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TL-‘J Tdtr- afu $L4w> nr a 'Q/C, WL.:.. e ﬂl- uLl‘“"‘jy, we any uje flw;e jml— flmrd oren 5-45111‘4_

valti

Rle wt‘y H"" 7;"'3 a C"&;ro{ar/? Wt lhy ngul 0 cLuk fL( {qr{ Mkljﬂlt"'h, whl u:zw-ﬂ.al} +L-( fnhs‘-{n‘m'-y af
«{-FA--"! Sraud A /'l'hr fm'(ubf /JN')U‘?/



Dg{--.ffron; C't”/’"("ﬂ on athnad ffau X= {F_ﬁ
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(W)= 2),, v ol o () ~Z),y ta (b me et o frurt
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« Zariski pen. e ;UFF'N X= fr/], ff A, e D(T’)=fx ¢ Xl Jcm:\:a) iy admisidle “Pen

pfi PP = U X(freny  xtfs )= fxe X | [for[2 €] 15 an afbuid sebdeman
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t(iH'&rQhe thoe -7_(- caven'ug Jim the saie Gns ner, lxuut we .Ll""*

Fooy = L, H'((®). F)

A=(d)

H«A flarbiqf orxer‘ ) 7|'uen ‘y nﬁ'nehené M(:h‘on

3. Stang Cotaulygy ot " amplotvans anlignn” ok wsteelly Sty G-ty s torsied by
following canditions:
d .
GO: }ﬂ , X art aIMn‘Hl.(:,c olacn
610 (0i—0) it ac, B spue V< X, 2k VOO iraa Vi= VAU > a0

G2: fu”,“c_ (U;).‘u weer a0 U, whoe Ui awe a.a, ard 3 rehinecent of (U:},-”_ ‘/ a-c 'f U, thea

(U:);“ H’M{f iy on G.c.
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Hat we should jive a G- tralcw an o “global rraul" whose (ocally restrictel G -topalogy 15 o affine],
{Uow 'fLuf 1'/ e Fuow 'Hu [or-.l G"ﬁare’ﬂa«y, Law te eLover He " bbal " one The aet watwe Hdea ® thet
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VB/ thi, (emma Gnd seond condition se. Ga, €1, C2 Gre Satisbad, Gor all 'J el fappose
for n‘ari K‘SY&LU,‘ e lowiw , - X nX o Z;_uru
a0, in Xi ane ol of A ;L‘rﬁ Kinv, " T 2 T retnos v the sane G- Bepalogy o Xi X
wlove V is a0 X, same claim aba fhn 30 wniges G- toplogy T e X st
baldy for sec ® X; i T_‘Te“' I |x.- =T QT setibm Co, ¢1. Gz,@()(,--')() ¢ Gv(X)

N 1



QML . Gz t“]; u> {'Lz ;Lar‘ ,,. ocC. := U Go. ,‘" XI +le- (UJ-_'U))'g " one. I"ﬁC
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Eeames & Tubes

ﬂﬂmm X DG ‘-’-lzaw'&f?/, P 7Z1»L\c /vrm/ Fch(m/l/, a "I[ﬂﬂw-l ZHM/MJ
[ : X e P

5 a /0(4(}/ clﬂgu( l.hmerw‘on, 'ﬂ‘( z"ulc a{ X m P " 0(C /'meo( te ‘Q
Ixe, = ge(e1x))
S{}: Pk — P

Thus, using Proposition 7, we get a canonical specia]i}alinn map 7

re. s An\,( 1’-‘“ (-HOVH‘na o‘l’lﬂl]rﬂm;

4
J )( (: v —_— Pk sp: Xy — Xi

that is characterized as follows. Consider a point x € Xig. To determine its image

sp(x) € Xj, choose an affine open subscheme U = Spf A in X such that x belongs

I to Uiy = SpA ®r K, and let m C A ®g K be the corresponding maximal ideal.

’) Then consider the projection tx: A ® g K — (A ®x K)/m = K’ where K’ is

finite over K by 3.1/4. Let t1: A —— B for B = 1 (A) be the restriction of 7g. As

we have seen, B is a local integral domain of dimension 1 lying between R and the

)( _— P valuation ring of K’. In fact, T gives rise to the rig-point of X corresponding to x,
and the surjections A @ gk — B gk — B Qg k/rad(B ®g k) determine

A the closed point of the special fiber Uy = Spec A @ k C X that equals the image

. - . l of x under the specialization map sp. Note that the construction of sp is similar to
Lﬂ) 1Ca /;/ J I ]L f n G Aﬂh {tl‘ﬂl‘ on P [M‘h [ ht X J { the one considered in [BGR], 7.1.5, although we never use “canonical reductions”

lftx)l <1, \77'x6 JXEP

- , Proposition 2.2.11 Let P be a (locally closed) formal subscheme of ﬁ{;’ and
L’K [ XN kL - N
=P = X := A N P. Then, we have

1X[p=BY(0, 1) N Pk.

Corollary 2.2.12 Let A be a V-algebra of finite presentation, X := SpecA and
Vi=Xg.Lel

VITi,...,Ty] > A

be a presentation of A, X C Ag the corresponding inclusion, Y the algebraic
closure of X in Pg and P :=Y. Then, we have

Wilp= Vg = Ve 5 X1
and

1Xilp= Xk =BV (0, 11)N X'E C Y2

Def A Fare 5 a péajram

X —y Y > P

—— -
0’1¢n et lored iwasmerion ot & bsihne Y
of k-sihuneg, tnt o F-cdic frrmel scheme P

Eroample - X 0 @ faa;i—,m}'uﬂu vanely /k) fal )Pk” for Sone cwmbiont ?wuz 4 X
N
'H-\r-\ tely Y: 0{0Ju.< ot X ’P;: , P = IPVH



A Mor/)lu‘m between frames & o dicgram
X'— v — 7
O
X —Y —— p
Mewg thet ¥, i uces Pk/—' Pk , cf th can—f,afa.pé,'}

Jx [P' — JX[P, j _) 'FLU t'h-d ’\_' s L“) ”,+Lln} 1o v{,w lA-'éL f};
3\(1[9/ S jX(P se muh}/ ~ownr N rmention Y

(/Ui say a év-l7A-')h| of  twe fmu/, f/a-t (mr !t«-ml’L, c'f.[,_) U D Ho-t (wir. st h, e'f.l,(,>
e nighbachnd b X (i3 V'SP oqpen, ool wl U= P s fle (rop smortl, 6tls) )

{/UC say d wo7A-';h. of o fm.w, 7“5)0.‘00“4,)0tf (4H-|'w>‘ U D Zc (qfhw)

JD_V‘;Z" F{“f (5"‘-0#‘4, e"l;.lz,) bﬂ?l‘l‘sM Uu l."‘tjwl,f/} F’of (S‘MUo{’L, éTulz,) 4—47/\.‘)»\, v»}-
Ix(, — IXC,

TmLeA a{' fwu// mﬂ(dlm)

7[\4 e vigu) p(g,‘{').ul\f)a'uw JX (r Jﬂun,'t r/(ti)en;[ on '[LL SCL(H Structurt If X, bnt WL*‘f: At
ore jv;‘w\j %0 (1« next 0100) Ueﬂrenlj on '{'Le SL}\(M{ 5fmbture of X

Wﬂ 7L'0't LOn,)fﬂ(l/( f‘,{ ,Lﬂ//O vu.7 },( mea
Lemma 2.3.1 Let P = SpfA be a formal affine V-scheme,

X:V(fl """" fl)mD(g]agS)mPkCP
and X' a subvariety of X defined in P as
X 5=V Iis s fi)ND(gy,...8) N Py

Then, there exists ny < 1 such that for all ng < n < 1, the subset

[Xpy :={x € Pg,|fi(X)], ..., Lf ()] <n
and 3Jj e{l,...,.: s}, Ig (x)| =1}
is contained in
[X]py := {x € Pk, |fi(x)], ..., [ fr() <n

and 3Jje{l,..., s}, 1g;(x)| = 1}.

When the valuation is discrete, we may choose ny = | |.



'(/lff/-llqlg/, i telly w) H\n‘t, 3y, <1 01 b Y 7, <1<, [”",2 it ¢ well- debined aron Sub set
ot e

Proposition 2.3.2 Let P = SpfA be a formal affine V-scheme and

X=V(f1,,fr)mD(g],g;)nPkCP ULV"UV'Je/. 4/5', 74“{,1/)

a finite presentation of X as a formal subscheme of P. Define as before .
n—«lu ‘)L/I\-MI SI,L(M P//

[X]py = {x € Pk, [ 1], ..., [ (O] <7
and 3je{l,...,shlg;x)| =1} WL (aw qu 4. qﬁ’*-‘v [\h‘u,z
and also 7 \j,e,t < :L-l-f».-\h\o«n
1X[py :={x € P, |1, ..., | /()] <1

and 3j e{l,..., s}, |g;j(x)| =1}.
Then we have:
(i) If P’ C P is an open subset, then for all n < 1,
[X N Ppy=[X]1py NPy and 1X N Ppy=1X[p,NPg.

(ii) When the valuation is discrete, [X]p, and 1X[p, only depend on X and
not on the choice of the presentation as soon as n > |m| in the first case
andn > || in the second case.

(iii) In general, if

X=V(fi, -, fINDG@gy, - g)N Py

is another presentation of X as a formal subscheme of P, and [X ],Pn
and 1X [,Pn denote the corresponding rigid analytic varieties, there exists
no < 1 such that for all no < n < 1, we have

[X1p, = [X1p, and 1X[p,=1X[},.
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( V, ]ZCP) ‘{'vr»-u a az/(w-.‘l;.'“,( wvtn‘vg a4 JY[I’

TL« V\d#,'vn ,,,l !'(‘n'ct hLI 0/‘01'1'1 j”f“‘”/’ 4o Y, cz'{';.algc,

Proposition 3.1.10 Let (X C Y C P) be aframe andY' C Y a closed subva-
riety containing X . Then, a subset V of 1Y'[ p is a strict neighborhood of 1X [ p
in 1Y [p if and only if it is a strict neighborhood of 1X[p in 1Y'[p.

anmF{QA #T ittt r\};,( O e fzuz 'qulﬂlm‘y-l

Proposition 3.2.4 Let (X C Y C P) be a quasi-compact frame and Z a closed
complement for X in Y. If A < 1, then

V* :=]Y[p\1Z[p2
is an admissible open subset of 1Y [ p and we have an admissible covering
1Y[p= V*U[Z]p;.
Moreover, if n < 1, then
v)=[r],nV*

is a quasi-compact admissible open subset of 1Y | p and we have an admissible
covering

[Y1p, =V} UY]p, N [Z]ps).

Finally, we also have an admissible covering V* = UV
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We now turn to stratifications. Let

Steatifiesin’ 5:V >V xpV
be the diagonal embedding. We will write V" for the n-th infinitesimal neigh-
borhood of V in V x7 V (defined by Z"*! if V is defined by 7) and

p(,”). pg') VO sy

for the projections (which are homeomorphisms). We will always consider
V x7 V as well as V™ as rigid analytic varieties over V using the first
projection.

A stratification on an Oy-module £ is a compatible sequence of linear
isomorphisms called the Taylor isomorphisms

oMk o (n)%
{5(”) . 1727 &~ [71" Elnen

on V™ with €@ = Idg that satisfy a cocycle condition on triple products. A
morphism of stratified modules is a morphism of Oy -modules thatis compatible
with the data. Stratified Oy-modules form an abelian category with exact and
faithful forgetful functor. Moreover, this construction is functorial in V /T and
also with respect to isometric extensions of K. The tensor product of two
stratified modules has a canonical stratification and the same is true for the
internal Hom if the first module is coherent.

WQ wl-” fer 'Hmt H’fﬁ'ﬁ-‘ﬁaﬁon 3 r//we} H.};.'I'e,f./ te connevtions



With the same notations as above, the sheaf of differential operators on V/T
can be defined as

Connwffmﬁ
DV/T = @)]Dn.V/T-
with
Dyvir = Homp,(Oym, Oy).
Also, by definition, there is an exact sequence
0— Qy,r = Oyo > Oy > 0
and
d:=py” — p{"*: Oy - Q)7 C Oy

makes Q{, /T universal for 7T-derivations into coherent modules. A connection
on an Oy-module £ is an Or-linear map

V:S—)S@OVQ{,/T
satisfying the Leibnitz rule
V(fs)= fV(s)+s ®@df.

A horizontal map is an Oy-linear map compatible with the connections. Mod-

MNow we wWant to ox few( o chee fl\wly ta 'fl« (6)R the re aw rm{/( ohomt: I X CP nd ]Y(P e PK
f:/.r'yt ne wnydir Eh {o”aw.}; lep ma
Recall that the generic fiber functor P — Pk behaves as well as we may
expect with respect to products and immersions, and in particular with respect
to infinitesimal neighborhoods. More precisely, if S is a formal V-scheme, P a

formal S-scheme, and P"™ C P xg P denotes the n-th infinitesimal neighbor-
hood of P over S, we have (Pg)™ = PI((").

Proposition 4.3.1 Let X < P be an S-immersion of an algebraic Sy-variety
into a formal S-scheme. If X < P < P™ is the composite immersion, we
have an isomorphism

~ (n)
]X[P(n)—]X[[’}
and, when X is quasi-compact, for n < 1, an isomorphism

[X1pwy > [X15)  (respIX[po,~IX[})).
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Definition 4.3.4 Let (X C Y C P) be an S-frame, V a strict neighborhood
of 1X[p in 1Y[p and £ an Oy-module. A stratification on £ is said to be
overconvergent if there exists a strict neighborhood

V' C(V x5, V)NIY [pxgp
of 1X[pxsp in 1Y [pxp and an isomorphism
€: p3&v = pi&y

such that the Taylor isomorphism of £ is induced on V’ﬂ]Y[(,f') by € for each n.
We will also say that the connection of € is overconvergent. In the case Y = X,
we simply say convergent.

Note that in the convergent case, there is only one strict neighborhood,
namely | X[p itself. And we see that a stratified O;x[,-module £ is convergent
if the Taylor isomorphisms of £ comes from an isomorphism € : p3& >~ pi&
on | X[ p.
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A f!nem/ U{L/L»-m‘t‘s'oh tlvr Owrwnvc7?hf féuf s th ﬁ//ow:y

Definition 5.1.1 Let V be a rigid analytic variety over K and T an admissible

open subset of V. A sheaf of sets £ on V is overconvergent along T if & = 0
(and not 9).

bt we will ﬂn}« fotus 9n ,(/u,'ﬁz bind ot shogues j:(ﬂv ‘l\nﬂ/u’(/)

Vagger_speratery

Debinition Proposition 5.1.12 Let (X C Y C P)beaframe,V an admissible open subset
of 1Y [p and £ a sheaf of sets on V. Then /'v g U/ Ly
(1) We have ¢
JYE =i jyyrajyi€
where V' runs through all the strict neighborhoods of 1X[p in 1Y [p and
: / foyte v
Jyv VNV <V i 5 )
" / P j aj
denotes the inclusion map. ar*<vave v '
>

;Zlen'll Df sebs aw V T )/4641( of Sotr an V

$ections of j7 Cen be p(astr.'lvay( exr(fu'f;b/

X
If W is a quasi-compact admissible open subset of V, then

R ,
LW, jy&€) = l£>n rwnv,§)
vIicv
where V' runs through the strict neighborhoods of 1X[p in 1Y [p.
't alsotlls {'Lx %v”owf»} :

Fextriction ot J;i + JX(P iy Z‘JX(
P

Aty tlon o] J;Z t. V()]ZCP s 0
l&t»u)e fer /\41, U)« B JYL—PQJZ(P)( Do Stnve wlk of JX[,? i JY(P

o J7E =

= o becany U)\ N JZ('PA =0 - l/ L seotia, me..(., o bave
* \/r\)zch ‘

nwy q‘un h{HV\'TAI ®ilign = 0

.t

$rud JZL-\,,}‘ Lovey ]pr D )xi‘ |\/(\')z' -0
0
P
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Proposition 5.3.1 Let (X C Y C P) be aframe, V an admissible open subset
of 1Y[p and A a sheaf of rings on V. Then the categories of overconvergent
A-modules and j L.A-modules are equivalent.

More precisely, the forgetful functor from j;.A-modules to A-modules is
fully faithful with exact left adjoint j; and its image is the subcategory of
overconvergent A-modules. SEAl e Y,

~

Wa chre has t‘L\ !v{/own? (uhzjnr/v Q?M.'\la’b\l(

Theorem 5.4.4 Let (X C Y C P) be a quasi-compact frame and V an ad-

missible open subset of 1Y |[p. Then, the functors j ;r( induce an equivalence of

categories

lim Coh(Ov ) = Coh( jY O
v

when V' runs through the strict neighborhoods of 1X[p in 1Y [p.

(/léH, H«x u‘nenhu meany:
{VI &7/ /4: 5lr£e1[ of //-7’), E: {l,p,.f o /)-;.,.../,,,/M

P ho ef ,L.'m‘b f/Pe /4'M..y{: it /0(4/}/ 7 AN = ¢
E N vl LOLQHI\!L A "Mul : Tf {vv " ‘f: Av‘ » e, ,ccrlf O G}w Lot ‘t,r.()

-H"\ D(Owh—'to -ﬁﬁrfl' /‘Sr\jwa].e ot ‘i’Ll‘) Lci?ﬂa.y a,;{mf./o,lzy.m ¢ ‘flu {v,,ﬂwll’;

Corollary 5.4.5 We have the following

(1) If E is a coherent j;(’)v—module, there exists a strict neighborhood V' of
1X[p in 1Y [p and a coherent Oy ny-module E such that E = j;(é'.
(i) If € and F are coherent Oy-modules and

(p:j}é'—)j;}"

is any morphism, there exists a strict neighborhood V' of 1X[p in 1Y[p
and a morphism

Y 5|VﬂV’ — Flvnv

such that ¢ = j ;(1//.
(iii) If € and F are coherent Oy -modules and

vy E—> F

satisfy j;r(w’ = jj(l/r, then there exists a strict neighborhood V' of 1X[p in
1Y p such that 1//|,VOV’ = Iﬁ‘vnv'.
Note also that full faithfulness means that

Hom(j}€, jyF) = lim Hom(Evay:, Fivav)-
7



{'{"ra-t.'ffrnﬁ'm % C:anf"ﬂn on ﬂwraonW7:ht mw/hlﬂ)

Definition 6.1.1 Let (X C Y C P) be an S-frame and V an admissible open
subset of 1Y|[p. A stratification on a j ;Ov-module is a stratification as Oy -

module. And a morphism of stratified j ;(’)V-modules is simply a morphism of
stratified Oy -modules.

Cruts fieation :

Definition 6.1.8 Let (X C Y C P) be an S-frame and V an admissible open
subset of ]Y[p. A (integrable) connection on a j ,T( Oy -module is a (integrable)

connection as Oy -module. And a morphism is simply a horizontal morphism

Wnneyt; in the usual sense.
19N

In other words, the category of j ;OV -modules with a (integrable) connection
over Sk is the full subcategory of Oy-modules with a (integrable) connection

over Sk that are overconvergent. Again, morphisms are automatically j;@v—
linear.

HON 1o Ung '],1-(9 —May( oy 19‘/’ /Vli;l q.
x v
VE i o Jg,- sk thm 3 stie ald V' s (k/, 1200 v) 5 an cdeimitle iy of V/
V MIM\‘HLL l’r&w U of V/ h\,l s € E(U)‘ b Lnav\) ) l Z o

1zTnynu

himu fvr V& ¢ j;JV(U)I a(l)nv’ € (ﬂv (UnV'J , un,,‘,/(z.

a-s : o PV o sl

vav’

o Jzeavoy 0
fLe?l 7’-c 4 6 Sttien owr U, honag o & b 2 (7\,’4”:/{ Strnetmt 1w Z

vnv’

l/\}t LIGV‘[ 14-«- &(/“wn.nj (‘a‘f?jar}/ L.ju(vafahot

Proposition 6.1.10 Let (X C Y C P) be a smooth S-frame and V an admis-
sible open subset of 1Y [ p. Then, the categories of stratified j ;Ov-modules, the

category of left j;Dv /s, -modules and the category of j ;(’)v—modules with an
integrable connection are all equivalent.
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Definition 7.1.1 A (finitely presented) overconvergent isocrystal on an S-frame

(X CYCP)is & o ahont U ed ot some stateald
(1) a family of (coherent) j;(,(’)]y/[,,, -modules Ep: for each morphism of S-'
frames s

(ii) a family of isomorphisms

-+
(pu:utEP/:EP,, 'MT ;:JX, 1}.:
for each commutative diagram
/ X/( . Y/( p’
u

A A
X//( Y,/( P//

NN

XC———vy

subject to the cocycle condition

Poou = v 0 U@y
We call E p: the realization of E on (X' C Y’ C P’/S).
A morphism of overconvergent isocrystals is a family of compatible
morphisms of j;,O]y'[P, -modules.
When Y = X, we simply say convergent isocrystal.

We point out that the transition morphisms are not required to be compatible

with the structural morphism to P, butonly to S. This is very important. In other

words, Ep: depends only on P’ and not on a particular morphism P" — P. thi) 7)'m ny (e f cbien , Cannevtions
We will denote by Isoc'(X C ¥ C P/S) the category of finitely presented

overconvergent isocrystals on (X C Y C P/S) and by Isoc(X C P/S) the cat-

egory of finitely presented convergent isocrystals on (X C P/S).

Proposition 7.1.2 Overconvergent isocrystals on an S-frame (X C Y C P)
form an abelian category with faithful exact functor E — Ep. In particular,
Isoc'(X C Y C P/S) is an abelian category.

OLu'ong/, +L.‘> Mhn't-’oh ﬂ(vrenyé on a /Mrt.'(,u{ﬁr céal‘a of ¢ 'f:rqw XeYyep aer
Tv th {"'Hﬂw-'rzj,u will  dbina the r,,.”bot,r ﬁnotar on bou/wfal; ad Sldw thet f‘lvn
ey Tsad (xe¥ € 0g) b indegenlne 4 P
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Proposition 7.1.3 Let

X/C_> Y/C_> P’

Ll

X¢——syt——sp

be a morphism from an S'-frame to an S-frame over some morphismv : S’ — §.
Then, any overconvergent isocrystal E on (X C Y C P/S) defines by restric-
tion an overconvergent isocrystal

M*E = E|(X7Cyrcp')
on (X' CY' C P'/S"). And this is functorial in E.
In particular, there is a pullback functor

u* :Isoc'(X c Y c P/S) > Isoc! (X’ c Y/ c P'/S).

acteelly, Mo pullback fwlyfﬂ»[ﬁm‘, i+ oc éfm'ﬁ‘c chove of u, ter the foll Wﬁ

Proposition 7.1.6 Let
X yC pr {Lvri (Jr{"'nl ﬂu’, A”vuo fnm ¢l
lf lg ull luz Mn;(A"bn'ch ({)) U" ‘ﬂm éLAL'In'Lb."L- -f o (7;.£‘I>

X——y——p be cwyc Lvmu 1/ @)

be two morphisms of frames over the same S' — S and E an overconvergent - ¢, v, N

isocrystal on (X C Y C P/S). Then, there exists a canonical isomorphism of U, E &~ Et, — u E

overconvergent isocrystals " ¥ b
e 4re

* ~ gk
uE >~ ujkE.

*L;) 0‘)6(V61‘h‘0h I‘MF/.‘(/) {'ZM #I’:W’\h&

Corollary 7.1.7 Assume that there exists two morphisms of S-frames

P/

/ {'Lw}vu ne See thot

X(—>Y\u\ v I_SOJ(X&—;Y c.,%) S in ehlau‘(

, bt cheiwe ot P, onu thew o

Then u™ and v* induce an equivalence of categories between overconvergent [ *"Tlu\ v~ L v ‘h‘y -[—L,_ A~
isocrystalson (X C Y C P/S)and (X C Y C P'/S).
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Theorem 7.1.8 Let S be a formal V-scheme and
Y/C_> P/

Ye——s P

a proper smooth morphism of frames over S. Then the pullback functor is an
equivalence of categories:

u* :Isoc'(X Y c P/S)~Isoc'(X Cc Y' C P/S).

\/f(‘t‘v\ ﬁ\ ‘FF“M//)

TI"‘“(‘"{Z"FE"L"“ of thvﬁ'vﬁ‘fé/s u) élu Lan,(fo(d’ on}/ f'L( Fafr (XL"Y)I'I%/'I ;)j-mt {o—u’u
vittnal frames

Roughly speaking, a virtual frame is a frame where the third term is missing.
Alternately, it might be seen as a smooth frame whose third term is not specified.

Definition 7.3.1 A virtual frame (X C Y) is an open immersion X — Y of
algebraic k-varieties. A morphism of virtual frames from (X' C Y')to (X C Y)
is a commutative diagram

X/( > Y/
vk
X——=yvY.

Unless necessary, we will only mention g. The morphism is said to be cartesian
if the square is cartesian.
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Definition 7.3.5 A morphism from an S-frame (X’ C Y’ C P’) to a virtual
S-frame (X C Y) is a commutative diagram
X/(_) Y/(_> P/
l./' lg
X——vy

\

S

We will also say that (X' C Y’ C P’)is a frame over (X C Y/S). A morphism
of S-frames over the virtual frame (X C Y/S) is a commutative diagram

P X/( . Y/( - P/
A AN
X//( Y//( P’
NN
X————vY
S

Mow ne gre oble & dibing the mition ot I'Jur/ymh over o virfual frarme)

Definition 7.3.7 A (finitely presented) overconvergent isocrystal on a virtual
S-frame (X C Y) is a family of (coherent) j;,(’)]yr[l,,-modules Ep: for each
frame (X' C Y’ C P’)over (X C Y/S) and, for each morphism of S-frames

XH( > Y//( > P//
jf lg l” 0\'?7 fL“"‘J O L;f;e,d -
X/Cﬁ’_ Y/C—> P’
. . t previoy  debinitim
over (X C Y/S), an isomorphism r
Pu :u]\EprEpw. U{' l‘)ﬂbdyj‘tﬁ,_( over S- ﬁ'c‘M(A
Moreover, these isomorphisms are subject to the cocycle condition
Pvou = Pv © H,*(/’u-
We call E p: the realization of E on (X' C Y’ C P'/S").

A morphism of overconvergent isocrystals is a family of compatible mor-

phisms ofj;,(’)]yf[,,, -modules.
When Y = X, we simply say convergent isocrystal.

We will denote by Isoc'(X C Y/S) the category of finitely presented over-
convergent isocrystals on (X C Y/S) and by Isoc(X/S) the category of finitely

presented convergent isocrystals on (X /S).



T/LL true ! )'hll.re,,/(_u.m st P“ 52,“41;{ be 5'{'&"'2,1 0 l—vl/nz>

Proposition 7.3.11 Let (X C Y C P) be a smooth S-frame. Then, the restric-
tion functor

Isoc'(X C Y/S) — Isoc/(X c Y C P/S)
is an equivalence of categories.

lpf Far [7/ (Sl L,L+()(CY CPS)) a-l VS:‘f‘ﬂm [X'-—- Y)—v P'/S) ovr ()(u‘(/s)
it cansidor the " Inter med i ote frame

‘Hr\m P'+E' € IJ-LT{K'"' Yl'—' P"s‘;'/;)

X/ N \(/ _ P’

Te l/ Smecthoess o PxP — v’
] a P p prot ok Tha 2okt s

l": It € Lo (x’—Y'ﬂ P'/s), e
X — Y —— p e =~ p'e’

‘{,’L L (/(‘,‘H\vl C EI 0 57ur.s|'—|‘vwiry£ to -pf‘Lu N oth e (ul.(,-L,y'

f-f"na‘h. {—a (oTvon
/\/ow ne r'nfrvy(uu fL{ notion af Loty featim on f—- bromes (l\ewu \/t'fz‘w’ ﬁw)

Definition 7.2.1 Let (X C Y C P)bean S-frameand E a j;O]y[P-module. An
overconvergent stratification on E is an isomorphism of jy O\vip,p-modules,
also called the (Taylor) isomorphism of E,

€:p,E~plE
such that

pT3(€) = PTz(G) ° [753(6)

on]Y[pxspxsp-

When Y = X, we simply say convergent.

A morphism of j;OJy[P-modules with overconvergent stratification is a
morphism of j )T( O)\y(,-modules compatible with the Taylor isomorphisms.
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Proposition 7.2.2 The category of (finitely presented) overconvergent isocrys-
tals on an S-frame (X C Y C P) is naturally equivalent to the category of
(coherent) j; O\y(,-modules with an overconvergent stratification.

Proposition 7.2.5 If E is an overconvergent isocrystal on an S-frame (X C
Y C P), then Ep has a natural stratification and this is functorial in E. In
particular, Ep has an integrable connection and there is a forgetful functor

Isoc' (X CY c P/S)— MIC(X C Y C P/S).

2 ”

dvervn w7eni tennevbion

Definition 7.2.10 Let (X C Y C P) be a smooth S-frame. An integrable con-
nection on a coherent j;i(O]y[ ,-module E is overconvergent if there exists a
strict neighborhood V of 1X[p in 1Y[p and a coherent Oy-module £ with an
overconvergent integrable connection (see Definition 4.3 4) such that E = j;g

L?ﬁ( In b-n'r\,,( flxa‘f ! ;.\0(9/5*‘;, " é\~> ’.,(‘IL""'#’. A.OV.V’I“ L AG\( 6L ‘LHQH,.7 (4{1‘507 57m|‘valzp,[,&

Px Pxpi p™

€, I heat ob amadele
on ‘]Y(r,

. . 1
V-FP Er®f2

]*(cr/s

(and V too comes from the connection of £).

/U(H\I W Lntinwg ;‘V\V(/J‘tt‘jafo‘ng ‘f'z\a ATLM&[G”‘I oA Y of ]Svcf(x_'\f/s), ‘H( main et

-{-L I'vl\ow'.y\& (;feja(y 61M;Un ence

Theorem 7.4.18 Let

Y/

/

X h

AN

Y
be a proper morphism of virtual S-frames. Then
(i) The functor E +— h*E is an equivalence of categories

Isoc'(X c Y/S) ~Isoc/(X C Y'/S).

Lemma 6.5.1 Let (X C Y C P) be an S-frame, X — Y’ an open immersion
and h : Y' — Y be a projective morphism which induces the identity on X.
Then, locally on (X C Y C P), there exists a closed subvariety Y" of Y' con-
taining X such that the morphism induced by h extends to a proper étale
morphism of frames

Y//( > P/

e

X h u

AN

Y&——P.

fm{ enr{ar\-—-ﬁ,':w,
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nod  Gisama l{ ) rr-ojmtfw,, HM-"\
o y[/ﬂll\e‘rql N}V\/{‘ I‘V'fll‘-l/) H‘"f ht

Can Lawrlutt tl, A“a]mw 0 be

17 - P)

S
QDL
\’ <l

Y —p
5w e} 'fL“l n oo rﬂ\mr e—TqL(

&’

N



A—/OV\/ e ame to H‘l caye l‘ch X/lt D oan aljelml\c vane , e fnf'rvo(u(f fL( n 0t

5—- ]Lrvc;mLs 0er X

Definition 8.1.1 Let X be an algebraic variety over Si. An S-frame over X
is an S-frame (X' C Y' C P’) endowed with a morphism of algebraic S-
varieties X' — X. A morphism of S-frames over X is a morphism of S-frames

compatible with the morphisms to X :

? X/( . Y/( - P’
A A
X//( Y//( 2
N
X

\

S

With these definitions, it is clear that S-frames over X form a category.

Proposition 8.1.2 If X is an algebraic variety over S, then S-frames over X

form a category with non empty finite inverse limits.

l/vlf‘L 1‘,\-'; Netign, & (on what npe ‘{'LNE o.Loc-f 0an7wt 0.10(7/3'&:/1

Definition 8.1.3 A (finitely presented) overconvergent isocrystal on an alge-
braic Sy-variety X is a family of (coherent) j;,(’)Jyr[I,,-modules Ep: for each

S-frame (X' C Y’ C P') over X and, for each morphism of S-frames
X'y p”
Lol
X sy s pr
over X, an isomorphism
Oy - MTEP' ~ Epn.
Moreover, these isomorphisms are subject to the cocycle condition

1%
Pvou = Py OoU Py.

We call Ep: the realization of E on (X' Cc Y’ C P'/S').
A morphism of overconvergent isocrystals is a family of compatible
morphisms of jy, Oy, -modules.

We will denote by Isocf(X /S) the category of finitely presented overcon-

veroent iecacrvetale an X /€

L bqwr,.»-( '{‘L\;) ,/\,.'-!'L wretnel ‘Frcn-ao

Proposition 8.1.8 If (X C Y) is a proper virtual S-frame, restriction induces
an equivalence of categories

Isoc'(X/S) ~ Isoc'(X C Y/S).
Corollary 8.1.9 Let X be an algebraic variety over S;.

(1) If X — Y is an open embedding into a proper variety over Sy, then the
category Isoc' (X C Y/S) only depends on X /S, up to natural equivalence.

(i1) If moreover Y — P is a closed embedding into a formal S-scheme which
is smooth in a neighborhood of X, the category Isoc'(X C Y C P/S) only
depends on X /S, up to natural equivalence.

G- er’\\s.'-t ﬂ(p)tfl\rll"lw . fL
(AKX of 4%\,« )( M j;'w-aﬁ/ {'L,\
/..l/.....y

Proposition 8.1.13 Let X = SpecA be a smooth affine V-scheme and Y de-
notes the closure of X in some projective space for a given presentation of A.
Then, there is an equivalence of categories

Tsoc!(X;) ——— MIC!(4})
E—= M :=T(% Ep)
between finitely presented overconvergent isocrystals on X and coherent AL—
modules with an overconvergent integrable connection.
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