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EXAMPLE 3 Let A be the area of the region that lies under the graph of f(x) = ¢™*
between x = 0 and x = 2.

(a) Using right endpoints, find an expression for A as a limit. Do not evaluate the limit.
(b) Estimate the area by taking the sample points to be midpoints and using four sub-
intervals and then ten subintervals.

SOLUTION

(a) Since a = 0 and b = 2, the width of a subinterval is

2-0 2

Ax

n n

Sox, = 2/n,x; =4/n,x3 = 6/n,x; = 2i/n, and x, = 2n/n. The sum of the areas of
the approximating rectangles is

R, = f(x)) Ax + f(x2) Ax + - -+ + f(x,) Ax
=eMAx+ e ™MAx+ -+ e Ax

2 2 2
— 6—2/N<_> + e—4/n<_> A g g o e—2n/n<_>
n n n

According to Definition 2, the area is

. .2
A=1lim R, = lim = (e "+ ™" + & " + ... + ¢ 2/")

n—o n—» p

Using sigma notation we could write

2 n
A=lim = 2
n—®© pn o

ACS )= 2 w5

1=\

o 2(1-1)
=2 oy
> ¢ N
X | =
> N 2
- - ~ -~
et ¢
=
-2
2 P
= “L e N 6 _J
v e € T

M
N
g
\
(\I
>
<
.
|
m
NG

A(ST) =20 <7



Celculatay -
-+

Lo

W /U<(— (ﬁ)

|
/Qw«- i)

K= ¥ 9 ’X(l—f—"

+
e 2t
\{?"’O ‘ [ - {
1




Fo( 0 e %ka-m\ I\QO\;QV\>/ Le Cuoqy ql{c Jo +L,\)
v v

CU\"(: t"‘/(ﬁ) o /\/ fnvfa‘.
(:Q, O+ L:}c\j/ o CQ'{— %)/ b]

‘%L‘\V‘ C[/I(M)@ a Sc‘ﬂr)-q PD'\"‘E X;'é é I" =) I'—C‘)I‘U\’\ ;’ecf” \_S\

N
Z L/;UQJC( x') > e Of{ow{mﬂam e ALS)

S = _ELlQ ?Clx- t he {_L‘ C‘Ll"{"'ﬂ Ml'h;lhln\n r-& (W I

SR S I a LR

,.

Corer

E ST e s < §"
0 ACST) < AG) < AT

SRR o ACS™)

N 7+ N+ o

'/& § I5 Co\/\—tlul/*MO\/\)



[2] Definition of a Definite Integral If f is a function defined for a < x < b,
we divide the interval [a, b] into n subintervals of equal width Ax = (b — a)/n.
We let xo (= a), x1, x2, ..., x, (= b) be the endpoints of these subintervals and we

let xi, x3°, ..., xf be any sample points in these subintervals, so x;* lies in the ith
subinterval [x;-1, x;]. Then the definite integral of f from a to b is

(!9 dx = tim 3 7(er) A

provided that this limit exists and gives the same value for all possible choices of
sample points. If it does exist, we say that f is integrable on [a, b].

NOTE 1 The symbol | was introduced by Leibniz and is called an integral sign. It is an
elongated S and was chosen because an integral is a limit of sums. In the notation
[” £(x) dx, f(x) is called the integrand and a and b are called the limits of integration;
a 1s the lower limit and b is the upper limit. For now, the symbol dx has no meaning by
itself; [* (x) dx is all one symbol. The dx simply indicates that the independent variable
is x. The procedure of calculating an integral is called integration.

NOTE 2 The definite integral ‘Z f(x) dx is a number; it does not depend on x. In fact, we
could use any letter in place of x without changing the value of the integral:

["redx=["fod= [ far

NOTE 3 The sum
> fOck)Ax
=1

that occurs in Definition 2 is called a Riemann sum after the German mathematician
Bernhard Riemann (1826-1866). So Definition 2 says that the definite integral of an
integrable function can be approximated to within any desired degree of accuracy by a
Riemann sum.
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We have defined the definite integral for an integrable function, but not all functions
are integrable (see Exercises 81-82). The following theorem shows that the most com-
monly occurring functions are in fact integrable. The theorem is proved in more advanced

courses.

@ Theorem If f is continuous on [a, b], or if f has only a finite number of jump
discontinuities, then £ is integrable on [a, b]; that is, the definite integral |” f(x) dx
exists.
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If f takes on both positive and negative values, as in Figure 3, then the Riemann sum
is the sum of the areas of the rectangles that lie above the x-axis and the negatives of the
areas of the rectangles that lie below the x-axis (the areas of the blue rectangles minus the
areas of the gold rectangles). When we take the limit of such Riemann sums, we get the
situation illustrated in Figure 4. A definite integral can be interpreted as a net area, that
1s, a difference of areas:

(bf(X) dx = Al - A2

where A is the area of the region above the x-axis and below the graph of f, and A» is the
area of the region below the x-axis and above the graph of f.

VA v

FIGURE 3 FIGURE 4
> f(x¥) Ax is an approximation to the [? f(x) dx is the net area.
net area.



When we defined the definite integral i: f(x) dx, we implicitly assumed that @ < b. But
the definition as a limit of Riemann sums makes sense even if a > b. Notice that if we
interchange a and b, then Ax changes from (b — a)/n to (a — b)/n. Therefore

Lﬂ f(x)dx = —J.ab f(x)dx

If a = b, then Ax = 0 and so

L" fx)dx =0

Properties of the Integral

(b .
1. | c¢cdx = c(b — a), where cis any constant

Ja

2" [f) + gdx = | ) dx + | g(x) dx

3. ("¢ f(x)dx = ¢ jb f(x) dx, where c is any constant

4. "L = gOoldx = | f(0dx = | g(x) dx

5. ch(x) dx + f:)f(x) dx = Lbf(x) dx

Comparison Properties of the Integral

6. If f(x) = 0 fora < x < b, then j”f(x) dx = 0.

b b
7. If f(x) = g(x) fora < x < b, thenj f(x)dx = f g(x) dx.
8. If m < f(x) < Mfora < x < b, then

mb — a) < J‘bf(x)dx < Mb — a)
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EXAMPLE 7 Use the properties of integrals to evaluate jol (4 + 3x%) dx.
SOLUTION Using Properties 2 and 3 of integrals, we have

fol 4 + 3x?)dx = J014dx + fol 3x*dx = f014dx + 3 folxzdx

We know from Property 1 that
j0]4dx —4(1-0)=4

and we found in Example 5.1.2 that L] x*dx = 3. S0
fl(4 + 3x%)dx = fl4dx + 3 j]xzdx
0 0 0

=4+3.5=
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The Fundamental Theorem of Calculus, Part 1 If f is continuous on [a, b],
then the function g defined by

g(x)=jxf(t)dt a<x<bh

is continuous on [a, b] and differentiable on (a, b), and g'(x) = f(x).

h
o'l
fx) {
a £y b t
X x+h
y /_\ and so, for h # 0,
. < gx + h) — g(x) 1 rxtn
y=f(x) R
\/ E] h h J.\ Jilhat
For now let’s assume that &7 > (. Since f is continuous on [x, x + /], the Extreme
u Value Theorem says that there are numbers « and v in [x, x + &] such that f(u) = m
m and f(v) = M, where m and M are the absolute minimum and maximum values of f
> on [x, x + h]. (See Figure 6.)
By Property 8 of integrals, we have
0 : J=x ‘ " x+
xu  v=xth X mh < """ f(1) dt < Mh
FIGURE 6 ;

that is, fah =< [ £y dr < f)h
Since i > 0, we can divide this inequality by A:
1 pxtn
flu) < — |77 f (1) dr < f(0)

Now we use Equation 2 to replace the middle part of this inequality:

glx + h) — g(x)
h

(3] flu) < < f(v)

Inequality 3 can be proved in a similar manner for the case where & < 0. (See
Exercise 87.)

Now we let & — 0. Then u — x and v — x because u and v lie between x and x + h.
Therefore

llirr(ll fu) = lim»f(u) = f(x) and ’]irr}] flv) = lim_f(v) = f(x)
because f is continuous at x. We conclude, from (3) and the Squeeze Theorem, that

g(x + h) — g(x)
h

(4] g'(x) = }liir{(l) = f(x)

If x = a or b, then Equation 4 can be interpreted as a one-sided limit. Then Theo-
rem 2.8.4 (modified for one-sided limits) shows that g is continuous on [a, b]. =]
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EXAMPLE 2 Find the derivative of the function g(x) = L‘ V1 + % de.

SOLUTION Since f(t) = /1 + t? is continuous, Part 1 of the Fundamental Theorem
of Calculus gives

=L 22

EXAMPLE 4 Find di j l‘“ sectdr

X

SOLUTION Here we have to be careful to use the Chain Rule in conjunction with
FTCI1. Let u = x*. Then

d d (* u
— sectdt=—| sectdt

X ok dx J1
d i u du :
= i j sectdt | —  (by the Chain Rule)
u ; 1 dx
du
=Ssecu — (by FTC1)
dx

= sec(x?) - 4x°



The Fundamental Theorem of Calculus, Part 2 If f is continuous on [a, b], then

"f(x) dx = F(b) — F(a)

where F is any antiderivative of f, that is, a function F such that F'= f.

PROOF Letg(x) = I{: f(t) dt. We know from Part 1 that g'(x) = f(x); that is, g is an
antiderivative of f. If F is any other antiderivative of f on [a, b], then we know from
Corollary 4.2.7 that F and g differ by a constant:

[6] F(x) = g(x) + C

for @ < x < b. But both F and g are continuous on [a, b] and so, by taking limits of
both sides of Equation 6 (as x — a" and x — b "), we see that it also holds when x = a
and x = b. So F(x) = g(x) + C for all xin[a, b].

If we put x = a in the formula for g(x), we get

ga) = " f(t)di =0

So, using Equation 6 with x = b and x = a, we have

F(b) — F(a) = [g¢(b) + C] - [g(a) + C]

= 9(b) — gla) = g(b) = | f() i .

“t 7\L 003(

j: o d

EXAMPLE 5 Evaluate the integral F e“dx.
1

SOLUTION The function f(x) = e"is continuous everywhere and we know that an
antiderivative is F(x) = e*, so Part 2 of the Fundamental Theorem gives

f e*dx=FQ3)— F(1) =¢*> — ¢

Notice that FTC2 says we can use any antiderivative F of f. So we may as well use
the simplest one, namely F(x) = e, instead of e* + 7 ore* + C. [}




EXAMPLE 7 Evaluate '3" dax.

X
SOLUTION The given integral is another way of writing

—dx

J3 X

“6 1

An antiderivative of f(x) = 1/xis F(x) = In | x| and, because 3 < x < 6, we can write
F(x) = Inx. So

‘)l ‘] 6
‘(—dx=1nx]i=1n6—1n3=1n—=1n2 B
J3 x 2 R)

EXAMPLE 8 Find the area under the cosine curve from 0 to b, where 0 < b < /2.

SOLUTION Since an antiderivative of f(x) = cos x is F(x) = sin x, we have

*b ) b ) ) )
A= ’ cosxdx=31nx]0=smb— sin) = sin b
JO

In particular, taking b = /2, we have proved that the area under the cosine curve
from O to 77/2 is sin(7r/2) = 1. (See Figure 9.) o

§ Cou -t;m,ww a [Q/L:\ l

EXAMPLE 9 What is wrong with the following calculation?
1 ] 1 4
"3
-1

SOLUTION To start, we notice that this calculation must be wrong because the answer
is negative but f(x) = 1/x*> = 0 and Property 6 of integrals says that |” f(x) dx = 0
when f = 0. The Fundamental Theorem of Calculus applies to continuous functions. It
can’t be applied here because f(x) = 1/x? is not continuous on [—1, 3]. In fact, f has
an infinite discontinuity at x = 0, and we will see in Section 7.8 that

3 1 )
‘ 5 dx does not exist. [ |
J-1 x
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