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Because the logarithmic function y = log, x is the inverse of the exponential function
y = b*, which we know is differentiable from Section 3.1, it follows that the logarithmic
function is also differentiable. We now state and prove the formula for the derivative of a
logarithmic function.
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PROOF Lety = log, x. Then

b’ =x

Differentiating this equation implicitly with respect to x, and using Formula 3.4.5,
we get

d
@ nb) =L =1
dx

LN s

=—= o
dx b*Inb xIlnb

and so

If we put b = e in Formula 1, then the factor In » on the right side becomes In e = 1
and we get the formula for the derivative of the natural logarithmic function log, x = In x:

@ %(lnx)=i

X

By comparing Formulas 1 and 2, we see one of the main reasons that natural loga-
rithms (logarithms with base ¢) are used in calculus: the differentiation formula is sim-
plest when b = e because Ine = 1.



2.
ifferentiate y = In(x” + 1).
" EXAMPLE 1 Diff jate y = In(x* + 1)
SOLUTION To use the Chain Rule, we let u = x* + 1. Then y = In u, so

dy dy du 1 du 1 , 3x?
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EXAMPLE 2 Find e In(sin x).
X
SOLUTION Using (3), we have
d d
—In(sin x) = —— —(sin x) = ——cos x = cot x
dax sin x dx sin x

EXAMPLE 6 Find f'(x) if f(x) = In|x|.
SOLUTION Since

00 = {lnx if x>0

In(—x) if x<O0
it follows that

|
— if x>0
X

1 1
—(-D)=—ifx<0
—X X

f'x) =

Thus f'(x) = 1/x for all x # 0.

The result of Example 6 is worth remembering:

1
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SOLUTION We take logarithms of both sides of the equation and use the Laws of
Logarithms to simplify:

EXAMPLE 7 Differentiate y =

Iny=3Inx+1In(x>+ 1) — 5In(x + 2)
Differentiating implicitly with respect to x gives
4y F A 1 2% 5 3

ydx 4 x 2 x*+1 ° 3x+42

Solving for dy/dx, we get

dy 3 % 15
dx 4x x°+ 1 3x+ 2

Because we have an explicit expression for y, we can substitute and write

dy xJxr+ 1 ( 3 X 15 )

= + —_
dx Bx &= 2) 4 x*+ 1 3x+ 2

Steps in Logarithmic Differentiation

1. Take natural logarithms of both sides of an equation y = f(x) and use the Laws

of Logarithms to expand the expression.
2. Differentiate implicitly with respect to x.
3. Solve the resulting equation for y" and replace y by f(x).

PROOF OF THE POWER RULE (GENERAL VERSION) Let y = x" and use logarithmic

differentiation:
In|y|=1In|x|"=nln|x| x#0

!

y=

Therefore —
i

<

' n—1

y x"
Hence y =n—=n—=nx
X X



EXAMPLE 8 Differentiate y = x*.

SOLUTION 1 Since both the base and the exponent are variable, we use logarithmic
differentiation:

lny=1nx“‘g=\/;lnx

y' s 1 1
==l o o (liy)
y X 2/x
, 1 In x 2+ Inx
= =XV

Nl * 2 25

SOLUTION 2 Another method is to use Equation 1.5.10 to write ¥ s A
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g 5 )= g o) = et (Ya ina)

= 2.5 in.%

NE
2/
B The Number e as a Limit

We have shown that if f(x) = In x, then f'(x) = 1/x. Thus f'(1) = 1. We now use this
fact to express the number e as a limit.
From the definition of a derivative as a limit, we have

£ = fig LLED SO o FA+ D) = F(O)

h—0 h x—0 X

=X (as in Solution 1)

o In(1 +x) —Inl
m
X

x—0

.1
= lim —In(1 + x)
x—0 Xx
= lim In(1 + x)'*
x—0

Because f'(1) = 1, we have
lin}) In(1 +x)" =1

Then, by Theorem 2.5.8 and the continuity of the exponential function, we have

e = ¢ = eim—on+9/ — Jim oWtV — Jip (1 4 x)'

x—0 x—0

(5] e = lim 1+ x)

Formula 5 is illustrated by the graph of the function y = (1 + x)'*in Figure 4 and a
table of values for small values of x. This illustrates the fact that, correct to seven decimal
places,

e~ 27182818

If we put n = 1/x in Formula 5, then n — % as x — 0" and so an alternative expres-
sion for e is

(6] e = lim <1+—>"

n—w
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= SinX - [—E Ty — (4, 1)
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Recall the definition of the arcsine function:
. 71 ° ﬂ- ﬂ-
y =sin" x means siny =x and _7$y$?
Differentiating sin y = x implicitly with respect to x, we obtain
dy dy 1
cosy— =1 or —_— =
dx dx cos y
Now cos y = 0 because —7/2 <y < 7/2, so
cosy = \/l — sin?y = \/l == g2 (cos’y + sin’y = 1)

Therefore

LIPS S

dx  cosy J1 — x2

|
di (sin"'x) =

be I =%

2




Derivatives of Inverse Trigonometric Functions

4 (sin"'x) 1 4 (csclx) 1
= o e e
dx \/1—x2 dx x/x2 — 1
d 1 d |
—(cos x) = —— —(sec™lx) = ——
dx \/1 — x2 dx xv/x2—1
d | d 1
— (t = — _ t_l — —
dx a2 1 + x? dx (got=2) 1 + x?
j@t’l\va‘h\u\
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EXAMPLE 9 Differentiate (a) y = g,nl_l and (b) f(x) = x arctan+/x.
sin” 'x

SOLUTION
d d d
(a) ﬁ = (sin"'x)7!' = —(sin"'x)? o (sin”'x)
L 1
(sin"'x)%/1 — x2
(b) fl(x) =x 1 (3x72) + arctan/x

L+ (5
L

+
2(1 g arctan/x
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It might be easy to calculate a value f(«) of a function, but difficult (or even impossible)
to compute nearby values of f. So we settle for the easily computed values of the linear
function 7. whose graph is the tangent line of f at (a, f(a)). (See Figure 1.)

In other words, we use the tangent line at (a, f(a)) as an approximation to the curve
y = f(x) when x is near a. An equation of this tangent line is

y=fla) + fla)(x — a)

The linear function whose graph is this tangent line, that is,

0

FIGURE 1

[1] L(x) = f(a) + f'@)(x — a)

is called the linearization of f at a. The approximation f(x) = L(x) or

[2] fx) = f(a) + fl(a)x — a)

is called the linear approximation or tangent line approximation of f at a.

EXAMPLE 1 Find the linearization of the function f(x) = +/x + 3 ata = 1 and use
it to approximate the numbers 1/3.98 and 1/4.05 . Are these approximations over-
estimates or underestimates?

SOLUTION The derivative of f(x) = (x + 3)"?is

1

2x/x + 3

fix) =30+ 372 =

and so we have f(1) = 2 and f'(1) = }7. Putting these values into Equation 1, we see

that the linearization is

7
L@ =f) +f D= D=2+{(x= ="+
The corresponding linear approximation (2) is
ey GO hen x is near 1
X = P 2 (when xis near 1)

In particular, we have
V398 =1+ 9% - 1995 and 4.05 =I+ 570125

The linear approximation is illustrated in Figure 2. We see that, indeed, the tangent line
approximation is a good approximation to the given function when x is near 1. We also
see that our approximations are overestimates because the tangent line lies above the
curve.

Of course, a calculator could give us approximations for 4/3.98 and /4.05, but the
linear approximation gives an approximation over an entire interval. |
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