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&7 _’11"_ ” (e Proposition 6.1. (Rigidity lemma.) Given a diagram:

xL.y
N
S

suppose S is connected, # is flat and H°(X, oy ) == x(s), for all points
s ¢ S (X, denoting the fibre of p over s). Assume that one of the following

is true:
1) X has a section & over S, and S consists of one point,

2) X has a section ¢ over S, and p is a closed map,

3) p is proper.
If, for one point s& S, f(X,) is set-theoretically a single point, then

there is a section 7:S — Y of ¢ such that f =1%o 2.
A cocallary of thiy rn‘7|'a4ft}/ ([emma 15 also fw-rarf..n% for onc (oter use,
CurvHory'- §m”ou X is on AS owr 5, G & a “awp scheme awer S, if fiX=C i a h«wf[n‘w\ Toét’nz
thy identity section b identity section, then f is a horemacphism of Jooup Az o S,
pf: The idea iyo if et wont # show foan) = fou-fi, then when % fired, f(x,x,)-f(x,)* b Camt ewt
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b (Fpon) X K — G, X X(T)x % — (D * X (D)
(%, %) r— (fan), %)

Vo fope(dx eop)x e X X — G < X X(T) x X} —— G(1) x X(T)
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X, X = G, 7
fe¥ses(s)e X, (@) =), (%=1
P, \ X ,/P thon we 9ot %-', Y )(Sx = G, fetis bes tle condition

§a 32: X_'GX'H' %"%:ZGH:(A’;J)"ZJ{" kX6
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J
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) X xs — N X, .
l &) I ¥ } Luu( f(x.m,)= f:x.)-flx,) =) f N ¢ hdr—uhdvrlu'nm
(x,e) = (fin, v) X X F G x X

Ral: ‘l‘Lb carn”m/ alone hes fwflr\bl‘t-'fj ww$(7uewa

. Abe’\'m\ !LL\lM&! Grt  LOmmutet)ne
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~ 2 1~¢
, ](,' X_.)N‘{ is G M°erf5M: i—‘e,, f:f '][’ ZX°PX 1 a !\uMQh«wrlo‘JM
pf: fo£x=f°£x_f.i‘=zY (ﬁx

\5/
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/
KAS l J 7EA§
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(x.9") 2 (*.9¥)

whidl e_zlw‘w{m w th L{lwruj Jy’m‘an;

el ) == w0 )
Next propasitims  idiwtifer £his timo st
Peopsiion” ( (,1)) = [, 40| ¥ flafie, 3 50 ¥ ot shran o & ] /1 > 0 (( 5, 4)
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((X, (]0)) = i (X", Lﬂ)l X" Hat /R X; —,YV—J X 05 schamer owr kj/.”
hewe  isq, means (£ 47) ~ (X 40) F 3 4 k= K owr R e
% g

?\ e
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X' L X'
k k

@I\ ¥/4£h
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Cirmiauntes, i e (% ")L = (Y"I')a o ¢

Y] 7na[, l‘.‘oL /' 'M/)/y ")0

R



Lot's now thow the TIfr)t i dewti fication
m 69) = (06 )| ¥ Hase, ¥, e ¥ s schemer oe R I/R

this vs tHe maost rTrf'Lfn7 part of the measft.'an, becau o LhS we dedorn X oy AS, but s BHS ne it
X arfB/ e Scheme 5 it fw\p’fl'i'b/ telly w) Hhat evcy dibocnatian as a Scheme will admit « " aw'Tue“A_f Strmttune
We fest descibe the hr fywm Lis & RH s, 5)’ A*WA\I

(GE) = { E )| %85 /o X2 K, wel B (6 99)=(X,4)] /o

¥, b x

o e o . . - "
V (%, Y), he ‘how ‘fL"{ 3 (#: ;VK - -%, -t ({-v\) X/tf oS ton e Vo ‘Pk = ¢
fLun fL( /uaf I (}F'; Y”) —"(;l(‘: 4))/ TL-‘: s V\.f.ll—hl’;nej }E(aau:

1. ‘f " nu&&}arfs/ wn'fue ‘/ njo/"f}' lewha - = f’l=+
Lefahse {er amo‘(.’LL" CLal'LL 0‘ ?ﬁ' XL 7!‘(‘ 4L < ‘h, H""‘ 4,— 4’ = {a/)"
now Epu= (¥ = 9hE =y Pl 9 ¢'= ¢

nS .

2 i (X4~ (%, ‘{," ve. AW X e K et %=1

o, ek, Box (‘k)mﬁf(q‘)

\\t /e
ﬂ’h ‘/ 7;»4.&/ ((Mha, ne Jet ‘fi c 'kz = é, =) (7{.’, 4’.) /'\‘J‘n(;ﬂ' ‘ﬂ)
now ot shold cho that Hi map i both f/'amc end ;wr/'ew.'ve,
h/utw' fﬂPFn)c g;z (Z; (i :)) J Hm}/ ove c7u|v=lent, he 3P KX s ‘f,’ﬁ - 4,
Hoa- a;v.-ou,y, (6) 24 =) 1t @) =q 4" > 9 ¢ =q"
Con td tomcluds ot (%" Y) (%;“, ¢) ‘I/‘W'“ be?A/O’. becawe we oot knew NL‘M‘[ur
¢ b oon ise a5 AS b}/ the voro /my ng Mﬂ)u(lr
¢ ZP V/ E ‘e |" iy Sl an :'sanrlll.)»\, )(,“ :Xl”
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50 e Conw Mr(aq ¥ by V'

{urjafvlf?/ T{\J ) fl« mMast ftnLj crt .rf ﬂu |o(_wt60a'b0r‘ﬁl~x {Lavful fL ™~ °'V\7 r/o\l' (7E W ) o KHS
/s .0_7mw,,<nt to Sone (% Y) wth X AS, (F iV oun U‘(lhvvrt\')h of AS/R ;l‘ —-lff X

Proposition 6.15. Let S = Spec (4), where 4 is an Artin local ring.
Let m C A be the maximal ideal, and let I C 4 be an ideal such that
m-I = (0). Let n.:X —S be a smooth proper morphism, and let
e:S— X be a section. Let S, = Spec (4/I) and let X, = X§<So.

Assume that X is an abelian scheme over S, with identity ¢ | S;. Then
X is an abelian scheme over S with identity e.
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X' Def, (R), Ve Defy (R)
T han for Vf i X—=Y/R, thore 1 a £avmvn'u”7 astoanatal olass
ocf) ¢ H( )(L, ]f“z%) ® kernn
s t. ][ Cem be o{i%rmu( 72 Kl-hv b XI“ YIC'—_-') OL‘F) =
awu( fz\( olbllrha-b"am of / I /)Af‘ﬁ”"’cfﬁ?&,{ b/ H’(XL, ]f*ﬁ%) @k berm
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'{'L\U /A w-'” e tover g, m, |, '1[ n Can S‘Lou some N imnutatree y{.ajn,h (a}!oo' c--hv.7) mven<, ;Jtn‘tn?___/
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fL( ‘][Ul/\(,"b\’fllf«[ ’)NP@rV to A"7V\L {'L"f 0(f) =y, M“H-(/(Af fﬂ”ovt-n
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$ ]
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Y_«-(m M a2y 6w exo.w-{)le,‘. X Za X "; X m

S

Mmo(Mx1)o(5 5 2) =me(Me(E,9), €)
mo (1,xm)o (€ 64)= Mm*( £, m(£E))

(5= polsema)e€ = pele,9) = 3 ML €)= pae(E, log)= ¢

hewe Mo(mx1)e(s, 5 ¢) = me (I xm)e (56 4)
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Qur next 7.%/ n to frove the Aehrotion ﬁnctar Deff s 7["”“’}/ fmontl, Re. ][vf VP/'£> R e Lave
Def2*(R) —> Def 2’ (R)

5mPPaJ< (% 4)¢ DzF:S(Q), e °h}/ need ts fnd s /m-fha ¢ in tle care of Swell extension I?"_W”E

B}/ classicel obstauction H\oor/, we baow thet the obsamction of e f"‘"‘l.’g (.7\.(, )
ocX, 0) € H(X, Ty)®, bern
;Lu{ review f 'fL( tanstructron
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{u X s IMntL fU)Zan;L wwrmJ of )( JLC/ - i" 5,7«)2 olwl-w ij = w d P autohvr/al-u»‘
[s#e

ot il debonntion Uy =, G2, Cue cing 1 it dj + -wafz.m f Uy fraa ot e
fL“M tube care of e coo/cc cndi taon ‘9 ‘9 gj g,,, , -'L h reducer to w(euh47 m ', Lfro\R,
heaet, amhf:dy 7

é\j;'k"',""id’,[‘, JI/L(]_(UJJL,T;A

Weer H(XT,) =t H(x &) = ta(t'at), tr Hom(ts)=Hi(xg)=1"
thochre i e cmider He imtoe (: X = X, thew (7 indutes =1 on ¢ £ t*, hewu 4/ ﬁ-utw—.‘a[fwrm7

0(X, 9)=t70(X% YY) =-0l%X V)

‘{'Lus MV\L{ J(A‘f‘LL Fr\mf f{: ch.rL + Z, Lctau% a{{'Lou;l\ Aeu (A3 ant/ /e;tonv\ ]Y 6’ @ }(AEM-E, ll}/ P}evl'aw rﬂ)wl‘b
o o . .
nn'; {X,Y)> ~ I(X’Lfﬂ),% ‘Hﬂf/?", ;FR—,\,')( as schemes aver R I/h

(V3 Aﬁ-v( }L‘Jlﬁw RKHS 1> nenem -by beaw LHS 15 non- eh,)t/
No»u o f cL—f\c =2, W Con (,am,{w(L 4/ P 5 th p{#ennt a7w~»eut

: D [mensiaon

By ’O\rcv-'aw r‘E)uH;',, WL lfhow DE'FQS( Lr{r]) = DQ‘FK ( LEZ])
ond H 5{,ww! one I3 Faruw-efrl‘zeo( Ly
Hi(X. 7)%_) =~ 1@ HY X, (ﬂx) ~ _ka_tv

(,v\\:l.lﬂ ) AA\W\{V\ K jzl Lehll ~e wvu_lu\h 'HVL P\ﬁ'\v\ fLwH*"



) De'vaMa'(h‘on wth ’)o{arfzqt'ﬂns
Our‘ next task 1V + cansider le /L{W’Ma?‘hbn nf on obelion l/ﬁﬂkb’ M/H'l' a /Da/nrfza’(:.bn, but we {l"“"( fiot Aj”“

ot what (1 4 ,v;/arfz;ﬁ‘an

M_‘ Duol AS
§ur>Pox X/S Iy on AS, Hl“'ﬂ e ﬂ(cFM H, 0(‘“, f(l\(wl Xt tg k P-'cl/bl e lLLl LﬂhﬂMf‘ﬂ/[ L“"f""ﬂht

of the Prcard Sehe pre of X, this Xt o also a anor Suawth jm.r _{LLAH( /S, ie. X* s oen AS

M‘ Polarization
{"‘PP“‘ X/5 s oaw AS, a ,ua(an'ut.’an af X 0 a MW’I)I«I‘}M
e X — X'
vt for all qeametric point 5 of S, T X; = Xi i of e form A(L), for some aple lis bundle £ of X

Rot: To te care Hot we aw interested : 5= fqu‘, fr ReN, tle Hee i e eTmfm Aehi wition
m: X — X°
T og 7M4>|'—fn(arfzaﬁ'n'.
f 3 sam Z € Yan), 7 =/N\2)
* i pafarizaton:

it Z » M(ﬁ'ﬂvb}/ ow\r/e Wt TU

Ruk: What i /l(-i) ¢
NZL) is a le})‘l‘lh D )(t= Plt:ys A P«‘cy" fe it o Mwut.}& 6n elerment v

. _ Pe(XxxX)
P (3) B P (%)

NLr.f f ]LLI') tlement 7 0t 0 7I‘Hh L}N ( M*-i @ﬁ'C*Q P:i* 1 =0 1""1 e fl*-z-.‘]
a"(/ A S — X — P;(‘/S ' 7;»0) rive. to X(Ss) — P.‘;K/S(S) T P (X)/i*ﬂ‘z(f)
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XS /\(,(). X - Pf(y; rm.[} :'}(cnt:'y t f/zut-"b/, Hmu -ﬂ‘,‘, N oa Adhﬂma?‘h“ﬂ
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ExaMFIc: S= 5,10_(
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N = {Ler] Ita)y ez VacAf c |



We first vansider th problem of Aetforning a pair (X,2), whee X is a AV/y Z € Pr(X), te classico)
result of #(Q/W‘“I"y such a f)afr v th 74/0"-}?:
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Theorem 3.3.11 Let (X, L) be a pair consisting of a nonsingular projective
algebraic variety X and an invertible sheaf L on X. Then:

(i) The functor Def x 1y has a semiuniversal formal element.

(ii) there is a canonical isomorphism

Z-St ()'/'(l(f"' d(i ()7'7/L(Lt’i()n5 0 X, L
Def . ([e]) = & d f (XD} o gy g

isomorphism

and H*(X,EL) is an obstruction space for Def (x 1.

(iii) Given a first order deformation & of X, there is a first order deformation
of L along & if and only if

K() (L) = 0
where “” denotes the composition:
HY(X,Tx) x H'(X, QL) = H*(X,Tx ® Q%) —» H*(X, Ox)

of the cup product of cohomology classes U with the map induced by
the duality pairing Tx @ QY — Ox (therefore the left hand side is an
element of H*(X, Ox)).
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Theorem 2.4. (cf. [5]).
(1) H*(Gq, k) = A*(y1, 92, ... ) @ k[z1,2...], p#2.
H*(Gg, k) = kly1,y2,-..], p=2

where each y; € H (G, k), x; € H*(Gg, k).
(2) Let F: G, — G, be the (geometric) Frobenius endomorphism. Then

F*(zi) = wiv1, F*(yi) = yir1-

(3) The weight of x; is —p' and of y; is —p'~*.

(4) If (a- =) : Gqg — G, denotes multiplication by « € k, then
(@ =) (@) =z, (o =)"(m)=a" 'y,
(5) H*(Gy(ry, k) = A*(y1, -, Yr) @ K21, .. 20, p#2
H*(Gu(r), k) = kly1, .. 9], p=2.
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