7(¢>) to X}'. Then we have the following

description
83)  Zr(¢™)r = > > ¢ (h™'x) - (N(z), ) Xsprox Y,
weug((tv)l\;‘vm heH=(F)\H (A% ™*)/L

where N (x) is the special cycle of N indexed by x ([KR11, Definition 3.2] or [LZ,
Section 2.3]); (N (z), h)r denotes the corresponding double coset in the expression (8.2);
and H? is the subgroup of “H of elements that fix every component of x.

In what follows, for = (x1,...,2,,) € “V™ with T'(x) € Herm, (F,), we put
“N(z) = N(z1)] U U N (2m)]

as an element in Kf)v(m) (N). See [Zha2l, Appendix B] for the analogue of Gillet—Soulé K-
groups for formal schemes; and we denote similarly by [ | the associated element in the
K-group.

Proof of Proposition 8.1. By Lemma B.3 and Definition 3.11, it suffices to show that for every

pair of p-basic elements ¢3°, ¢ € (V™ ®,, AX) satisfying that supp(¢ @ (¢52)¢) C
(V2)1eg for v € R/, and every pair of elements sq, sy each of which is a product of two elements

1"Here, we note that Z7(¢°°); is an open and closed subscheme of Z;, (¢™) 1, X x, -+ X x, Z¢, (6™°) L.
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, ¢
in (SE ac)iz, we have

vol*(L)
deg(Y/K) ~*

= X 70(0, Lar, Tag)er) TT W0 (0, Ly, (92, @ (5105° @ (5265°)°))a)-
TDEHerm2 ()t 08 qu vEU
Diff(TH,V)={u}
By» TO=(T1,T2)

(8.4) P oo (11, T2 )(s1 2, (7° )1 8521, (657)], )X LK

1

Now using volh(Lg) =1 and [yev,\u) 7‘2};’%&1% =1, (8.4) is equivalent to

vol(H (Fl)LY) . - . -
(8.5) deg(Y/K) q)go(T1>T2)<SlzT1(¢1 )75 8521, (95 )/L>X’L,K
by (0 b2y (0 o0 soye
=y W01 20 TT 22 Wis (0,10 (901670 (005)9),).
TDEHermgr(F)"' 08 qu - v#Y ,va WFEw

Diff(T5,V)={u}
BT,T‘TD:(Tl »TQ)

By Proposition B.13 and Lemma 8.3, we have
(812, (63°) 15321, (63°) ) xy i = (81521, (67°)1) - (8521, (63°)1)
= X (7 (57520, (67)0 U3 ¥ 21, ((63)°)1) ) »

where 7: X, — Spec Ok denotes the structure morphism. As supp(¢72 @ (652)¢) C (V.2)req
for v € R’ the support of st ¥Z7 (¢%°), Uss ¥ Zr, ((¢3°)°), is contained in the supersingular
locus of X7,. Moreover, since s} and s preserve the supersingular locus, we have

X (7e (57520 (6)0 Us; 20, ((05)°)1) ) = x (72 (51 “2m (67°)1 Us3 “2n,((63)°)7) )

where 7 : X[ — Spf O} denotes the structure morphism. To summarize, the left-hand side

of (8.5) equals

V01<H(F )L) 0 A * K 00\ A x K 00\ C\A
deg(Y/K) O (11, 13) - ( T (Sl Zn(¢77)L Usy "2, ((6357) )L))

From (8.3), it is straightforward to see that

(8.6)

i EZn (o) = Y > (si7 ) (hi i) - (N (), hi) 1 Xsproge V"
IZE;?’(;’)\TUVT}L JEHT (F)\H (AR ™) /L

for i = 1,2. It follows that
ST KZTl ((#1)0)2 U S; KZT2 ((925(2)0)(:)2
= X > Y. (107 @(s2057) ) (W) ("N (@), h) X sproe Y7

THeHermg, (F)* 2€“H(F)\"V2" he H(AR ™) /L%
8, TO=(T1,Ty)  T(x)=T"

Now by [.Z, Theorem 3.4.1 & Remark 3.4.2], we have

() =l

7/15 (O, 14,«, ﬂ(ARl)%)



40 CHAO LI AND YIFENG LIU
if T'(x) = T. Thus, we have
(8.6) = vol(H (Fi)LY) - ®° (T}, T3) - > > >

TOeHerm, (F)* € H(F)\ “V?" he H(AS™)/L%
8y TO=(T1,T2)  T(x)=T"

(51657 @ (3965°4)) (') - (bm(O)

log qu

:}D (0, 147, H(Ai)Q"")) .
By Definition 3.8, we have

vol(H (F,)) - @(T1, Tz) = bQJT’U(O) Wra(0, Lur, (P5, ® (5167° @ (5265°)°%))o)

VuvwF,'u
for v € V%oo). By Definition 3.8, for (unique) x € “H(F)\ “V*" with T'(x) = T, we have

vol(L,) > (51657 @ (3205°))u(hy ')

hvEH(FU)/LU

b U O 0 S AL
_ by 0, Ly, (8%, ® (5167 © (5265)°))0)
W/Vv)wF,v

for v € Vin\ {u}.
Therefore, we obtain (8.5) and hence (8.4). The proposition is proved. O

9. LOCAL INDICES AT INERT PLACES: ALMOST UNRAMIFIED CASE

In this section, we compute local indices at places in Vi2* above S. Our goal is to prove
the following proposition.

Proposition 9.1. Let R, R, ¢, and L be as in Definition 6.3. Let (7, V,) be as in Assumption
3.1, for which we assume Hypothesis 0.6. Take an element u € VB such that u € S and

whose underlying rational prime p is odd, unramified in E, and satisfies VE?)HR C VSFPI. Recall
that we have fived a u-nearby space "V and an isomorphism "V @ Ax ~ V Qu, A% from
Notation 2.2(H9). We also fix a Yg,-self-dual lattice A} of “V,,. Then there exist elements
s, sy € Shac \ mE such that

1Og Qu - VOlh<L) : [Tl,Tz( C1>O7 ¢go7 Sqfslu 85527 g1, g2>%7u
= €7, 1, (91, 92), P ® (575107 @ (555205°)°))u
log ¢qu
Gy — 1
for every (R,R, ¢, L)-admissible sextuple (¢3°, 03°, 81,82, g1,92) and every pair (T1,Ts) in
Herm, (F)", where the right-hand side is defined in Definition 3.11 with the Gaussian func-
tion %, € S (V¥ @4, Fs) (Notation 2.2(H3)), and vol*(L) is defined in Definition 3.8.

Er 1, (g1, 92), % @ (8781077 @ (sys205 7)) ® H(Aé)”)

To prove Proposition 9.1, we may rescale the hermitian form on V', hence assume that
Yp, is unramified and that A} is either a self-dual or an almost self-dual lattice of V,, for
every v € V%D) \ V%' and moreover that A is a self-dual lattice of “V,.

In order to deal with spherical Hecke operators, we consider the projective system of
Shimura varieties {X;} indexed by open compact subgroups L C L satisfying L, = L, for
ve v\ vl
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We invoke Notation 5.1 together with Notation 5.6, which is possible since vﬁé’) AVRE™ = ().
There is a projective system {X;} of strictly semistable projective schemes over Ok (see
[.Z, Section 11.3])"® with

X; R0k K:X/i QRp K = (XE Rp Y) Rp K,

and finite étale transition morphisms. In particular, S* is naturally a ring of étale correspon-
dences of A7,.

Lemma 9.2. Let the situation be as in Proposition 9.1. Then there exists an element in
SEac \ mE that gives an (-tempered Q*°-étale correspondence of Xy, (Definition B.12).

Proof. The proof relies on Arthur’s multiplicity formula for tempered global L-packets
[KKMSW, Theorem 1.7.1], which we first recall, using the language for unitary groups adopted
in [GGP12, Section 25]. Recall that IT = II; B - - - B I from Notation 3.14(3), which is the
automorphic base change of 7 as in Assumption 3.1. Put Ay = ,uél’""s}. For every place

v EVp,

e II, determines a conjugate-symplectic representation M, of WD(E,) of dimension n;

e there is a finite abelian 2-group A, attached to M,;

e every character x,: Ay, — C* gives a pair (VX* 7Xv) in the Langlands—Vogan packet
of M,, unique up to isomorphism, in which VXv is a hermitian space over F, of rank n
and 7Xv is an irreducible admissible representation of U(VX¥)(F,);

e we have a homomorphism «,: Ay — Ay, .

Denote by a: Ay — [l,ev, Am, the product of a, for v € Vp. We say that a collection
X = {xv | v € Vg} of characters in which all but finitely many are trivial is coherent (resp.
incoherent) if the character [], ey, xvoa: Ag — C* is trivial (resp. nontrivial). Then Arthur’s
multiplicity formula states that

(a) If x is incoherent, then either ®,VXv is incoherent or it is coherent but ®,7X* does not
appear in the discrete spectrum. If x is coherent, then there exists a hermitian space
VX over E, unique up to isomorphism, such that VX ~ VXv for every v € Vp; and the
representation ®,7Xv appears in the discrete spectrum of U(VX) with multiplicity one.

Moreover, every discrete automorphic representation of U(V)(Ap) for some hermitian
space V over F of rank n with II its automorphic base change is obtained from this way.

Now we take a special look at the places w and w.

(b) We may canonically identify Ay, with p3 from Notation 3.14(2). Then the homomor-
phism a,: ugl""’s} — py is the one induced by the map J — {1,...,s} given by the
partition J = J; U --- U J,.

(¢) By (a), II, is the standard base change of m,. By [L1XZZ, Lemma C.2.3], we have
M, = M2 + M™% where M? corresponds to the Steinberg representation of GLy(F,,)
and M[LL:Q corresponds to a tempered unramified principal series of GL,_2(E,), which
implies Ay, = Apz X Apn—2 in which Ay = pio.

(d) Without lost of ge;leralityj we may assume that II;, is ramified. Then the composition
of a,, and the projection Ay, — Apz = pp coincides with the projection pél"”’s} — o

to the first factor.

18This is the place where we need that u is unramified over Q (and that K is unramified over E,,).
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Next, we recall some facts from [[/TX 77, Sections 5.1, 5.2, 5.4, & 5.5]'? about the reduction
of the scheme X;. Denote by Ly C “H(F),) the stabilizer of A}, which is a hyperspecial
maximal subgroup. We have a decomposition

Xi ®ok Fp = YE UYZ.

that is compatible with changing L, in which

e YPisa P2 —1_fibration over
“H(F)\"H(AF)/L*L} x (Y ®0, F,);

e Y7 is proper and smooth over F, of dimension 2r — 1;

e the intersection Yg = Y7 NY7? is a relative Fermat hypersurface in Y7.

By Corollary B.15 and Proposition 6.9(2), it suffices to show that for an arbitrary embedding
Q¢ — Qy, we have

(1) H(Y?, Q) = 0 for i < 2r — 2,
(2) H(Y?, Q) =0 for i < 2r — 2,
(3) H(Y],Q¢)m = 0 for i < 2r — 3,

where m := m} N Sf... Note that we have used the Gysin exact sequence and the absolute
purity theorem [I'1j02] to switch the cohomology from open strata to closed strata.

For (1), we have H (Y?,Q,) = 0 when i is odd. When i is even, H (Y?, Q/)y is a direct
sum of L% x Lr-invariants of 7’ for finitely many cuspidal automorphic representation 7’ of

“H(Ap) satisfying that « is trivial and that n] ~ 7, for all but finitely many v € VSFI?I.

For every such 7/, let II' be its automorphic base change, which is isobaric automorphic
representation of GL,(Ag) [[KMSW, Theorem 1.7.1]. Since II}, ~ II, for all but finitely

many u € VSEpl, we must have IT" ~ IT by [Ram, Theorem A]. Therefore, we have

u

u 1\ ®des(Y/E)
@ (m+)"4)

H' (Y7, Qo)n = D <(®UEV‘},“\{u}7TXU)
x={x"}
xoa=1
Vxaty

However, since 11, is ramified, we have (WXE)LZ‘ = 0 for every x,. Thus, (1) follows.
For (3), by the Lefschetz hyperplane theorem and the Poincaré duality, we have
H (Y], Q))m = 0if i # 2r — 2 by (1). Thus, (3) follows.

19Strictly speaking, ['TXZ7] has more conditions on the place u and the level at p. However, for those
facts we will use in this proof, it is straightforward to remove those extra conditions.
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For (2), we consider the weight spectral sequence EP4 abutting to HPY(X; @0, Qp, Q),
after localization at m. We write down the first page EP’f; as follows.

qg>2r+1 0 HI(Y?, Q) 0
q=2r H2 =2V, Qe(—1))m — = HZ (Y2, Qo) 0
g=2r—1 0 H (Y2, Q) 0
o 0,2r—2 o
g=2r—2 0 H72(Y, Qo) ——= HZ (Y], Qp)
q<2r—3 0 Hq(YE7@£)m 0
EP p=-—1 p=0 p=1

By Proposition 6.9(1), we have H(X; ®0, Q,, Q¢)m = 0 for i # 2r — 1, which implies that

HY(Y?, Q¢)w = 0 for ¢ < 2r — 3 and that d0 2r=2 s injective. The spectral sequence then
degenerates at the second page and we have 1m( dYa %) = ker(Eys % — EL2-2). Thus,
it remains to show that the canonical quotient map E1 y2r =2 — BEL%% is an isomorphism.
Consider an arbitrary collection % = {x"|v € Vin \ {g}} in which all but finitely many
are trivial and such that Vv ~ V, for every v € Vi \ {u}. Put 77 = @y (7. By

a similar argument for (1), it suffices to show the following statement:
(4) The canonical quotient map By~ *[xX™*] — EL?"~2[xX™*] is an isomorphism.

Now we show (4). Without lost of generality, we may replace K by a finite unramified
extension in Q, such that Y is a finite disjoint union of Spec K. Define the character x;
(resp. X, ) to be the inflation of the trivial (resp. nontrivial) character of Ay = po along

the quotient homomorphism Ay, — Apz. Then we have VX~ "W, and VXz ~ "/ .

If Ep?2[xx™*] = 0, then we are done. Otherwise, we have H2Z2(Y, Q,)[xX™™*] # 0.
By (the proof of) [LTXZZ, Proposition 5.5.4], 7X* can be complemented to a cuspidal
automorphic representation 7’ of “H(Ag) such that 7/ is trivial and that 7/ is almost
unramified with respect to the hyperspecial subgroup Lj. In other words, the collection

{xo=1|vev }UXOO“U{XI} is coherent, and we have

r— o, r— oou L* EBdeg(Y/K)
(9.1) By 2] = HY (Y], Qo) [nX ]:((@vewﬂ}n\{u}ﬂv) ) ,
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On the other hand, since the representation 7X« is the only member in the Langlands—Vogan
packet of M, realized on "V,, that has nonzero invariants under LZ, we have an isomorphism

2r—1 O N[O ~ 50 )\ @ deg(Y/K)
H" (X}, @0y Qp, Qo) [mX 7] = (ﬂ[ﬂ ]|Gal(@p/K)> ® <(®vevf;n\{u}7f ) >

of representations of Gal(Q,/K), where #° = 7% ® 7X=. By (a-d) above, it is easy
to see that, in the notation of Lemma 3.15(b), we must have j(7#>) = 1, hence that the
semisimplification of p[#>] is isomorphic to pfj, by Hypothesis 6.6. Thus, p[®*]|q.um, )
has nontrivial monodromy, which implies that the dimension of EL?~2[rX™"] is at least the

dimension of
) Lu> ®deg(Y/K)

<(®vev%n\{u}ﬂx“
Therefore, (4) follows from (9.1). The lemma is proved. O

Proof of Proposition 9.1. The proof of Proposition 9.1 is parallel to that of Proposition 8.1.
Take elements s¥, sy € Sf.. \m> that give /-tempered Q**-étale correspondences of X, which
is possible by Lemma 9.2.

By Lemma B.3 and Definition 3.11, it suffices to show that for every pair of p-basic
elements ¢5°, ¢5° € .7 (V™ @4, AR satisfying that supp(¢59 @ (¢59)¢) C (V.2)eq for v € R,
and every pair of elements s, sy € (Saac)(ﬁ that give /-tempered QQ*°-étale correspondences
of X}, we have

Vol“(L) 0 i v o
(9-2) Wq)w(Tl’T?xSlZﬂ((bl )1s 8527, (03°) L) x; i
1 log q,,
- 2 ] ( 70(0, Lip, Liagy2r) — rg 1WTD(07 14r,1(A;;)2r)>
TDEHermgr(F)+ 08 qu - a4y — -

Diff(T5,V)={u}
87’,7'TD = (Tl 7T2)

X [T Wro(0, Lay, (9% ® (5167° @ (5205°)%))0)-
vAU
As vol(L,) = (qu + 1)(¢*" — 1)71, (9.2) is equivalent to

(9:3) deg(Y/K) cbgo(T17T2)<SlzT1(¢l )75 8521, (95 )/L>X’L,K
eru(O) <qir -1 / lOg qu
= = = D(O, 147n, ]1(/\113)%) — WTEI (0, 14T, ]l(AZ)%)
TE'eHerer;Sr(F)+ logqu \ qu+1 r - qu+1 -

Diff(T,V)={u}
ar,'rTD:(Tl 7T2)

b rv O (e%¢) o0\ C
T 2O 100(0, 1y, (32 © (5167 © (5265)°)0),
v#U nyvﬂJ)F,v

parallel to (8.5).
The proof of (9.3) is same to that of (8.5) except that now we have

bT“O qir_l logqu
X (77';\ KN(@')) = 1207g<q ) (q + 1 %D(07 147-, ]]-(ARE)ZT) — q + 1WTD<O, ].47~, :H-(AQ)Q’")
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if T'(x) =T, by [L.Z, Theorem 10.5.1 & Remark 10.5.4]. The proposition is proved. O

10. LOCAL INDICES AT ARCHIMEDEAN PLACES

In this section, we compute local indices at places in V(EOO) .

Proposition 10.1. Let R, R, ¢, and L be as in Definition 6.3. Let (m,V;) be as in As-
sumption 5.1. Take an element u € V(EOO). Consider an (R,R’,{, L)-admissible sextuple
(65°, 6, 51,82, 91, 92) and an element ¢, € VIR Let Ky C G.(A¥) be an open compact
subgroup that fixes both ¢3° and @1, and §1 C G (F) a Siegel fundamental domain for the

congruence subgroup G,.(F) N g°K1(g°)~t. Then for every Ty € Herm;(F)™, we have

(101) VOlh(L> /3' SOC(Tlgl) Z IT17T2 (¢To7¢go7sl7s2u7—lglu.92)[uu dTl

Ty €Herm(F)*t

s L) F Enml(nion ). 8% (167 © (205)%) dn

Th€Herm? (F)*

in which both sides are absolutely convergent. Here, the term &g, 1, is defined in Definition
9.11 with the Gaussian function ®%, € ./ (V* @4, Fs) (Notation 2.2(H3)), and vol*(L) is
defined in Definition 3.8.

Remark 10.2. The relation between Iz, , and &€r, 1, for each individual pair (77, 75) in the
style of Proposition 8.1 is much more complicated, which involves the so-called holomorphic
projection (see [Liullh, Section 6A] for the case where r = 1). The main technical innovation
in the archimedean computation in this article is that we do not need to compare I, 7, and
&p, 1, in order to obtain the main theorems; it suffices for us to compare both sides after
taking summation and convolution for any of the two variables like in Proposition 10.1, which
does not require holomorphic projection.

As we have promised in Section 6, we start by recalling the definition of the archimedean
local index in the decomposition (6.1).

Let X be a smooth projective complex scheme of pure dimension n — 1. For an element
Z € 7"(X)c, recall that a Green current for Z is an (r — 1,7 — 1)-current gz on X (C) that
is smooth away from the support of Z and satisfies

ddcgz + 52 = [wz]

for a unique smooth (r, r)-form wz on X (C), which we call the tail form of gz. If Z € Z"(X)2,
then we say that a Green current gy for Z is harmonic if wy = 0, and we use gy to indicate

a harmonic Green current. For two elements Z;, Z, € Z"(X)2 with disjoint supports, we
define

1
(10.2) (21, Zs)xc = 2/( &% A Dz
which is independent of the choice of harmonic Green current g%.
By Lemma 5.5, we may assume u = u without lost of generality in the proof of Proposition
10.1. Now we apply the above discussion to the complex scheme X; ®g C. For i = 1,2,

e we denote by g%( .8, 5°) 1 @ harmonic Green current for s} Zr, (w®(g7°) %), on X Qg

G
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e for every element g; € G,(Ap) with finite part ¢¢°, there is a particular Green current
for s¥Zr ., (w (g °°)gz5°°)L on X;, ®g C, known as the Kudla—Milson Green current (see

the proof of [Liulla, Theorem 4. 20]) denoted by ghM(¢°s;, g;)r, with the tail form
KM ( o0 '
wr, (057,85 G ) L

Proof of Proposition 10.1. As we have pointed out, it suffices to prove the proposition for
u = u. By (10.2), we have

(103) ITl,Tz (¢C1>O’ ¢C2>Oa 51,52, 91, g?)L,u

1
=_C o0y Y200 /
5 T1,Tg(gl 92 ) X.(C

L(C)

Q o) 00
87, (07,81, G7°) L A O(ss 2, (w2 (95)65°) )¢

where

Cr, 15 (G100s G200) = Wr,o0 (9100) D5 (T1) + (Wr o0 (9200) 00 (T2))°.
We need a variant of (10.3). Put

(10.4) Iy 7, (67, 65, 81,82, 91, g2) ot =

1
§CT1,T2(gloovg2oo) </XL( )ng (gbl 7slagl)L AN 652ZT2( W (95°)#5°) )¢

+/ le (6,81, 91)1 N gy (05°, 52, 92) ) >
By [Liulla, Theorem 4.20]*, we have

(105) V01h<L) [Tl,T2(¢l 7¢2 751782791792) QETl,T2((glagQ) (I) ®(Sl¢l (SZ(bgo)C))u'

We first check the absolute convergence of the two sides of (10.1). It is clear that the
assignment

e Y € (g 92), 9% @ (5167 @ 5:65))u|

Ty €Herm?(F)*t

is slowly increasing on §;, which implies that the right-hand side of (10.1) is absolutely
convergent since ¢ is a cusp form.
For the left-hand side, by (10.5), it suffices to show that the expression

Z ‘IT17T2(¢1 , 2 aS178277—191792) — I, 1, (677, 95 781,82,7191,92)Lu’
Ti1€Herm? (F)+

is absolutely convergent and is slowly increasing on 77. For short, put
. Q 00 00\ ¢
1= —gr, (05, 52,95)1,
which is an (r — 1,7 — 1)-current on X (C) satisfying

Cpy —
(10.6) dd®n = O(sy zr, (wie (95°)65°) )¢
20T here is a sign error in [Liulla, Theorem 4.20]: the correct sign should be [], 7@?, which is 1, rather
than [ [, v, , which is —1 (the root of this sign error is that in the formula for w, (w,) on [Liulla, Page 858],

the constant 7y should really be ~{,). This result was later reproved in [GS19, Corollary 5.12] by a different
method.
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Then for every Ty € Herm, (F)™",
JT1(71) = le,T2(¢1 7</52 y 51,82, 7101, gz)Lu ITl,T2(¢1 7¢2 78173277'191792)

= CTl,T2<7—1glooagQOO) /XL( o)

+CT1,T2(71910079200)/X © le (¢1 .81, T191)L AgT2 (037,82, 92)7

L )
1, 2( 79 ) ( )

+ O1y 1 (T191005 9200) / W%M(¢To> S1,T191)L A 8¥2M(¢§ov S2,92)1

X[ ((C)
CZ] 1 g 007.9200 /
) 2( ) ( )

By the claim (*) below and the fact that n + g™ (¢5°, 2, g2)§, is a smooth form on X (C),

we know that Y1 cgerme(p)+ |/ (71)] is convergent and is slowly increasing in 7, € 1, which

implies that the left-hand side of (10.1) is absolutely convergent as we have pointed out.
We claim that

(*) The summation

(85 (65,51, m91)1 — &7, (67,51, 7191) 1) Addy

dd* (ng (¢7%: 81, T1g1) g%(ﬁbcfo,shﬁgﬂL) A

le (¢1 ,S1,T1g1)L A (77+gT2 (63,52, 92)F )

Z OT17T2(7191W79200) le (le 751,7_191>
Ti1eHerm? (F)+
is convergent in the space of smooth (r,r)-form on X (C) with respect to the C°°-
topology, and is locally uniformly slowly increasing in 7 € §;.

Note that since X (C) is a finite disjoint union compact quotients of the real Lie group
“"H(R), the C*-topology on X (C), which is a Fréchet topology, can defined by a natural
family of semi-norms given by the upper bound of |D f| on a compact neighbourhood of the
identity in "H(R), where D runs through invariant differential operators on "H(R). Take
such a semi-norm || ||. By the construction of the Kudla—Millson form ([Mil85, Section IT1.1]

r [KKM8O6, Section 3]), it suffices to consider semi-norms || || satisfying that there exists
oo € L ("V" @F Fy) such that

for every 7, € §1 and every Ty € Hermy(F)*, where 04 gs,¢x7, denotes the Ti-component
of the classical theta function of ¢, ®s107°. Now since "H(F)\ "H(Ar) is compact, and the
assignment

wr,oo(Tlgloo)¢ (Th) - le ( 1,81, T1g1) H = hev( SUEIH(A ){)‘9¢oo®s1¢f°,T1(7-lglah)‘}>
F

e > ’9¢oo®sl¢;>°,T1 (1191, h)‘
Th€Herm? (F)+

is slowly increasing on §1, locally uniformly in h, the claim follows.
Now we continue to prove (10.1). By (10.5), it suffices to show that

(10.7) /ggoc(ﬁgl) > Iy 1, (6%, 05°, 51,82, T g1, 92) 1 AT1

TyeHerm (F)*
o0 o0
_/ 7191 Z ]TI,TQ(CZH , 05 ,S1,8277191,92)L,u dr,
Ti1€Herm? (F)+

in which we have already known that both sides are absolutely convergent.
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Take an element 77 € Herm, (F)". We put

@g% 3:/3 QOC(T191>CT1,T2<7—191007gQOO)g¥1<¢(1)OJSlvgloo)L dm,

which is a harmonic Greenlcurrent for
= (/{g1 P (1191) O 15 (T1 G100, G200) dﬁ) - 8127, (w0, (977) 07 ) -
We also put
“Og%M = /g1 ¢C<Tlgl)CT1:T2(TlglooagZoo)g%M((#l)OaSlaTlgl)L dry,
which is a Green current for ¥Zp,, whose tail form is

SDle = 5 @6(7'191)CT1,T2(7'191Wgzoo)waflM@(nySl,7'191)Ld7'1.
1

Then by (10.3), (10.4), and (10.6), we have

SOJTI = /3 (pc(Tlgl)[Tl,T2(¢?ov (bgou 81,52, 7191, g2)IL<,1\L/II dTl

1

- /g ©°(1191) I 1 (977, 957,81, 82, T1 g1, G2) Lu ATt

1

— e KM ¢ O A dd¢ +/ QP(,UKM/\ KM o0 o c
XL(C)< 28 ng) n X,(C) 78 &1, (57,52, 92)7

_ ddccpKM_Lp@ A +/ gowKM/\ KM OO,S, c
X,.(C) ( gn, ng) n X2(C) 7 g1, (¢2 2 92>L

—_ <prM/\ 4 KM/ 100 g c)
xp© T (77 gr, (93, 2>92)L>

Therefore, the difference between the two sides of (10.7) equals

(10.8) > In = /X © ( > “DW%M) A (?7 +8¥2M(¢30,52,92)2) :
L

Th€Herm? (F)+ T1€Herm? (F)+

Here, to validate the exchange of summation and integration, it suffices to show that the
SUMMation Y7, cerme(r)+ “wiy is convergent in the space of smooth (r,r)-form on X (C)
with respect to the C*°-topology, since X (C) is compact. However, this follows from the
claim ().

We then continue by computing the right-hand side of (10.8). Since supp(¢5%) € (V) )reg

for some v € R, we have
R D R
Ty €Herm?(F)+ Ti€Herm, (F)*
where “wiM for Ty € Herm, (F)"™ \ Herm; (F)" is defined similarly. However,
> M = (e (ga) % (T2)) - [ 9% (mag ) (rag) dr,
Ty €Herm, (F)+ 1

where w*M(g;) is the Kudla-Milson form for the generating function Zg, g (g1)r. By [Mil&5,
Theorem I11.2.1], we know that

(10.9) /{g e (r1g1)w M (1g1) dry = /F o )s@°(gigl)wKM(gig1)dg’1
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is a harmonic (r,r)-form on X (C). Since Z; 4= (g1)r is cohomologically trivial, the coho-
mology class of (10.9) is also trivial, which implies that (10.9) vanishes. Therefore, we obtain
(10.7). The proposition is proved. O

11. PROOF OF MAIN RESULTS

In this section, we prove our main results in Section 1. Thus, we put ourselves in Assump-
tion 1.3. In particular, we have V2™ = (), V(Q) Vi

Let (m,V;) be as in Assumption 1.3 Wlth |S | odd, for which we assume Hypothesis 6.6.
Take

e a totally positive definite hermitian space V over Ag of rank 2r as in Notation 2.2
satisfying that ¢(V,) = —1 if and only if v € S, (so that V is incoherent and V' = V. as
in Section 1),*
S = S, (so that every underlying rational prime of S is unramified in F),
R a finite subset of VSFpl containing R, and of cardinality at least 2, and R’ =R,
an R-good rational prime ¢ (Definition 6.1),
for i = 1,2, a nonzero element p; = ®,p; € V!
ONS VF \ R
e for i = 1,2, an element ¢° = ®,05 € ®,05 € . (V" @4, AY) satisfying
— ¢w = ﬂ(AR for v € Vﬁn\R
— supp (¢ @ (¢3;)°) € (V.7 )reg for v € R,
e an open compact subgroup L of H(A%) of the form Ly L* where L* is defined in Notation
2.2(H8), that fixes both ¢3° and ¢$°,
e an open compact subgroup K C GT(A"F") that fixes @1, pa, P3°, 3°,
o a set of representatives {gM, ..., g®} of the double coset G,.(F)\G,(A¥)/K satisfying
) e G (AP for 1 < j < s, together with a Slegel fundamental domain §%) C G,.(F.)
for the congruence subgroup Gr( )N gD K (g)~! for each 1 < j < s,
e for i = 1,2, s; a product of two elements in ( @ac)gﬁ satisfying x%(s;) = 1 (which is
possible by Proposition 6.9(2)),

"} satisfying that (S, 0ay)m, = 1 for

e fori = 1,2, an element s¥ € (S m)gﬂi for every u € V' USy, where Sg denotes the subset
of VI8 above S, as in Proposition 7.1 and Proposition 9.1, satisfying x®(s*) = 1 and that
s¢ = 1 for all but finitely many wu.

st for i =1, 2.

In what follows, we put §; == s; - [], cvPlus, Si
E

Lemma 11.1. Let the situation be as above.
(1) For every Ty € Herm,(F)* and every t € Tfa., the identity

V01h<L) Z /3“.) 90(1: (T(j)g(j)) Z [Tl,Tz (t¢cl>oa (bgo? gla §2> T(j)g( 792) dT
j=1

Th€Herm? (F)*

_ th/ <(g1)E'(0, (g1, o), % © &%) _ 5, d
X (1) GT(F)\GT(AF)%(QQ (0,(91,92), Poo ),Tz g1

log q
— R (t)° “ ¢(g1)E(0 D0 @ O°L R T pey2r ), d
%t ugs:E @, — 1 Ja, (FNG.(Ap) P9 0. (91,92), Do ® Liag)er) -z dgs

2IWe have changed the use of V from Section 1 since in the proofs below, we need to consider all nearby
spaces of V.. In particular, V in Section 1 is now "V.
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holds for every go € G,(A}), where ®* = §,¢3° ® (5205°)°; A}, is the lattice in Proposi-
tion 9.1; and E(s, (g1, 92), ®)_ 1, denotes the Ty-Siegel Fourier coefficient of the Eisen-

stein series E(s, (g1, 92), ®) with respect to the second variable gs.
(2) The identity

VOlu Z Z o fion 902 J2)g(]2)>gpi(7-(1'1)g(j1))
Jj2=1j1=1
Z Z [Tl,Tg (qb?o’ P, 81,89, T(jl)g(j1)7 T(jz)g(h))g dr01) qr02)
TreHerm? (F)+ Ty €Herm? (F)+
L,(l7 7T) o0 o0\ C
= 21~ FQ] H 37@ Vo 901'07 P20, ¢1v ® (¢2v) )
ba-(0)

vevﬁ"

holds.

Proof. For (1), pick an element h € #Hj;, such that #*(h) = t as in Definition 6.8. Then there
exist finitely many pairs (cg, hx) € C x G.(AX*®) such that h¢® = Y cpw® () and
ho1 = Y axm(hy)p1. By [Liu, Theorem 1.1] for inert places and [Liulla, Proposition A.5]
for split places (see also [Ral32, Page 511]), we have

t¢° = ho® = chw;’o(hk)gbfo.
k
Thus, we have

(11'1) IT17T2 (tgb(fo, ngoa 51, §2a T(j)g(j)v gZ)ZL = Z ckIT17T2 (t¢io7 ¢C2>07 gla g27 T(j)g(j)hka 92)€-
k

By Lemma 6.4, we have

(11.2) Iy 1y (650, 05°, 81,82, TV gV by, g0) = > 2In1,(¢7, 650,51, 8, T DgDhy, g2) 1w
uEV(OO)
+ Y 1ogqu - Iry 1, (677, 657,81, 82, 7 gV hk792)
uEVﬁ“

Combining (11.1), (11.2), Proposition 7.1, Proposition 8.1, Proposition 9.1, and Proposition
10.1, we have

(11 3 VOlu Z / Z IT1,T2 (t¢TO> ¢SO> §17 §27 T(j)g(j): g2)% dT(j)
Jj=1 U ) TleHermi(F)+
=YY / LAY S & (P Dk, o), B, © 2%,
k j=1 s Th€Herm? (F)+

where we put
% 1 (91, 92), P2 © D) =

log q,, o
> Cnn((91.92), P @ DF)y — > qu Erm,((91,92), P0, @ @ @ Liagyer)-

—1
spl u€es qu
ueVg \VE E
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By Proposition 3.10 and Remark 3.12, we have

>y & 1, (TDgDhy, ga), @0 @ ) = E'(0, (9 g Dy, go), % @ ©%)_ 7,

Ty €Herm(F)*t

lo qu i i 00,U
— Z g , ])g(j)hk,92)7¢go®® 77® II‘(AE)QT)*,IE

UESE qU - 1

for every 1 < j < s and every k. It follows that

) ;Ck /G 6,y PHOVE (O (1P 92), D3, ® O%)_ 1, dgs
ezs: Z / (F\Gr(AF) gl)E(O’ (glhk’ 92)’ (I)go ®OFER IL(I\Q)QT)—,TQ dg
:i/(>WMMﬂ@¢9@0E%aemgguﬂ;®dWﬂ,Rdm
- %:E ;Zg & GT(F)\GNAF)(hwi)(gl)E(O, (91, 92), B @ B @ L(aypr) 1, dgr.

Part (1) follows as hg§ = x&(t)¢ - .

(11.4)  vol*(L Z Z 0o (702) gli2)) 2 (701) g i)
jom1 j1=1 5G2) JFin)

Z Z [T1,Tz (¢T07 X, 51, 89, 7.(j1)g(j1)’ 7—(j2)g(j2))€7»d7-(j1) dr02)

TreHerm? (F)+ Ty €Herm? (F)+

- 1 E, 07 ) ) @0 ®oo d d
I sy P20, (91,2, 85 © ) dgy o

log q,, // .
B $(g1)E(0, (g1, g2), L @ DU @ L (psy2r ) dgy dgo.
> G NG () ©2(92)7(91)E(0, (91, g2) (aper) dgi dgo

UESE qU -1

By the classical Rallis inner product formula (see, for example, [Liulla, (2-6)]) and Propo-
sition 3.6(2), we have

$(g1)E(0, (g1, g2), P’ @ DU @ Lpsy2r) dgy dga = 0
for every u € Sg. Together with x(5;) = x&(82) = 1, we have
(11.5)

(11.4) = ©2(92) 5 (91) E'(0, (91, 92), o @ (67° @ (¢5°)°)) dgr dgs.

/Gr(F)\Gr(AF) /C?T(F)\Gv-(AF)
By Proposition 3.7, we have

L'(3,m) o0 soye
(11.5) = T (0) CIFQ T 3% v (05, 020 055 @ (652)°).
T Uevﬁn

Part (2) is proved. O
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Proof of Theorem 1.5. First, it suffices to prove the theorem for R satisfying R, C R C Vi»

and |R| > 2. Take an element w € V(F and put ourselves in the setup of Section 4. We

prove that the localization of the TE-module CH"(X})2 at m®, is nonvanishing.
Assume the converse. Then for every element T, € Herm)(F)", we can find tg, € Tfa.

satisfying xR (tr,) = 1 and t4, Zz, (w>(g9)¢5) = 0 for every 1 < j < s. Let ty, be the
adjoint of t5,. Then we have
(8121, (w7 (95°) (81,09 2, 8521, (w7 (99)65°) ) s,
= <E;2§TZT1(W7?O(91 )07 )Ly 8521, (W, (g G) )05 )L >XL,
= (8127, (w7 (917) 91" )L’tTQSQZTg( (g ]))Cbz )L >XLE =0

for every Ty € Herm?(F)*, ¢2° € G.(AX"), and 1 < j < s. In particular, we have
ITl,Tz (ETQQSTO? ¢C2>Ov gl) §27 T(])g(])a g?)é =0
for every g, € G,(A%) with g5° € {gV), ..., g®}. Tt follows that
vol(L Z/() S I (b5, 65,81, 82, TV go) A7) =0
! T1 €Hermy (F)+

for every g, € G.(A}) with g3° € {g™V,...,¢®} and every T; € Herm?(F)*. Now applying
Lemma 11.1(1) twice with t = t, and t = 1, respectively, we obtain

W)Y [ G0060) S 665 s g, ) dr) =0
Jj=1 5 Ti1eHerm (F)*

for every g, € G,.(A%) with ¢g5° € {gM,... ¢} and every T, € Herm®(F)*. By Lemma
11.1(2), we obtain

L' n
M C[FQ H SWU,VU 9011)7 P20, ¢(1>2 ® (QSS?))C) = O’
b27‘<0) Uevﬁn

that is,

( 1)7"qr 1(%—1—1
: 37r 901)7901)7(;502@ Qbozc :0
J;[S( 2r—1 1)( _ g v, Vo \¥F1 2 1 ( 2 ) )

Now by Proposition 3.13, we may choose ©1, P2, H7°, P5° such that

3Erv,VU (9011)7 P2v; (¢2’l}) ) 7é 0
for every v € R. As L'(3,7) # 0, we obtain a contradiction. The theorem is proved. O

Proof of Theorem 1.7 and Corollary 1.9. By Definition 6.11 and Proposition 6.10(1), we
have

(O (1), Opge (902)>XE = Volh Z Z Ry @2(T(j2)g(j2))<p§(T(jl)g(jl))
Je=1j1=

Z Z [Tl,Tz (¢1 7¢SO’ 31, 89, 7-(]'1)g(j1)7 T(j2)g(j2))i d+01) qr02)

ToeHerm?(F)t Ty €Hermy (F)+
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By Lemma 11.1(2) and Proposition 3.7, we obtain

Ien:
(116) (OO (ealis = ) OO T 3 1 (68 658 (030
T Uevﬁn

By Proposition 3.13, we may choose ¢1, @2, °, ¢5° such that
IT 3% v (0 02, 03 © (65)°) # 0.

fi
veEVE!

Now we claim that (11.6) holds for arbitrary vectors ¢y, 2, 3%, $5° (not necessarily those
in the beginning of this section) as in the statement of Theorem 1.7(1). This is a consequence
of Proposition 3.6(1) as both sides of (11.6) give elements in the space

® HomGT(Fv)XGr(Fv) (IEU(O>7 ﬂ—v & 7T’l\)/)’

fi
veEVE!

which is of dimension one. Thus, Theorem 1.7(1) follows.
By Proposition 6.10(2), the assignment (¢, ¢>°) — Oy () gives an element in

Hompr(ag) (Homcrmi:)(y (V" @ap AF), 7), lim CHT(XL)%> :
L

in which Homg, a%) (7 (V" ®@a, AF),7>) is simply the theta lifting of 7% to H(A¥) by
Proposition 3.6(3). Thus, Theorem 1.7(2) is a consequence of (11.6) and the fact that
[Tyevgn BETMVU is nontrivial.

Finally, Corollary 1.9 is a consequence of (11.6) and Proposition 3.7 (where one may take
R=0). O

APPENDIX A. TWO LEMMAS IN FOURIER ANALYSIS

In this appendix, we prove two lemmas in Fourier analysis that are only used in the proof
of Proposition 3.13. Both the lemmas and their proofs are variants of [AN04, Theorem 1]
(in the non-archimedean setting).

Let F' be a non-archimedean local field (of arbitrary characteristic). Denote the maximal
ideal of Op by pr and put ¢ == |Op/pr|. We fix a nontrivial additive character ¢: F' — C*
that is used to define the Fourier transform.

Lemma A.1. Consider a finite dimensional F-vector space X, a monzero homogeneous
polynomial A on X, and a real number r > 0. Let f be a nonzero locally constant function
on an open subset 2 C X on which A is nonvanishing. Suppose that f is locally integrable
on X and satisfies that for every € > 0, we have

[ 15@ A de < oo

Then the support of the Fourier transform of f, as a distribution on XV, can not be contained
in an analytic hypersurface.

Proof. Let n > 1 be the dimension of X. Without lost of generality, we may identify both
X and XV with F™, take dz to be the measure that glves Op volume 1, and assume that
1¥r has conductor OF For every integer N, we put BY% := (p¥)", which is an open compact
subset of F™.
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Let u be the Fourier transform of f. For every integer N > 0, put x = ¢""1pn € .7 (F"),
and put uy = w * xn, which is a locally constant function on F". Take two real numbers
0 <d <1ande >0 tobe determined later. Let p > 2 satisfy 2%5 —i—% = 1. Since the Fourier

transform is a bounded operator from L*7%(F™) to LP(F™), we have

luxl22 < Cs [ 1) Rw(a) - da
= Cs [ 1@ 1L, () da
=G [ f@)P e

—N

for some constant Cs > 0 depending only on ¢. By Holder’s inequality, we have

2-4

9s _T(275)s 3712 9 2+e
ol < s (f, 18l 5 ae) ([ @peawl )
N

-N

Let d be the degree of A. There exists a real number 0 < pa < n/d depending only on A

—7"(2_6)6
such that as long as r% < pa, the function |A(z)|p °™ is locally integrable. In this

case, there exists a constant Cs. > 0 such that

. (2-9)e )
/ |A(x)|FT " de = 05,5 . qN("—dr (254—65)6).
B

N
By the integrability condition on f, there is a new constant Cs_ > 0 depending only on ¢
and ¢ such that
(2*5)5)5-&-5

(A.1) lun |2 < €. - g () 5k

holds for every N > 0.

Now suppose that the support of u is contained in an analytic hypersurface U. For N > 0,
put Uy == U + B}y, C F"™ as a tubular neighbourhood of U, which contains the support of
uy. Then for every g € .#(F™), we have

A2 lim ¢V dz = [ g(y)dy.
(A.2) amog [ g(r)de = | gly)dy
Then by Holder’s inequality, (A.1), and (A.2), we have
[{u, g)P7° = lim [{un, g)*~°
N—o00

< Jim ]2 [ o) do
N—oo Un

(2-9d)e e
< G, Jim (O SFEEE Y [ g do
N

N—oo

(5+6_1

— .- /U 9(y)[2 dy - Jim. qN(("—dr(25;?€)2+E )

Choose suitable 6, e such that

2 — 2 — 2
rﬂ<p& n—dr( 0)e < te

d+e d+e d+e
Then the above limit is zero, that is, (u, g) = 0 for every g € #(F™). Thus, we have u = 0.
The lemma is proved. U
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Lemma A.2. Consider a finite dimensional F-vector space X, a nonzero homogeneous
polynomial A on X, and a real number r > 0. Denote by Q C X the nonvanishing locus
of A. Let f be a nonzero locally constant function on Q that is locally integrable on X,
satisfying the following condition: there exists a decomposition X = X1 & Xy & X3 with
dimF X, = dlmF Xg > 0 such that

(1) Q is disjoint from X1 & X3 U Xo ® X3;

(2) |Alaxy, o xg, 13)|p = |A(21, 22, 23)|F for every a € F* and x; € X;;

(3) |f(axy, a oy, x3)| = | f(21, T2, 3)| for every a € F* and z; € X;;

(4) for every e > 0, we have

Jog F @18 dr < oo,

where the action of « € F* on Q is given by a.(x1, T2, 3) = (axy, @ xg, 13).

Then the support of the Fourier transform of f, as a distribution on XV, can not be contained
in an analytic hypersurface.
Proof. Let n > 1 be the dimension of X. Without lost of generality, we may identify the
decomposition X = X; @ X, @ X3 with F" = F™ @ F™ @ F*?m_identify XV with F", take
dx to be the measure that gives Op volume 1, and assume that ¢ has conductor Op. For
every integers N and [ > 0, we put By = (p¥)" and Ay, = B} \ By.,, which are open
compact subsets of F'. It is clear that the natural map w? x (A* x F™ x F"=2m) — F" given
by the action in (4) is injective; and by (1) that € is contained in w?.(AJ* x F™ x F"=2m).

Let u be the Fourier transform of f. For every integer N > 0, put xy = ¢""1pn € .7 (F"),
and put uy = u * xn, which is a locally constant function on F™. Take three real numbers
0<0<7vy<1lande >0 tobe determined later. Let p > 2 satisfy ﬁ + % = 1. Since the

Fourier transform is a bounded operator from L?~7(F") to LP(F™), we have
lun 27 < [ 1@ RR @) do
=, [ 1@ L, @) da
=G, [ |f@)P T da
B,
for some constant C,, > 0 depending only on «. By (3) and Hélder’s inequality, we have

[ p@Pde

o0

= > @+2N+) [ (@) da
i=—2N AR X AT X B P
o L*gs 2*7;/
< L ON 41 / d / 20 4
z‘:E—;N(Z )<A6"xA;”xB"N2m x) (A?xAi”xB"ﬁ"‘lf(xﬂ !
2—y
00 , L PR}
< X v e (] FoPta)
e N Agle;anﬁjfm

2—y

s 2=5
=C, 5 gV / 2-0 4
([
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for some constant C., 5 > 0. Together, we obtain

y=4

(A.3) lunlly ™ < Cls- ™" - |f(@)]*~* do

/77L m n—2m
AT X ATV X BT ;

for a new constant C! ; > 0 depending only on v and §. By Holder’s inequality, we have
2-6
x dz
/ABRXA;RXBEJ_VQm |f< )’

S+¢

(2=9)e 2+
< A T e d / 24-¢ A re
< </146"X14T><B"N2m| (z)|p l‘) ( Jrpp— |f ()" |A(z) | de

2—9

d+e
_r(2—5)€ 2%4¢e 2+4¢
<(/ A@I das) (/ |f(:r)|2+€|A(w)?dw> .
B" A x AT x B 2T

—2N

2—46
2+4¢

Let d be the degree of A. There exists a real number 0 < pa < n/d depending only on A

_r (2—98)e
such that as long as 7‘(25:55)6 < pa, the function |A(z)|p °™ is locally integrable. In this

case, there exists a constant C5. > 0 such that

_p(2=0)e _
L. 1a@E T de =Gy N0
n

—2N

On the other hand, by (4), we have

2—6

2+
2+4¢ A re d < C/
(/AS” X AT x B" 2™ @) IAR)F x) be

for a constant Cj_ > 0. Thus, continuing (A.3), we have a constant C, ;5. > 0 depending
only on ~, d, e such that

(A.4) a2 < Cype - qN(”lf_j“("*d?“le?s )5te)

holds for all N > 0.

Now suppose that the support of u is contained in an analytic hypersurface U. For N > 0,
put Uy := U + By, € F" as a tubular neighbourhood of U, which contains the support of
uy. Then for every g € 7(F™), we have

A5 lim ¢V dz = [ g(y)dy.
(A.5) amogt [ g(r)de = | gly)dy
Then by Holder’s inequality, (A.4), and (A.5), we have

2-5 _ 1; 2-5

2-8
< i 20, / 2—y )2_”
< im0 ([ lgta) 2 ax

2-48
< C, 500 lim qN<ngf_$+2(”*dr (26125)312*%) . (C_IN/ |g(x)|2_7 dx) =
Un

N—oo
2—4§

2—7 - (2—08)e e _
= Chae- ( /U lg(y)|* dy>2 T Jim V(3SR GR) -85

N—o0
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Choose suitable v, d, € such that

(2—19)e v—46 (2—68)e\o+e 2—-9

— < 2(n—d < .

Tt pa; n2—7+ [ S 2— 1
Then the above limit is zero, that is, (u, g) = 0 for every g € #(F™). Thus, we have u = 0.
The lemma is proved. 0

APPENDIX B. REMARKS ON BEILINSON’S NON-ARCHIMEDEAN LOCAL INDICES

In this appendix, we review Beilinson’s notion of non-archimedean local indices between
algebraic cycles [Bei87] and make some complementary remarks.

Let K be a non-archimedean local field, with the ring of integers O and the residue field
k. Take a rational prime ¢ that is invertible on k. Let X be a smooth projective scheme over
K of pure dimension n — 1. For every integer d > 0, we have the cycle class map

clx e Z4(X) = H*(X, Qi(d)),
whose kernel we denote by Z(X)%.

Remark B.1. A priori, Z4(X)% depends on the rational prime ¢. However, if K is of charac-
teristic zero and we assume the monodromy—weight conjecture for X, then one can replace
clx, by the geometric cycle class map, hence Z4(X )¢ does not depend on .

For a Zariski closed subset Z of X, we denote by Z%(X) the subgroup of Z4(X) consisting
of cycles whose support is contained in Z,

Definition B.2. For every pair of integers di,ds > 0 satisfying d; + dy = n, we define the
subgroups

72 R(X) = 3" 25 (X)e x Z3(X)e € 2 (X)e x Z%(X)c,

71,722
78 (X) O = 37 (28 (X)e N Z8(X)E) x (ZZ(X)e N Z%2(X)E) € 28(X)e x 2%2(X)e,
71,722

where the sum is taken over all pairs (Z;, Zs) of disjoint Zariski closed subsets of X. It is
clear that Z41:% (X)) is stable under switching the two factors.

Take a pair of integers dy, ds > 0 satisfying d; + dy = n. In [Bei87, Section 2|, Beilinson
defined a map

(B.1) () Z0%(X)19 = C g Qu
called local index, satisfying the following properties

e its restriction to every subspace (Z‘él1 (X)eNZh (X)g>) X (Z‘?2 (X)cNZ® (X)g>) is complex

linear in the first variable;

e (. )%k is conjugate symmetric.

We briefly recall the definition. Take a pair (ci,c;) € Z%%(X)¥. By linearity, we may
assume ¢; € Z3 (X) and ¢ € Z%Z (X) with Z,NZ, = . Fori = 1,2, put U; == X \ Z;. Then
we have the refined cycle class Cl)Z(i7Z(Ci) € HZZC?(X ,Q¢(d;)), which goes to 0 under the natural
map H3" (X, Q(d;)) — H24 (X, Qy(d;)). Thus, we can choose a class v; € H21(U;, Qq(d;))
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that goes to cl¥,(c;) under the coboundary map H*4~1(U;, Q¢(d;)) — H3" (X, Qu(d;)). Then
we define (c1, c2) i to be the image of 41 U, under the composite map

H22(Uy N Us, Qu(n)) — H 71X, Qu(n)) =2 H(Spec K, Qy(1)) = Qu,
in which the first map is the coboundary in the Mayer—Vietoris exact sequence for the
covering X = Uy U U,. It is easy to check that (cy, C2>§(7 i does not depend on the choices of
Y1, Y2, and that <61702>§(7K = <02,01>€(7K.

Lemma B.3. Tuke a pair (ci,cy) € Z4% (X)),

(1) Let K' be a finite extension of K. Put X' = X @y K' regarded as a scheme over
K'. Then we have (¢}, cy) € Z%2(X") and (¢}, ch)5 o = (c1,c2)k k. where ¢ is the
restriction of ¢; on X' fori=1,2.

(2) Let u: X' — X be a finite étale morphism. Then we have (¢}, cy) € Z4% (X)) and
(ch, )i i = degu - (c1, ca)’y . where ¢ is the restriction of ¢; on X' fori=1,2.

Proof. In both statements, it is clear that (¢}, c,) € Z%42 (X)),

Part (1) follows from the following commutative diagram

H20=2(U, N Uy, Qu(n)) —— H21(X, Qu(n)) —>> H'(Spec K, Qu(1))

| | |

H22(U7 (O U}, Qu(n)) —— 21 (X, Qu(n)) —2= H(Spec K', Qu(1)) —— Q;

©

in which U] is the restriction of U; on X', and the construction of the local index.
Part (2) follows from the following commutative diagram

TI'X

H*2(U; N Us, Qg(n)) —— H>" (X, Q(n)) —= H(Spec K, Q,(1))

iu* lu* ideg u-id

Tr s
H2=2(U] N U}, Qe(n)) — H* (X', Qy(n)) —= H'(Spec K, Q,(1))
in which U] is the restriction of U; on X', and the construction of the local index. U

In what follows, m: X — Spec Ok is a projective morphism such that X ®o, K = X. We
put Y = X ®o, k.

Lemma B.4. Consider elements ¢ € Z3 (X) and ¢s € Z% (X)) with Z, N Zy = 0. For every
B € H¥, (X,Qq(dy)) whose image in H3* (X, Qu(dy)) coincides with CI)Z({@(cl) and whose
image in H*1 (X, Qy(d1)) vanishes, and every 3, € Hf/djz(n_l)()(, ' Qq(dy—n+1)) whose im-
age in szd;_z(n_l)(X, m'Q(dy—n+1)) = H2Zd22 (X, Qu(d2)) coincides with CI)Z&(CQ), the image of
BiU By € Hy (X, w'Qq(1)) under the trace map HY (X, 7'Qq(1)) — HE 1 (Spec Ok, Qq(1)) =
Q¢ coincides with (c1, c2) k-

This is claimed in [Bei87, Lemma-definition 2.1.1] without proof. For completeness, we
include a proof here (though straightforward).

Proof. Before the proof, let us make a remark on cup products. Let S be a Noetherian
scheme on which ¢ is invertible. Given F,G, H € D?(S,Q,), the bounded derived category
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of l-adic sheaves on S, together with a map

L
k: F®G— H,
we have a cup product map
Ue: HY(S, F) x H(S,G) — H™ (S, H)

for every integers i, j, which is the composition of the cup product for (hyper)cohomology
. . L L
H'(S,F) x H(S,G) — HY (S, F ® G)

L o L o
and the induced map H'*/(S,k): H (S, F ® G) — H"(S, H). In particular, if we have
maps f: F'— F’" and h: H — H' rendering the following diagram

L K
FoG@——H

f@idl lh
L K/
FroG—H
commutative (in D?(S, Qy)), then the induced diagram
Hi(S, F) x HI(S, G) —== Hi*i(S, H)
Hi(S,f)xidl lH”j(&h)
Hi(S, F') x HI(S, () —~ Hi+(S, H')
commutes.

Put U; .= X \ Z; for i = 1,2 as before. For i = 1,2, choose a class 7; € H*%1(U;, Q,(d;))
that goes to cl¥,(c;) under the coboundary map H2%=(U;, Q,(d;)) — HZ" (X, Q¢(d;)). De-
note by (71, ¢2) to be the image of v, Ucl)Zgé(CQ) € HZ M (U1, Qu(n)) = HZ (X, Q¢(n)) under
the composite map

HZL(X, Qu(n)) — H2 (X, Qu(n)) =5 HY(Spec K, Qu(1)) = Q.
We break the proof into two steps.

(1) (71, e2) = {er, 2)x

(2) the image of ) U By € HZ(X,7'Q,(1)) under the trace map HZ (X, 7'Q(1)) — Q,

coincides with (71, ca).

For (1), it is easy to see that the coboundary map H?"~2(U;NUs,, Q,(n)) — H>1(X, Q.(n))
in the Mayer—Vietoris exact sequence is the composition of the coboundary map
6: H=2(Uy N Uz, Qp(n)) — HZ ' (U1,Q¢(n)) in the Gysin sequence and the natural map
HY' YUy, Qe(n)) = HZH(X, Qu(n)) — H>™ (X, Q(n)). Thus, it suffices to show that the
following diagram

(B.2) H24 -1 (U, Qu(dy)) x H22=Y(Uy, Qg(dy)) —= H22(U; N Uy, Qu(n))

s | J{a

H>A (U1, Qeld)) x HE2 (X, Q(d)) HZ, (U1 Qe(n))
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commutes. Denote morphisms ¢;: U; — X and 3;: Z; — X fori=1,2,and t: Uy NU; — X.
Then in view of the remark on the cup products, the first row of (B.2) is induced by the
natural map

L
11:7Qr(d1) @ 12.5Qe(d2) — 1.7 Qy(m),
and the second row of (B.2) is induced by the map

L
115 Qe(dr) ® gngoQe(da) — Jangot i Qe(n),
which is the cone (of columns) of the natural commutative diagram

15 Qe(dy) & Qo(ds) —— 11,65 Qu(n)

|

L
115 Qe (dr) ® 12205Qe(da) —— 1.*Qy(n)

in D*(X, Q). It follows that (B.2) commutes. In particular, (c1, ¢2)% x does not depend on
the choices of 7, and s, which justifies the notation.

For (2), we may assume that (; is the coboundary of 7. We have the commutative
diagram

TI'X

H' (X, mQi(1)) H'(Spec K, Qu(1))

| l

Trx

H%’(‘X’ W!Qg(l)) - H%peck(spec OK? Qf(l))

for the trace maps. Thus, as H' (X, 7'Q(1)) ~ H**~1(X, Q,(n)), it remains to show that the
following diagram

H20=1(U;, Qq(dy)) % Hffljgf("_l)(?(, W!Qg(dQ —n+1) — H122(U1, W!Qe(l))

i ia

HD, (X, Qu(dh)) x Hy2,2" D (X, w'Qu(dy — n + 1)) —— HE (X, 7'Qq(1))

commutes. The argument is similar to (1), which we leave to the readers.
The lemma is proved. O

Remark B.5. In Lemma B.4, when X is regular, the natural map 7'Qy[2 — 2n](1 — n) — Q,
is an isomorphism, which is a consequence of the absolute purity theorem [I'1j02].

Now we provide a refined method to compute (B.1) in the presence of a regular model of
X. Till the end of this section, X will be regular.

We first review some constructions from [(:587]. For every Zariski closed subset Z of X,
we have the K-group K& (X) of complexes with support in Z defined in [GS37, Section 1.1],
equipped with the codimension filtration

- D FTKE(X) D FKE(X) D FIMKE(X) D - -
We have
e the pushforward map 7, : K¥ (X) — K3P*"(Spec Ox) = Ko(Spec k);
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e for Z' C Z, a natural linear map K& (X) — KZ(X), which preserves the codimension
filtration;

e a cup-product map U: KF'(X) x K (X) — K§'"2(X);

e a natural linear map

(B.3) [ ]: P 7L(x) = FIKF(X)
d'>d

sending a closed subscheme Z’ of X' contained in Z to the class of the structure sheaf
ﬁg/.

See [GS87, Section 1 & Section 5] for more details.

Note that since X is regular, K& (X) coincides with Quillen’s K-theory with support (see
the proof of [G587, Theorem 8.2]). Then by [Gil81, Definition 2.34(ii)] in which we take the
base scheme S to be Spec Ok and I' to be the /-adic cohomology theory, we obtain the d-th
Chern class map

cl;i,g; FIKZ(X) — HZ(X,Qu(d))

for every integer d > 0.

For the generic fiber X, we have K-groups the KZ(X) for Zariski closed subsets Z of X
with similar properties as well. The following lemma is probably known, but we can not find
an exact reference.

Lemma B.6. For every ¢ € Z%(X), the element c1% ,(|c]) € HE(X, Qu(d)) coincides with
the refined cycle class Cl)Z(’g(c) of c.

Proof. We may assume Z irreducible and ¢ = Z. Let Z’ be the smooth locus of Z over K and
put X' ==X\ (Z\ Z’). As a consequence of the semi-purity theorem [I'1j02, Section 8], the
restriction map HZ(X, Q,(d)) — HZ (X', Q¢(d)) is an isomorphism. Thus, we may assume Z
smooth over K as well. Then the lemma follows from [Gil81, Theorem 3.1] (with S = Spec K
and k = ¢ =0). O

Definition B.7. Let Z; and 2, be two Zariski closed subsets Z of X satisfying Z1NZ, C Y.
We define a pairing

K& (X)e x K&2(X)e — C
(Cl, Cg) —> Cl.CQ

that is complex linear in the first variable, conjugate complex linear in the second variable,
and such that for C; € K§(X) with i = 1,2, we have

Ci1.Cy =% (W*<Cl U C2)) )

where y denotes the Euler characteristic function on Kq(Spec k). Note that as 21N 2, C Y,
C1 Uy can be regarded as element in K (X)c.

Lemma B.8. Let Z, and Z5 be two Zariski closed subsets of X satisfying 2, N 25 C Y.
For C; € F4KF (X)) with i = 1,2, C,.Cy coincides with the image of cli{z(cl) U C]j?’g(CQ) €
HZ' 2z, (X, Q¢(n)) under the natural composite map

HZ, 2, (X, Qe(n)) — HY' (X, Qu(n)) = HEpeer(Spec O, Qe(1)) = H(Spec k, Qr) = Q.
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Proof. By [(!S87, Proposition 5.5], we have C; U Cy € F"KZ'"#*(X)g. By (the same proof
of) [Gil&1, Proposition 2.35], Cli{E(Cl) U cl3?,(Cy) and C121m22 (Cy UCs) have the same image
in HZ' 2, (X, Q¢(n)).* Since the map Z"(X)Q — F"K%/(X) is surjective, the diagram

cl?z
FrKY (X)g H (X, Qe(n))
11-Speck \L lgggzgk ¢ l
F KO (Spec OK)Q Speck(SpeC OK7 @Z( ))
commutes. Thus, the proposition follows since the diagram
Speck
Spec O ,¢

FKP** (Spec Ok )q HZ, .. 1 (Spec Ok, Qe(1))

:l i:

Ko(Spec k)q Topeeht H(Spec k, Q)
| a
Q Q
commutes. O

Definition B.9. For an element ¢ € Z4(X)¢, we say that an element C € FK} “"PP) ()¢
is an extension of c if C|x € FKy(X)c coincides with [c] under the map (B.S), and that C

is an (-flat extension if the image of clyusupp( '(€) in H24(X, Qy(d)) ®g C vanishes.

Proposition B.10. Consider a pair (c1,cy) € 7% (X)) satisfying supp(c;) Nsupp(cz) = 0.
If Z, and Z5 are two Zariski closed subsets of X satisfying Z21N2, C Y, and C; € FdiKOZ"(X)C
is an extension of ¢; for i = 1,2 in which at least one is {-flat, then we have

<Cl, CQ>€(’K = Cl.CQ.

In particular, when m is smooth, we can take C; to be the one given by the Zariski closure of
¢; in X wvia (B.3), hence (c1, ) i belongs to C and is independent of £.

Proof. By Lemma B.6, for i = 1,2, the image of Clj?z(c ) in H¥% ¢ (X, Q¢(d;)) ®q C coincides

with cl¥ mX(q). Without lost of generality, we assume that C; is ¢-flat. Then the lemma

follows from Lemma B.8, and Lemma B.4 with f; = clf;if(ci) for i = 1,2 (together with
Remark B.5). O

Remark B.11. Suppose that X admits smooth projective reduction over Og. Then the source
of (B.1) is independent of ¢. Moreover, by Proposition B.10, the map (B.1) takes value in
C and is independent of ¢. Thus, in this case, (B.1) makes sense for an arbitrary rational
prime ¢ of which it is independent.

22 Although [Gil81, Proposition 2.35] only implies the statement when Z; = Zj, its proof works more
generally. In fact, in the proof of [Gil81, Proposition 2.35], if C; is represented by a map [c;]: Ygﬁ —
OB2Zx, then the product C; Uy is represented by the composite map

Iz, =T NSL = OB2Px NOB2Px L OB2Px;

and the remaining argument is same.
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In the remaining discussion, we only consider the case where n = 2r for some integer
r > 1, and d; = dy = r. We say that a correspondence

tXEX L X
of X is étale if both p and ¢ are finite étale. In what follows, we take a subfield L of C.

Definition B.12. We say that an [L-étale correspondence ¢, that is, an LL-linear combination
of étale correspondences, of X is (-tempered if t* annihilates H*" (X', Qy(r)) ®q L.

Proposition B.13. Let t be an (-tempered LL-étale correspondence of X. Then for every
pair (c1,c) € ZM(X)c X Z7 (X)) satisfying supp(t*c;) Nsupp(tcy) = 0, we have (t*ci, t*cs) €
7Zrm (X)) and

(t'cr, t' o) = t°C1.t*Co,

where C; € FTK(};US“pp(Ci)(X)@ is an arbitrary extension of ¢; in X for i =1,2. In particular,
we have (t*cy,t*ca) i € C.

Proof. For i = 1,2, put Z; :== supp(¢;), Z! == supp(t*c;), and
Bi = Cl};jzi (Cz) € Hgfruzi(.)(, Qg(?")) [2d0) C.

Note that we have the commutative diagram

H%/Tuzi()(a Qu(r)) ®g L — H*"(X, Q¢(r)) ®q L

t*l lt*

HY L7 (X, Qe(r)) ®g L —— H* (X, Qu(r)) ®g L

induced by ¢. Since ¢ is (-tempered, the image of ¢*; in H*" (X, Q(r)) ®g C vanishes. Now
t

for i = 1,2, since t*3; = clijzi (t*C;), we know that t*C; is an (-flat extension of t*¢;. In

particular, we have (t*ci,t*c;) € Z""(X){. Finally, the formula for (t*ci,t*c)% x follows

from Proposition B.10. U

Now we provide a criterion for an IL-étale correspondence to be /-tempered.

Proposition B.14. Put Y, := Y™ the induced reduced subscheme of Y. Suppose that we
have a finite stratification Yo D Y1 D -+ of Zariski closed subsets such that Y7 = Y; \ Yj
is reqular and has pure codimension n; = 1 in X for j > 0. Ift is an L-étale correspondence
of X stabilizing the stratification Yo DY) D -+ and such that

(1) t* annihilates H" (X, Qq(r)) ®q L;
(2) t* annihilates Hl(YJo @k Fp, Qr) ®q L for every integer i < 2r — 2n; and every j,
then some positive power of t annihilates H*" (X, Qu(r)) ®g L.

Proof. Tt suffices to prove that (¢™)* annihilates HY (X', Q¢(r)) ®g L for some integer m > 1,
since then t™*! is (-tempered.
We prove by decreasing induction on j that (¢)* annihilates H? (X, Qy(r)) ®gLL for some
integer m; > 1. We have
HY (X, Qe(r) ®@g L — HY (X, Qu(r) @g L — Hke (X' \ Vi1, Qu(r)) ®g L.

j+1



64 CHAO LI AND YIFENG LIU

As Y} is a regular closed subscheme of the regular scheme X \ Yj1, by the absolute purity
theorem [F1j02], we have

HQy}(X \ Yiu1, Qe(r)) > H 2" (Y?, Qu(r — ny)).

By condition (2) and the Hochschild-Serre spectral sequence, we know that (#*)* annihilates
HQ’"*Q”J'(YJ»O,QK(T —n;)) ®g L. Thus, we may take m; = m;; + 2. In particular, (¢™°)*
annihilates HY, (X, Q,(r)) ®q L, which is same as HY (X, Q,(r)) ®q L. O

Corollary B.15. Let X and L be as above. Let S be a ring of étale correspondences of X,
and m a maximal ideal of Si.

(1) If (H*(X,Q(d)) @g L)m = 0, then there exists an (-tempered element in Sy, \ m.

(2) Suppose that we have a finite stratification Yo D Yy D -+ of Zariski closed subsets
that is stabilized by the action of S, such that Y} =Y} \ Yji1 is regular and has pure
codimension n; = 1 in X for j > 0. If

o (H*(X,Qu(r)) @y L)m =0 and
° (Hl(i/;o @k Fp, Qr) ®g L)m = 0 for every integer i < 2r — 2n; and every j,
then (H*(X, Qy(d)) ®g L)m = 0.

Proof. For (1), since H*" (X, Qy(r)) is of finite dimension over Qp, H*" (X, Qy(r)) ®¢ L is a
finitely generated Sp-module. Then (1) follows from Definition B.12.

For (2), since both H*" (X, Qy(r)) and @; s, @, H (Y} @1 F,, Q¢) are of finite dimension
over Q, both H* (X, Qy(r)) ®gL and @, 5,1 @; H' (Y} @, Fp, Q¢) ®g L are finitely generated
Sp-modules. Then there exists ¢ € Sp, \ m satisfying the two conditions in Proposition B.14.

By the same proposition, some power of ¢ annihilates H**(X,Qy(d)) ®g L, which implies
(H4(X,Qq(d)) ®g L)w = 0. Thus, (2) follows. O
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