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Examela-
EXAMPLE 1 Identify and sketch the surface with vector equation
e P r(u,v) =2cosui+vj+ 2sinuk
SOLUTION The parametric equations for this surface are
xX=2cosu y=uv z=12sinu
So for any point (x, y, z) on the surface, we have
x ay v’ + z* = 4 cos’u + 4sin’u =4
#.0.0) This means that vertical cross-sections parallel to the xz-plane (that is, with y constant)

are all circles with radius 2. Since y = » and no restriction is placed on v, the surface
FIGURE 2 is a circular cylinder with radius 2 whose axis is the y-axis (see Figure 2). o
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EXAMPLE 1 Identify and sketch the surface with vector equation
r(u,v) =2cosui+vj+ 2sinuk
SOLUTION The parametric equations for this surface are
x=2cosu y=v z=2sinu
So for any point (x, y, z) on the surface, we have
x? + 722 =4 cos’u + 4 sin"u =4

This means that vertical cross-sections parallel to the xz-plane (that is, with y constant)
are all circles with radius 2. Since y = » and no restriction is placed on v, the surface
is a circular cylinder with radius 2 whose axis is the y-axis (see Figure 2). @
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M EXAMPLE 9 Find the tangent plane to the surface with parametric equations x = u~,

y = 9%,z = u + 2v at the point (1, 1, 3).
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EXAMPLE 4 Find a parametric representation of the sphere

EXAMPLE 3 Find a vector function that represents the plane that passes through the
point P, with position vector r, and that contains two nonparallel vectors a and b.

SOLUTION If P is any point in the plane, we can get from P, to P by moving a certain
distance in the direction oﬁ) and another distance in the direction of b. So there are
scalars u and v such that PP = ua + vb. (Figure 6 illustrates how this works, by
means of the Parallelogram Law, for the case where u and v are positive. See also
Exercise 12.2.46.) If r is the position vector of P, then

_— >

r=0P()+P0P=r()+ua+vb
So the vector equation of the plane can be written as
r(u,v) =ry + ua + vb

where u and v are real numbers.

If we write r = <X, Vs Z>, rp = (x(), Yo, Zo>, a= <a1, a, a3>, and b = <b1, b, b3>,
then we can write the parametric equations of the plane through the point (xo, yo, zo) as
follows:

X = Xo + ua, + vb, y =y + ua, + vh, z=1zy+ uas + vb; O

sl

Xty +z22=ad’ ara;imcf 5149
2 Z:Ocosc#
T
g < ‘f’ 0




{M(£ELZ Areﬁ

Now {u?\)ose we 6w j(w,y\ G Iuam metric sur fuve
S F=r(wy, Fr (wyeD
Hon 1o Mh})u‘t/. 61\1 Grta '7{‘ {’L,, ;u(fum S 7

UA ZA

/
/
D X }Az r
) —
/ Au
(7, U}) .
0 u

Sftr’]_: J,;v~|,lg_ 'el'\« Kjl‘m D nta {V\L—RC{—DV\JI‘A P?j’ SJ = {M\?l o} E_lj um/(,a/f' F

Heom aren( S) Z omu(&‘j)
Y

Il

S‘\'zFZ: Arf”"iv""ﬂ S.)

= aMn(S): ZIFM~<Q|-AMA\/

[6] Definition If a smooth parametric surface S is given by the equation
r(u,v) = x(u,v) i + y(u,v) j + z(u, v) k (u,v) €D

and S is covered just once as (u, v) ranges throughout the parameter domain D,
then the surface area of S is

AS) = [ Ir. x r,| dA
D
ox dy 9z x Jdy

z Jz
where r,=—i+—j+ k r,=—i+—j+—Kk
Ju Ju Ju Jv Jv Jv




EXAMPLE 10 Find the surface area of a sphere of radius a.
SOLUTION In Example 4 we found the parametric representation
x =asin¢ cos 6 y=asing¢ sin 6 z=acos ¢
where the parameter domain is
D={c.0)|0<p=m 0<6<2m)}

We first compute the cross product of the tangent vectors:

i j k
dx dy oz i j k
ry X rp = E £ ﬁ =| acos¢ cosf acos¢ sinf —asing
dx dy oz —asin¢ sinf  asin¢g cosf 0
FT R TIET)

= a’sin’p cos Oi + a’sin’p sinhj + a’sind cos p k

Thus

[ty X ry| = Va*sin‘d cos?h + a*sin‘d sin20 + a*sin’p cosp
= Ja*sin*d + a*sin’p cos?p = a>y/sin’p = a’sin ¢

since sin ¢ = 0 for 0 < ¢ =< 7. Therefore, by Definition 6, the area of the sphere is

A= H |ry X ry|dA = ‘:” (0" a’sin ¢ do db
D

2 (2m (= . 2 2
=a ‘0 do ‘0 sin dé = a*(2m)2 = 4ma
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22. The part of the ellipsoid x* + 2y* + 3z° = 1 that lies to
the left of the xz-plane
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EXAMPLE 1 Compute the surface integral || x* dS, where S is the unit sphere
x>+ y*+z22=1.

x = slncf “sB, Y = Sing smB@, == wwf
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Therefore, by Formula 2,

H x2dS = H (sing cos0)*|ry X ry|dA
S D

"ZW ‘aw sin’} cos’0 sin ¢ dd df = ’“ZW cos’6 db ’“v sin’ dep

J JO

|, 301+ cos20)do [ (sing = sing cos’p) do

JO

dir

27
0

i %[9 + 1 sin 29] [—cosd) + %cos3¢]:: 3
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Therefore, in this case, Formula 2 becomes
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For a surface z = g(x, y) given as the graph of g, we use Equation 3 to associate with
the surface a natural orientation given by the unit normal vector

ox dy
5] = -
\/1+ g\, ()
ox dy

Since the k-component is positive, this gives the upward orientation of the surface.

L:mehL-. Crmoek\, Yum«mh sur fua

If § is a smooth orientable surface given in parametric form by a vector function
r(u, v), then it is automatically supplied with the orientation of the unit normal vector

@ n— ) TR

a |ru X rv|
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and the opposite orientation is given by —n. For instance, in Example 16.6.4 we found
the parametric representation

r(¢,0) = asing cosfi + asing sinf j + acosd k
for the sphere x> + y? 4+ z* = a”. Then in Example 16.6.10 we found that

r, X ry = a’sin’g cosOi + a’sin’p sinh j + a’sing cosPp k

and |rs X re| = a’sind
So the orientation induced by r(¢, 0) is defined by the unit normal vector

re Xr : 3 ; . 78 1
n=—>—"-— sin¢g cosf1i + sing sinf j + cosp k = —r(¢h, 0)
| ry X l‘9| a
Observe that n points in the same direction as the position vector, that is, outward from
the sphere (see Figure 8). The opposite (inward) orientation would have been obtained
(see Figure 9) if we had reversed the order of the parameters becausery X ry = —ry X rp.

FIGURE 8 FIGURE 9

Positive orientation Negative orientation
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A surface integral of this form occurs frequently in physics, even when F is not pv, and
is called the surface integral (or flux integral) of F over S.

Definition If F is a continuous vector field defined on an oriented surface S
with unit normal vector n, then the surface integral of F over S is

([F-as={[F-nas
s s

This integral is also called the flux of F across S.
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If §'is given l')y a vector function r(-u, v), then n s gin-:n by quiation 6, and from Defi-
nition 8 and Equation 2 we have

fF-ds ”F nds = ”F T X g
S

|t X 1|

|t X 1|

llx v
=“ F(r(, ) * ————||r, X r.| dA
D

where D is the parameter domain. Thus we have

a HF-dS=HF-(r,,><rv)dA
S D

Formula 9 assumes the orientation of S induced by r, X r,, as in Equation 6. For the
opposite orientation, we multiply by —1.

EKaw [ZLL .

Figure 12 shows the vector field F in
Example 4 at points on the unit
sphere.

X

FIGURE 12

EXAMPLE 4 Find the flux of the vector field F(x, y, z) = zi + y j + x k across the
unit sphere x> + y* + 22 = 1.

SOLUTION As in Example I, we use the parametric representation

r(¢,0) =sind cosfi + sind sin 6 j + cosd k o= 0<0<2mw

Then F(r(¢,0)) = cosd i + sind sinf j + sing cosO k
and, from Example 16.6.10,
ry, X ry = sin’$ cos@i + sin’p sinh j + sind cosd k

(You can check that these vectors correspond to the outward orientation of the sphere.)
Therefore

F(r(¢, 0))  (ry X 15) = cosd sin’d cosf + sin’¢p sin’0 + sin’p cosd cos
and, by Formula 9, the flux is
[[F-ds=[[F- @ xr)da
D
= J:" ‘n" (2 sin’} cos ¢ cosf + sin’d sin’0) do df

=2 |0” sin’¢ cos ¢ dep .’02” cos 6 db + ‘0" sin’d d J:" sin®6 df

o (2w ” 2w
N e ‘n sin’e db |O sin“6 d6 (since .|” cos 0 df = 0)



_{ru[q/ care - S o {_AA 7(‘77[\ if  Some ﬁmoifamz
x=r  fmy, T=Jwy) (x,y2¢ )

°Y

t’( D-Mﬁkk N

EXAMPLE 5 Evaluate [[{F - dS, where F(x,y,z) = yi + xj + zk and S is the
boundary of the solid region E enclosed by the paraboloid z = 1 — x* — y*and

the plane 7 = ().

SOLUTION S consists of a parabolic top surface S, and a circular bottom surface S-.
(See Figure 13.) Since S is a closed surface, we use the convention of positive (outward)
orientation. This means that S, is oriented upward and we can use Equation 10 with D
being the projection of S, onto the xy-plane, namely, the disk x* + y* < 1. Since

P(x,y,z) =y o(x,v,2) =x R(x,y,2)=z=1—-x>—y*
i) i)
on §; and ﬁ = —2x i = —2y
dx dy .
FIGURE 13 Wl
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iJF'dS—H( Be Qay+R)dA

s
n

= ’-" [—_“(_2_\') . _"(_2),) S e \Z]dA

D

B H (1 +4xy —x* — y*)dA
n

= ’:” ‘0] (1 + 4r%cosf sin® — r?)rdrdo

= ’;w f] (r — r* + 4r’cos 6 sinf) drdo
W JO

*27 m
= ’0 (4l + cosf sinf) do = 1(2m) + 0 = 5
The disk S- is oriented downward, so its unit normal vector is n = —k and we have

([F-as=[[F-(-Kk)ds=[[(-2da = [[0da =0
5 5. b )
since z = 0 on S.. Finally, we compute, by definition, ([ F - dS as the sum of the
surface integrals of F over the pieces S, and S-:
o= - - - ar
F-dS=||F-dS+ ||F-dS=—+0=— o
f[#-as=([r-as s [r-as=F 0]

S



Exercie -

8. ([ (x* + y?) dS,
S is the surface with vector equation
r(u,v) = Quv,u*> — v, u* + v*),u* + v>* <1

' ) k
F,A * €, = 2v 24 2U —‘( suv, ‘-”r(zf—v”), —4(Ml+v”))
24 =2V 2V

-4 .f@w)h(uevb s 4R (5 )

= ( r_‘uf F\/

\Sg (XLJ')/L) s = ﬂ (Z“V)L“”(MZ‘V”)L' 40 (u+v) dudv
S

D

i jf 45 (ver) dudo

p
= FWJ’ i ‘g



28. F(x,y,z) = yzi + zxj + xyk, Sis the surface
z=xsiny,0 < x < 2,0 <y < 7, with upward orientation

ﬂ (5 ds = ﬂ ("anaﬂxs{né + stg-stIn} + x;) AA
S

[0.2)x [a,7)



