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Derivatives of Trigonometric Functions

d . d

— (sin x) = cos x — (csc x) = —csc x cot x
dx dx

d . d
—(cos x) = —sin x —(sec x) = sec x tan x
dx dx

2 d 2

— (tan x) = sec’x —(cot x) = —csc’x

dx dx




YA

o
1
3

3

YA

SN N

et B e X
_ / Q Sin (X+h)= Srnx
@"”‘> = h

i /8.;_ SnX tosh + aix sinh - S
LS o A

! <sm- ol s SWL)
hero h v

_ . j o5 h — | j _5‘\“1‘_

_ K i \}\/ +  K’OYX l\—: A

hﬂo



L/e S\v\_ 9 ) 0059 _‘l
N 8 1/ ﬂ:; G - 9

In proving the formula for the derivative of sine we used two special limits, which we
NOW prove.

sin 6

(5] lim =1

B 8—0 0

fm‘g PROOF Assume first that 6 lies between 0 and /2. Figure 6(a) shows a sec-
sl tor of a circle with center O, central angle 6, and radius 1. BC is drawn perpen-
dicular to OA. By the definition of radian measure, we have arc AB = 6. Also

| BC| = | OB|sin 6 = sin 6. From the diagram we see that

C A |BC| < |AB| < arc AB

@ sin 6

0

Therefore sinf < 60 SO <1

Let the tangent lines at A and B intersect at E. You can see from Figure 6(b) that the
circumference of a circle is smaller than the length of a circumscribed polygon, and
A so arc AB < |AE| + |EB|. Thus
0 = arc AB < |AE| + | EB|
< |AE| + |ED|
(b) = |AD| = |0OA|tan

FIGURE 6 = tan 0

(In Appendix F the inequality 6 =< tan 6 is proved directly from the definition of the
length of an arc without resorting to geometric intuition as we did here.) Therefore
we have

in 6
0 sin
cos 0
sin 6
SO cos O < <1

We know that limy—.o I = 1 and limy_.o cos 6§ = 1, so by the Squeeze Theorem, we
have
sin 0

lim =1 0<0<7/2)
#—0t 6

But the function (sin 6)/6 is an even function, so its right and left limits must be equal.
Hence, we have

so we have proved Equation 5. [



The first special limit we considered concerned the sine function. The following spe-
cial limit involves cosine.

@ limcos()—l=0

PROOF We multiply numerator and denominator by cos 6 + 1 in order to put the
function in a form in which we can use limits that we know.

o cosO — 1 _ cosh —1 cosh + 1 _ cos’ — 1
Iim ——— = lim . = lim
0—0 0 0—0 0 cos O + 1 0—0 6 (cos 6 + 1)
- —sin’f i sin 6 sin 6
630 0 (cos O + 1) 60 0 cos 6 + 1
. osinf@ | sin 6
= —lim clim —
0—0 0 6—0 cos 6 + 1
= —] 0 =0 by Equation 5 |
I+ 1 (by Equation 5)
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EXAMPLE 4 Find the 27th derivative of cos x.
SOLUTION The first few derivatives of f(x) = cos x are as follows:
f'(x) = —sinx
f"(x) = —cos x
f"(x) = sinx
) = cos x
f(x) = —sinx

We see that the successive derivatives occur in a cycle of length 4 and, in particular,
f"(x) = cos x whenever n is a multiple of 4. Therefore

F®(x) = cosx
and, differentiating three more times, we have

fP(x) = sinx E

S€C x

EXAMPLE 2 Differentiate f(x) = —————
1 + tan x

of f have a horizontal tangent?

SOLUTION The Quotient Rule gives

. For what values of x does the graph

d d
(1 + tan x) — (sec x) — sec x — (1 + tan x)
dx dx

fx)=

(1 + tan x)?

(1 + tan x) sec x tan x — sec x * sec’x
(1 + tan x)?

sec x (tan x + tan’x — sec’x)
(1 + tan x)?

secx(tanx — 1) . .
= > (sec’x = tan"x + 1)
(1 + tan x)

Because sec x is never 0, we see that f'(x) = 0 when tan x = 1, and this occurs
when x = /4 + n, where n is an integer (see Figure 3).



sin 7x

EXAMPLE 5 Find lim :

x—0 X

SOLUTION In order to apply Equation 5, we first rewrite the function by multiplying

and dividing by 7:
sin7x 7 ( sin7x
4x -+ Tx

EXAMPLE 6 Calculate lim x cot x.

x—()

SOLUTION Here we divide numerator and denominator by x:

. . XCOSX
lim xcot x = lim —
x—0 x—0 SIn x
i cos X
, cosx =20
= lim — = :
S0 gima lim sin x
x—0 X
x
cos 0

= (by the continuity of cosine and Equation 5)

1

EXAMPLE 7 Find lim <%~ 1

6—0  sin 6
SOLUTION In order to use Equations 5 and 6 we divide numerator and denominator by 6:

cos O — 1

___weesit — 1 ) 0
Iim ————— = lim -
6—0 sin 0 0—0 sin @
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The Chain Rule If g is differentiable at x and f is differentiable at g(x), then the
composite function F = f o g defined by F(x) = f(g(x)) is differentiable at x and

F’ is given by the product

1

In Leibniz notation, if y = f(u) and u = g(x) are both differentiable functions, then

2

F'(x) = f'(g(x)) - 9'(%)

dy dy du
dx du dx
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EXAMPLE 2 Differentiate (a) y = sin(x?) and (b) y = sin’x.

SOLUTION
(a) If y = sin(x?), then the outer function is the sine function and the inner function is

the squaring function, so the Chain Rule gives
9 _ 4

. 2 _ 2
= —  sin (x?) = cos (x?) . 25
dx dx | > o ) '3 » J L~ > J - " J %’_J
outer evaluated derivative evaluated derivative
function at inner of outer at inner of inner
function function function function

= 2x cos(x?)

(b) Note that sin°x = (sin x)*. Here the outer function is the squaring function and the
inner function is the sine function. So

dy d

— =—(inx)> = 2 -+ (sinx) - cosx
d¥ dr e B Y \ ,
inner derivative evaluated derivative

function of outer at inner of inner

function function function

The answer can be left as 2 sin x cos x or written as sin 2x (by a trigonometric identity
known as the double-angle formula). O

EXAMPLE 3 Differentiate y = (x*> — 1)'%,
SOLUTION Taking u = g(x) = x> — 1 and n = 100 in (4), we have

dy d 5 5 d
— ¥ — 100 100 < 1 99 3. 1
dx dx (x ) & ) dx (x )
= 100(x* — 1) - 3x* = 300x°*(x* — 1)” O

T
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EXAMPLE 4 Find f'(x) if f(x) =

Sr+x+1
SOLUTION First rewrite f: fx)=@x*+x+ 1)1
d
Thus f) = =367 +x+ D=7+ x+ 1)
X

—1(x2+x+ 1D)P2x + 1)

EXAMPLE 7 Differentiate y = e~

SOLUTION Here the inner function is g(x) = sin x and the outer function is the
exponential function f(x) = e*. So, by the Chain Rule,

dy d ( sin r) sin x ( 2 ) sin x
— = —\e ) =e> T —(SInx) = e "COS X
dx dx dx

EXAMPLE 8 If f(x) = sin(cos(tan x)), then

f'(x) = cos(cos(tan x)) % cos(tan x)

= cos(cos(tan x)) [ —sin(tan x)] % (tan x)
= —cos(cos(tan x)) sin(tan x) sec’x

Notice that we used the Chain Rule twice.

EXAMPLE 9 Differentiate y = %%,

SOLUTION The outer function is the exponential function, the middle function is the
secant function, and the inner function is the tripling function. So we have

& _

d
e*¥* — (sec 30)
db db

d
= ¢%°%% gec 30 tan 30 — (36
e sec an p (36)

= 3¢%3% gec 30 tan 30
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SOLUTION 2

Solving the equation x* + y* = 25 for y, we get y = *./25 — x2. The point

(3, 4) lies on the upper semicircle y = /25 — x? and so we consider the function
f(x) = /25 — x2. Differentiating f using the Chain Rule, we have

f'(x) = %(25 — xH)"12 %(25 — x?)

X

=3(25 — ¥*)VA(—2%) = —

At the point (3, 4) we have

3 3
'3) = — s ey
f'3) e 4

and, as in Solution 1, an equation of the tangent is 3x + 4y = 25.

l(ex f..sf]LT.‘ Jmt V\ew é ) a Fl;\nm‘).‘an ot X \J:alx)
‘Qw\ ad Leavotin o ‘(7L unjfm' 4-7%0*«\'/\ !

EXAMPLE 3 Find y' if sin(x + y) = y*cos x.

SOLUTION Differentiating implicitly with respect to x and remembering that y is a
function of x, we get

cos(x +y) + (1 +y') = y*(—sin x) + (cos x)(2yy’)

(Note that we have used the Chain Rule on the left side and the Product Rule and Chain
Rule on the right side.) If we collect the terms that involve y’, we get

cos(x + y) + y*sin x = (2ycos x)y’ — cos(x + y) * y’
y2sin x + cos(x + y)

So "=
4 2y cos x — cos(x + y)

Figure 6, drawn by a computer, shows part of the curve sin(x + y) = y*cos x. As a
check on our calculation, notice that y' = —1 when x = y = 0 and it appears from the
graph that the slope is approximately —1 at the origin. O



EXAMPLE 2

(a) Find y’ if x> + y* = 6xy.
(b) Find the tangent to the folium of Descartes x* + y* = 6xy at the point (3, 3).
(c) At what point in the first quadrant is the tangent line horizontal?

SOLUTION

(a) Differentiating both sides of x* + y* = 6xy with respect to x, regarding y as a
function of x, and using the Chain Rule on the term y? and the Product Rule on the
term 6xy, we get

3x% + 3y%y’ = 6xy’ + 6y

or xr+yy =2xy + 2y
We now solve for y': y2y' — 2xy’ =2y — x?
O = 20t =—iZyr=sr
, _ 2y—%
2 y? — 2x
(b) Whenx =y = 3,
o DiBeR
Y T 32_2.3

and a glance at Figure 4 confirms that this is a reasonable value for the slope at (3, 3).
So an equation of the tangent to the folium at (3, 3) is

gy = = =] {p— 3) or x+y=6

(c) The tangent line is horizontal if y* = (. Using the expression for y" from part (a),
we see that y' = 0 when 2y — x* = 0 (provided that y* — 2x # 0). Substituting
Y= %xz in the equation of the curve, we get

x* + (3x?)° = 6x(3x?)

which simplifies to x® = 16x°. Since x # 0 in the first quadrant, we have x* = 16. If

x = 16'3 = 2%3 then y = 1(2%3) = 253, Thus the tangent is horizontal at (2%, 25/3),
which is approximately (2.5198, 3.1748). Looking at Figure 5, we see that our answer
is reasonable. L



@. x*—xy—y*=1, (2,1) (hyperbola)

pré“ XV\\/“Q{M): v
T -1 2y-2y
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@ If xy + e’ = e, find the value of y” at the point where x = 0

/ /
9+r><<4+€%.;ﬂ:0 =)

(j”—k L\/J}-f— ’)(\ﬁl)—l— 619@/)14_ 62 ‘j” -
17
jl}“e—\"\‘ €_€—L4€_Lju

xX=0, y=1

l + {.n,!/:o =) L//—‘——é—l



