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[1] Intuitive Definition of a Limit Suppose f(x) is defined when x is near the
number a. (This means that f is defined on some open interval that contains a,
except possibly at a itself.) Then we write

lim f(x) = L

and say “the limit of f(x), as x approaches a, equals 1.”

if we can make the values of f(x) arbitrarily close to L (as close to L as we like)
by restricting x to be sufficiently close to a (on either side of a) but not equal to a.
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[6] Definition The vertical line x = « is called a vertical asymptote of the
curve y = f(x) if at least one of the following statements is true:

lim f(x) = lim f(x) = lim f(x) =
lim f(x) = —o° lim f(x) = —° lim, fx) = —
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[3] Definition The line y = L is called a horizontal asymptote of the curve
y = f(x) if either

lim f(x) = L or lim f(x) =L
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B Continuity of a Function

We noticed in Section 2.3 that the limit of a function as x approaches a can often be
found simply by calculating the value of the function at a. Functions having this property
are called continuous at a. We will see that the mathematical definition of continuity cor-
responds closely with the meaning of the word continuity in everyday language. (A con-
tinuous process is one that takes place without interruption.)

[1] Definition A function f is continuous at a number a if

}igglf(X) = f(a)

Notice that Definition | implicitly requires three things if f is continuous at a:

1. f(a) is defined (that is, a is in the domain of f)

2. lim f(x) exists

Xx—>a

3. lim f(x) = f(a)
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[1] Definition The tangent line to the curve y = f(x) at the point P(a, f(a)) is
the line through P with slope

o S0~ f@

x—a X — a

m

provided that this limit exists.

There is another expression for the slope of a tangent line that is sometimes easier to
use. If 7 = x — a, then x = a + h and so the slope of the secant line PQ is

fla+h) — fla)
h

Mpo

(See Figure 3 where the case 2 > 0 is illustrated and Q is located to the right of P. If it
happened that 27 < 0, however, Q would be to the left of P.)

Notice that as x approaches a, h approaches 0 (because 7 = x — a) and so the expres-
sion for the slope of the tangent line in Definition 1 becomes

El m=I}i_r)r%)f(a+};1)_f(a)

EXAMPLE 1 Find an equation of the tangent line to the parabola y = x? at the
point P(1, 1).

SOLUTION Here we have @ = 1 and f(x) = x?, so the slope is

flx) — f(1) %" =1

m = lim = lim
x—1 x— 1 x—=l x — 1
. x=1)x+ 1)
= lim
x—1 X — 1

=limx+1)=1+1=2

x—1

Using the point-slope form of the equation of a line, we find that an equation of the
tangent line at (1, 1) is

y—1=2(x—-1) or y=2x—1
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Verivatives

(4] Definition The derivative of a function f at a number a, denoted by f'(a),
1S

fla+h) — fla)
h

f'la) = lim

if this limit exists.

EXAMPLE 4 Use Definition 4 to find the derivative of the function f(x) = x> — 8x + 9
at the numbers (a) 2 and (b) a.

(a) From Definition 4 we have

fQ+h)—fQ2

f(2)=,}1g}) .
. 2+h*—-82+h)+9—(-3)
= |lim
h—0 h
. 4+4h+h*—16—-8h+9+3
= lim
h—0 h
. h*—4h . h(h—4) B
=T i, T ligk-4=-4
’ 1 f(a+h)_f(a)
f'l@) = lim »
. [(@+ h)?*— 8@+ h) +9] —[a®> — 8a + 9]
= lim
h—0 h
 a*+2ah+h*—8a—8h+9—a*+8—9
= lim
h—0 h
2ah + h* — 8h
— lim == — lim (2a + h — 8) = 2a — 8

h—0 h h—0



EXAMPLE 5 Use Equation 5 to find the derivative of the function f(x) = 1/ Vx at the
number a (a > 0).

SOLUTION From Equation 5 we get

(@) = lim f®) = fla)

x—a X — d

f

Va _ . X Ja Jiva
x—a  Jiva

O VEVE i JatR
— m —— m .
vou Jax(x—a) 0 Jax(x—a) +a+ Jx

=X =0 —1
= lim ( ) = |lim

=i Vax(x — a)(Va + Vx) e Vax(Va + V)

1 hso
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Brplainotion

The tangent line to y = f(x) at (a, f(a)) is the line through (a, f(a)) whose slope is
equal to f'(a), the derivative of f at a.
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EXAMPLE 2

(a) If f(x) = x> — x, find a formula for £'(x).
(b) Illustrate this formula by comparing the graphs of f and f".

2 7 is / and that x is temporarily regarded as a constant during the calculation of the limit.
s . flx+h) - f(x) [+ hP -+ h]-[x*—x]
f f'(x) = lim = lim
h—0 h h—0 h
-2 2 _ _
/ o X+ 3+ 3P+ —x—h—-x+x
= lim
h—0 h
—2 o 3x*h + 3xh + hP—h
= lim
2 o - h—0 h

= Ilin(l) Bx?+3xh+h*—-1)=3x*-1

-2 \ / 2 (b) We use a calculator to graph f and f' in Figure 3. Notice that f'(x) = 0 when f
has horizontal tangents and f'(x) is positive when the tangents have positive slope. So
4 these graphs serve as a check on our work in part (a). O
-2
EXAMPLE 3 If f(x) = /x, find the derivative of f. State the domain of f"
SOLUTION

f'x) =1

h—0 h h—0

. <«x+ -Jx ¢x+h-+v§> o
= lim . (Rationalize the numerator.)
h Jx+h +Jx

. fx+R)—fx) .. Jxth—x
m = lim ;

h—0

. x+h)—x ) h
=1 =1
=0 h(Vx + h + x) 0 h(Yx+ h + Jx)

1 | 1

= i - —
=0+ h+vx Y +x 2Jx

We see that f'(x) exists if x > 0, so the domain of /" is (0, ). This is slightly smaller

than the domain of £, which is [0, o). [ ]
y y
1 1
o0 1 x o 1 x

(@ ()= x ®) ') =ﬁ



1 —x
2+ x

EXAMPLE 4 Find f' if f(x) =

SOLUTION
f’(X)zgi_I)I}) f(x+};l)_f(x)
1—(x+ h) _1—x
24+ (x+h) 2+x

h—0 h
_ Q=-x—-hWH2+x)-QA-2x2+x+h
P h2 +x+ K2 + x)
lim Q—-—x—-2h—x*—xh)— 2—x+h— x*— xh)
= i
h—0 (2 +x+hm2+x
lim —3h
= i
h—0 h(2 + x + h)(2 + x)
. -3 3
= lim L

= 2 +x+ B2 +x Q2+ )

D"\ tleventiable fun taons

3| Definition A function f is differentiable at a if f'(a) exists. It is differen-
tiable on an open interval (a, b) [or (a, ) or (—, a) or (—o, )] if it is differen-
tiable at every number in the interval.

EXAMPLE 5 Where is the function f(x) = | x| differentiable?




4| Theorem If f is differentiable at a, then f is continuous at a.

PROOF To prove that f is continuous at a, we have to show that lim,—., f(x) = f(a).
We will do this by showing that the difference f(x) — f(a) approaches 0.
The given information is that f is differentiable at a, that is,

f'(a) = lim

X—>a

f(x) = f(a)
X—u

exists (see Equation 2.7.5). To connect the given and the unknown, we divide and
multiply f(x) — f(a) by x — a (which we can do when x # a):

(x — a)

) - fla) = LS9
X a

Thus, using Limit Law 4, we can write

im [0 — /(@] = tim L1 (g
- limM-lim(x—a)
X—a X — d X—a
—f@-0=0

To use what we have just proved, we start with f(x) and add and subtract f(a):

lim f(x) = lim [f(a) + (f(x) — f(a))]

X—da

= lim f(a) + lim [f(x) - f(a)]
= f(a) + 0 = f(a)

NOTE The converse of Theorem 4 is false; that is, there are functions that are contin-
uous but not differentiable. For instance, the function f(x) = |x| is continuous at 0
because

lim f(x) = lim | x| = 0 = £(0)

(See Example 2.3.7.) But in Example 5 we showed that f is not differentiable at 0.
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EXAMPLE 6 If f(x) = x* — x, find and interpret f”(x).

SOLUTION In Example 2 we found that the first derivative is f'(x) = 3x* — 1. So the
second derivative is

f'x +h) — f'(x)

f"(x) = (f")'(x) = lim

h—0 ]’l

. [B(x+ B)?*— 1] — [3x* — 1]
= lim

h—0 h

3%+ 6xh+3n2—1-3x2+1
— h

= Ilnr(l) (6x + 3h) = 6x

The graphs of f, f', and f” are shown in Figure 10.
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B Constant Functions

Let’s start with the simplest of all functions, the constant function f(x) = c¢. The graph of
this function is the horizontal line y = ¢, which has slope 0, so we must have f'(x) = 0.
(See Figure 1.) A formal proof, from the definition of a derivative, is also easy:

Ji% B (%) 6=
, ) ) .
x) = lim = lim =lm0=0
f ( ) h—0 h h—0 h h—0
In Leibniz notation, we write this rule as follows.
Derivative of a Constant Function
d
—g) =0
dx
B Power Functions
We next look at the functions f(x) = x”", where n is a positive integer. If » = 1, the graph

of f(x) = xis the line y = x, which has slope 1. (See Figure 2.) So

[1] %(x)=1

(You can also verify Equation 1 from the definition of a derivative.) We have already
investigated the cases n = 2 and n = 3. In fact, in Section 2.8 (Exercises 19 and 20) we
found that

d .5 d
—_— —] 2 — 3) = 2
2! dx G * dx gyl =

For n = 4 we find the derivative of f(x) = x* as follows:

fa+h) —fx) _ g h)* — x*

f (x) - /}IE}) h hl—>() h
o x* 4+ 4x3h + 6x*h* + Axh? + h* — x*
= lim
h—0 h
o 4x°h + 6x%h? + 4xh? + Kt
- /}l—r}}) h

= ]lin}) (4x3 + 6x*h + 4xh* + h®) = 4x3
Thus

d a4
[3] E(X)—4x



The Power Rule If » is a positive integer, then

d
dx (xn) — nxn—l
SECOND PROOF
+ h — + h n oo n
i = T LEER IO o SRR S0

h—0 h h—0 h

In finding the derivative of x* we had to expand (x + h)*. Here we need to expand
(x + h)" and we use the Binomial Theorem to do so:

=_]
xn = nxn—lh + n(n )xn—2h2 ST E— nxhn—l + h":| — x"
fix) = /}1_1)1}) h
= 1
nx"'h + nn = 1) > )x"_zh2 + oo+ nxh™ ! + B
= lim
h—0 h

~ 1
= lim [nx"_l gy 20 : b e o a4 h”“]

because every term except the first has £ as a factor and therefore approaches 0.

EXAMPLE 1
(a) If f(x) = x® then f'(x) = 6x°. (b) If y = x'® then y' = 1000x°%.

d d
(©) Ify = r*, then = = 4¢%. d) = () = 31 &
dt dr



The Power Rule (General Version) If » is any real number, then

d
E (xn) — nxn—

1

The Constant Multiple Rule If c is a constant and f is a differentiable function,
then

d d
E[Cf @]=g Ef (x)

The Sum and Difference Rules If f and g are both differentiable, then

d d d
. [f(x) + g(x)] = g (x) + EQ(X)

d d d
I [f(x) — g(x)] = g () — EQ(X)

PROOF To prove the Sum Rule, we let F(x) = f(x) + g(x). Then

F(x + h) — F(x)

PO = i

h
o LG4 ) + g + W]~ [£(0) + (0]
= 11mm
h—0 h
o o [ fat ) —f0) | glx+h) - g(x)]
h—0 h h
i JEER SO gD g e )
h—0 h h—0 h
= f'(x) + g'(x)

To prove the Difference Rule, we write f — g as f + (—1)g and apply the Sum Rule
and the Constant Multiple Rule. O



EXAMPLE 6 Find the points on the curve y = x* — 6x* + 4 where the tangent line is
horizontal.

SOLUTION Horizontal tangents occur where the derivative is zero. We have
dy _ d d d
dx dx
= 4x* — 12x + 0 = 4x(x* — 3)
Thus dy/dx = 0if x = 0 or x> — 3 = 0, thatis, x = i\/3_. So the given curve has

horizontal tangents when x = (), \/§ , and —\/§ . The corresponding points are (0, 4),
(ﬁ, —5), and (—\/3—, —5). (See Figure 5.) E

The Product Rule If f and g are both differentiable, then

“[1W)] = () =[] + 90 <[]

Before stating the Product Rule, let’s see how we might discover it. We start by assum-
ing that u = f(x) and » = g(x) are both positive differentiable functions. Then we can
interpret the product uv as an area of a rectangle (see Figure 1). If x changes by an
amount Ax, then the corresponding changes in u and v are

Au=f(x + Ax) — f(x) Av = g(x + Ax) — g(x)

and the new value of the product, (v + Au)(v + Av), can be interpreted as the area of the
large rectangle in Figure 1 (provided that Au and Av happen to be positive).
The change in the area of the rectangle is

[1] A(uv) = (u + Au)(v + Av) —uv = uAv + v Au + Au Av

= the sum of the three shaded areas
If we divide by Ax, we get

Awy) Ao, Au A0
Ax qu vAx qu

If we now let Ax — 0, we get the derivative of uv:

d A A A A
— (uv) = lim ) = lim (u—i-%v—u-i-Au—U)

dx Ax—0 Ax Ax—0

— i 2L oy tim S 4 | im o) i 22
—uA“!r_n)O Ax DA:ToAx Air—n»o u A.\!TO Ax

_, o du A
e " i
d dv du
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EXAMPLE 2 Differentiate the function f(r) = \/t— (a + bp).
SOLUTION 1 Using the Product Rule, we have

£ =T o a+b) + @+ by (JF)

=t b+ (a+b)-5t7?
+ bt +
=b\/t—+a a + 3bt

2t 2h

SOLUTION 2 If we first use the laws of exponents to rewrite f(¢), then we can proceed
directly without using the Product Rule.

f(t) — a\/t_ + bt\/; = at'/2 o b[3/2

f’([) — %a[—lﬁ + %btl/z

which is equivalent to the answer given in Solution 1.
EXAMPLE 3 If f(x) = +/x g(x), where g(4) = 2 and ¢'(4) = 3, find f'(4).
SOLUTION Applying the Product Rule, we get

716 = == [V g0] = ¥ - Tg0] + ) - [V&]
= Vx g'(x) + g(x) - 3x 712

RAC R

So f@=Vig@d + =

2
I 5342 s

2.4 2.2



The Quotient Rule If f and g are differentiable, then

d d
. [ ) ] o) U] =70 o Lot
dx | g(x) [9(x)]°

A(u)_u+Au u  (u+ Awv — ulv + Av)

v v+ Av v v(v + Av)
~ vAu—ulAv
v(v + Av)

Au Av

v - u
d [ u . A(u/v) i Ax Ax

SO —| — | = lim = i
dx \ v Ax—0  Ax Ax—0  p(v + Av)

As Ax—0, Av—0 also, because v = g(x) is differentiable and therefore continuous.
Thus, using the Limit Laws, we get

. Au LY du dv
v Ilm — — u lim — =
i uy\ _ Ax—0Ax Ax—0 Ax B dx dx
dx \ v v lim (v + Av) v?
Ax—0
2
+ —
EXAMPLE4 Lety =~ 2 Then
x>+ 6
3 d  , 2 d 4
x*+60)—(x*+x—-2)—(x*+x—-2)—(x’ + 6)
, dx dx
' (x* + 6)
_, 2 +6)@2x -+ 1) — " + 2= 2)(3x")
(x* + 6)?

_ 2x + % +12% + 6) — 35" + 3" —6x")
(x3 + 6)?

- =gt =t R G 120 6 .
(x3 + 6)?




Table of Differentiation Formulas

d d . da
E(c)=0 a(x)—nx dx(e )=c¢e
(cf) = cf’ (f+q9 =f+4g (f—9' =f —4¢g
(fg) =fg' +gf <1) = u

g g
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Let’s try to compute the derivative of the exponential function f(x) = b* using the defi-
nition of a derivative:

+ h _ b.\'+h _ b_\'
Fi) =ilim LEEN D g5, B =B
h—( h h—0 h
- l b.\'bh - b.\' B 1 b,\'(bh - 1)
N hl—I}}) h o hll}}) h

The factor »* doesn’t depend on &, so we can take it in front of the limit:

bt —1

f'(x) = b* lim

h—0

Notice that the limit is the value of the derivative of f at 0, that is,

h

lim ——— = £'(0)

h—0 h

Therefore we have shown that if the exponential function f(x) = b* is differentiable at
0, then it is differentiable everywhere and

(4] f'x) = f'0)b"

This equation says that the rate of change of any exponential function is proportional to
the function itself. (The slope is proportional to the height.)

Numerical evidence for the existence of f'(0) is given in the table at the left for the
cases b = 2 and b = 3. (Values are stated correct to four decimal places.) It can be
proved that the limits exist and

forb=2, f'(0) = lim

h—0

h

~ (0.693

h

forb =3, f'(0) = lim

h—0

~ 1.099
Thus, from Equation 4 we have

d 3 X i X\ ~ x
[5] - (2%) = (0.693)2 - (3%) = (1.099)3



Definition of the Number ¢

h
) . et —1
e 1s the number such that Il1rr}) T =]
1>

Derivative of the Natural Exponential Function

d
o (e”) =’

EXAMPLE 8 If f(x) = ¢* — x, find f' and f". Compare the graphs of f and f'.
SOLUTION Using the Difference Rule, we have

! d 4 — i X i - X
f@ =" =) =) =) =" 1
In Section 2.8 we defined the second derivative as the derivative of f’, so
s 1B o _ 4 . ._4d .
f(x)—dx(e l—dx(e) dx(l)—e

The function f and its derivative f are graphed in Figure 8. Notice that f has a hori-
zontal tangent when x = 0; this corresponds to the fact that f'(0) = 0. Notice also that,
for x > 0, f'(x) is positive and f is increasing. When x < 0, f'(x) is negative and f is
decreasing. &

EXAMPLE 9 At what point on the curve y = ¢* is the tangent line parallel to the
line y = 2x?

SOLUTION Since y = e*, we have y' = e”. Let the x-coordinate of the point in
question be a. Then the slope of the tangent line at that point is e“. This tangent line
will be parallel to the line y = 2x if it has the same slope, that is, 2. Equating slopes,
we get

e’ =72 a=1n2

Therefore the required point is (a, ¢*) = (In 2, 2). (See Figure 9.) =
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EXAMPLE 1
(a) If f(x) = xe*, find f'(x).
(b) Find the nth derivative, " (x).

SOLUTION
(a) By the Product Rule, we have

' _i X
fix) = ——(xe?)

d d

X E (e*) + &* E (x)

=xe*+e*-1=(x+ 1)e*

(b) Using the Product Rule a second time, we get
" d X
109 = ——[x + De’]
b

d
+ 1
@t D

=(x+1) %(e"’) + e*

=(x+1e*+e**1=(x+ 2)e*
Further applications of the Product Rule give
f"(x) = (x + 3)e” %) = (x + 4)e*
In fact, each successive differentiation adds another term e*, so

f"x) = (x + n)e*



