Math V1202. Calculus IV, Section 004, Spring 2007

Solutions to Practice Final Exam

Problem 1 Consider the integral

2 pax? 4 p4
/ / 12z dy dx + / / 12z dy dx
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(a) Sketch the region of integration.

Solution: See Figure 1.

Figure 1: {(z,y) |1 <y <4,y <z <y}

(b) Reverse the order of integration and evaluate the integral that you get.
Solution:

// 12xdydx+//12xdydx—// 12zdxdy

= /Gx dy—/(Gy — 6y)dy = (2° —37)|
1 VY 1

Problem 2 Consider the transformation of R? defined by the equations
given by x = u/v, y = v.
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(a) Find the Jacobian ggzgg of the transformaion.

Solution:
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(b) Let R be the region in the first quadrant bounded by the lines y = x,

y = 2z and the hyperbolas xy = 1, zy = 2. Sketch the region S in the
uv-plane corresponding to R.

O
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Solution: The lines y = x and y = 2z in the xy-plane correspond
to v = u/v, v = 2u/v in the wv-plane, respectively. The part in the
first quadrant can be rewritten as v = \/u and v = v/2u, respectively.
The hyperbolas zy = 1, xy = 2 in the xy-plane correspond to the lines
u =1, u = 2 in the uv-plane, respectively.
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Figure 2: S ={(u,v) e R| 1< u <2, /u<v<+2u}

(c) Evaluate [[,y'dA.

Solution:
1 2 rVau 2 4 v=yv2u
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Problem 3 Let S be the boundary of the solid bounded by the paraboloid
2z = 22 + y? and the plane z = 4, with outward orientation.

(a) Find the surface area of S. Note that the surface S consists of a portion
of the paraboloid z = 2% + y? and a portion of the plane z = 4.

Solution: Let S; be the part of the paraboloid z = 22 + y? that lies
below the plane z = 4, and let Sy be the disk 22 + 3% < 4, 2 = 4. Then
S is the union of S; and S5, and

Area(S) = Area(S;) + Area(Ss)

where Area(S;) = 4w since S; is a disk of radius 2. To find Area(S;),
consider a vector equation of S; given by

r(z,y) = (z,9,9(z,y)), (v,y) €D,

where g(z,y) = 2> +y? and D = {(x,y) € R?* | 22 + y*> < 4}. We have

r; X ry = <_gm7 —3Gy, 1> = <—2LE‘, —an 1>

lr, xr,| = /422 4+4y?+1
Area(S;) = // v, X r,|dedy = // V4x? + 4y? + 1dzdy
D D

We use polar coordinates x = rcosf, y = rsin €, dedy = rdrdb.

2m 2
// Vax? + 4y? + ldxedy = / / Vdr? 4+ 1rdrdf
D o Jo

Let u = 4r? 4+ 1, du = 8rdr. Then

2 VIT  du w2 =V 1717 — 1
VArZ ¥ Irdr = 120 U _ vz e
/0 et drdr /1 YU T 12 e 12

So

27 2 2T 1 1 _ 1
/ / Var? + 1rdrdd = / %d@ = %(m/ﬁ —1)
0 0 0

Area(S) = Area(S))+Area(Sy) = %(17\/177—1)%—4% = %(17\/ﬁ+23)



(b) Use the Divergence Theorem to calculate the surface integral [ g F-dS,
where F = (z + y?22)i + (y + 2%2%)j + (2 + 2%y?)k.
Solution: S = OF, where E is the solid bounded by the paraboloid
z = 22 + y? and the plane z = 4. By the Divergence Theorem,

J[Fas= [[[ awrav

divF = g(x—l—yzzz) + g(y+22x2) + g(z+x2y2) =1+1+1=3.
Ox dy 0z

We use cylindrical coordinates © = rcosf, y = rsinf, z = z,
dV = rdzdrdf.

2T 2 4 2 2
// diVFdV:/ / / 3rdzdrd9:/ /37’(4—r2)d7’d9
E o Jo Ji2 o Jo
2 3

r=2 2m
= / 6r* — =r!)|  df = / 12d0 = 247
0 4 0 0

So [[,F -dS = 24,

where

Problem 4 Let . .
po i +j

z?+y?
Note that F is defined on {(z,y) € R | (z,y) # (0,0)}.

(a) Evaluate [, F-dr, where C, is the circle #* + y* = 1, oriented coun-
terclockwise.

Solution: A vector equation of ] is given by

r(t) = (cost,sint), 0<t<2r

F(r(t)) = F(cost,sint) = (—sint,cost)
r'(t) = (—sint,cost)

2 2
/ F.-dr = / F(r(t)) - r'(¢)dt = / (—cost,sint) - (—sint, cost)dt
Cq 0 0



(b) Compute curl F.

Solution:
i j k
curlF = a% a% %
—y/(2* +y*) x/(@*+y*) 0

B 0 x 0 Y
- k(a_x(x2+y2)+8_y($2—l—y2))
(2 +9y>) —x-20 (22 +y?) —y-2y
(22 + 422 (22 + y2)?

= 0.

(c) Use Green’s Theorem to evaluate [, F -dr, where Cy is the circle
(r —2)? + (y — 2)* = 1, oriented counterclockwise.

Solution: Cy = 9D, where D is the disk (v — 2)* + (y — 2)* < 1.
Note that D does not contain the origin (0,0), and the components
—x/(z* +y?), y/(2* + y?) of F are defined and has continuous partial
derivatives on D. By the vector form of Green’s theorem,

/ F-dr://CurlF-de://OdAzo.
Co D D

(d) Is F conservative?

Solution: F is not conservative because the line integral of F along
the simple closed curve C is 27 # 0.

Problem 5 Let E be a solid in the first octant bounded by the cone
z* = 2® + y? and the plane z = 1. Evaluate [[[, zyz*dV.

Solution: We use cylindrical coordinates x = rcosf, y = rsinf, z = z,



dV = dxdydz = rdrdfdz.

/2 1l
/// ryz2dV = / / / 7 cos Or sin 02°rdzdrd
0 0
/2 z=1 /2
/ / SIN@0) a5 grap = / / SN 5 9y arap
7
:/ sin(26) <r__r_) d@—/ sm(29)d0
0 4 7)) 0
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Problem 6 Use the Divergence Theorem to evaluate [[ F -dS, where
F =i+ (y+sin(z%)j+ (z — Dk,

and S is the upper hemisphere 22 + y? + 22 = 1, z > 0, oriented upward.
Note that the surface S does NOT include the bottom of the hemisphere.

Solution : Consider the solid £ = {(z,y,2) | #? +y* + 22 < 1,z > 0}. Its
boundary OF is the union of S and the disk

Si={(z,y,2) e R* | 2* +y* < 1,2 =0},

where S is oriented downward. By the Divergence Theorem

//SF'dS+//SlF-dS:///WdiVFdV

9, .2 0 0
— y _ 1 — —
divF = 8x< )+8y(y+sm( ))+8z(z 1) =2

///E divFdV = ///E 2dV = 2volume(E) = volume(B) = 4%

where B is the unit ball 2% +y2 + 22 < 1.
The downward unit normal of S is the constant vector —k = (0,0, —1),

//SleS //S k)dS = //S —241)dS = // 1dS = Area(S;) =
//SF.dS:///EdiVFdV—//SlF ds_%ﬂ_w_g

where



Problem 7 Use Stokes’ Theorem to evaluate |, o F - dr, where
F = 2%yi — 2% + 2°k,

and C' is the curve of intersection of the plane 3x + 2y + z = 6 and the
cylinder 2% 4 y? = 4, oriented clockwise when viewed from above.

Solution: Let S be the part of the plane 3z + 2y + z = 6 that lies inside
the cylinder 22 + 3% = 1, oriented downward. Then C' = 0S. By Stokes’

Theorem,
/F~dr://curlF~dS
c s
where
i j k
curl F =| 2 a% 2| = (—y* -2k
2y —ry? 2P

A vector equation of S is given by
r(z,y) = (z,y,9(z.y)), (z,y)€D
where g(z,y) =6 — 3z — 2y and D = {(z,y) € R? | 2* + y* < 4}. We have

curl F(r(z,y)) = (0,0,—2% —¢?
r, Xr, = <—gg(;, —3Gy, 1> - <3>27 1>

r, X r, is upward, so

//S cwrl F - dS = //D curl F(r(z,y)) - (—rs x r,)dzdy

— //D<O’0’ —a? — %)+ (=3, =2, —)dady = //D(:JE2 +y*)dady

We use polar coordinates x = rcos @, y = rsin €, dedy = rdrdb.

o 2 L
// (2% + y*)dwdy = / / ridrdd = / —
D o Jo o 4
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df = / 4df = 8.
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Problem 8 Use Stokes’ theorem to evaluate [ curl F - dS, where

3

F = (sin(y + 2) — ya* — ‘%) i+ xcos(y + 2)j+ cos(2y) k,

and S consists of the top and the four sides (but not the bottom) of the cube
with vertices (£1,+1,+1), oriented outward.

Solution: Let S; be the bottom of the cube, oriented by the upward unit
normal k, and let C' be the boundary of S; (with the positive orientation).
Then 0S5 = C' = 05;. By Stokes’s theorem,

//curlF-dS:/F-dr:// curlF-dS:// curl F - kdS
S C S1 S1

i j k
curl F = a% a% %
sin(y + 2) — ya® — y—; xcos(y+z) cos(2y)
curl F -k = g(m cos(y + z)) — g(sin(y + 2) — ya? — y_B)
ox oy 3

= cos(y+z) — (cos(y + z) —2* —y*) =2° + ¢

// curl F - kdS = // v +y?)dS = / / 2+ y?)dxdy
Sl Sl

3 12 2y 2y
— dy = 2y)dy =
/_1(3+xy)m:_1y /_1(3+ ?)dy <3+3)

So //curlF-dS:§.
S 3

Problem 9 Write in the form of a + bi:

y=-—1 3

(a) Find all the fourth roots of —4.

Solution: —4 = 4(cos7 + isin7), so the fourth roots of —4 are

1/ (COS(W+2k7r . T+ 2k

) + i sin( )), k=0,1,2,3



k=0: \/i(cosﬁ+isinﬁ):1+i

4 4
3 3

k=1: ﬂ(coszﬁ—l—z’sinzﬂ):—l—l—z’
5 D

k=2: \/i(coszﬁ—l—isinzﬂ):—l—i
7 7

k=3: \/i(coszﬁ—l—z’sinzﬂ):l—z’

The fourth roots of —4 are 1 +14, —1+14, —1 —1, 1 — 1.
(b) Evaluate (1 — ).

Solution:

1= - ﬁ(% - %@ = V2(cos(— ) +isin(~T))

(1—i)° = \/ilo(cos(—l?Tﬂ) isin(— 20Ty 93(—4) — —32i

(c) Find all the possible values of (—2)".

Solution: —2 = 2¢™, so
In(—2) = In2+ (7 + 2km)
where £ is any integer.

(_2)2 _ 6iln(—2) _ 62'1n2—7r(2l€-|—1) _ e—ﬂ(2k+1)(cos(1n 2) —|—ZSII1(1I12))

e ™) cog(In 2) + e "D gin(In 2)i

where k is any integer.

Problem 10 Let f(z) = €',

(a) Write f(z) in the form u + iv.

Solution:

f(z) = €% =@t = v — o=Y(cos g + isinx)

= e Ycosx+ie Ysinx



(b) Is f(z) analytic?
Solution: f(z) = u(z,y) + w(z,y), where

u(z,y) =e Ycosz, wv(r,y)=e Ysinz,

ou Ly ou y

— = —¢ Ysinz, — = —e Ycosu,
ox dy

ov y ov Ly

— =e¢Ycosr, — =—e Ysinx.
ox oy

u, v satisfy the Cauchy-Riemann equations

ou Ov ov ou

gr — 9y’ or Iy

so f(z) is analytic.

Problem 11 Let f(z) be an analytic function which only takes real values,
i.e., Imf(z) = 0. Show that f(z) is a constant function. (Hint: Use Cauchy-
Riemann equations.)

Solution: Let u = Ref, so that f(x +iy) = u(x,y). It suffices to show that
u(x,y) is a constant function. f(z) is analytic, so v and v = 0 satisfy the
Cauchy-Riemann equations:

ou ou
=0 5, =0

So u(z,y) is a constant function.

10



