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Fundamental Identities

The trigonometric functions are related to each other through equations called trigono-
metric identities. We give the most important ones in the following box.*

FUNDAMENTAL IDENTITIES

Reciprocal Identities

1 1 1 sin t cos t
csct=—— sect=—— cott=— tant = cott = —
sin ¢ cos t tan ¢ cos t sin ¢
Pythagorean Identities
sin’t + cos’t = 1 tan’t + 1 = sec’t 1 + cot’t = csc’t
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Gonohs

TABLE1 So the sine and cosine functions repeat their values in any interval of length 27. To
A sketch their graphs, we first graph one period. To sketch the graphs on the interval
: e oS 0 =t = 27, we could try to make a table of values and use those points to draw the
graph. Since no such table can be complete, let’s look more closely at the definitions of
iy Ol 1520 these functions.
T _ Recall that sin 7 is the y-coordinate of the terminal point P(x, y) on the unit circle
= 10 051 determined by the real number . How does the y-coordinate of this point vary as ¢ in-
37 7 creases? It’s easy to see that the y-coordinate of P(x, y) increases to 1, then decreases
gmerrar || Ber=l =Ll to —1 repeatedly as the point P(x, y) travels around the unit circle. (See Figure 1.) In
fact, as 7 increases from 0 to 77/2, y = sin ¢ increases from 0 to 1. As t increases from
3T
7—>27T -1-0 0—1 /2 to r, the value of y = sin ¢ decreases from 1 to 0. Table 1 shows the variation of
the sine and cosine functions for t between 0 and 2.
¥ ¥
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FIGURE 1
To draw the graphs more accurately, we find a few other values of sin ¢ and cos 7 in
Table 2. We could find still other values with the aid of a calculator.
TABLE 2
T T T 2 S5 vk 4 37 Sm Il
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SINE AND COSINE CURVES
The sine and cosine curves
y=asinkx and y=acoskx (k>0)

have amplitude | a | and period 27/k.

An appropriate interval on which to graph one complete period is [0, 27/k].




EXAMPLE 3 = Amplitude and Period

Find the amplitude and period of each function, and sketch its graph.
(@) y =4 cos 3x (b) y = —2sin 5x

SHIFTED SINE AND COSINE CURVES
The sine and cosine curves

y = asink(x — b) and y=acosk(x — b) (k> 0)
have amplitude | a |, period 27r [k, and horizontal shift b.

An appropriate interval on which to graph one complete period is
[b,b + (27/k)].
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(c) y=cscx (d) y=secx

TANGENT AND COTANGENT CURVES
The functions

y=atankx and y= acotkx (k>0)

have period 7r/k.

Thus one complete period of the graphs of these functions occurs on any interval of
length 7r/k. To sketch a complete period of these graphs, it’s convenient to select an
interval between vertical asymptotes:

To graph one period of y = a tan kx, an appropriate interval is (— ;—k, ;T—k>
To graph one period of y = a cot kx, an appropriate interval is <0, %)
EXAMPLE 2 = Graphing Tangent Curves

Graph each function.

(a) y = tan 2x (b) y = tan 2<x - %)



