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YA RELATIONSHIP BETWEEN POLAR AND RECTANGULAR COORDINATES
ﬁ: ’\ f,), 1. To change from polar to rectangular coordinates, use the formulas
x =rcos@ and y = rsin@

R 2. To change from rectangular to polar coordinates, use the formulas

0 X

=Y

=Xy and tan0=§ (x # 0)

FIGURE 6

ERauUREZ EXAMPLE 1 = Plotting Points in Polar Coordinates

Plot the points whose polar coordinates are given.
(a) (1,37/4) () (3,—7/6) (¢) (3,37) (d) (—4,7/4)

SOLUTION The points are plotted in Figure 3. Note that the point in part (d) lies
4 units from the origin along the angle 57/4, because the given value of r is negative.

37

0 ﬂ - o i
= P(3,3m) \9_/ P
P(3 —%) (/\/
“b-4.3)

(a) (b) (¢) (d)

cisline 5

EXAMPLE 4 = Converting Rectangular Coordinates
to Polar Coordinates

Find polar coordinates for the point that has rectangular coordinates (2, —2).
SOLUTION Using x = 2,y = —2, we get

rP=x>+y>=224+(-2)2=38
so r =2V2 or —2V?2. Also

tan6=X=—=—1
X 2

So 0 = 377/4 or —77/4. Since the point (2, —2) lies in Quadrant IV (see Figure 7), we
can represent it in polar coordinates as (2V2, —7/4) or (—2V?2,3m/4).
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EXAMPLE 6 © Converting Equations from Polar
to Rectangular Coordinates

Express the polar equation in rectangular coordinates. If possible, determine the graph
of the equation from its rectangular form.

(@) r=5sech (b) r=2sin 6 (¢) r=2+ 2cos b
SOLUTION
(a) Since sec # = 1/cos 6, we multiply both sides by cos 6.
r=5sect Polar equation
rcosf =5 Multiply by cos 6
=9 Substitute x = r cos 6
The graph of x = 5 is the vertical line in Figure 8.

(b) We multiply both sides of the equation by r, because then we can use the
formulas > = x* + y*>and r sin 6 = y.

r =2sin6 Polar equation

r? = 2rsin 0 Multiply by r

xnyt = 2y rP=x>+y*andrsinf =y
x* + )’2 —2y=0 Subtract 2y
x* + (y— 1)2 =1 Complete the square in y

This is the equation of a circle of radius 1 centered at the point (0, 1). It is
graphed in Figure 9.
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71. DISCUSS PROVE: The Distance Formula in Polar
Coordinates

(a) Use the Law of Cosines to prove that the distance
between the polar points (r,6,) and (7, 6,) is

d = \/r% + r3 — 2rr,cos(6, — 0,)

(b) Find the distance between the points whose polar coordi-
nates are (3, 37/4) and (1, 77/6), using the formula
from part (a).

(¢) Now convert the points in part (b) to rectangular coordi-

nates. Find the distance between them, using the usual
Distance Formula. Do you get the same answer?
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EXAMPLE1 = Sketching the Graph of a Polar Equation

Sketch a graph of the equation r = 3, and express the equation in rectangular
coordinates.

SOLUTION The graph consists of all points whose r-coordinate is 3, that is, all points
that are 3 units away from the origin. So the graph is a circle of radius 3 centered at
the origin, as shown in Figure 2.
Squaring both sides of the equation, we get
r:=32 Square both sides

X2+ _\‘2 =30 Substitute r* = x* + ¥

So the equivalent equation in rectangular coordinates is x* + y* = 9.

EXAMPLE 2 = Sketching the Graph of a Polar Equation

Sketch a graph of the equation # = /3, and express the equation in rectangular
coordinates.

SOLUTION The graph consists of all points whose 6-coordinate is 77/3. This is the
straight line that passes through the origin and makes an angle of 7/3 with the polar

axis (see Figure 3). Note that the points (r, 77/3) on the line with » > 0 lie in Quadrant
I, whereas those with r < 0 lie in Quadrant IIL. If the point (x, y) lies on this line, then

than(?=lan%=\@
X

Thus the rectangular equation of this line is y = V/3x.

FIGURE 2
3
3
57
3
FIGURE 3

* . Now Try Exercise 19 O



The polar equation » = 2 sin # in

rectangular coordinates is
2+ (y—-1P2=1
(see Section 8.1, Example 6(b)). From

the rectangular form of the equation we
see that the graph is a circle of radius 1

centered at (0, 1).

FIGURE4 r = 25sin 6

FIGURES5 r=2 + 2cos 0

Y

EXAMPLE 3 © Sketching the Graph of a Polar Equation
Sketch a graph of the polar equation r = 2 sin 6.

SOLUTION We first use the equation to determine the polar coordinates of several
points on the curve. The results are shown in the following table.

0 o | =6 | w4 | =3 | w2 | 2#/3 | 3w/4 | 5%f6 | =

r=2sin@ | 0 1 V2 | V3 2 V3 V2 1

We plot these points in Figure 4 and then join them to sketch the curve. The graph

appears to be a circle. We have used values of 6 only between 0 and 77, since the same

points (this time expressed with negative r-coordinates) would be obtained if we
allowed 6 to range from 77 to 2.

3

e

. Now Try Exercise 21

EXAMPLE 4 = Sketching the Graph of a Cardioid
Sketch a graph of r = 2 + 2 cos 6.

SOLUTION Instead of plotting points as in Example 3, we first sketch the graph of

r =2+ 2 cos 0 in rectangular coordinates in Figure 5. We can think of this graph as
a table of values that enables us to read at a glance the values of r that correspond to
increasing values of 0. For instance, we see that as 6 increases from 0 to 77/2, r (the
distance from O) decreases from 4 to 2, so we sketch the corresponding part of the
polar graph in Figure 6(a). As 6 increases from /2 to 7r, Figure 5 shows that r
decreases from 2 to 0, so we sketch the next part of the graph as in Figure 6(b). As

0 increases from 77 to 37/2, r increases from 0 to 2, as shown in part (c). Finally, as
0 increases from 377/2 to 277, r increases from 2 to 4, as shown in part (d). If we let 0
increase beyond 27 or decrease beyond 0, we would simply retrace our path. Com-
bining the portions of the graph from parts (a) through (d) of Figure 6, we sketch the
complete graph in part (e).

(a)
FIGURE 6 Steps in sketching » = 2 + 2 cos 6




EXAMPLE5 = Sketching the Graph of a Four-Leaved Rose

Sketch the curve r = cos 26.

SOLUTION As in Example 4, we first sketch the graph of r = cos 260 in rectangular
coordinates, as shown in Figure 7. As 6 increases from 0 to 77/4, Figure 7 shows that
r decreases from 1 to 0, so we draw the corresponding portion of the polar curve

in Figure 8 (indicated by (1)). As 6 increases from 7/4 to /2, the value of r goes
from O to — 1. This means that the distance from the origin increases from O to 1, but
instead of being in Quadrant I, this portion of the polar curve (indicated by (2)) lies
on the opposite side of the origin in Quadrant III. The remainder of the curve is
drawn in a similar fashion, with the arrows and numbers indicating the order in

which the portions are traced out. The resulting curve has four petals and is called a
four-leaved rose.
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FIGURE 8 Four-leaved rose r = cos 26

FIGURE 7 Graph of r = cos 26 sketched in rectangular coordinates
sketched in polar coordinates
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EXAMPLE 1 = Graphing Complex Numbers
Graph the complex numbers z; = 2 + 3i,z, = 3 — 2i,and z, + z,.

SOLUTION We have z; + z, = (2 + 3i) + (3 — 2i) = 5 + i. The graph is shown in
Figure 2.
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POLAR FORM OF COMPLEX NUMBERS
A complex number z = a + bi has the polar form (or trigonometric form)
z=r(cosh + isinf) = G’Qla <r,&>»~(®,hj

where r = | z| = Va® + b? and tan 6 = b/a. The number r is the modulus of
z, and 6 is an argument of .

EXAMPLE5 = Writing Complex Numbers in Polar Form

Write each complex number in polar form.

(@ 1+ (b) -1+ V3i (c) —4V3 — 4i (d) 3+ 4i
SOLUTION These complex numbers are graphed in Figure 8, which helps us find their
arguments.
ImA ImA ‘_ ImA ImA 3 + 4
1+.3i +3i 4i+
1+
l'_
0 v
4 > | “ > | \ o 0 -
0 1 Re -1 0 Re . 4_I \‘3‘3 ¢ 0 Re 0 3 Re
25— —H
(a) (b) (c) (d)
FIGURE 8
tanf = | = 1 (a) Anargumentis = 77/4 and r = V1 + 1 = V2. Thus
6 = z
4 l+i=\/§<cosw+isinﬂ-)
4 4
e 3 o (b) Anargument is @ = 277/3 and r = V1 + 3 = 2. Thus
an = = /D
1 - 21 . 2w
=2 —1 + V3i=2( cos— + isin—
3 3
ke 4 1 (¢) Anargumentis 6§ = 776 (or we could use 6 = —57r/6), and
e T - A r= V48 + 16 = 8. Thus

- T A
—4\V3 —4i=8 cos?+ ism?

Ewk&j PQ[C\‘/ g“fw\ N MLF‘«( ’F'( Cc.{wla‘b\‘\a/ wvx\"i?\\‘xhto‘(?\lav\ K f/CV'\“IU"I
&i’ P‘/"TLW WW
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MULTIPLICATION AND DIVISION OF COMPLEX NUMBERS
If the two complex numbers z, and z, have the polar forms

zy =r(cos @, +isinf;) and z, = ry(cos B, + isinb,)

then
2,2y = ryry[cos(0; + 0,) + isin(6; + 6,)] Multiplication
2, _n e o
o r—[COS(Ol — 6,) + isin(6, — 6,)] 2, #0 Division
2 2

EXAMPLE 6 © Multiplying and Dividing Complex Numbers
Let

T .. T m 5 &
Z =2(cosz+ zsm—) and 22=5<cos§+ 18N

4
Find (a) z,z, and (b) z,/2,.

De Moivre’s Theorem

aw

3

)

Repeated use of the Multiplication Formula gives the following useful formula for rais-

ing a complex number to a power n for any positive integer n.

DE MOIVRE'S THEOREM

If z = r(cos @ + isin @), then for any integer n

z" = r"(cos nf + isin nf)




EXAMPLE 7 © Finding a Power Using De Moivre’s Theorem
Find ( + 1i)".

SOLUTION Since 5 + 3i = 5(1 + i), it follows from Example 5(a) that

| | \/§< T o 7T>
—+ —1=——\cos— +isin—
2 2 2 4 4

65. (—V3 +i)° 66. (1 — i)



nth Roots of Complex Numbers

An nth root of a complex number z is any complex number w such that w" = z. De
Moivre’s Theorem gives us a method for calculating the nth roots of any complex number.

nth ROOTS OF COMPLEX NUMBERS

If z=r(cos @ + isin @) and n is a positive integer, then z has the n distinct nth

roots
,/,,{ (9+2k1r) - <9+2kw>}
w, = r'"| cos T + 1sIn e

fork=0,1,2,...,n— 1.

’>< = __ k / ~ = |
EXAMPLE 8 © Finding Roots of a Complex Number

Find the six sixth roots of z = —64, and graph these roots in the complex plane.

SOLUTION In polar form, z = 64(cos 7 + i sin 7). Applying the formula for nth
roots with n = 6, we get

+ 2k + 2k
w, = 641/6[cos<7767ﬂ-> + isin(%)}

fork = 0, 1,2, 3, 4, 5. Using 64"/° = 2, we find that the six sixth roots of —64 are

w0=2<cos%+isin767> =V3+i

w, =2 cos%—l—ising) =2i

6

3w ..
wy =2 0057+tsm

S 5
w2=2<cos—w+isin?ﬂ) =—-V3+i

2
11 11
w5=2<cosTﬂ+isinT> =V3—i

All these points lie on a circle of radius 2, as shown in Figure 9.
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97-98 m Finding nth roots of a Complex Number Let
w = cos(2m/n) + isin(2m/n), where n is a positive integer.

97. Show that the n distinct roots of 1 are

L. ™ we,. .. o

98. If z # 0 and s is any nth root of z, show that the n distinct
roots of z are

n—1

’%
s, sw, sw>, sw>, ..., sw

99. DISCUSS: Sums of Roots of Unity  Find the exact values of
all three cube roots of 1 (see Exercise 97), and then add
them. Do the same for the fourth, fifth, sixth, and eighth
roots of 1. What do you think is the sum of the nth roots of 1

for any n?

100. DISCUSS: Products of Roots of Unity Find the product of
the three cube roots of 1 (see Exercise 97). Do the same for
the fourth, fifth, sixth, and eighth roots of 1. What do you
think 1s the product of the nth roots of 1 for any »n?
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