
Math V1202. Calculus IV, Section 004, Spring 2007

Solutions to Midterm 1

Problem 1. Evaluate
∫∫

D
(x + y)dA, where D is the triangular region with

vertices (0, 0), (−1, 1), (2, 1).

Solution:
∫∫

D

(x + y)dA =

∫

1

0

∫

2y

−y

(x + y)dxdy =

∫

1

0

(
x2

2
+ xy)

∣

∣

∣

x=2y

x=−y

=

∫

1

0

9y2

2
dy =

3y3

2

∣

∣

∣

∣

y=1

y=0

=
3

2
.

Problem 2. Evaluate the iterated integral
∫

2

0

∫

4

x2

x sin(y2) dy dx

by reversing the order of integration.

Solution:
∫

2

0

∫

4

x2

x sin(y2)dydx =

∫

4

0

∫

√
y

0

x sin(y2)dxdy =

∫

4

0

x2

2
sin(y2)

∣

∣

∣

x=
√

y

x=0

dy

=

∫

4

0

y

2
sin(y2)dy =

−1

4
cos(y2)

∣

∣

∣

y=4

y=0

=
1

4
(1 − cos 16)

Problem 3. Evaluate the integral
∫∫

R

e4x2+9y2

dA,

where R is the region bounded by the ellipse 4x2 + 9y2 = 1.

Solution: We use the transformation u = 2x, v = 3y. Then

x =
u

2
, y =

v

3
,

∂(x, y)

∂(u, v)
=

∣

∣

∣

∣

1/2 0
0 1/3

∣

∣

∣

∣

=
1

6
,

so dA = dxdy = 1

6
dudv. The region R is transformed to S bounded by the

circle u2 + v2 = 1. Then we use polar coodinates u = r cos θ, v = r sin θ,
dudv = rdrdθ.

∫∫

R

e4x2+9y2

dA =

∫∫

S

eu2+v2 1

6
dudv =

∫

2π

0

∫

1

0

er2 1

6
rdrdθ

=

∫

2π

0

er2

12

∣

∣

∣

∣

∣

r=1

r=0

dθ =

∫

2π

0

e − 1

12
=

π

6
(e − 1)



Problem 4. Evaluate
∫∫∫

E
z dV , where E is the solid that lies above the

paraboloid z = x2 + y2 and below the half cone z =
√

x2 + y2.

Solution: x = r cos θ, y = r sin θ, z = z, dV = rdrdθdz.

∫∫∫

E

z dV =

∫

2π

0

∫

1

0

∫ r

r2

zrdzdrdθ =

∫

2π

0

∫

1

0

z2r

2

∣

∣

∣

∣

z=r

z=r2

drdθ

=

∫

2π

0

∫

1

0

(

r3

2
−

r5

2

)

drdθ =

∫

2π

0

(

r4

8
−

r6

12

)r=1

r=0

dθ =

∫

2π

0

1

24
dθ =

π
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Problem 5. Evaluate
∫∫∫

E
y dV , where E is enclosed by the sphere x2 +

y2 + z2 = 1 in the first octant.

Solution:

x = ρ sin ϕ cos θ, y = ρ sin ϕ sin θ, z = ρ cos ϕ, dV = ρ2 sin ϕdρdθdϕ

∫∫∫

E

y dV =

∫ π/2

0

∫ π/2

0

∫

1

0

ρ sin ϕ sin θρ2 sin ϕdρdθdϕ

=

∫ π/2

0

sin2 ϕdϕ

∫ π/2

0

sin θ

∫

1

0

ρ3dρ

=

∫ π/2

0

1 − cos(2ϕ)

2
dϕ ·

(

− cos θ
∣

∣

∣

θ=π/2

θ=0

)

·
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ρ4
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∣

∣

∣
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ρ=0

)

=

(

ϕ

2
−

sin(2ϕ)
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∣

∣
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· 1 ·
1

4
=

π
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Problem 6. Find the volume of the solid that lies inside the sphere x2 +
y2 + z2 = 9 and outside the cylinder x2 + y2 = 1.

Solution: Let E be the solid described above.

x = r cos θ, y = r cos θ, z = z, dV = rdzdrdθ

volume(E) =

∫∫∫

E

1dV =

∫

2π

0

∫

3

1

∫

√

9−r2

−

√

9−r2

rdzdrdθ

=

∫

2pi

0

∫ e

1

2r
√

9 − r2drdθ =

∫

2π

0

−2

3
(9 − r2)3/2

∣

∣

∣

r=3

r=1

dθ

=

∫
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0
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√

2

3
dθ =

64π
√

2
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Problem 7. Let E be the solid that lies inside both cylinders x2 + z2 = 1
and y2 + z2 = 1.



(a) (6%) Express the volume of E as an iterated integral in the order
dx dy dz.

Solution:
∫

1

−1

∫

√

1−z2

−

√

1−z2

∫

√

1−z2

−

√

1−z2

1dxdydz

(b) (6%) Evaluate the iterated integral in (a).

Solution:

∫

1
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∫

√

1−z2
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√
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√
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√
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√
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−

√
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2
√

1 − z2dydz

=

∫

1
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4(1 − z2)dz = (4z −
4z3

3
)
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=
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