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FUNDAMENTAL TRIGONOMETRIC IDENTITIES

Reciprocal Identities

Cofunction Identities

. T ar
sm(— = x) = COS X tan(— = x) = cot x
2 2
i 1 t 7 t
GOl = =% || = Sinsg Qolil| === 22 || = (kg
2 %

1 1 |
CSCX = — secx = cotx =
sin x COS X tan x
sin x COS X
tan x = cotx = —
COS X sin x
Pythagorean Identities
sin’x + cos’x = 1 tan’x + 1 = sec’x 1 + cot’x = csc’x
Even-Odd Identities
sin(—x) = —sinx cos(—x) = cos x tan(—x) = —tanx

CSC X

SEC X

US:"‘a "(Tk\J/V\ -tq ?N\/ﬂ S pA Tyl'\jow-qr\.g‘['n\(_ \%ﬂht“bﬂ-e/)

EXAMPLE 1 = Simplifying a Trigonometric Expression

Simplify the expression cos ¢ + tan ¢ sin ¢.

SOLUTION We start by rewriting the expression in terms of sine and cosine.

. sin ¢ i
cost+ tantsint = cost + sin ¢
cos ¢

cos’t + sin’t
cos ¢

cos ¢

=sect

Reciprocal identity

Common denominator

Pythagorean identity

Reciprocal identity




sin 6 cos 6
+

Simplify the expression .
L ¥ cosf 1+ siné
SOLUTION We combine the fractions by using a common denominator.

sin 6 N cosf  sinf(l +sinf) + cos’6
cos@ 1 +sinf cos 6 (1 + sin 6)

Common denominator

sin @ + sin’§ + cos’0 i 3 :
= - Distribute sin 6
cos 6 (1 + sin 6)

sinf + 1 , '
= ; Pythagorean identity
cos 6 (1 + sin0)

1 Cancel, and use reciprocal
= = sec 0 s
cos 0 identity
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EXAMPLE 3 = Proving an Identity by Rewriting in Terms

of Sine and Cosine

Consider the equation cos 0 (sec 6 — cos 6) = sin’6.
(a) Verify algebraically that the equation is an identity.
(b) Confirm graphically that the equation is an identity.
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ADDITION AND SUBTRACTION FORMULAS

Formulas for sine: sin(s + t) = sinscos ¢ + cos s sin ¢

sin(s — t) = sin s cost — cos s sin ¢

Formulas for cosine: cos(s + 7) = cos s cost — sin s sin ¢
cos(s — 1) = cos s cos ¢ + sin s sin ¢
tan s + tan ¢
Formulas for tangent: tan(s + t) =
I — tan s tan ¢
tan s — tan ¢
tan(s — t) =

1 +tanstant
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Proof of Addition Formula for Cosine To prove the formula
cos(s + 1) = cosscost — sin ssinz

we use Figure 1. In the figure, the distances #, s + , and —s have been marked on the
unit circle, starting at Py( 1, 0) and terminating at Q,, P;, and Q,, respectively. The

% coordinates of these points are as follows:
P(1,0) Qu(cos(—s), sin(—s))
P,(cos(s + 1), sin(s + 1)) Q,(cos t, sin 1)
' X  Since cos(—s) = cos s and sin( —s) = —sin s, it follows that the point Q, has the

coordinates Qy(cos s, —sin s). Notice that the distances between P, and P, and
between Q, and Q; measured along the arc of the circle are equal. Since equal arcs
are subtended by equal chords, it follows that d(P,, P,) = d(Q,, Q,). Using the Dis-
tance Formula, we get

FIGURE 1 V[cos(s + 1) — 12 + [sin(s + 1) — 0]2 = V/(cos t — cos 5)* + (sin  + sin 5)?




EXAMPLE 1 = Using the Addition and Subtraction Formulas

Find the exact value of each expression.

(a) cos 75° (b) cos %

SOLUTION

(a) Notice that 75° = 45° + 30°. Since we know the exact values of sine and cosine
at 45° and 30°, we use the Addition Formula for Cosine to get

cos 75° = cos(45° + 30°)
= co0s 45° cos 30° — sin 45° sin 30°

S V2V3 V21 V2V3E-V2 VE-V2
T 2 2 2. 2 4 B 4

(b) Since Z = % — %, the Subtraction Formula for Cosine gives

T <7T 77)
cos —- =cos| — — —
12 4 6

T T > GBS o R
COS —COS— = Sl — 81N —
4 6 4 6

_\ﬁ\/§+\/§1_\f6+\f2
2 9 % B 4

EXAMPLE 2 = Using the Addition Formula for Sine
Find the exact value of the expression sin 20° cos 40° + cos 20° sin 40°.

SOLUTION We recognize the expression as the right-hand side of the Addition
Formula for Sine with s = 20° and r = 40°. So we have
V3

sin 20° cos 40° + cos 20° sin 40° = sin(20° + 40°) = sin 60° = 3



EXAMPLE 4 © Proving an Identity
Vet the ifenfily e 0% . 4 (3+ )
erify the 1 enlyl—tanx— an 1 X )

SOLUTION Starting with the right-hand side and using the Addition Formula for
Tangent, we get

T
tan Z + tan x

T
RHS =tan(—+x> =
4 l—tanztanx
4
l+tanx_

= ———=LHS
I —~tan.x

EXAMPLE 4 = Proving an Identity

, , .1+ tanx T
Verify the identity P —— tan T ok o ¥
— %

SOLUTION Starting with the right-hand side and using the Addition Formula for
Tangent, we get

T
tan Z + tan x

ar
RHS =tanl —+ x| =
4 T
l—tanztanx

1 + tanx
1 —tanx



EXAMPLE 6 = Simplifying an Expression Involving Inverse
Trigonometric Functions

Write sin(cos™'x + tan”'y) as an algebraic expression in x and y, where
—1 = x =1 and y is any real number.

SOLUTION Let § = cos 'x and ¢ = tan™'y. Using the methods of Section 6.4,
we sketch triangles with angles 6 and ¢ such that cos § = x and tan ¢ = y (see
Figure 2). From the triangles we have

sinq‘)=+

\/l -i—y2

sin6=\/1 — x?

1
cosp = —F——
\/l+y2

From the Addition Formula for Sine we have

sin(cos 'x + tan"'y) = sin(0 + ¢)
Addition Formula
for Sine

1
= YW1 —a + % i From triangles
V1 + y? V1 + y?

= sin 0 cos ¢ + cos 6 sin ¢

1 N 1
= ——(VI1—x*+xy Factor
V1+ y2( ) V1 +y?
P tions st tl JWVH A STn X + \; N
SUMS OF SINES AND COSINES
If A and B are real numbers, then
Asinx + Bcosx = ksin(x + ¢)
where k = \/A2 + B? and ¢ satisfies
A B
COS¢ e and Sin¢ B R ———
VA2 + B VA + B
EXAMPLE 9 = Graphing a Trigonometric Function
Write the function f(x) = —sin 2x + V/3 cos 2x in the form & sin(2x + ¢), and use

the new form to graph the function.

SOLUTION SinceA = —1and B = /3, we have k = VA2 + B =VI+3=2.
The angle ¢ satisfies cos ¢ = —3 and sin ¢ = \V/3/2. From the signs of these quanti-
ties we conclude that ¢ is in Quadrant II. Thus ¢ = 27/3. By the preceding theorem
we can write

<2
2
\ -z I\ f(x) = —sin 2x + V3 cos 2x = 2 sin<2x + %)
N . ‘
g o, g 0 v L \; Using the form
2 1 2 ) T
f(x) = 2sin 2<x + —)
51 3

§ A we see that the graph is a sine curve with amplitude 2, period 27/2 = 7, and phase
FIGURE 5 shift —/3. The graph is shown in Figure 5.
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DOUBLE-ANGLE FORMULAS

Formula for sine: sin2x = 2 SN X COS X
Formulas for cosine: cos 2x = cos’x — sin’x
=1 — 2sin’*x
= 2 cos?’x — 1
2 tan x
Formula for tangent: tan2x = —— ———
Il = (Biires

Proof of Double-Angle Formulas for Cosine
cos 2x = cos(x + x)
= COS X COS X — sin x sin x
2 (]
= cos"x — sin“x

The second and third formulas for cos 2x are obtained from the formula we just
proved and the Pythagorean identity. Substituting cos’x = 1 — sin’x gives

Cos 2x = COs’x — sin’x
.2 .2
= (1 — sin“x) — sin"x
.9
=1-—2sin“x

The third formula is obtained in the same way, by substituting sin’x = 1 — cos’x.

T

T T

¢ @ XK= é / R 3

EXAMPLE 1 Using the Double-Angle Formulas
@ ) )

If cosx = —% and x 1s in Quadrant I, find cos 2x and sin 2x.



EXAMPLE 2

A Triple-Angle Formula

Write cos 3x in terms of cos x.

SOLUTION

CcoSs 3x

= cos(2x + x)

= CcOS 2x COS x — sin2x sin x

= (2 cos’x — 1) cos x — (2 sin x cos x) sin x

= 2 cos’x
= 2 cos’x
=2 cos x

= 4 cos’x

cos x — 2 sin®x cos x
cos x — 2 cos x (1 — cos’x)
cosx — 2cosx + 2 cos’x

3cos x

Addition formula
Double-Angle Formulas
Expand

Pythagorean identity
Expand

Simplify



G/ll

Reiew: S\\\\r\ (K-\-v])

1

~¢ (%t ‘jj

1

S\\\V\lx—-tﬂ) _

Lo LX\U) =

‘b‘*"\(ﬂ‘t "]) =
Jtow(x—kj) =

M

5;1,\ LZ/X) =
=y (¥yx) =

Towlzx) =

HA - A V\U\& Formun|n

FORMULAS FOR LOWERING POWERS

o IEcOsE) ¢ 3 | == (s
SeY = == cCos“y = ——
2 )
5 Il = ey v
tan°"x = ———————
oS 2y

HALF-ANGLE FORMULAS

sinz—‘*' [1 — cos u cosg—"' /1 + cosu
2 2 2 2

u 1 — cosu sin u
fan — = - =
sin u 1 + cosu

The choice of the + or — sign depends on the quadrant in which u/2 lies.




9.
EXAMPLE 5 = Using a Half-Angle Formula

Find the exact value of sin 22.5°.

SOLUTION  Since 22.5° is half of 45°, we use the Half-Angle Formula for Sine with
u = 45°. We choose the + sign because 22.5° is in the first quadrant.

= 1 — cos 45°
sin ) = f Half-Angle Formula

1 - V2/2
= f/ cos 45° = V2/2
2 —V2 .
— T Common denominator

= %\/2 - V2 Simplify
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PRODUCT-TO-SUM FORMULAS

sin u cos v = 3[sin(u + v) + sin(u — v)]

!
cos u sin v = 3sin(u + v) — sin(u — v)]
cos u cos v = 5[cos(u + v) + cos(u — v)]
sin u sin v = 3[cos(u — v) — cos(u + v)]

EXAMPLE 9 = Expressing a Trigonometric Product as a Sum
Express sin 3x sin 5x as a sum of trigonometric functions.

SOLUTION  Using the fourth Product-to-Sum Formula with # = 3x and v = 5x and
the fact that cosine is an even function, we get

sin 3x sin 5x = 3[cos(3x — 5x) — cos(3x + 5x)]
= 3 cos(—2x) — 5 cos 8x

1 1
= 5C€08 2x — 5 cos 8x



SUM-TO-PRODUCT FORMULAS
Xty X =y

sinx + siny = 2 sin cos
2 2
: : xty x—y
sinx — siny = 2 cos sin
2 2
Xk y X Y
cosx + cosy = 2 cos > cos >

Xty x—y
COSX — cosy = —2sin > sin 5

EXAMPLE 11 = Proving an Identity

y . . Sin3x —sinx
Verify the identity = tan x.
cos 3x + cos x

SOLUTION We apply the second Sum-to-Product Formula to the numerator and the
third formula to the denominator.

3x+x . 3x—2x
2.C0S sin

sin 3x — sinx 2 2
LHS = = Sum-to-Product Formulas
cos 3x + cos x 3x + x 3x —x
2 cos cos
2 2
2 cos 2x sin x o
= Simplify
2605 2% COS:x
sin x
= = tan x = RHS Cancel

COS X
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Solving any trigonometric equation always reduces to solving a basic trigonometric
equation—an equation of the form 7(0) = ¢, where T is a trigonometric function and
¢ 1s a constant. In the next three examples we solve such basic equations.

EXAMPLE 1 = Solving a Basic Trigonometric Equation

|
Solve the equation sin 6 = 2
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EXAMPLE 2 = Solving a Basic Trigonometric Equation

Solve the equation cos 6 = — BN and list eight specific solutions.
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EXAMPLE 6 = ATrigonometric Equation of Quadratic Type

Solve the equation 2 cos’f — 7 cos 6 + 3 = 0.

f(x): &XL‘73<+}, 1(g)= 0

f(x)f (LK“)(X~5> =) xtl_& - D

:) (f°>L§)-: % or Q,lg—;}
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6= I ik e 3_+2Lr,/ Le 2
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EXAMPLE 1 = Using a Trigonometric Identity

Solve the equation 1 + sin 6 = 2 cos6.
\-L §.\9 = 2 <{~ SI-V\L8>

7 2 sw@+ 59 — | =.

jC(X)——— Lx T+ x = (LX—\)(r)H_\) =) x:—i av —|

5\\\—\9': I_Z, = @: (_;_ * LL-“_ % +Z/L1T/ Lf_a
. St
R (9:’5+3 TT,(:C—Z

EXAMPLE 2 = Using a Trigonometric Identity

Solve the equation sin 260 — cos 6 = 0.

2 5ud w09 = oG8 -1) =o

s O = o, 5,0 = Ll

/ /
3a + Z,LIT

U
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e 2



