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1. Algebraic Constructions

Localization, profinite completion, formal completion. Topological examples.

2. Homotopy Theoretical localization

Localization of spaces: construction and properties. Postnikov towers. Lots of examples.

3. Completions in homotopy theory

Profinite completion as a functor. Representability using Brown’s axioms. Cohomology
and homotopy of the profinite completion. Examples. S-profinite completion and formal
completion. The arithmetic square for spaces.

4. Spherical fibrations

Local spherical fibrations. Rational homotopy and stable homotopy.

5. Algebraic geometry

Étale homotopy; both the Artin-Mazur approach and the Lubkin approach. Examples.
Complete étale homotopy type. The Galois action. Adams operations and the Adams
conjecture.

6. The Galois group in geometric topology

Piecewise linear bundles and signature invariants. K-theory. Periodicity and Galois sym-
metry.

Notation: Sullivan’s notation (e.g. letting l denote a finite set of primes) is truly unaccept-
able. Here, we let S be a finite set of primes. ZSc denotes the localization of Z at the primes
outside of S. We use Zp to denote the p-adic integers.

1 Algebraic Constructions

1.1 Equivariant cohomology

We recall that equivariant cohomology of a spaceX with a group actionG is defined byH∗(X×
EG/G), whereX×EG is given the diagonalG-action. This is motivated by the fact that if the
action of G is free, we want the equivariant cohomology to just be H∗(X/G), but since it may
not be, we can replaceX with homotopy equivalent thing whoseG-action is free. For example,
E(Z/2) = S∞, and B(Z/2) = RP∞.

Example 2: LetX be a locally compact polyhedronwith a symmetry of order 2 (involution),
T . The equivariant cohomology of (X,T ) is given by

H∗(XT ;Z/2) = H∗(X × S∞/T ;Z/2).
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If F denotes the fixed points and R = Z/2[x] , S is the multiplicative set generated by x,
then

H∗(F ;Rx) ≡ H∗(XT ;Z/2)⊗R Rx.

Let R = H∗(RP∞;Z/2) = Z/2[x]. The natural map (X × S∞)/T → S∞/T = RP∞ gives an
R-module structure onH∗(XT ;Z/2).

This is, I believe, a special case of the famous localization theorem of Atiyah and Bott [3].
Usually we work with a torus instead; this would correspond (in the n = 1 case) to looking at
BS1 = CP∞ rather than BZ/2 = RP∞. In general, say a torus T acts onX; Atiyah-Bott local-
ization relates the equivariant cohomology of X to that of its fixed point set F . In particular,
the kernel and cokernel of the map

i∗ : H∗
T (X) → H∗

T (F )

has torsion kernels and cokernels asH∗
T (∗)-modules, which in the case ofT = S1 isH∗(CP∞, A) =

A[x2]. In the case of T = Z/2, this basically means that when we invert/localize by x, we get
the described isomorphism.

1.2 Equivariant K-theory

We recall that maps to BU(n) = Gr(n,∞) gives vector bundles of rank n, so that K(X) =
[X,Z × BU ]. There is also equivariant K-theory, denoted by KG(X), where we look at equiv-
ariant vector bundles instead. This is contrasted with the K-theory of the homotopy quotient
K(X ×G EG/G), but there is a map KG(X) → K(X//G). The Atiyah-Segal completion the-
orem is the corresponding localization theorem in this setting. https://ncatlab.org/nlab/
show/Atiyah-Segal+completion+theoremv

Example 3: LetR = Z[x]/(x2−1). Then R̂ ∼= Z⊕Z2. We haveK(RP∞) ≡ [RP∞,Z×BU ] ∼=
R̂.

Here, the group is Z/2 again with BZ/2 = RP∞. The equivariant K-theory of a point is
the representation ring of the group, which in the case of G = Z/2 is R = Z[x]/(x2 − 1). Now
the Atiyah-Segal completion theorem says that K(X//G) is the formal completion of KG(X)
at the augmentation ideal of KG(∗). This specializes to the statement above when X is taken
to be a point. Moreover, if we complete with respect to (x + 1)j , then this is related to the
K-theory of the fixed points.
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