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Definition 6.3. Let n: X — S be a projective abelian scheme. A
polarization of X is an S-homomorphism:

A X—>X

such that, for all geometric points of S, the induced i: X — X is of
the form A (L), for some ample invertible sheaf L on X.
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Proposition 6.13. Let n: X — S be a projective abelian scheme. Let
L be an invertible sheaf on X, relatively ample for n». Then

(i) R'n, (L) = (0), if 2> 0.

(i) 7, (L) 1s a locally free sheaf on S. Let r be its rank.

(iii) Let A(L): X— X be the finite flat morphism defined by L.
Then the degree of A(L), i.e. the rank of A (L), (0x), is 7%

(iv) If » > 2, then the sections of n, (L") have no common zeroes
in X. Therefore there is a morphism

¢,:X—>P(n,L").

If n >3, ¢, is a closed immersion.
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Theorem 6.14. Let S be a connected, locally noetherian scheme. Let
n:X —S be a smooth projective morphism, and let &:S — X be a
section of . Assume that for one geometric point s of S, the fibre X
of 7 is an abelian variety with identity &(s). Then X is an abelian scheme
over S with identity e.
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Proposition 6.16. Let F be the functor on the category of locally
noetherian S-schemes defined by:

F(T) = {set of all structures of abelian scheme on X XT over T
with identity (eof, 17): T — X>s< T, where f: T — S is the
given morphism}.

Then F is represented by an open set U C S.
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Proposition 6.15. Let S = Spec (4), where 4 is an Artin local ring.
Let m C 4 be the maximal ideal, and let I C 4 be an ideal such that
m-I = (0). Let a:X —S be a smooth proper morphism, and let
e:S— X be a section. Let Sy = Spec (4/I) and let X, = X>S<So.

Assume that X is an abelian scheme over S, with identity ¢ | S;. Then
X is an abelian scheme over S with identity e.
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The third step is a Theorem of Koizumr ([19] p. 377) to the
effect that when, in the above situation, S = Spec (R), R a discrete,
rank 1 valuation ring, and the generic fibre of X is an abelian variety,
then X is an abelian scheme over S. This, combined with Proposition 6.16
implies that the U of that Proposition is closed. Hence the Theorem
follows. QED.
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Definition 7.1. Let m: X — S be an abelian scheme whose fibres
have dimension g. Assume that the characteristics of the residue fields
of all s¢ S do not divide n. Then if n > 2, a level n structure on X/S

., 02 of X over S, such that i) for all

geometric points s of S, the images o;(s) form a basis for the group of

points of order # on the fibre X,, and ii) Ypo0; =€, Where p,: X > X
is multiplication by 7, and ¢ is the identity. In order to state our theorems
uniformly, without special cases, it is convenient to call X/S by itself a
level 1 structure.
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A T'(N)-structure on E/S (also called a ‘‘full level N structure’’,
or a “Drinfeld basis of E[N]’’) is a group homomorphism
(3.1.1) é:(Z/NZ)? 5 E[NI(S)

which is a “generator’’ of E[N] in the sense of Chapter 1, 1.5. Explicitly,

this means that we have an equality of effective Cartier divisors in E :

(3.12) ENl= Y, g bl

a,b mod N

or equivalently that the N2 sections ¢(a,b) of E[NI(S) form a “‘full

set of sections.”” The points

P =¢(1t0)l Q =¢(001)

in E[NI(S) are the corresponding ‘‘Drinfeld basis’’ of E[N].
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Definition 7.2. If S is any locally noetherian scheme, let cof, 4. (S)
be the set of triples:
i) an abelian scheme X over S of dimension g,

ii) a polarization @ : X — X of degree d2, i.c., @, (0x) is locally free
of rank 42, (cf. lemma 6.12),

iii) a level » structure gy, . .., g5, of X over S, all up to isomorphism.
Note that the collection of sets of, 4. (S) forms a contravariant functor
from the category of locally noetherian schemes to the category of sets
in the obvious way: this functor is written of,,.
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< Linear P,'Tif Feation
Definition 7.5.~Let n: X — S be an abelian scheme of dimension g,
and let @: X — X be a polarization of X of degree 42. Consider:
& =, (L4 ()%).

According to Propositions 6.10 and 6.13, this is a locally free sheaf on X
of rank 6% -4*. Put

m=6°f-d— 1.
Then a linear rigidification of X/S is an S-isomorphism

$: PIO) S P XS
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It is not quite trivial that a linear rigidification of a polarized abelian
scheme X/S induces a linear rigidification of every polarized abelian

scheme X }(T/T obtained by base extension. If @:X — X is the

- N
polarization of X, then &‘)xlT:X%(T — X§<T=X>S<T is the
polarization of X X T. And

LYw)*® or == L (@x 17)*.
29

However, we must prove that z, commutes with base extension in this
case, i.e.

Ty [LA (w)® i?; Qr] =z, [LY(w)*] i‘,@ or-

This follows from Proposition 6.13, part (i) and the criterion that we
have used before (Ch. 0, § 5, (a)). Consequently, it does follow that

Pl (L @)°)]¢ T=P [ (L* @ X 17)°)]

hence linear rigidifications are functorial.
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(a) the embedding I: X< (P, XS),
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Proposition 7.3. There is a locally closed subscheme
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such that an S-valued point of Hilbp!*%*! is in the image of @ if
and only if it is an S-valued point of H,,,. Therefore H,,, represents

xg.d'”.
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Theorem 7.5 Suppose (unr) and one of the conditions (B1-2). Then the p-
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